
ISIT 2003, Yokohama, Japan, June 29 { July 4, 2003

Csisz�ar's Hypothesis Testing Reverse Cuto� Rate

for General Sour
es with Memory

1

Fady Alajaji

Dept. of Math. & Stats.

Queen's University

Kingston, ON K7L 3N6, Canada

fady�mast.queensu.
a

Po-Ning Chen

Dept. of Commun. Engineering

National Chiao Tung University

Hsin Chu, Taiwan 30050, R.O.C.

poning�

.n
tu.edu.tw

Ziad Ra
hed

Dept. of Math. & Stats.

Queen's University

Kingston, ON K7L 3N6, Canada

ra
hedz�mast.queensu.
a

Abstra
t | We investigate Csisz�ar's hypothesis test-

ing reverse �-
uto� rate for arbitrary sour
es with

memory. Under some 
onditions, we show that the re-

verse �-
uto� rate is given by the R�enyi �-divergen
e

rate for � =

1

1��

and 0 < � < �

max

, where �

max

is the

largest � < 1 for whi
h the R�enyi divergen
e rate is

�nite. For �

max

� � < 1, an upper bound for the re-

verse 
uto� rate is established.

I. Introdu
tion

In [2℄, Csisz�ar established the 
on
ept of reverse and for-

ward �-
uto� rates for the hypothesis testing between two

�nite-alphabet memoryless sour
es X and

�

X. He de�ned

the reverse (respe
tively forward) �-
uto� rate as the number

R

0

� 0 that provides the best possible lower bound of form

�(E�R

0

) to the type 1 
orre
t (respe
tively error) exponent

where E > 0 is the rate of exponential de
ay of the type 2

error probability. He then showed that both �-
uto� rates

are given by R�enyi's �-divergen
e D

�

(Xk

�

X) with � =

1

1��

,

� > 0, � 6= 1. In [1℄, we extended one of Csisz�ar's results by

proving that the liminf R�enyi divergen
e rate provides an ex-

pression of the forward 
uto� rate for arbitrary sour
es with

memory and general alphabet. In this work, we investigate

the reverse 
uto� rate for su
h sour
es.

II. Reverse �-Cutoff Rate

Given two arbitrary sour
es X and

�

X with 
ommon alpha-

bet fX

n

g

1

n=1

[3℄, we 
onsider the general hypothesis testing

problem with X as the null hypothesis and

�

X as the alterna-

tive hypothesis. Let A

n

� X

n

be an a

eptan
e region and

de�ne �

n

4

= PrfX

n

62 A

n

g and �

n

4

= Prf

�

X

n

2 A

n

g where

�

n

and �

n

are the type 1 and type 2 error probabilities, re-

spe
tively.

De�nition 1 Fix E > 0. A rate r is 
alled E-una
hievable if

there exists a sequen
e of a

eptan
e regions A

n

su
h that

lim sup

n!1

�

1

n

log(1� �

n

) � r and lim inf

n!1

�

1

n

log �

n

� E:

We then set D

�

e

(EjXk

�

X)

4

= inffr > 0 : r is E-una
hievableg:

By inter
hanging the role of X and

�

X and the role of r and

E, Han's result in [3℄[Theorem 4.1℄ 
an be used to provide an

expression for D

�

e

(EjXk

�

X) as follows.
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Proposition 1 For any E > 0,

D

�

e

(EjXk

�

X) = inf

R2R

�

R+ �(R) + [E � �(R)℄

+

	

;

where

�(R) = lim

n!1

�

1

n

log P

�

X

n

�

x

n

2 X

n

:

1

n

log

P

�

X

n

(x

n

)

P

X

n

(x

n

)

� R

�

;

provided the limit of �(R) exists, and for any M > 0, there

exists K > 0 su
h that

lim inf

n!1

�

1

n

log P

X

n

�

x

n

2 X

n

:

1

n

log

P

X

n

(x

n

)

P

�

X

n

(x

n

)

� K

�

�M:

De�nition 2 Fix � > 0. R

0

� 0 is a reverse �-a
hievable

rate if

D

�

e

(EjXk

�

X) � �(E �R

0

)

for all E > 0. The reverse �-
uto� rateR

(r)

0

(�jXk

�

X) is de�ned

as the in�mum of all reverse �-a
hievable rates.

Theorem 1 (Reverse �-
uto� rate formula) Assume

that the 
onditions of Proposition 1 hold, that �(R) is 
onvex,

and that there exists an R su
h that R+ �(R) = 0. Then,

R

(r)

0

(�jXk

�

X) � lim inf

n!1

1

n

D
1

1��

(X

n

k

�

X

n

) for 0 < � < 1;

and

R

(r)

0

(�jXk

�

X) � lim sup

n!1

1

n

D
1

1��

(X

n

k

�

X

n

) for 0 < � < �

max

;

where D

�

(X

n

k

�

X

n

) is R�enyi's �-divergen
e between X

n

and

�

X

n

and �

max

is the largest � < 1 for whi
h the limsup R�enyi

divergen
e rate is �nite. The above two inequalities dire
tly

imply that R

(r)

0

(�jXk

�

X) = lim

n!1

1

n

D

1=(1��)

(X

n

k

�

X

n

) for

0 < � < �

max

.

Nagaoka and Hayashi [4℄ re
ently generalized Han's result

in Proposition 1 by establishing a formula for D

�

e

(EjXk

�

X)

without requiring any assumption on �(R). We are 
urrently

investigating the extension of our reverse 
uto� rate result for

this more general setting.
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