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Abstract— We consider the estimation of a Gaussian source by
a Gaussian sensor network where L distributed sensors transmit
noisy observations of the source through a Gaussian multiple
access channel to a fusion center. In a recent work, Gastpar
showed that for a symmetric sensor network with no fading,
analog (uncoded) transmission achieves the optimal performance
theoretically attainable (OPTA). In this work, by comparing lower
and upper bounds on the OPTA, we provide optimality condi-
tions for analog transmission in an asymmetric Gaussian sensor
network with deterministic fading. We also obtain an optimal
power allocation scheme to minimize the mean-squared error
distortion given a linear combination of powers (LCP) constraint.
We determine optimality conditions for analog transmission under
an LCP constraint, which includes the sum-power constraint as a
special case.

Index Terms— Power-distortion tradeoff, Gaussian multiple access
channel, analog (or uncoded) transmission, sensor networks, linear
combination of powers constraint, sum-power constraint.

I. INTRODUCTION

For the point-to-point transmission of a single Gaussian
source through an additive white Gaussian noise (AWGN) chan-
nel it is known (e.g., see [1], [2]) that if the source and channel
bandwidths are equal, simple analog transmission achieves the
optimal performance theoretically attainable (OPTA). Analog
(or uncoded) transmission in this case and in the rest of this
paper means scaling the encoder input subject to the channel
power constraint and transmitting it without explicit channel
coding.

In this work, similar to [3]-[9], we consider the estimation of
a memoryless Gaussian source by a Gaussian sensor network
in which L sensors observe the source signal X corrupted by
additive independent noise. The overall system is depicted in
Fig. 1. The sensors communicate information about their obser-
vations through a Gaussian multiple access channel (MAC) with
deterministic fading to a single fusion center (FC). According to
[31, [4], [6], [9], the wireless links between sensors and the FC
can be modeled as an AWGN MAC with suitable channel gains.
The encoders are distributed and cannot cooperate to exploit
the correlation between their inputs. Each encoder is subject
to a transmission cost constraint. The FC aims to reconstruct
the main source, X, with the lowest mean squared-error (MSE)
distortion at the smallest cost in the communication link. Note
that the separate source and channel coding theorem of Shannon
[10] does not hold in this problem [3], [7].

In [3], [7], [8], it is proved that analog transmission is
exactly optimal for symmetric Gaussian sensor networks with
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Fig. 1. A Gaussian sensor network with deterministic fading.

no fading. In the case of deterministic fading, lower and upper
bounds on the minimum distortion are shown in [3], [5], and
for random fading, bounds are also studied in [5], [11]. The
minimum achievable distortion under a sum-power constraint for
the analog transmission in sensor networks with deterministic
fading is presented in [6]. The optimality of analog transmission
in some other multi-user communication systems was recently
shown in [4], [12].

Our main contribution in this paper is to provide optimality
conditions for analog transmission under a linear combination of
powers (LCP) constraint. Aside from being a natural generaliza-
tion of the sum-power constraint, the LCP constraint explicitly
allows to introduce weight coefficients that reflect the potentially
differing costs of supplying power to individual sensors.

First, by comparing known lower and upper bounds on
the OPTA in an asymmetric Gaussian sensor network with
deterministic fading [3], [S5], we provide a condition for the
optimality of analog transmission. Then, we obtain an optimal
power allocation scheme for analog transmission in the sense
of achieving the optimal LCP-distortion tradeoff. The resulting
minimum distortion formula slightly generalizes the result of [6]
from a sum-power constraint to an LCP constraint. In addition,
we provide a sufficient condition for the optimality of uncoded
analog transmission under an LCP constraint.

The remainder of this paper is organized as follows. In
Section II, we present the system model and problem statement.
Section III briefly reviews known lower and upper bounds
on the OPTA in an asymmetric Gaussian sensor network
with deterministic fading and provides optimality conditions
for analog transmission. In Section IV, we obtain an optimal
power allocation under a sum-power (and in general, under an
LCP) constraint for analog transmission and provide a sufficient
condition for the optimality of analog transmission under an
LCP constraint. Conclusions are presented in Section V.

II. PROBLEM STATEMENT

We consider a simple Gaussian sensor network, illustrated
in Fig. 1, where a team of L sensors observe independent



noisy versions of the memoryless Gaussian source {X[k]}}_,,

represented by the sequences {Y;[k|}_, for i = 1,2,... L.
The underlying source {X [k]},_, is a sequence of independent
and identically distributed (i.i.d.) real-valued Gaussian random
variables of mean zero and variance o%. For each observation
time k=1,2,3,...,

Yilk] = a,; X[k + Vilk], i=1,....L (M

where a; > 0 are fixed and known constants, {V;[k]},_,
is a sequence of i.i.d. Gaussian random variables of mean
zero and variance N; which is independent of {X[k]};_ . We
represent the first n instances of { X[k}, ., and {Y;[k]}, ., by
the data sequences X" = (X[1],X[2],...,X[n]) and Y;* =
(Y;[1],Y:[2],...,Y;[n]), respectively. The correlated sources Y;
are not co-located and their observers cannot cooperate to
directly exploit their correlation. Instead, the sequences Y, are
separately encoded to U* = ¢, (Y;") where ; : R" — R", § =
1,..., L are the encoder functions. Each transmitted sequence
U;" is assumed to be average-power limited to B, i.e.,

%zn:E{\Ui[k;]ﬂ <P, i=12... L )
k=1

The sensors communicate the coded sequences to the decoder
through a Gaussian MAC with deterministic (real-valued) fading
coefficients b; # 0, ¢ = 1,..., L. The time-k output of the
channel is given by

L

Wkl =" bUilk] + Z[k], 3)

i=1
where {Z[k]},_, is an i.i.d. sequence of Gaussian random vari-
ables of mean zero and variance 0%. Based on the channel out-
put W™ € R™, the FC forms an estimate X™ of the main source
X™. Fidelity between X" and X" is measured by the average
squared error distortion, A = LE[Y (X[j] - )?[]DQ] The
j=1

reconstructed signal can be described by X = ¥ (W™), where
¥ : R® — R" is the decoder. Let (™ (Py, P, ..., Py) denote
all encoder and decoder functions (1, ..., ¢r,%) that satisfy
(2). For a particular coding scheme (¢1, ..., ¢, ), the perfor-
mance is determined by the cost vector P = (Py, P, ..., Pr)
and the incurred distortion A. For any target distortion D > 0,
the power-distortion region P (D) is defined as the convex
closure of the set of all achievable power-distortion pairs (P, D),
where a power-distortion pair (P, D) is achievable if for any
d > 0, there is an ng(d) such that for all n > ng(d) there
exists (¢1,...,¢1,0) € F™ (P, P,,..., Py) with distortion
A < D+ 4. Our aim is to derive optimality conditions for
analog transmission in the sense of achieving the OPTA, which
is defined for a fixed P as

Duin(P) = inf {D | (P, D) € P(D)}. )

In addition, we want to to minimize the MSE distortion given
a linear combination of powers (LCP) constraint, i.e.,

D(P)
L

subject to > ;P < Q
i=1

minimize

(&)

where D(P) is the distortion of the analog transmission scheme
using power allocation P = (Py,...,Py) and 3; > 0, i =
1,...,L. This new form of constraint is a generalization of
the sum-power constraint which explicitly allows to introduce
weight coefficients for the potentially differing costs of supply-
ing power to individual sensors.

III. PRELIMINARIES: OPTA BOUNDS

In this section, we first review lower and upper bounds on
the OPTA in an asymmetric Gaussian sensor network with
deterministic fading [3], [5], [7]. The lower bound is based on
analyzing a remote source coding scenario where the sensor
observations are processed by one common encoder, and then
applying a technique based on the notion of the maximum
correlation coefficient (see, e.g., [13]). The upper bound is based
on analyzing the analog transmission.

A. Lower Bound

Lemma 1: ([3], [5]) A lower bound on the OPTA in an
asymmetric Gaussian sensor network with deterministic fading
is given by

Dinin > Dy = Dj | 1+ =1, (6)
1n 0_% + QT
where L
1 L a? -
D = (2 +> Z_) : (7
9x =
and

2
L L
P,N;b? P03
Q. =y L by 52— . (8
;afa§(+Ni+<Za a?a§(+Ni> ®

B. Upper Bound: Analyzing Analog Transmission

By analyzing the analog transmission in our Gaussian sensor
network, an upper bound on OPTA can be obtained [7]. In
this approach, each sensor transmits its observation scaled to
its power constraint, i.e., U;[k] = Ui%}/,[k] The received
signal at the FC is then given by

L
P
Since the encoding is memoryless, the optimal estimator is
the minimum mean squared error estimator. By evaluating the
resulting MSE distortion, an upper bound on the minimum
achievable distortion can be obtained; this is summarized in the
next lemma.

Lemma 2: ([3], [5], [7]) An upper bound on the OPTA in
a Gaussian sensor network with deterministic fading can be
expressed as

o2 PiN;b?
D.. <D, . ("X 2 _ v
min X Puncoded <0_2 n Qr> Oy + Z ag 2 + Nz ’

where €),. is given in (8).



In the symmetric case, where Ny = Ny = --- = N, = N
and Py = P, =--- = P, = P, andwhenalfan...:
ay, = 1, the lower bound (6) and the upper bound (9) coincide
if by = by = --- = by, = b. Hence, we obtain the OPTA for
the symmetric Gaussian sensor network under deterministic and
identical fading. This result was recently established by Gastpar
in [3], [7] with by = by =--- =bp = 1.

C. Optimality Conditions
Corollary 1: The lower bound (6) and the upper bound (9)

coincide if and only if
by / Py br / P,
—Niy| ———=++=—Npy/| 5=—5———. (10
al ! a%a§<—|—N1 ar, L a%ag( + Np, (10)

Proof: We first rewrite the lower bound in (6) as

2
L 2 2
2 2 * PiNq-,b Pio'x
o%0y + D§ ; FoT N T Dj Z a;b; TN

K
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e

(11
Comparing (11) with the upper bound in (9) reveals that the
lower bound and the upper bound coincide if and only if

I 2
PNb2 /
D} E —D E ibi .
JX O P a? O'X OJX< aib UX+N>

12)

2 . L
.. —D "
From the definition of D} we have 2% —¢ = Y 2i.
0 a'XDU 4

result, the equality condition in (12) is equivalent to
2
L2\ & PN Z
Zi ab .
: Nz a202 +N iV O_X —|—N
i=1 i=1
(13)
o Ni\/%, we rewrite (13) as
L a2 L a2g? L a2gi 2
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Setting g; =

L
2‘35 eyt as

N on both sides of (15) shows

that the equality holds if and only if g7 + gj = 2g;g;; this is
equivalent to g; = g; which is our condition in (10). |
Hence, for a given set of powers, if (10) is satisfied then the
distortion achieved by the analog transmission is the smallest
possible achievable distortion. Note that (10) is both necessary
and sufficient for the upper and lower bounds to coincide, but
it is only a sufficient condition for the optimality of analog
transmission.

IV. OPTIMAL POWER ALLOCATION FOR ANALOG
TRANSMISSION UNDER AN LCP CONSTRAINT

We consider an optimal power allocation for the analog
transmission in order to minimize the MSE distortion under an

LCP constraint, i.e.,

minimize

D(P)

XL: BiP; <Q (16)
i=1

subject to

where D(P) is the distortion of the analog transmission scheme
using power allocation P = (Py,...,Py) and 3; > 0, i =
., L. In [6], by applying the Lagrange multiplier method,

it was shown that the optimal distortion sum-power tradeoff
L

Duncoded, Y Pi> for the analog scheme can be expressed as
i=1

follows:
-1

L
_ 1 as
Duncoded(P) = o + Z 2 ! )
7x j=1Nj+%(a 0% +Nj)
(17)
_ L
where P = > P;. This tradeoff is also given in [7, Eq. (6)] for

i=1
the case of equal variance observation noises, a; = 1 for all j

and equal channel gains.

Unfortunately, [6] does not seem to provide a closed form
expression for the power allocation achieving the minimum
distortion for a given sum-power P. Since we want to compare
lower and upper bounds on OPTA under an LCP constraint
(which subsumes the sum-power constraint), we first need to
provide closed form expressions of the optimal power allocation
for the LCP case. The proof of the next lemma, which we omit,
is based on an application of the Lagrange multiplier method.
Note that as a special case, the lemma also yields the formula
derived in [6] for an optimal power allocation achieving the
minimum distortion.

Lemma 3: (Optimal Power Allocation for Analog Transmis-
sion under an LCP Constraint) An optimal power allocation for
L

the constraint Q = > 5, P; is given by
i=1

P, =)\Q, i=1,...,L (18)
where
a?(a?o% + N;)
Ai = N2 (19)
ab? (ON; + o3 ; (155 ) )
and

ZL: Bja (a ‘0% + Nj)

a‘o5+N; 2
= (N + a3 (D5 7))
Substituting the optimal P; given by (18), into (9) yields an

upper bound on OPTA under the LCP constraint:
-1

Duncoded(ﬂ) == — + ) :
% SN+ G (a3ok £ N)

Corollary 2: (Analog Transmission Optimality Conditions
under an LCP Constraint) In an asymmetric Gaussian sensor
network with deterministic fading, analog transmission scheme
with the optimal power allocation given in (18) is optimal in
the sense of achieving the OPTA under an LCP constraint if the



following conditions hold

bl N1 bL NL

. —r 20
Bi(o% + ) G+

Proof. From the proof of Corollary 1, a necessary and
sufficient condition for the upper and the lower bounds to
coincide is that the equality in (13) holds. Substituting the
optimal P;’s we obtain

(Ea)0 o
2
Ni (QN + 020 (M))
2
L 2
20
3 aib; ¢ o e
i=1 ab? (QN + 0206, (M)>
Denoting f; = Nia%Q — > Wwe can rewrite (21) in
B A G==

terms of the f;’s as follows

L L 2
fra2 (& o
>N Z_ﬁﬂ. =

?

i=1
L a? a] flfj sgn( i) sgn(b;)
Z sty P
=1 i=1 j>1 sghia

where sgn(x) = 77 is the sign of . Subtracting Z 2 " from

i=1 7

both sides in (22), we get

L
fiat
27% ZN

VED i=1 j>i

_ QZZ aza‘]f’bfj sgn(b; )sgn(b-).
N;Njsgn(a;)sgn(a;)
(23)
Comparing the coefficients of N_ in both sides of equation
(23) gives that the equality holds 'if and only if

2f:fj segn(b;) sgu(b;)
sgn(a; ) sgn(a;)
Since f; > 0, the equality holds if and only if f; = f; and

sgn(b;) sgn(b;
m 1. Solving f; = f; implies that

41 =

Biaiok +Ni _ B; ajok + N;
N, B N,

(24)

Combining (24) with sgn(b;)sgn(b;) = sgn(a;)sgn(a;), we
obtain (20) which completes the proof. |
Example 1: We assume that the source is an i.i.d. zero mean

Gaussian process with variance 0% = 80. We also assume that
L:2,N1:10,N2:20,U%:15,a1:agzl,blzbgzl

and set the LCP constraint as Q = Z B;P; = 8. Fig. 2 shows

the mean-squared estimation dlstortron as a function of the cost
weight 3; where we assume that 3> = kgf3;. The figure is
parametrized by three different values of k3. When the cost
weight §; is small, the system increases power allocation P;
to achieve lower values of distortion. Larger values of the cost
weight will result in larger achievable distortions.

In Fig. 3, the optimal percentage of the total power assigned to

Distortion

0 2 4 6 8 10

Fig. 2. Optimal achievable distortion v.s. the cost weight 31, parametrized
by the value of kg where kg = % We assume that N1 = 10, No = 20,
crg( = 80, cr% =15, a1 = as = 1, by = ba = 1 and the LCP constraint,

L
Q=73 B;P =8.
=1

100

o

(o2}

assigned to sensor 1
N S
o (=]

The percentage of total power

Distortion

Fig. 3. The percentage of the total power a551gned to sensor 1 in the sensor
network of L = 2 sensors. We assume that cr =10, N7 = 1, Ny = 1.5,
O'Z =1,a1 =a2 =1, by =by =1 and the LCP constraint equals to 8.

sensor 1 for the case of L = 2 sensors is illustrated. We observe
that the optimal power allocation depends on the desired degree
of fidelity, noise variances and the ratio of cost weights. When
it is expensive to transmit, lower power is assigned to the sensor
with a higher cost element. When all the cost elements are equal,
more power is assigned to the sensor with lower noise level.
Note that by substituting the optimal P; (under the sum-power
constraint and a; = 1 for ¢ = 1,..., L) in the lower bound of
distortion in (6), we are able to compare the lower and upper
bounds numerically. The lower bound can be expressed as

- L
B aPO'ZZDuncoded(P) Z NLZ
DuP) = D [1+ — |'®
Duncoaca(P) 0%

First, we consider an asymmetric Gaussian sensor network with
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Fig. 4. Percentage of the relative distortion gap versus the value of 1 where
N; = Nj_1+n (fori=2,...,L)and N1 = 20. The figure is parametrized by
the total power P=P+-- -+ Py,. We assume that L. = 20, Ug( = 100, O’% =
1 i=1,...,8
20. The fading coefficients are as follows: b; = 09 ¢=9,...,16
08 ¢=17,...,20

L = 20 sensors, where N; = N,_1 +n (for ¢ = 2,..., L) and
N; = 20. The fading coefficients of the channels are as follows:

1 i=1,...,8
bi={ 09 i=9,...,16
0.8 i=17,...,20

We plot the percentage of the relative distortion gap (i.e.,
D

%%) versus the value of 7, parametrized by the sum-
power P, see Fig. 4. The gap is less than 7% for all values of
n as well as all three values of P. The gap also decreases with
increasing P.

Fig. 5 shows the relative distortion gap versus the total
number of sensors, L, under the sum-power constraint P = 50.
For this figure, we assume semi-symmetric sensor observations,
ie, N; = N;_y fori=2,...,|L/2| and N; = N;,_; + n for
i=|L/2] +1,...,L where Ny = 10 and n = 5. The fading
coefficients are b; = 1 for ¢ = 2,...,|L/2] and b; = 0.9 for
t = |L/2] +1,...,L. We observe that analog transmission
can achieve a near optimal performance under a sum-power
constraint.

V. CONCLUSIONS

In this paper, we considered a distributed sensor network
where L noisy observations of a memoryless Gaussian source
are analog transmitted through a Gaussian MAC to a decoder.
The decoder wants to reconstruct the main source with an
average distortion D at the smallest possible power consumption
in the communication link. For a symmetric sensor network
with no fading, it is known that analog transmission achieves
the OPTA [3], [7], [8]. Here we provided conditions for analog
transmission in an asymmetric Gaussian sensor network with
deterministic fading to achieve the OPTA. We also obtained
an optimal power allocation to minimize the MSE distortion
for a given linear combination of powers (LCP) constraint. We

used the optimal power allocations to derive a condition for the

503.5
3
3 3
Q
2
$25;
Q
=~ 2
o
£ S A
Q
2
SOBf
Q ; ; ; ;
N~— 0 I " " "
0 200 400 600 800 1000

L

Fig. 5. Percentage of the relative distortion gap versus the total number of
sensors, L, under the sum-power constraint. We assume that N; = N;_1 for
i =2,...,/L/2] and N; = N;_1 +n for i = |L/2] +1,...,L. The
fading coefficients are b; = 1 for ¢ = 2,...,|L/2| and b; = 0.9 for ¢ =
L121/2J +1,..., L. Other parameters are N1 = 10,7 = 5, P =50, Ug( =100,
oz = 20.

analog transmission scheme to achieve the OPTA under an LCP
constraint.
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