This version: 28/02/2014

Appendix B

Convex analysis

In this appendix we review a few basic notions of convexity and related notions
that will be important for us at various times.

B.1 The Hausdorff distance

We begin with a fairly simple measure of “closeness” of sets.

B.1.1 Definition (Distance between sets) Let (M,d) be a metric space. For nonempty
subsets A and B of M the distance between A and B is

dist(A, B) = inf{d(x,v) | x € A, y € B}

If A = {x} for some x € M, then we denote dist(x, B) = dist({x}, B) and, if B = {y} for
some y € M, then we denote dist(A, y) = dist(4, {y}). °

For general sets A and B there is not much useful one can say about dist(A, B).
However, if we make some assumptions about the sets, then there is some structure
here. Let us explore some of this.

B.1.2 Proposition (Continuity of distance to a set) Let (M, d) be a metric space. If B € M
then the function x — dist(x, B) on M is uniformly continuous in the metric topology.
Proof Lete € R.o and take 6 = 5. Let y € B be such that d(x1, y) — dist(x1, B) < 5. Then, if
d(x1,x2) <6,

dist(x2, B) < d(x2, y) < d(x, x1) + d(x1, y) < dist(x1, B) +e.
In a symmetric manner one shows that
dist(xq, B) < dist(xp, B) + €,
provided that d(x1, x2) < 6. Therefore,
|dist(x1, B) — dist(x2, B)| < €,
provided that d(x1, x2) < 6, giving uniform continuity, as desired. [ |

Now let us consider some properties of the distance function for closed sets. It is
convenient to have at this point the notion of a Heine—Borel metric space, by which
we mean one in which closed and bounded sets are compact.
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B.1.3 Proposition (Set distance and closed sets) Let (M, d) be a metric space. If A,BC M
are closed sets then the following statements hold:
(i) if ANB =0 then dist(x, B), dist(A,y) > 0 forall x € Aand y € B;
(i) if (M, d) is Heine—Borel and if A is compact, then there exists Xo € A and y, € B such
that dist(A, B) = d(xo, yo).
Proof (i) Suppose that dist(x, B) = 0. Then there exists a sequence (y;)jez., in B such
that d(y;,x) < % for each j € Z>g. Thus the sequence (y))jez,, converges to x and so
x € cl(B) = B. Therefore, if AN B = () we can conclude that, if dist(x, B) = 0, then x ¢ A.
That is, dist(x, B) > 0 for every x € A, and similarly dist(A, y) > 0 for every y € B.

(i) By Proposition B.1.2 the function x — dist(x, B) is continuous and so too then
is its restriction to the compact set A. Thus, since continuous functions on compact
sets obtain their minimum [Abraham, Marsden, and Ratiu 1988, Corollary 1.5.8], there
exists xo € A such that dist(4, B) = dist(xo, B). Now there exists a sequence (y;)jez., in
B such that d(y;, xo) < dist(xo, B) + % for each j € Z. Abbreviate r = dist(xp, B). The
sequence (¥})jez,, is contained in the closed ball B(r + 1, xp), which is compact since M is
Heine-Borel. Therefore, by the Bolzano-Weierstrass Theorem [Abraham, Marsden, and
Ratiu 1988, Theorem 1.5.4], there exists a convergent subsequence (y;, )rez., converging

to yo. Since B is closed we necessarily have 1o € B. We claim that dist(A, B) = d(xo, yo).
Indeed, continuity of the metric ensures that

dlSt(A, B) = diSt(XO, B) = kh—>ngo d(]/]k/ xO) = d(]/O, XO),

as desired. m

B.2 Convex sets and affine subspaces

In this section we review the basic notions of convexity we use. A standard text
with additional information along these lines is [Rockafellar 1970].

B.2.1 Definitions

We begin by defining subsets of a R-vector space that have the properties we shall
study.

B.2.1 Definition (Convex set, affine subspace) Let V be a R-vector space.
(i) A subset C C V is convex if, for each x1,x, € C, we have

{sx1+(1—-s)x,| se€[0,1]} € C.
(i) A subset A CV isan affine subspace if, for each x1,x, € A, we have
{sx1+(1—s)xy | se R} CA. °

Note that the set {sx; + (1 —s)x» | s € [0,1]} is the line segment in V between x; and
x,. Thus a set is convex when the line segment connecting any two points in the set
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remains in the set. In a similar manner, {Ax | A € Ry} is the ray emanating from 0 € V
through the point x. An affine subspace is a set where the (bi-infinite) line through
any two points in the set remains in the set.

B.2.2 Combinations and hulls

We shall be interested in generating convex sets and affine subspaces containing
given sets.

Definition (Convex hull, affine hull) Let V be a R-vector space and let S € V be
nonempty.
(i) A convex combination from S is a linear combination in V of the form

k k
Z/\]‘Uj, k€Z>0, /\1,...,)\]( ERZQ, ZA] =1, vy,...,0 €S.
j=1 =1

(i) The convex hull of S, denoted by conv(S), is the smallest convex subset of V

containing S.
(iii) An affine combination from S is a linear combination in V of the form

k k
ZA]‘U]‘, k€Z>0, Al,...,/\kGR,Z/\]‘:]., Z)],...,"UkES.
=1 j=1

(iv) The affine hull of S, denoted by aff(S), is the smallest affine subspace of V
containing S. o

Remark (Sensibility of hull definitions) The definitions of conv(S) and aff(S) make
sense because intersections of convex sets are convex and intersections of affine sub-
spaces are affine subspaces. .

Convex combinations have the following useful property which also describes the
convex hull.

Proposition (The convex hull is the set of convex combinations) Let V be a R-vector
space, let S C V be nonempty, and denote by C(S) the set of convex combinations from S. Then
C(S) = conv(S).

Proof First we show that C(S) is convex. Consider two elements of C(S) given by

k m
X = Z )\]’M]', y= Z Hio;.
j=1 =1

Then, for s € [0,1] we have
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Forre{l,...,k+ m} define

Uy, ref{l,...,k},
wr:
Uk, rEk+1,...,k+m)

and

s, ref{l,..., k},
pr= {(1—s)yr_k, retk+1,... k+m
Clearly w, € Sand p, > 0forr € {1,...,k+ m}. Also,
k+m k m
Zpr:ZsAJ-+Z(1—s)yl:s+(1—s):1.
=1 =1 1=1

Thus sx + (1 — s)y € C(S), and so C(S) is convex.

This necessarily implies that conv(S) € C(S) since conv(S) is the smallest convex set
containing S. To show that C(S) € conv(S) we will show by induction on the number
of elements in the linear combination that all convex combinations are contained in the
convex hull. This is obvious for the convex combination of one vector. So suppose that
every convex combination of the form

k
Y Ay, kefl,...,m),
j=1

is in conv(S), and consider a convex combination from S of the form

m+1 m
y= Z oy = W01 + Um+10m+1-
1=1 I=1

If Y uy = 0 then yy = 0 for each I € {1,...,m}. Thus y € conv(S) by the induction
hypothesis. So we may suppose that ;" y; # 0 which means that .1 # 1. Let us define
p = w- [uerl)‘1 forle{1,...,m}. Since

m
1- Hm+1 = Z i
=1

m

dui=l

=1

it follows that

Therefore,
m
Z vy € conv(S)
=1

by the induction hypothesis. But we also have

y= (1 - Hm+1) Z ;u;vl + Um+10m+1
=1
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by direct computation. Therefore, y is a convex combination of two elements of conv(S).
Since conv(S) is convex, this means that y € conv(S), giving the result. |

Finally, we prove the expected result for affine subspaces, namely that the affine
hull is the set of affine combinations. In order to do this we first give a useful charac-
terisation of affine subspaces.

B.2.5 Proposition (Characterisation of an affine subspace) A nonempty subset A of a R-
vector space V is an affine subspace if and only if there exists xo € V and a subspace U C V
such that

A={xp+u| ueU}.
Proof Let xg € A and define U = {x — xp | x € A}. The result will be proved if we prove

that U is a subspace. Let x — xg € U for some x € A and a € R. Then
a(x — xg) = ax + (1 — a)xg — xo,
and so a(x — xg) € U since ax + (1 —a)xy € A. For x1 — xp, xp — X9 € U with x1,x, € A we have
(x1 = x0) + (x2 — x0) = (x1 + X2 — X0) — Xo.

Thus we will have (x1 — xg) + (x2 — xp) € U if we can show that x; + x, — xo € A. However,
we have

X1 — X0, X2 — X0 €U,
= 2(x1 —x0),2(x2 —x0) € U,
= 2(x1 — x0) + x0,2(x2 — x0) + x0 € A,

= 1(2(x1 — x0) + x0) + 3(2(x2 — x0) + X0) € 4,
which gives the result after we notice that
1(20x1 = x0) + x0) + $(2(x2 — x0) + X0) = X1 + X2 — Xo. u
We now make the following definition, corresponding to the preceding result.

B.2.6 Definition (Linear part of an affine subspace) Let A be an affine subspace of a R-
vector space V, and let xy € V and a subspace U C V satisfy A = xy + U as in the
preceding proposition. The subspace U is called the linear part of A and denoted by
L(A). 3

Now we can characterise the affine hull as the set of affine combinations.

B.2.7 Proposition (The affine hull is the set of affine combinations) Let V be a R-vector
space, let S C V be nonempty, and denote by A(S) the set of affine combinations from S. Then

A(S) = aff(S).
Proof We first show that the set of affine combinations is an affine subspace. Choose

Xo € S and define
US)={v—x9| veA(S)).
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We first claim that U(S) is the set of linear combinations of the form

k k
Y Awj,  k€Zog At Ak€R, Y Aj=0, 01,00 €S, (B.1)
=1 =1

To see this, note that if

k
u= ZA]'M]'—XO € U(S)

j=1
then we can write
k+1 k+1
U= ZAjuj, A, A1 €R, ZA]- =0, uy,..., Ugsy €5,
j=1 j=1
by taking A1 = -1 and wugq = xp. Similarly, consider a linear combination of the

form (B.1). We can without loss of generality suppose that xg € {vy,...,vx}, since if this is
not true we can simply add 0xg to the sum. Thus we suppose, without loss of generality,
that v, = xg. We then have
k-1
w= ()" Ao+ A+ Do) - xo.
=1

Since the term in the parenthesis is clearly an element of A(S), it follows that u € U(S).

With this characterisation of U(S) it is then easy to show that U(S) is a subspace of V.
Moreover, it is immediate from Proposition B.2.7 that A(S) is then an affine subspace. Since
aff(S) is the smallest affine subspace containing S it follows that aff(S) € A(S). To show
that A(S) C aff(S) we use induction on the number of elements in an affine combination
in A(S). For an affine combination with one term this is obvious. So suppose that every
affine combination of the form

k
Z/\jvj, k€{1,...,m},
j=1

is in aff(S) and consider an affine combination of the form

m+1 m
X = Z /\]'Z)]' = /\]'U]' + A 1Vmat -
=1 =1

It mustbe the case that atleast one of the numbers Ay, ..., A1 isnotequal to 1. So, without
loss of generality suppose that A,,41 # 1 and then define /\} =(1- /\;111)/\]; jefl,..., mh

We then have "
QA=

=1
so that

m
Y Noj aff(s)

=1
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by the induction hypothesis. It then holds that

m
x=(1-Aps1) Z /\;U] + Ap10ma1-
=1

This is then in aff(S). [ |

B.2.3 Topology of convex sets

Let us now say a few words about the topology of convex sets. In this section
we restrict our attention to finite-dimensional R-vector spaces with their standard
topology.

Note that every convex set is a subset of its affine hull. Moreover, as a subset of its
affine hull, a convex set has an interior.

B.2.8 Definition (Relative interior and relative boundary) If V is a finite-dimensional R-
vector space and if C C V is a convex set, the set

rel int(C) = {x eC | X € intaff(c)(C)}

is the relative interior of C and the set relbd(C) = cl(C) \ relint(C) is the relative
boundary of C. o

The point is that, while a convex set may have an empty interior, its interior can
still be defined in a weaker, but still useful, sense. The notion of relative interior leads
to the following useful concept.

B.2.9 Definition (Dimension of a convex set) Let V be a finite-dimensional R-vector space
and let C € Vbe convexandlet U C V be the subspace for which aff(C) = {xo+u | u € U}
for some xy, € V. The dimension of C, denoted by dim(C), is the dimension of the
subspace U. .

The following result will be used in our development.

B.2.10 Proposition (Closures and relative interiors of convex sets are convex sets) Let
V be a finite-dimensional R-vector space and let C C V be convex. Then
(i) cI(C) is convex and
(ii) relint(C) is convex.
Moreover, atf(C) = aff(cl(C)) and aff(K) = aff(cl(K)).
Proof For the purposes of the proof we put a norm |||| on V; the result and the proof are
independent of the choice of this norm.
(i) Let x, y € cI(C) and let s € [0, 1]. Suppose that (x))jez., and (y)jez., are sequences
in C converging to x and y, respectively. Note that sx; + (1 — s)y; € C for each j € Z,.
Moreover, if € > 0 then

llsx + (1 =s)y —sxj = (L = s)yjll < sllx —xjll + (1 =s)lly —yjll <,
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€

provided that j is sufficiently large that s|lx — xj|| < § and (1 - s)lly — y;ll < 5. Thus the
sequence (sx; + (1 — 8)y)jez., converges to sx + (1 — s)y and so sx + (1 — s)y € cl(C). This
shows that cl(C) is convex. Since C C cl(C) it follows that aff(C) C aff(cl(C)). Moreover,
since C C aff(C) and since aff(C) is closed we have

cl(C) C cl(aff(C)) = aff(C),

so giving aff(C) = aff(cl(C)) as desired.

An entirely similar argument shows that cl(K) is convex and that aff(K) = aff(cl(K)).

(if) Let us first consider the convex set C. To simplify matters, since the relative interior
is the interior relative to the affine subspace containing C, and since the topology of an
affine subspace is “the same as” that for a vector space, we shall assume that aff(C) = V
and show that int(C) is convex.

We first prove a lemma.

1 Lemma If V is a finite-dimensional R-vector space, if C is a convex set, if x € relint(C), and if
y € cl(C) then
[x,y) = {sx+(1-s)y| s€[0,1)}

is contained in rel int(C).

Proof As above, let us assume, without loss of generality, that aff(C) = V. Let us also
equip V with a norm. Since x € int(C) there exists r > 0 such that B(x,7) € C. Since
y € cl(C), for every € > 0 there exists y. € CN B(y,€). Letz = ax + (1 — ay) € [x,y) for
a € [0,1), and define 6 = ar — (1 — a)e. If € is sufficiently small we can ensure that o € R,
and we assume that € is so chosen. For z’ € B(z, 0) we have

llz" —zll < 6
= | -(ax+(1-a)ye+ (A -a)y -yl <6
= |Z-(ax+(Q-a)y )l <o+ (1 —-ae=ar
= ZefaxX'+(1-a)ye| ¥’ €B(x, 1)}

Since y. € C and B(x,r) C C it follows that z’ € C and so B(z,6) C C. This gives our claim
that [x, y) C int(C). \/

That int(C) is convex follows immediately since, if x, y € int(C), Lemma 1 ensures that
the line segment connecting x and vy is contained in int(C). [

The following result will also come up in our constructions.

B.2.11 Proposition (The closure of the relative interior) If V if a finite-dimensional R-vector
space and if C C V is a convex set then cl(rel int(C)) = cl(C).

Proof 1tis clear that cl(rel int(C)) € cl(C). Letx € cl(C) and let y € relint(C). By Lemma 1in

the proof of Proposition B.2.10 it follows that the half-open line segment [y, x) is contained

in relint(C). Therefore, there exists a sequence (x;)jez,, in this line segment, and so in

rel int(C), converging to x. Thus x € cl(rel int(C)). |
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B.2.4 Separation theorems for convex sets

One of the most important properties of convex sets in convex analysis, and indeed
for us in our proof of the Maximum Principle, is the notion of certain types of convex
sets being separated by hyperplanes. We shall only examine those parts of the theory
that we will use; we refer to [Rockafellar 1970] for further discussion.

In this section we again consider subsets of a finite-dimensional R-vector space V.

In order to make things clear, let us define all of our terminology precisely.

B.2.12 Definition (Hyperplane, half-space, support hyperplane) Let V be a finite-
dimensional R-vector space.

(i) A hyperplane inV is a subset of the form
{xeV] (A4;x) =a}

for some A € V*\ {0} and 2 € R. Such a hyperplane is denoted by P, ,.
(i) A half-space in V is a subset of the form

{xeV]| (A;x)>a}
for some A € V*\ {0} and a € R. We shall denote
H,,={xeV|{Lx)<al, Hy,={xeV]| {Ax)>al

(iii) If A €V, a support hyperplane for A is a hyperplane P) , such that A C H} U P, ,.
(iv) For subsets A, B C V, a separating hyperplane is a hyperplane P, , for which

ACH; ,UPy, BCH, UP,, .

The following result is a basis for many separation theorems for convex sets.

B.2.13 Theorem (Convex sets possess supporting hyperplanes) If V is a finite-dimensional
R-vector space and if C C V is a convex set not equal to V, then C possesses a supporting
hyperplane.

Proof For convenience in the proof we suppose that V is equipped with a norm ||-|| arising
from an inner product (-, -); the statement of the result and the character of the proof is
independent of this choice. We note that the inner product identifies V* naturally with V,
and we make this identification without mention in the proof.

Let xo ¢ cl(C), let z € C, and define r = ||xp — z||. Define A = cl(C) N B(xp, r) noting
that A is a nonempty compact set. Define f: A — R by f(y) = |lxo — yll. The map f is
continuous and so there exists yo € A C cl(C) such that f(1o) is the minimum value of f.
Let A = yo — x0 and a = (yo, yo — x0). We will show that P, ; is a support hyperplane for C.

First let us show that P, , separates {xo} and cl(C). A direct computation shows that
(A, x0) = —|lxo — yoll2 +a < a. To show that (A, x) > a for all x € cl(C), suppose otherwise.
Thusletx € Cbesuchthat (A, x) < a. By Lemma 1 in the proof of Proposition B.2.10 the line
segment from y to v is contained in cl(C). Define g: [0,1] — Rby g(s) = [[(1—s)yo+sy—xo||*.
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Thus g is the square of the distance from xg to points on the line segment from y to yy. Note
that g(s) > g(0) for all s € (0, 1] since yy is the closest point in cl(C) to xp. A computation
gives

8(s) = (1 =s)llyo — xoll* +25(1 = )y — x0, yo — o) + §Ily — xol
and another computation gives ¢’(0) = 2({A, y) — a) which is strictly negative by our
assumption about y. This means that g strictly decreases near zero, which contradicts the
definition of yy. Thus we must have (A, y) > a for all y € cl(C). |

During the course of the proof of the theorem we almost proved the following
result.

B.2.14 Corollary (Separation of convex sets and points) If V is a finite-dimensional R-vector
space, if C C V is convex, and if xo ¢ int(C) then there exists a separating hyperplane for {x,}

and C.
Proof If xp ¢ cl(C) then the result follows immediately from the proof of Theorem B.2.13.

If xp € bd(C) then let (x})jez., be a sequence in V \ cl(C) converging to xo. For each j € Z-¢
let A; € V*\ {0} and 4; € R have the property that

<A]; x]) < ajr ] € Z>0/

Ajyy>a;,  yeC je Ls.
Let us without loss of generality take a; = (Aj;x;); this corresponds to choosing the

. A
hyperplane separating C from x; to pass through x;. Let a; = m, j € Zsp. The sequence
(aj)jez., is a sequence in the unit sphere in V* which is compact. Thus we can choose a

convergent subsequence which we also denote, by an abuse of notation, by (@))jez.,. Let
a € V* denote the limit of this sequence. Defining c; = {a;; x;) we then have
(aj;xj) =¢j, ] € Z,
(aj;y) >cj, y€C, j€ Zso.
Let ¢ = lim;, c;. For y € C this gives
(a;xp) = }Lrgo<aj; Xj) = ¢,
(;y) = lim{aj;y) > ¢,
j—o0
as desired. m

The following consequence of Theorem B.2.13 is also of independent interest.

B.2.15 Corollary (Disjoint convex sets are separated) If V is a finite-dimensional R-vector
space and of C1,C, C V are disjoint convex sets, then there exists a hyperplane separating C,
and C,.
Proof Define
Ci-C={x1—-x2| x1 €Cy, x2 € G}

One checks directly that C; — C; is convex. Since C; and C; are disjoint it follows that
0 ¢ C; — C. By Theorem B.2.13 there exists a hyperplane P, passing through 0, separating
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C1 — C from 0. We claim that this implies that the same hyperplane P, appropriately
translated, separates C; and C,. To see this note that P gives rise to A € V* \ {0} such that

</\,‘X1 - X2> > 0, X1 € Cl, Xy € Cz.
Let
ap = inf{{A;x1) | x1 € C1}, a2 = sup{{A;x2) | x2 € G}

so that a; —a; > 0. For any a € [a2,a1] we have

(A;x1) 2 4, x1 € Cy,
(Axp) <a, X2 € Cy,

giving the separation of C; and C;, as desired. [ ]

We shall require the following quite general result concerning separation of convex
sets by hyperplanes.

B.2.16 Theorem (A general separation theorem) If V is a finite-dimensional R-vector space
and if C;,C, C V are convex sets, then they possess a separating hyperplane if and only if
either of the following two conditions holds:

(i) there exists a hyperplane P such that C;,C, C P,

(i) relint(C;) N relint(C,) = 0.
Proof Suppose that C; and C; possess a separating hyperplane P. Therefore, there exists
A € V*\ {0} and a € R such that

(A;x1) 2 a, x1 € Cy,
(A;x0) <a, X7 € Co.

If (A;x) = a for all x € C; U C; then (i) holds. Now suppose that (A;x1) > a for some
x1 € Cp (a similar argument will obviously apply if this holds for some x; € C;) and let
xo € relint(Cy). Since P is a support hyperplane for C; and since C; ¢ P, it follows that
the relative interior, and so xo, lies in the appropriate half-space defined by P. Since P
separates C; and C; this precludes x( from being in C,. Thus (ii) holds.

Now suppose that (i) holds. It is then clear that P is a separating hyperplane for C;
and Cs.

Finally, suppose that (ii) holds. From Proposition B.2.10 and Corollary B.2.15 it holds
that rel int(C;) and rel int(C») possess a separating hyperplane. Thus there exists A € V*\ {0}
and a € R such that

(A x1) <a, x1 € relint(Cy),
(A x0) > a, X € relint(Cy).

Therefore, by Proposition B.2.11 we also have

(A;x1) <a, x1 € cl(Cy),
(A x0) > a, X2 € cl(Cy),

which implies this part of the theorem. u
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