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Abstract

We study the maximuma posteriori (MAP) decodingof memorylessnon-uniform
sourcesover multiple-antennachannels.Our modelis generalenoughto includespace-
time coding, BLAST architectures,and single-transmitmulti-receive antennasystems
which employ maximalreceive combining(MRC) andany kind of channelcoding. We
derive a closed-formsingle-letterexpressionfor the codeword pairwiseerror probabil-
ity (PEP)of generalmulti-antennacodesusingmomentgeneratingfunctionandLaplace
transformarguments. We thenutilize this result to designspace-timelinear dispersion
codeswhich areoptimizedfor the sourcedistribution. Two codesaregiven herewhich
outperformV-BLAST by 9.3 dB at a frame error rate (FER) of �����	��
� with uni-
form i.i.d. input andBPSK signalingandby 8 dB for a non-uniformbinary sourcewith���������� ��� � ����� , MAP decoding,andQ-PSKsignaling.Theissueof bit-to-signalmap-
ping is also studied. For a systemwith 1 transmitand 2 receive antennaswhich uses
trellis-codedmodulationwith 16-QAM signaling,weobserve thatabetterthanGraymap-
ping outperformsGraymappingby 1.0 dB whenMAP decodingis usedfor transmitting
binarysourceswith ��� � ����� .

1 Introduction

Ideally, a losslesssourcecoderwould compressdata into an independent,identically dis-
tributed (i.i.d.) bit-streamat a rate equal to the entropy rate of the source(for sufficiently
long blocklengths).However, mostsourcecodingmethodsarenot ideal; hencethereexistsa
residualredundancy (in theform of non-uniformdistributionor memory)at theiroutputwhich
will be presentat the input of the channelencoder. For example,in facsimileandmedical
imagery, theprobabilityof having a “0” (asopposedto a “1”) in theresultingbit-streamcan
beashigh as85%on average.A similar non-uniformityexistsat theoutputof CELPspeech
vocoders(see,e.g.,[1]). Anotherexampleis thebit-streamat theoutputof vectorquantizers
with moderateblocklengths.�
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In this paper, we studyhow exploiting thesourcenon-uniformityat thetransmitterand/or
thereceivercanimprovetheperformanceof multi-antennasystems.Our contribution is three-
fold. First,wederive themaximuma posteriori (MAP) decodingrule for multi-antennacode-
words. We thenderive a closed-formsingle-letterexpressionfor thecodeword pairwiseerror
probability (PEP)of generalmulti-antennacodes(includingspace-timeandBLAST codesas
well ascoded/uncodedmaximalreceive combining(MRC)) underMAP decoding.For max-
imum likelihood (ML) decoding,the main challengein finding the PEPsof interestunder
fadingis to average�! #" $�% where �& (')% is theGaussianerrorintegraland $ is anon-negative
randomvariable.A closed-formexpressionfor thecodewordPEPof space-timecodesof arbi-
trarystructureunderslow RayleighfadingandML decodingis derivedin [8]. Thederivationis
basedon analternateformulafor the �! *'+% functionin [3], which only worksfor non-negative
arguments.As will beseenin thesequel,computingthePEPbetweena pair of MAP decoded
codewordsrequiresfinding the expectedvalueof �! " $-,/.10 " $2% , where . is a real (posi-
tiveor negative)number, which is moreinvolvedthantheML decodingcase.We make eigen
decompositionandLaplacetransformargumentsto derive theabove PEP. We thenshow that
therecanbea largegainin performingMAP decodingascomparedwith ML decoding.

Finally, we applyour resultsto two scenarios.First, we find space-timelineardispersion
codesunderboth ML andMAP decoding. Unlike [5] – wherethe codedesigncriterion is
to maximizethe mutual informationbetweenthe channelinput andoutput– we opt to min-
imize the union upperboundon the block error rateof the code. We show that even for a
simpledual-transmitsingle-receive systemwith BPSK modulation,gainsup to 11.2dB can
beobtainedover V-BLAST for a uniform i.i.d. sourceat a bit error rate(BER) of 354 
� . Sec-
ond, we addressbit-to-signalmappingswhich take the input non-uniformity into accountto
minimize the union upperboundon the frameerror rate(FER) of a systemwhich usestrel-
lis codedmodulation(TCM) in a single-transmitmultiple-receive antennasetupwith MRC.
We observe that thegainswith betterthanGraymappingscanbesignificantif thesourcehas
non-uniformdistribution. For example,in a TCM-basedMRC systemwith 2 receiveantennas

and 6 � �798  ;: 7 4<% 7 4>=@? (where : is a databit), at BER = 3A4 
CB , a channelsignal-to-noise
ratio(CSNR)gainof 1.6dB canbeobtainedthroughMAP decoding(insteadof ML decoding)
andan additionalgain of 0.8 dB canbe achieved usinga signalmappingwhich is carefully
designed(hencea total gainof 2.4dB overGraymappingandML decoding).

The restof this paperis organizedasfollows. Section2 describesthe multi-input multi-
output(MIMO) channelmodelandformulatestheMAP decodingrule. The exactcodeword
PEPis derived in Section3. Applicationsto linear dispersioncodedesignandbit-to-signal
mappingfor TCM-basedMRC systemsarepresentedin Section4. Section5 presentsnumeri-
cal resultsandthepaperis concludedin Section6.

2 System Model and The MAP Decoding Rule

TheMIMO communicationsystemconsideredhereemploys D transmitand E receive anten-
nas. The input to the systemis a streamof i.i.d. databits F�:	G;H which canhave non-uniform
distribution. Thebasebandconstellationpointsaredenotedby F�IAJ@K	L#HNM;OK	P1Q where6 is a positive
integer. We will assumethat RSFUTVI J@K	L T MWH 7 3 . We assumethat every block of input symbols
is encodedinto a codeword matrix X 7  ;YUQ[Z\Y M Z5=]=^=]Z\Y�_`% , where Y<a 7  ;bcQed aeZ\b M d a*Z5=]=^=]Z\bAfgd ah%ei is
simultaneouslytransmitted,j is thecodeword lengthin symbolperiods,and i denotestrans-



position.1 The channelis assumedto be Rayleighflat fading,so that the complex pathgain
from transmitantennak to receive antennal , denotedby mon(d G , hasa zero-meanunit-variance
complex Gaussiandistribution,denotedby p>qr s4>Z53N% , with i.i.d. realandimaginaryparts.We
assumethatthereceiver, but notthetransmitter, hasperfectknowledgeof thepathgains.More-
over, we assumethat thechannelis quasi-static,meaningthat thepathgainsremainconstant
during a codeword transmission,but vary in an i.i.d. fashionfrom onecodeword interval to
another. Theadditivenoiseat the l th receiveantennaat time t , uvn*d a , is assumedto be p>qw s4>Z53N%
distributedwith i.i.d. real andimaginaryparts. We will assumethat the input, fadingcoeffi-
cients,andchannelnoiseareindependentfrom eachother.

Basedon theabove, for a CSNRof x�y at eachreceive branchandat time t , the signalat
receiveantennal canbewrittenas z{n(d a 7}| ~��f�� fG�P1Q mon(d G�bWG�d a�,�u�n(d a , or in matrix form,� a 7�� x�yD�� Y<a>,���a*Z (1)

where� a 7  ;zoQed a*Z	z M d aeZ5=]=]=^Z	z��d as%#i , � 7 F�mon(d GsH , and ��a 7  ;u�Qed a#Z	u M d aeZW=^=]=^Z�u��d a;%#i .
Let us denotethe received signalscorrespondingto X by � 7  � Q\Z � M Z5=]=^=]Z � _�% andthe a

priori probabilityof codeword X by 6� #X�% . Assumingthatperfectchannelstateinformationis
available,in MAP decodingoneaimsto maximize 8  eX�TV�2Z � % over thecodebook.TheMAP
decodingrule is hencegivenby

argmax� 8 F�X�TV�2Z � H 7 argmax� 8 Fc��T�XoZ � H	6� eX�%7 argmax� 8�� ��� � x�yD � X�     X¡Z �£¢ 6� eX�%7 argmax� 6� eX�% 3" ¤�¥�¦ n(d a1§[¨�© ª« ¬ �       z�n(d a� � x�yD¯® G mon(d G°bWG�d a       M<± ²³7 argmin� ª« ¬ �µ´^¶¡ �6� #X�%·%`, ® a ® n       z�n(d a� � x�yD ® G mon(d G°bWG�d a       M ± ²³ =(2)

3 The Codeword Pairwise Error Probability under MAP De-
coding

The codeword PEPbetweenX and ¸X is definedasthe probability that X hasa larger MAP
metricin (2) than ¸X giventhat X is transmitted.Therefore,8  eX�¹ ¸X�T � % 7º8 ª« ¬ ® a ® n       � � x�yD¯® G m¡n*d G°»�G�d a>,�u�n(d a       M ��´^¶¼6� ¸X½%�¾ ® a ® n T uvn(d a�T M ��´�¶¼6� #X�% ± ²³ Z
where »�G�d a 7 bWG�d a1� ¸bWG�d a . Thecodeword PEPis thereforeequalto8  #X�¹ ¸X�% 7 R½¿ ª« ¬ 8 ª« ¬ " ¤ ® a ® nÁÀ uvn(d a#Z ® G m¡n*d G°»�G�d asÂ{Ã 3" ¤�Ä � d°Å� , " ¤Ä � d Å�ÇÆ � d°Å� ± ²³ ± ²³7 RÉÈÊ\Ë Ê��ÌsÍ� ª« ¬ ��ÎÏ1Ð 3¤ Ä M � d�Å� , 3| QM Ä M � d Å� Æ � d Å��ÑÒ ± ²³ Z (3)

1NotethatonecaninterpretÓ astheframelengthandhencethismodelis generalenoughto includespace-time
trellis codessuchasthosein [10].



where Ä M � d°Å� 7 x�yD ® a ® n       ® G mon(d G�»�G�d a       M and Æ � d Å� 7 3¤ ´�¶ 6� #X�%6� ¸X�% '
Wenotethat Æ � d Å� cantakeon negativevalues.Hence,onecannotusethealternateformulaof
the �& ('+% function in [3], asis donein [8] for ML decoding.We thereforeproceedasfollows.
To computetheexpectation(3) in closed-form,we determinetheprobabilitydensityfunction
(pdf) of QM Ä M � d°Å� , convert (3) into a linearcombinationof thederivativesof Ô2FA�� " Õ %\H , whereÔo *'+% is theLaplacetransformoperator, andthenevaluatethesederivatives.First,wenotethat

Ä M � d°Å� 7 x�yD _® a]P1Q �®n�P1Q       f® G+P1Q mon(d G°»�G�d a       M 7 x>yD �®n·P1Q�ÖØ×n\Ù Ö n�Z (4)

where ÚÛKÜd G 7 � a »�G�d ah»CÝKÜd a , and Ö n is the transposeof the l th row of � . Since Þ is Hermitian
(i.e., Þ × 7 Þ , where × representscomplex conjugatetransposition)andnon-negativedefinite,
it canbedecomposedas Þ 7}ß ×*à ß Z (5)

whereà is anon-negativedefinitediagonalmatrixhaving theeigenvaluesof Þ onits maindi-
agonal. ß is aunitarymatrix (i.e., ß × ß-7 I f ) andits columnsaretheunit-normeigenvectors
of Þ . Substituting(5) in (4), wehave3¤ Ä M � d°Å� 7 x�y¤ D �®n·P1Q ÖÇ×n ß × à ß Ö n 7 x�y¤ D �®n·P1Q�á ×n à á n 7 �®n·P1Q f®G+P1Q x�y¤ D .UG�T $�n(G(T M Z (6)

where á n 7£ß Ö n , $�n(G is the k th elementof á n , and .�G 7 à G^d G . As ß is unitary, theentriesofá n arei.i.d. p>qw s4>Z53N% andthemomentgeneratingfunction(MGF) of QM Ä M Y d ÅY isâ ÈÊ	Ë Ê��ÌhÍ�  ;b�% 7 ã¦K	P1Q 3ä 3½��.ÛK ~·�M f b5å �cæAç Z (7)

where è is thenumberof distinctnon-zero.UK ’s eachof multiplicity é�K (with appropriatere-
orderingof theeigenvalues).Thepdf of a randomvariable ê is theinverseLaplacetransform

( Ô 
 Q ) of
â{ë  (�vb�% . In orderto find Ô 
 Q � â ÈÊ�Ë Ê��ÌsÍ�  *�ìbN% ¢ , we convert (7) into a sumandthen

usethelinearity of theLaplacetransform.Letting 6UK 7 M f~��#í ç , we canwrite thepartial-fraction
expansionof (7) asâ ÈÊ	Ë Ê�>ÌsÍ�  (�vbN% 7 ã¦K	P1Q 3 (3Ø, yî ç % ��æ ç 7 ã¦K�P1Q 6 �cæ5çK ;b�,ï6UKA% �cæ ç 7 ã®K	P1Q �cæ ç 
 Q® G�P � ð G�ñ1Qed K òb�,ï6UKA% G�ñ1Q Z (8)

where

ð ��æAç 
 G�d K 7 3k�ó�ô » G»b Gvõ  ;b�,ï6UKA% �cæ ç â ÈÊ	Ë Ê��ÌhÍ�  (�vbN%eöU÷       y;P î ç Z k 7 4>Z5=]=^=]Z	Eøé�K���3�= (9)

TakingtheinverseLaplacetransformof theright handsideof (8), wehaveù ÈÊ�Ë Ê�UÌsÍ�  Õ % 7 ã®K	P1Q �cæ ç 
 Q®G+P �úð G�ñ1Qed Kk·ó Õ Ghû 
 Ê�üý �eþ çNÿ Z Õ�� 4>= (10)



Thenext stepis simplyusing(10) to evaluate(3). Thisyields8  #X�¹ ¸X�% 7 ã®K�P1Q ��æ ç®G�P1Q ð G�d K hk`��3N%[ó ���� � G 
 Qeû 
 Ê�üý �#þ ç�� �	� " � , Æ � d�Å�" ��
 » � = (11)

Wenotethattheintegral in (11) is theLaplacetransformof � G 
 Q � ä " � , Æ � d°Å� 0 " � å eval-

uatedat b 7� 
 MK �7 ¤ D 0�x�y(.ÛK . We know that if
ù  �t�% and �& òbN% are Laplacetransformpairs

( �& òbN% 7 ÔvF ù  �t�%\H ), so are t æ ù  ht�% and  (�¡3N% æ����� y � �! ;b�% . Therefore,we needto find the kØ� 3 st

derivative of Ô���� ä " � , Æ � d�Å� 0 " � å�� . It canbeshown that � MAP  òbN% , theLaplacetransform

of � ä " � , Æ � d�Å� 0 " � å , is equalto

� MAP  ;bN% 7 3 � sgn Æ � d°Å� %¤ b � 3¤ � 3b " ¤ bØ,/3 , sgn Æ � d°Å� %b 
 û 
 J���� Ì Í��ñ�� ��� Ì Í��� � M yòñ1Q;L Z (12)

wheresgn Õ % 7 � ÿ �ÿ if Õ��7 4 and 4 otherwise.Thetermin thesumin (11) is simply

ð G^d K sk���3N%\ó  *��3A% G 
 Q » G 
 Q»b G 
 Q � MAP  òbN% �7 ð G�d K � MK ¥  hk·Z � K�Z Æ � d°Å� %\=
We usedtheLeibniz’s formulafor the k th derivativeof a multiplicationaswell asinductionto
find the k th derivative of (12). The result is the following expressionfor the exact codeword
PEPof MAP decodedspace-timecodes8  eX�¹ ¸Xv% 7 ã®K	P1Q �cæ ç®G�P1Q � M GK ð G�d K ¥  sk�Z � KcZ Æ � d Å� %[Z (13)

where¥  sé Z � Z\.1% 7 3½� sgn ò.%¤ � 3¤ û 
  í ñ�� í � � M! #" Ê ñ1Q %�$æ 
 Q®K	P �  (�¡3N% æ5ñ�K 
 Q ¤ , � M % æ 
 K 
 Q � � sgn ò.%`, �" ¤ , � M K®% P � � ¤'&& 
 3 ¤ � M ,)(<% % 
 $æ 
 K 
 Q® * P1Q T .¼T *  � M , ¤ % *�+ M, ó � * * 
 Q®î P � � ,6 
  (�¡3N% * ñ î æ 
 K 
 M¦- P �  , � 6S� ¤'. % (14)

where �0/G�P��21 G �7 3 if E9Ã43 .

4 Applications

4.1 Linear Dispersion Code Design for MAP Decoding

Linear dispersioncodes(introducedin [5]) constitutean importantclassof space-timeblock
codes. Every entry of an LD codeword is a weightedsumof the basebandsignalswith the
weightschosensuchthatthemutualinformationbetweenthechannelinputandoutputis max-
imizedgiventhenumberof transmitandreceiveantennas.An LD codeword is writtenasX 7 5®% P1Q  ð %768% , l:9 %<;=% %\Z



where 68% and ;>% are D $ j matrices(similar to [5], weassumethat 68% and ;�% have real
entries),I % 7 ð % , l:9 % is a symbolto beencoded(l 7 " �¡3 ), and ? is theblock lengthin
symbols(i.e., thenumberof datasymbolsto beencodedat a time).

Insteadof maximizingthemutualinformation,herewe opt to designLD codesvia mini-
mizingtheunionupperboundontheframe(block)errorratewhichcanbecomputedusingthe
codeword PEPformulagiven in (13). As mentionedin [5], calculatingthecodeword PEPat
highCSNRscanfacenumericalproblems,but wehavenoticedthatthecodesarenotsensitive
to thedesignCSNR;i.e.,thosewhicharedesignedatlow CSNRshavealsoagoodperformance
at highCSNR.Therefore,our designCSNRis oftensetat 5 to 10dB.

Our designmethodis asfollows: to guaranteemaximumthroughputandto makesurethat
theperformanceis alwaysbetterthanV-BLAST, webegin with the @ % and A % matriceswhich
correspondto V-BLAST andaregivenby [4, 5]6 f J�B 
 Q;L]ñ�K 7 ; f JCB 
 Q;L^ñ�K 7ED B�F i K Z G 7 3�Z5=]=]=^Z�j�ZIH 7 3�ZW=^=]=^Z�DµZ
whereD B and F K are j -dimensionaland H -dimensionalcolumnall-zerovectorsexceptfor a1 in
the G th and H th entries,respectively. We thenimprove thecodeby addingzero-meanGaussian
noiseto the 68% and ;�% matrices,normalizingthe 6J% and ;>% matricesto satisfythepower
constraintaccordingto [5, equation(18)]which is givenby® %  tr 6 ×% 6K% , tr ; ×% ;>% % 7 ¤ jvDµZ (15)

andupdatingthecodeif thenew FERunionbounddecreases.Wehavechosenthevarianceof
theadditivenoiseto decreaseaccordingto L�Mæ 7 4>= ¤NM  e3½��k#0'O max% � Z�k 7 3�Z ¤ ZW=^=]=^ZPO maxZ where k
is the iterationnumber. This regime is chosenfollowing [12] dueto its fastconvergencerate
andgoodresults.Notethatthis new codeis still a lineardispersioncode.Therefore:

1. Similarto [5], wehavenoticedthattheperformanceof theresultingcodesis notsensitive
to thedesignCSNR.Therefore,to avoid numericalproblemsresultingfrom theaddition
of verysmallnumbers,wesetthedesignCSNRat 5 to 10dB, dependingon thenumber
of antennas.

2. The designcriterion in [5] is to maximizemutual informationbetweenchannelinput
andoutput assumingthat the real and imaginarypartsof the signal set have qr ;4>Z QM %distribution, which may be far from the particularsignalingschemeandnon-uniform
distribution to beused.In our method,we optimizethecodefor theparticularsignaling
schemeandprior probabilitieswhicharegoingto beused.Obviously, thedesignmethod
worksaswell with theassumptionof having qr ;4>Z53A% distribution for thesignals.

3. The power constraint(15) canbe mademorerestrictive. For example,onecould use6 ×% 6J% 7 ; ×% ;�% 7 _5 I f for & 7 3�Z5=]=^=]ZI? . It is notedin [5] that this power con-
straintgenerallyleadsto lowererrorrates,but wehaveused(15) in ourdesignto “relax”
the condition asmuch aspossibleand let the searchalgorithm converge to any local
minimumwhich satisfiesthepowerconstraint.

4. Obviously, the searchmethodis randomandmay converge to a local minimum. The
varianceof the additive noiseis large at the initial loopsto allow large improvements,
but it reduceswith the iterationsto allow convergenceandsmall refinement.We have
observedthatmany smallchangesaremadeat lowernoisevariances.



5. In orderto havethepossibilityof findingbetterminima,werunthealgorithmtwicewith
the secondround initialized with the resultsof the first. This allows “escaping”from
a bad local minimum at the beginning of the secondround,when the varianceof the
additivenoiseis large.

4.2 Trellis-Coded Modulation and Maximal-Receive Combining

As alreadymentioned,theresultsof Section3 arevalid for single-inputmulti-outputsystems
aswell. Thissubsectionpresentsanapplicationof theMAP decodingrule in (2). In particular,
wedescribehow (13)canbeusedto find TCM encoderandsignalmappingswhich,whenused
with theMAP decodingrule in (2), will reducetheframeerrorrate(FER)andBERof aTCM-
codedMRC system. The discussionis madefor Ungerboeck-typesystematicconvolutional
encoderstructureswith feedback(see[11, Fig. 10]).

First,wenotethatfor asingletransmit-antennasystem,wehave

ð G 7 ª« ¬ 4 for k 7 3�Z ¤ Z5=]=]=^Z	E2��3ä Mí�~ � å � for k 7 E
andhencewehave 8  eX�¹ ¸X�% 7 ¥  ;E�Z � Z Æ � d°Å� %[Z (16)

where � M 7 x�y(0 ¤ � a T »�a�T M . In [7], a methodis presentedto approximatetheunionupperbound
for theFERof trellis codesoverAWGN channelsunderMAP decodingfor asymmetricbinary
Markov sources.Using (16) andthemethodin [7], onecansearchfor goodtrellis codesfor
themultiple receive-antennasystemconsideredhere.

5 Numerical Results

5.1 Linear Dispersion Code Design

Figure1 demonstratesthe performanceof our LD codesearchmethodfor uniform andnon-
uniform (with 6 � 7 4�=@? ) binary i.i.d. sources,respectively, for a dual-transmitsingle-receive
antennasystem. As mentionedin Subsection4.1, we start from a V-BLAST structure,so? 7 ( . It is observedthatthenew codesignificantlyoutperformsV-BLAST andits gainover
V-BLAST continuesto grow astheCSNRincreases.Webelievethatthisbehavior is dueto the
largerdiversityorderof LD codesover V-BLAST, astheLD codessendeachsignalover all
transmitantennaswhile in V-BLAST eachsignalis sentoncefrom only onetransmitantenna,
soit experiencesonly onefadingcoefficient.

We first usedBPSKmodulationwith uniform input. Thenew code,denotedby LDC1 and
designedfor CSNR= 5 dB, is specifiedby

6 Q 7RQ 4�=TS'(NUV( ¤ SNS'U �v4>=�4NWNX�? ¤ (N(:X4�=�(<4�?NUNX M 3�3 4>= M 4:S�?NSVXNXNXZY Z 6 M 7RQ �v4�=CUNX�?�4 ¤ W ¤ S 4>= M (:U�4NU�?NU�?4>=CS M X>3�3[(N(<4 �v4>=�4�4�4 ¤NM W ¤NM Y Z
6 � 7RQ 4>=�U�4 ¤�¤ ?'( ¤ 4 4>=�WNU�? M�¤ 3 MNM��4>=\( M�¤ (NX>3�S'( 4>=�4�?�4NSVW M 4NW Y Z 6 B 7RQ �v4�=�(]S'U�4NUV(]S'W �v4>=�4NU:SVS�3 ¤�¤NM�v4�= ¤ 3[W�4V(�3^U M 4>=�W M (�3A4�3A4NX Y Z

and ; G 7`_ Mba�M Z�k 7 3�Z5=]=^=]Zc( (becausethesignalsarereal).At FER= ¤ $ 3A4 
� , theCSNRgain
in usingtheLDC1 codeis 9.3dB overV-BLAST and3 dB over theLD codeof [5, eq. (31)].
Thisgainis 7.1dB at BER= 3A4 
� overV-BLAST and6 dB over theLD codeof [5, eq.(31)].
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Figure 1: ComparisonamongV-BLAST, the LD codeof [5, eq. (31)], and the new code;D 7 ¤ Z�E 7 3 . Left: BPSK modulationandML decodingwith 6 � 7 4>= M , Right: Q-PSK
modulationandMAP decodingwith 6 � 7 4>=�? .

A non-uniformsourceis consideredin Figure1 (right) with Q-PSKmodulationandthe
new LDC4 code,which is designedfor CSNR= 5 dB, is foundas

6 Q 7RQ 4�= M U�3�3^W:SVWVU �v4>=�X>3^U�?NU>3^W�44�=CXNW�3A?NU�4�4NS 4>= M ? M ?VW>3[(:XZY Z 6 M 7RQ �v4�=CW ¤ XNW ¤ 3[(NW �v4>= ¤ 4NU ¤ S M (]S4>=�U�4NW ¤ X:SVU�? �v4>=CS�?�?�3 M U ¤ WJY Z
6 � 7 Q 4>=CSVWV(�3^XVWV(]S 4>=�X ¤ U�?V(:WNWNX4>=]3A4�?NU:Sc4:SNS ��4>= M W�? M�¤NM U MdY Z 6 B 7 Q ��4>=@4 M 4:S M�¤ XV( 4>=�X�4�?>3 ¤ X ¤ (��4>=TS'X ¤ 4NX ¤�¤ 4 4>= M 3�3A?V(NUV(<? Y Z

and ; Q 7eQ 4>=]3A?NX>3[U:S�4�4 4�=�(<? MNMNM�¤ U'(4>=�U�4NUNX ¤ W:S�? ��4>= ¤ W ¤NM S ¤ S�4dY Z ; M 7RQ 4�= ¤ S'WNU:SVW:Sf( 4>= M�¤ W ¤ W�? M X4�=CU:SVS M 3�3^X�? 4>=@4'(�3 M UNU�?:SJY Z
; � 7 Q 4�=CU�?�3^XNWNX>3 M 4>=�4NU>3[(NX M�¤ S4�=�(<? ¤NMNM S'(NX �v4>= M S M 3[(<?:SVW Y Z ; B 7 Q 4>=�X:SVXVXNX�?�?NW 4>=]3^U�4NU�4 ¤NM U��4>=^3[XNU M ?�4 ¤ X �v4>= M (:UVX M ( ¤ U Y =

At FER= ( $ 354 
� , theCSNRgainfor LDC4 is 8 dB overV-BLAST and3.1dB overthecode
of [5, eq. (31)]. At BER = 3A4 
� , theCSNRgainis 6.2dB overV-BLAST and3.1dB over the
codeof [5, eq.(31)], respectively. Similargainsareobservedfor othersourcedistributionsand
numbersof transmitor receiveantennas.

5.2 Trellis-Coded Modulation with Maximal-Receive Combining

The systemconsideredherehasonetransmitandtwo receive antennas.The framelengthis
120 bits andthe test is repeated200000times. A frameerror is countedwhenthe decoded
andtransmittedsymbolstreamsdonotexactlymatch(i.e.,evenif onesymbolis different).As
outlinedin Section4.2,we optimizetwo TCM systemsusingMRC via minimizing theunion
upperboundexpressionon the FER which is in termsof the PEPformula in (16). The first
systemis optimizedin termsof the convolutional encoderstructurefor a fixed bit-to-signal
mapping;while thesecondsystemis optimizedwith respectto thebit-to-signalmappingfor a
fixedconvolutionalencoderstructure.

We first considerrate-¤ 0'U 8-state8-PSKtrellis codes.Figure2 shows thatwhile thereis
a 4 dB gain in CSNRat BER = 3A4 
� in MAP decodingover ML decoding,theerror ratesof
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Figure2: Performanceof therate ¤ 0VU 8-state8-PSKTCM-codewith E 7 ¤ receive antennas
andnaturalbinarycodemapping.Theinput is ani.i.d. bit-streamwith 6 � 7 4>=�? . Theencoder
structureis specifiedby  hg � ZIg1Q\ZIg M % in octal,asin [11].
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Figure3: ComparisonbetweentheM1 andGraymappingsfor the rate U<0'( 8-state16-QAM
TCM-codewith E 7 ¤ receiveantennas.Theinput is ani.i.d. bit-streamwith 6 � 7 4>=�? .
thetrellis codewith theoptimized(15,2, 4) encoderarenotsignificantlylessthantheoriginal
(11,2, 4) system(from [6, Page174]).

Figure3 demonstratestheperformanceof a rate-U<0'( 8-state16-QAM trellis codedsystem.
Weoptimizethebit-to-signalmappingusingthesymbolPEPformulain [2] andtheguidelines
of [9], whichresultin theM1 mappingof [9, Figure8]. WecomparetheM1 andGraymapped
systemsfor the sameencoderstructurespecifiedby  hg � Zig�Q	ZIg M % 7  (3�3�Z ¤ Zc(C% . It is observed
that,sincetheM1 mappingis moreenergy-efficient, it achievesa 1 dB CSNRgainover Gray
mappingwith MAP decodingat FER= 3A4 
� , andanadditional0.8 dB CSNRgainover ML
decoding;i.e., 1.8 dB gain in CSNRover theconventionalwhich useGraymappingandML
decoding.

6 Conclusion

In this paper, we addressedthemaximuma posteriori decodingof non-uniformi.i.d. sources
in a multiple-antennasetting. We derived the MAP decodingrule anda closed-formsingle-
letterexpressionfor thecodewordPEPof generalmulti-antennacodes.Wealsoexploredsome



applicationsof our two results.We designedspace-timeLD codeswhich wereoptimizedfor
thesourcedistribution.Two typicalcodesweregivenwhichoutperformedV-BLAST by awide
margin. Wealsoaddressedtheissueof bit-to-signalmappingin TCM-codedMRC systems.

Extensionsof this work mayincludeoptimizationof bit-to-signalmappingfor space-time
codedchannelswith non-uniforminput andfinding thecodeword PEPfor thecasewherethe
sourcehasmemoryin additionto non-uniformdistribution.
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