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Error Exponents for Asymmetric Two-User Discrete
Memoryless Source-Channel Coding Systems

Yangfan Zhong, Student Member, IEEE, Fady Alajaji, Senior Member, IEEE, and
L. Lorne Campbell, Life Fellow, IEEE

Abstract—We study the transmission of two discrete memoryless
correlated sources, consisting of a common and a private source,
over a discrete memoryless multiterminal channel with two trans-
mitters and two receivers. At the transmitter side, the common
source is observed by both encoders but the private source can only
be accessed by one encoder. At the receiver side, both decoders
need to reconstruct the common source, but only one decoder
needs to reconstruct the private source. We hence refer to this
system by the asymmetric two-user source—channel coding system.
We derive a universally achievable lossless joint source—channel
coding (JSCC) error exponent pair for the two-user system by
using a technique which generalizes Csiszar’s type-packing lemma
(1980) for the point-to-point (single-user) discrete memoryless
source—channel system. We next investigate the largest conver-
gence rate of asymptotic exponential decay of the system (overall)
probability of erroneous transmission, i.e., the system JSCC error
exponent. We obtain lower and upper bounds for the exponent.
As a consequence, we establish a JSCC theorem with single-letter
characterization and we show that the separation principle holds
for the asymmetric two-user scenario. By introducing common
randomization, we also provide a formula for the tandem (sepa-
rate) source—channel coding error exponent. Numerical examples
show that for a large class of systems consisting of two correlated
sources and an asymmetric multiple-access channel with additive
noise, the JSCC error exponent considerably outperforms the
corresponding tandem coding error exponent.

Index Terms—Asymmetric two-user source—channel system,
broadcast channel, common and private message, common
randomization, discrete memoryless correlated sources, error
exponent, multiple-access channel, lossless joint source-channel
coding (JSCC), separation principle, tandem coding, type packing
lemma.

1. INTRODUCTION

ECENTLY, the study of the error exponent (reliability

function) for point-to-point (single-user) source—channel
coding systems (with or without memory) has illustrated
substantial superiority of joint source—channel coding (JSCC)
over the traditional tandem coding (i.e., separate source and
channel coding) approach (e.g., [8], [29], [30]). It is of natural
interest to study the JSCC error exponent for multiterminal
source—channel systems.
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In this work, we address the asymmetric two-user source—
channel coding system depicted in Fig. 1. Two discrete mem-
oryless correlated source messages (8,1) € S™ x L™ drawn
from a joint distribution Qs : S x L, consisting of a common
source messages 8 and a private source message [ of length 71,
are transmitted over a discrete memoryless asymmetric com-
munication channel described by Wy z |1 px : U X X — Y X
Z with block codes of length n, where 7 > 0 (measured in
source symbol/channel use) is the overall transmission rate. The
common source can be accessed by both encoders, but the pri-
vate source can only be observed by one encoder (say, Encoder
1). In this setup, the goal is to send the common information to
both receivers, and send the private information to only one re-
ceiver (say, Decoder 1).

This asymmetric two-user system can be used to model
[23] interference channels with cognitive radio, an emerging
and promising wireless technology where wireless systems,
equipped with flexible software, dynamically adapt to their
environment (by, for example, adjusting the modulation format
or the coding scheme) to harness unemployed spectral capa-
bilities [25]-[27], [12], [13]. For example, it can model the
practical situation where audio and video signals are modulated
and transmitted to two receivers over a cognitive interference
channel (without secrecy constraints) [23], with the cognitive
receiver needing to decode both audio and video signals while
the noncognitive receiver needing to only reconstruct the audio
signal. Furthermore, it is worthy to point out that the asym-
metric two-user system is a generalization of the following two
classical asymmetric multiterminal scenarios which have been
extensively studied in the literature.

i) The CS-AMAC system: If we remove Decoder 2 from
Fig. 1, and let | Z| = 1, then the channel reduces to a mul-
tiple-access channel Wy |y x, and the coding problem re-
duces to transmitting two correlated sources (CS) over an
asymmetric multiple-access channel (AMAC) with one

receiver.
ii) The CS-ABC system: If we remove Encoder 2 from
Fig. 1, and let |i{| = 1, then the channel reduces to

a broadcast channel Wy, | x> and the coding problem
reduces to transmitting two CS over an asymmetric
broadcast channel (ABC) with one transmitter.

The sufficient and necessary condition for the reliable trans-
mission of CS over the AMAC—i.e., the lossless JSCC theorem
for the CS-AMAC system—has been derived with single-letter
characterization in [4]. The capacity region of the ABC has been
determined in [21], and the JSCC theorem for CS-ABC system
with arbitrary transmission rate can also be analogously carried
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Fig. 1. Transmitting two CS over the asymmetric two-user communication channel.

out (e.g., [17]). In this work, we study a refined version of the
JSCC theorem for the general asymmetric two-user system (de-
picted in Fig. 1), by investigating the achievable JSCC error ex-
ponent pair (for two receivers) as well as the system JSCC error
exponent, i.e., the largest convergence rate of asymptotic expo-
nential decay of the system (overall) probability of erroneous
transmission. We also apply our results to the CS-AMAC and
CS-ABC systems.

We outline our results as follows. We first extend Csiszar’s
type packing lemma [8] from a single-letter (one-dimension)
type setting to a joint (two-dimensional) type setting. By
employing the joint type packing lemma and generalized
maximum mutual information (MMI) decoders, we establish
achievable exponential upper bounds for the probabilities of
erroneous transmission over an augmented two-user channel
Wy z|rux for a given triple of n-length sequences (t,u, z);
see Theorem 1. Here, the augmented channel Wy-z | 7y x is in-
duced from the original two-user channel Wy 7|y x by adding
an auxiliary random variable (RV) T such that T, (UX), and
(Y Z), form a Markov chain in this order. We introduce the RV
T because we will employ superposition encoding which maps
a source message pair (8,1) to a codeword triplet (¢,u,z),
where ¢ is the auxiliary superposition codeword. For the asym-
metric two-user system, since one of the encoders has full
access to both sources, it knows the output of the other encoder.
By properly designing the two (superposition) encoders, we
apply Theorem 1 to establish a universally achievable error ex-
ponent pair for the two receivers (namely, the pair of exponents
can be achieved by a sequence of source—channel codes inde-
pendently of the statistics of the source and the channel); this
generalizes Korner and Sgarro’s exponent pair for ABC coding
(with uniformly distributed message sets) [22]. We also employ
Theorem 1 to establish a lower bound for the system JSCC
error exponent; see Theorem 2. Note that one consequence
of our results is a sufficient condition (forward part) for the
JSCC theorem. In addition, we use Fano’s inequality to prove
a necessary condition (converse part) which coincides with the
sufficient condition, and hence completes the JSCC theorem
(Theorem 3). We next demonstrate that the separation principle
holds for the two-user system, i.e., there exists a separate source
and channel coding system which can achieve optimality from
the point of view of reliable transmissibility.

Using an approach analogous to [8], we also obtain an upper
bound for the system JSCC error exponent (Theorem 4). As
applications, we then specialize these results to the CS-AMAC
and CS-ABC systems. The computation of the lower and upper
bounds for the system JSCC error exponent is partially studied
for the CS-AMAC system when the channel admits a symmetric
conditional distribution.

We next study the tandem coding error exponent for the
asymmetric two-user system, which is the exponent resulting
from separate and independent source and channel coding
under common randomization. We derive a formula for the
tandem coding error exponent in terms of the corresponding
two-user source error exponent and the asymmetric two-user
channel error exponent (Theorem 6). Finally, by numerically
comparing the lower bound of the JSCC error exponent and
the upper bound of the tandem coding error exponent, we
illustrate that, as for the point-to-point systems ([29], [30]),
JSCC can considerably outperform tandem coding in terms of
error exponent for a large class of binary CS-AMAC systems
with additive noise.

At this point, we pause to mention some related works in
the literature on the multiterminal JSCC of CS. The JSCC the-
orem for transmitting two CS over a (symmetric) multiple-ac-
cess channel (where each encoder can only access one source)
has been studied in [1], [7], [14], [19], [20], [28], and the JSCC
theorem for transmitting two CS over a (symmetric) broadcast
channel (where each decoder needs to reconstruct one source)
has been addressed in [5], [17]. These works focus on the case
when the overall transmission rate 7 is 1 and establish some suf-
ficient and/or necessary conditions for which the sources can be
reliably transmitted over the channel. However, for both (sym-
metric) systems, no matter whether the transmission rate 7 is
1 or not, a tight sufficient and necessary condition (JSCC the-
orem) with single-letter characterization is still unknown.

The rest of the paper is organized as follows. In Section II,
we introduce the notation and some basic facts regarding the
method of types. A generalized joint type packing lemma is
presented in Section III. In Section IV, we establish a univer-
sally achievable error exponent pair for the two-user system,
as well as a lower and an upper bound for the system JSCC
error exponent. A JSCC theorem with single-letter characteri-
zation is also given and we demonstrate that the reliable trans-
missibility condition can be achieved by separately performing
source and channel coding. In Section V, we apply our results to
the CS-AMAC and CS-ABC systems. We partially address the
computation of the bounds for the system JSCC error exponent
in Section VI. In Section VII, we provide an expression for the
tandem coding error exponent for the two-user system and we
then show that the JSCC error exponent can be strictly larger
than the tandem coding error exponent for many CS-AMAC
systems. Finally, we state our conclusions in Section VIII.

II. PRELIMINARIES

The following notation and conventions are adopted from
[8]-[10]. For any finite set (or alphabet) X, the size of & is
denoted by |X'|. The set of all probability distributions on X
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is denoted by P(X). The type of an n-length sequence z =
(z1,22,...,2,) € X™ is the empirical probability distribution
P, € P(X) defined by

Pu(a) & %N(akt), weX ()

where N(a|z) is the number of occurrences of a in z. Let
Pn(X) C P(X) be the collection of all types of sequences in
X™. Forany Px € P,(X), the set of all z € X™ with type Px
is denoted by T p,, or simply by T x if Px is understood. We
also call Tp, or Tx a type class.

Similarly, the joint type of n-length sequences £ € X™ and
¥ = (y1,92....,yn) € V" is the empirical joint probability
distribution Pry € P(X X )) defined by

sz(avb) 2 %N(avbkt;y)v (avb) €& x y

Let P, (X x V) C P(X x V) be the collection of all joint types
of sequences in ™ x Y". Thesetofallz € X" andy € V"
with joint type Pxy € Pn(X x ) is denoted by Tp,.,., or
simply by Txy.

For any finite sets X and )/, the set of all conditional distribu-
tions Vy-| x : & — Y is denoted by P(Y | X'). The conditional
type of y € V" given £ € Tp, is the empirical conditional
probability distribution Py, € P(Y|X) defined by

N(a,b|z,y)
Py|a(b]a) = “N(a|z)
whenever N(alz) > 0; otherwise (if N(a|z) =
Pyz(bla) =0, (a,b) € X x Y.

Let P,, () | Px) be the collection of all conditional distribu-
tions Vy-| x which are conditional types of y € Y™ given an
x € Tp,. For any conditional type Vy-| x € P, (Y| Px), the
setofally € Y™ foragivenz € Tp, satisfying Py, = Vy | x
is denoted by Ty, | (), or simply by Ty | x (), which is also
called a conditional type class (V' -shell) with respect to .

For finite sets X', ), Z with joint distribution Pxyz €
P(X x Y x Z),weuse Px, Pxy, Pyz|x, etc., to denote the
corresponding marginal and conditional probabilities induced
by Pxy z. Note that for a given joint type Pxy € P, (X x }),
Tp, () ={y: (z,y) € Tpy, }. Note also that

0), define

{PX‘/Y|X:PX E,Pn(X)/‘/Y\X epn(y|PX)}
=Pp(X x ).

In addition, we denote

CACIESET Y

Px ePn(X)

Pu(V|Px) CPY|X).

To distinguish between different distributions (or types)
defined on the same alphabet, we use sub-subscripts, say,
4,7, in Px,, Px,v;, Tx,v,, and so on. For example, Tx,y;
is the type class of the joint type Pxy; € Pa(X x ).
For any distribution Pxyz € P(X x Y x Z), we use
Hp,,,(-) and Ip ., ,(-;-) to denote the entropy and mu-
tual information under Pxy z, respectively, or simply by
H(-) and I(-;-) if Pxyz is understood. D(Px | Qx) de-
notes the Kullback-Leibler divergence between distributions
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Px,Qx € PX). D(Vyx || Wy |x|Px) denotes the
Kullback-Leibler divergence between stochastic matrices
(conditional distributions) Vy-| x, Wy |x € P(Y|AX) condi-
tional on distribution Py € P(X). Forz € A", y € V",
and z € Z7, since the types Py, Pry, and Py, can also be
represented as distributions of dummy RVs, we define the em-
pirical entropy and mutual information by H(z) = Hp, (X),
I(z;y) = Ip,,(X;Y), and I(z;y]2) £ Ip,,.(X;Y|Z).
Given distributions Px € P(X) and Wy | x € P(V|&X), let
P)((") and W;"I) ' be their n-dimensional product distributions.
All logarithms and exponentials throughout this paper are in
base 2. The following facts will be frequently used throughout
this paper.

Lemma 1 [10]:

D) [Pu(X)] < (n+ DL |P(Y]1X)] < (n+ 1)V
ii) For any Px,Qx € P,(X), we have

(n+ 1)—|,X’|2nH,)X (X) < |-|]—PX| < onHey (X)

and

(n+1)*|/\’|2*"D(PX||QX) SQE?)('"’PX)SZﬂzD(PXHQX)'

iii) Forany £ € Tpy,y € Ty, (2) and Wy x, Vyx €
Pn(Y|Px), we have

(n + 1)_|X||y|2"H”XVY\X<Y|X)
< |—|]—VY\X ((I:)| < ZnHPXVY\X Y1)

Wik (yle)
— 2*”[D(VY\XH"’VY\X|PX)+HPXVY‘X (Y1x)]

and hence
(n+ 1)—|X||y|2—nD(meIIWY\X\Px)
< W)(/T‘L;((TVY‘X(-T)W) < 9 nD(Vy x Wy |x |Px)
III. A JOINT TYPE PACKING LEMMA

Let us first recall Csiszar’s type packing lemma for JSCC [8],
which is an essential tool to establish an exponentially achiev-
able upper bound for the JSCC probability of error over a dis-
crete memoryless channel.

Lemma 2 [6, Lemma 6]: Given finite set .4 and a sequence
of positive integers {rn,, }, for arbitrary (not necessarily distinct)
types Pa, € P,(A), and positive integers N;, i = 1,2,...,m,
with

1
- logy N; < Hp, (A) =6 €]
where
a2 42
52 Z[JAP logy(n +1) + logy my + 1]

there exist m,, disjoint subsets

Y N
0 = {af;)} . CTy = Tp,,
p:
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such that
Tv 0 (a) 0] < Mz a0 g

for every i, k,p and Vy: | 4 € P, (A|A), with the exception of
the case when both ¢ = &k and V4 | 4 is the conditional distribu-
tion such that V| 4(a'|a) is 1 if o’ = a and 0 otherwise.

Note that Lemma 2 is a generalization of the packing lemma
in [10, p. 162, Lemma 5.1], where the later one is used for
channel coding, while Lemma 2 is used for JSCC. Roughly and
intuitively, if @ is a transmitted codeword, then the possible se-
quences decoded as a can be seen as elements in the “sphere”
Tv,, ,(a) “centered” at @ for some V| 4. Equation (2) in
the packing lemma states that there exist disjoint sets €2 with
bounded cardinalities such that the size of the intersection be-
tween the sphere Ty, , (a) for every a € (; and every set
is “exponentially small” compared with the size of each 2. So
the packing lemma can be used to prove the existence of good
codes that have an exponentially small probability of error.

We herein extend Csiszdr’s above type packing lemma from
the (one-dimensional) single-letter type setting to a (two-dimen-
sional) joint type setting. This lemma will play a key role in
establishing an exponentially achievable upper bound (in The-
orem 1) for the probability of erroneous transmission for our
asymmetric two-user source—channel system.

Lemma 3 (Joint Type Packing Lemma): Given finite sets A
and B, a sequence of positive integers {m,, }, and a sequence of
positive integers {m! } associated witheveryi = 1,2,...,my,
for arbitrary (not necessarily distinct) types Pa, € P,(A) and
conditional types Pp, |4, € Pn(B| Pa,), and positive integers
N;and M;;, i =1,2,...,m,,and j = j(i) = 1,2,...,m]

in

with
1
ﬁlogQ N; < HpAi (A) -6 3)
and
1
- log, M;; < Hp‘,\q_ijlAq (BlA) -6 4)
where
2
52 ;[I«‘llzlﬁ'l2 logy(n + 1) + log, my,

+ log, (max mi,,) + log, 12]
there exist m,, disjoint subsets
() N
Qi = {aél)} g —H—Ai
such that
Ty (a) 0] < Mz a0 )

forevery i, k, p, and Viar| 4 € P, (A|.A), with the exception of
the case when both ¢+ = k and V.| 4 is the conditional distri-
bution such that Vy, | 4(a’|a) is 1 if ' = a and 0 otherwise;
furthermore, for every agl) € ; and every 4, there exist m/,
disjoint subsets

00’ = {(a.5)}

q=1

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 4, APRIL 2009
() (i)y & ()
such that b))/ € Tp |4, (ap’) = Try 4, (ap’) and

Ny
i j (k)
—H_VA’B’\AB (a1(7)7b1(7{l)1) m U le (ap' )
p'=1

< NkMkIQ_n[IPAiBj Varpr | ap(4BiA’, B8] ©6)
. . N'L (')
—I]—VA/B/ | AB (a,]()t)7b]()]7()1) ﬂ U Qil (a,pz, )
p'=1
< Mu?_nup"i”j Varpr| ap (BiB14)=4] @)

for any 1, J, k’, l.,p, q,and V4, g |AB € Pn(A X B|A X B), with
the exception of the case whenboth i =k, j = ,and Va/p/ | 4B
is the conditional distribution such that Vg gr | 4g(a’, b’ | a,b) is
1if (a’,b") = (a,b) and O otherwise.

The proof of the packing lemma is lengthy and is deferred to
Appendix A. Compared with Lemma 2, it is seen that Csiszar’s
type packing lemma (5) is incorporated in our extended packing
lemma, and we emphasize that here we need (6) and (7) to hold
in addition to (5).

Similarly, for the two-user channel, if (a,b) is a pair of
transmitted codewords, then the possible sequences decoded as
(a,b) can be seen as elements in the “sphere” Ty, , , . (a,b)
“centered” at (a,b) for some Vi p/|ap. As depicted in
Fig. 2, (6) (similarly to (7)) states that there exist disjoint sets
Qu = UZ’“: 1 le(agf)) with bounded cardinalities such that
the size of the intersection between the sphere Ty, ., ., (@,b)
for every (a,b) € ;; and every set €y is “exponentially
small” compared with the size of each ;. Note also that the
extended packing lemma is analogous to, but different from the
one introduced by Korner and Sgarro in [22], which is used to
prove a lower bound for the channel coding ABC exponent.
Lemma 3 here is used for the asymmetric two-user JSCC
problem.

IV. TRANSMITTING CS OVER THE ASYMMETRIC
TwoO-USER CHANNEL

A. System

Let {Wyzjux : U x X — Y x Z} be a two-user dis-
crete memoryless channel with finite input alphabet &/ x X,
finite output alphabet ) x Z, and a transition distribution
Wy z | vx (y, zlu, ) such that the n-tuple transition probability
is

W}(:?Z) | UX(y'/ Z|’U,7 m) = H WYZ | U}((y’h Zt|ut7 :Lt)

i=1

wherew eU,z € X,y eV, z€ Z,u™ (uy,...,u,) €U,
r = ($17"'77xn) € Xn7 Yy = (ylv"'vyn) € yn, and
z £ (z1,...,2,) € Z". Denote the marginal transition
distributions of Wy z | yx at its Y-output (respectively,
Z-output) by Wy |pyx £ >z Wyz|ux (respectively,
Wziux = >y Wy z|vx). The marginal distributions of
W;"Z) |vx are denoted by W}(,nl)U + and nglg, «» Tespectively.
Consider two discrete memoryless CS with a generic
joint distribution Qgsr(s,l) defined on the finite al-
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Flg 2. A graphical illustration of the (two-dimensional) joint type packing lemma (Lemma 3): there exist disjoint subsets €2, ’s with bounded cardinalities in the

“two-dimensional” space .A™ x B™ such that for any (a,b) € Q.; (say, (a,b) € £ 1), the size of the intersection between the sphere T+

every set {2, is “exponentially small” compared with the size of each 2.

phabet & x L such that the k-tuple joint distribution is

®(s,1) = TI, Qsr(si, i), where (s,1) € S x £, and
(8,0) £ ((s1,01),---,(sk, 1)) € S* x L*. For each pair of
source messages (8,1) drawn from the above joint distribution,
we need to transmit the common message s over the channel
Wy z|ux to Receivers Y and Z and transmit the private
message 1 only to Receiver Y. A joint source—channel (JSC)
code with block length n and positive transmission rate 7
(source symbol/channel use) for transmitting (Jsz, through
Wy z| v is a quadruple of mappings, (fu, gn, @n, ¥n). where
fon : TP x LT — X" and g, : ST — U" are called
encoders, and ¢, : V" — 8™ x L™ and ¢,, : 2" — S§™"
are referred to as Y'-decoder and Z-decoder, respectively; see
Fig. 1.

The probabilities of Y- and Z-error are given by

P(Qs, Wy 7 ux,7)
2 PT({% (Y™) # (8™, L™)})

= Y QP60 Y. W (luo)
sTxLTn vion () #(s)
®)
and
Pé?(@smwyzwxﬁ)
2 Pr({¢n(Z") # 5™})
=305 > Wi (elu) ©)

s 2 (2)#8

where £ f,,(s,1) and u £ g,,(8) are the corresponding code-
words of the source message pair (8,1) and the source message
8, and ¢ and z are the received codewords at the Receivers Y and
7, respectively. Since we will study the exponential behavior of
these probabilities using the method of types, it might be a better

(a,b) and

A'B" | AB

way to rewrite the probabilities of Y- and Z- error as a sum of
probabilities of types

Pi(:)(QSL7WYZ|UX7 )

= > Y (Ts2)Pie(Tsi),
Psp€Prn(SXL)

i=Y,Z (10)

A
where Tgr, = Tp,,, and

PYe(—I]—SL)
ITSLI > > W,IU\( ylu,z)  (11)
(8,D)ET 5L y:on (y)#(s1)
and
Pzc(Tsz)
1 (n)
:m Z Z W~ (z|u, z). (12)

(8, )ET s z:pn(2)#s

We say that the JSCC error exponent pair (Eay,Faz) is
achievable with respect to 7 > 0 if there exists a sequence of
JSC codes (fn, gn, n,tn) with transmission rate 7 such that
the probabilities of Y-error and Z-error are simultaneously
bounded by

P (Qst, Wy ux,m) <27"E0—0 =y, 2 (13)
for n sufficiently large and any 6 > 0. As the point-to-point
system, we denote the system (overall) probability of error by

Pegn)(QSLawYZ|UX~/T)
£ Pr ({pun(Y™) # (57 L™} J(wa(27) # 57)
(14)

where (S™, ™) are drawn according to Q"

Definition 1: Given Qsr, Wy z|yx, and 7 > 0, the system
JSCC error exponent E;(Qsr, Wy z|ux, ) is defined as the
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supremum of the set of all numbers £ for which there exists a
sequence of JSC codes (fu, gn, ©n, ¥n ) with block length n and
transmission rate 7 such that

1
E< liminf——10g2Pe(n)(QSL,WYZ|UX7T)' 15)
n

Since the system probability of error must be larger than Pl(;;)
and Pg;) defined by (8) and (9), and is also upper-bounded by
the sum of the two, it follows that for any sequence of JSC codes

(frs 9ns Ons n)

1
lim inf — = log, Pg(n)(QSL7 Wyzux,T)
n

n—o0

1
= liminf —~ log, max (P{"), P{) . (16)
n

n— o0

B. Superposition Encoding for Asymmetric Two-User
Channels

Given an asymmetric two-user channel Wy z|yx, at
the encoder side, we can artificially augment the channel
input alphabet by introducing an auxiliary (arbitrary and
finite) alphabet 7, and then look at the channel as a dis-
crete memoryless channel Wy z | ryx = Wyzyx with
marginal distributions Wy |7y x and Wy ryx such that
WYZ|TUX(y7'Z |t,u,a:) = WYZ\UX(yv’Z |u,w) for any
teT,uel,x € X,y €)Y, and z € Z. In other words, we
introduce a dummy RV T' € T such that 7', (U, X),, and (Y, Z)
form a Markov chain in this order, i.e., T — (U, X) — (Y, Z).

The idea of superposition coding is described as follows. The
encoder g, first maps the source message s to a pair of n-length
sequences (t,u) € T™ x U™ with a fixed type, say Pry, and
then sends the codeword u over the channel, i.e., g,(8) = u.
The encoder f,, first maps each pair (8, I) to a triple of sequences
(t,u,z) € T" x U" x X" such thatz € Tp, ., (¢ u), then
fn sends the codeword z over the channel, i.e., f,(8,1) = =.
In other words, g, and f,, map (8,1) to a tuple of sequences
(t,u, x) with ajoint type Pry Py | rv, although only u and z are
sent to the channel, where ¢ plays the role of a dummy codeword.

Since Wl(,"Z) TUX (y, 2|t u, x) is equal to
Wi(/"Z)lUX(;¢/7.‘e.'|'u,7 z) and is independent of ¢, transmit-

ting the codewords (u,z) through the channel Wy |y x can
be viewed as transmitting the codewords (t,u,z) over the
augmented channel Wy 7| ryx. Here, the common outputs of
gn and f,,, (t,u)’s, are called auxiliary cloud centers according
to the traditional superposition coding notion [3], which convey
the information of the common message 8, and the codewords
z’s corresponding to the same (¢,u) are called satellite
codewords of (¢,u), which contain both the common and
private information, see Fig. 3. At the decoding stage, Receiver
7 only needs to figure out which cloud (¢, ) was transmitted,
and Receiver Y needs to estimate not only the cloud but also
the satellite codeword . The introduction of the auxiliary RV
T is made to enlarge the channel input alphabet from U/ x X
to 7 x U x X, and the use of the superposition codeword ¢
renders the cloud centers (¢,u4) more distinguishable by both
receivers. We next employ superposition encoding to derive the
achievable error exponent pair and the lower bound of system
JSCC error exponent.
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Satellite
codewords

Fig. 3. Relation between clouds and satellite codewords in superposition
coding.

Clouds

C. Achievable Exponents and a Lower Bound for e;

Given arbitrary and finite alphabet 7, for any joint distribu-
tion Pryx € P(7 xU x X) and every Ry > 0, Ry > 0, define

By (Ry, Ro, Wy | rux, Prux)

A

min [D(Vy | TUX
Vv rux

+ min(|IP’TUXVY | TUX (T7 U, X; Y) - (Rl + R2)|+7

Wy rux|Prux)

Pruxvy | rox (X3 Y [ T,U) = Re[ )] (17)
and
Ez(Ri, Re, Wz rux, Prux)
2 Vzn‘li?,x [DVz rvx | Wz rux|Prux)
1Py vy rox (T U3 Z) = Ra| ] (18)

where |#|T = max(0, ), and the outer minimum in (17) (re-
spectively, (18)) is taken over all conditional distributions on
PV|T xU x X) (respectively, P(Z|7T x U x X)). It immedi-
ately follows by definition that Fy (R1, R, Wy | 7ux, Prux)
is zero if and only if at least one of the following is satisfied:

Ri+Ro 2 Iprycwy 105 (LU, X5 Y) = 1(U, X5Y) (19)

Ry > IPTUXVVY\TUX(X;Y|T’ U) (20)
and Ez (R, Ra, Wz | rux, Prux) is zero if and only if
Ry > IPTUXWZ|TUX (Tv U; Z)- 2D

Using Lemma 3 and employing generalized MMI decoders at
the two receivers, we can prove the following auxiliary bounds.

Theorem 1: Given finite sets 7, U, X', ), Z, a sequence
of positive integers {m., }, and a sequence of positive integers
{m/_} associated with every i = 1,2,...,m,, with

1
—logym, — 0 and = logymaxm! — 0
n n 7

for any 6 > 0, n sufficiently large, arbitrary (not necessarily
distinct) types P(ry), € Pn(7 x U), and conditional types
Px, | (rv), € Pu(X|P(rv),), and positive integers N; and M;;,
i=1,2...,mpandj = j(i) = 1,2,...,ml, with R; <
Hppy, (T,U)—6,and R;; < HPpy), Py, | (o), (X|T,U)-4,

where R; 2 % log, N; and R;; 2 % log, M;;, there exist m,,
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disjoint subsets €2; =
subsets

(w1,

T(rvy,, mi, disjoint

2 (tw) = {(tw.af)}

with z§,],)1 € Ty, | (@v); ((t, )f,i)) for every (, u)(l) €
and every ¢, and a palr of mappings (decodmg functions)
gaslo): Yy — Qand 1/17(1 : Z™ — Q, where Q = U €2;;, where

=

Qi = (¢ w)?)

1

P

such that the probabilities of erroneous transmission of a triplet
(t,u,x) € Q over the augmented channel Wy | pyx using

decoders (@SLO)? '1/17(10)) are simultaneously bounded by

P (t,u, z)

>

yiol) (@) #((tu),2)

W1(/n|)TUX (y|t, u, .'I:)

< 2*"[EY (Ri,Rij,Wy | rux.Prv), Px, | (rvuy, )—8] (22)
and
Pg)(t,u.2)

A (n)

= Z W |TUX
20 (z) ((t,u)",&’) such that (t,u)'#(t,u)
(2|t,u,z)

< 2—"[EZ(R7,R7]'=WZ ITux Prv), Px; | (Tv);)—9] (23)

if ((t,u),x) € Q;; for every i, j.

Proof: We apply the packing lemma (Lemma 3) and a gen-
eralized MMI decoding rule.! In the sequel of the proof, we
look at the superletter (7, U) (respectively, X) as the RV A
(respectively, B) in Lemma 3. For the {m,,}, {m{,}, Pruv),,
Px, | (rv), given in Theorem 1, according to Lemma 3, there
exist pairwise disjoint subsets €2; and €;;((¢, 'u.)( )) satisfying
(5), (6),and (7) forevery 1 <i <mp, 1 <j <mj,, 1 <p<
Ni, Virvyyro € Pa(T X UIT x U), and Viruyxr |7ux €
Pu(T x U x X|T x U x X), with the exception of the two
cases that ¢ = k and V(pyy | v is the conditional distribution
such that Vipyy | pp (8, w)'|(t,u)) is 1if (£,u)" = (¢,u) and 0
otherwise, and thati = k, j = [, and V(7yy x| 7y x is the con-
ditional distribution such that Viryry x| rox (2, w)', 2 [t, u, )
is 1if (t,u)" = (¢t,u), ' = x and 0 otherwise. Let

tu(Z

||C2

and Q= UQij'

ij

We shall show that for such 2, ;, there exists a pair of mappings
(‘PSLO); 7/%(10)) such that (22) and (23) are satisfied.

Note that for the symmetric multiple-access channel, it has been shown in
[24] that the minimum conditional entropy (MCE) decoder leads to a larger
channel error exponent than the MMI decoder; however, for the asymmetric
two-user channel with superposition coding, MMI decoding is equivalent to
MCE decoding.
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We first show that there exists a Y -decoder <p( ) such that (22)
holds. For any ((¢t,u),z) € Qandy € Y™, let

Oé((t, U),Z‘;y) 2 I((t> ’U,).'l‘,y) - (R7 + RU)

where R; = Llog, N; and R;; = 1log, M u),z) €

Q;,. Define Y -decoder ¢ : Y — "o by

i if (8w

o) (y) £ arg  max

((tu),2)eQ
Using the decoder <p,(1 ), we can upper-bound the probability
of error (assuming that ((¢,u),z) € €2;; is sent through the
channel) as follows:

a((t,u),z;y).

o ({9:69@) # (Bw).0)}| (G u).2)
< Z W(n)

Y [TUX
Vv 7o x €EPR (Y] Pruy, x;)
(wrvy ox (), )

N{v: eV # (.2} 04

tm,x).

For any particular Vy-| 7y x, since

{v:6P @) # (tw).2)}
= {y el w) = () o). (L) # (tu)]

~~

L¢e,

e O(y) = ((t,u),2), 2 # z}

-

L¢,

U{v

~

we can upper-bound

W rux (Toy o (0),2)
N{v: D) # (tu).2)}
< >
YET vy | gy (B0).) Né

+ 2

VET Y Ly (@) (6

tuz)

W}(fn\)TUY (ylt, u,z)

Y TUX (25)

v (ylt,u, ).

It can be shown by the type packing lemma (Lemma 3) and a
standard counting argument (see Appendix B) what is displayed
in (26) and (27) at the top of the following page. Using the
identity (cf. Lemma 1) when ((t,u),z) € Q;; C T(rp),x,
andy € Ty Lk ((t,u),z), and as shown by the second
expression at the top of the following page, we obtain (28)
and (29) at the bottom of the following page.Substituting (28)
and (29) back into (25) and (24) successively, and noting that
[P (YIPruy, x,)| is polynomial in n» by Lemma 1, we obtain

that, for any 6 > 0, there exists a Y -decoder @510) such that,
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’TVY\TUX((t7 u),z) ﬂgl‘ <m, (mﬁxmgn) (n+ 1)|Txu|‘|X|‘|y\

X Qn[HP(TU)in “irox ] T’U’X)_‘IP(TU)in Y rux (T.U.X;Y)—=(Ri+Ri;)| "] (26)
and
’TVY\TU){((t7 u), ) ﬂ&‘ < (mlaxmgn) (n+ 1) TxUIXPIY]
X 2n[HP(TU)iX] Yy rux (Y| T,U,X)—\IP(TU)in Vy | TUx (X;Y | T,U)—R;; ‘+]. .

W}("n|)TUX (y | (t7 u)? Z) = 2

—n[D(Vy | rux||[Wy | rux|Pruy,x;)+H

Proyx, Oy oy O ITUX)]

given ((¢,u),x) € €,;, the probability of Y -error is bounded
by
P ((tu), )

< 2—"[EY(R~R7_7,WY ITux,Pirvy, Px; | (Tv);)—9] (30)

for sufficiently large n.
Similarly, we can design a decoder for Receiver Z as follows.
For any ((¢t,u),z) € Qand z € Z", let

B((tw),z;2) = B((t,u);2) £ I((t,u);2) — R

where R; = L log, N; if (t,u) € ;. Note that 3((t,u),z; z)
is independent of z. Let Q = Z;“:l Q;. The Z-decoder
w,(LO) : Z™ — () is defined by the last equation at the bottom of
the page. It can be shown in a similar manner by using (5) in
Lemma 3 that, under the decoder 1/1,(10), the probability of the
Z-error is bounded by

PEY((t,u), ) < 27 "7 (R We o Poroy P ron;) =2l
€2

for sufficiently large n. Finally, we remark that Lemma 3 en-
sures that there exist mappings (<p,(f), ,(1,0)) such that (31) holds
simultaneously with (30). O

Theorem 1 is an auxiliary result for the channel coding

to our two-user source—channel system, we need to design
encoders which can map a pair of correlated source messages
to a particular (¢,u,2) with a joint type, so that the total
probabilities of error still vanish exponentially. We hence can
establish the following bounds.

__Theorem 2: Given an arbitrary and finite alphabet 7', for any
Pryx € P(T x U x X), the following exponent pair is uni-
versally achievable:

En(Qst: Wy zrux, Prux,T)
2 Ilglin[TD(PSL | @sr) + Ev (THp(S),
SL

THp(L|S), Wy |rux, PTUX)] (32)
and
E1z(Qst: Wy z | 1vx, Prux,7)
2 win[rD(Pst || @sr) + Ez(rHp(S5),
SL
THp(L|S), Wz rvx, Prux)]  (33)

where Wy | ryx and Wz | rpx are marginal distributions of
Wy z|rvx, which is the augmented conditional distribution
from Wy 7 |y x . Furthermore, given Qsz,, Wy z | v x,and 7, the
system JSCC error exponent satisfies

Ey(Qsp, Wyzjux,T) 2 Ilglin[TD(PSL | Qsr)
SL

problem for the two-user asymmetric channel. To apply it +E.(tHp(S), 7Hp(L|S), Wy Z|UX)] (34)
> Wy W1((89).2) € 045) < ma (masmd, ) (n 4 1)/
YET | 1y x ((Bw)2) N &
2—"[D(VY rux Wy rux IP(TU)iXJ')+|IP(7’U)in Y rux (T.U,X:;Y)—(Ri+Ri;)| "] 28)
and
> Wirux Bt w).2) € 2y) < (maxm, ) (n+ 1) T
yeTy | TU X ((t,u),x) ﬂ &
2_n[D(VY\TUX”VVY|TUXIP(TU)7X_7')+|IP(7’U)7;XJ- ‘7},\'I‘Ux(‘\'ﬁ"TaU)_Rf,i‘+]. (29)

(0)(5) —
on’(2) arg  max

B((t,u),z; 2)

r_ N .
= ((t.u)'.a') such that { (F,u)' = argmax y)eq A((F u); 2)
z’ is arbitrary.
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where

E.(Ry, Ry, Wy z|ux)
£ sup max E,(Ry, Ry, Wy 7 | 7vx, Prux)

T Prux

(35)

where the supremum is taken over all finite alphabets 7, and the
maximum is taken over all the joint distributions on P(7 x U x
X)and E,.(Ry, R2, Wy z | rux, Prux) is given by

min{Ey (Ry, R, Wy | rux, Prux),
Ez(Ry, Ro, Wz rux, Prux)}

where Fy and Ez are given by (17) and (18), respectively.

We remark that (32) and (33) can be achieved by a sequence
of codes without the knowledge of Qs and Wy 7|y x, but the
lower bound (34) is achieved by a sequence of codes that needs
to know the statistics of the channel.

Proof of Theorem 2: We first prove the achievable error
exponent pair (32) and (33). We need to show that, for any given
Prux € P(7T xU x X) and § > 0, there exists a sequence of
JSC codes such that both the probabilities of decoding error are
upper-bounded by

(n)(QSL Wy zux,T)

< 9-n [EJk(QSL,WYZ\TUX,i"rux,‘r)—ﬁ]’ k=Y,Z
where Fyy and E;z are given by (32) and (33).

To apply Theorem 1, set m,, = |P,,(S)|. For each type
Ps, € Prn(S), i = 1,2,...,my,, denote N; to be the car-
dinalities of these type classes, N; = |Ts,|, and set m/, =
|Prn (L] Ps, )|. For each conditional type Pr s, € Prn(L|Ps,),
j=12,..., mm, denote M;; be the cardinalities of these type
classes, M 2T 1,|s; (8)| where 8 is an arbitrary sequence in
Ts,. Note that ITz,|s,(8)| is constant for all 3 € "II'S R; and
R;; are, respectively, given by %10g2 ; and 1 —logy M,

Now no matter whether the given PTU X belongs to 77 (’T X
U x X) or not, we always can find a sequence of joint types
{Prux € Pu(T xUx X))}, suchthat Pryx — Pryx uni-
formly2 as n — oo. Thus, we can choose, by the continuity of
Ex(Ri, Rij, Wi | Tux, PTUX) with respect to Pry x, for each
i=1,2,...,mp,and j = j(3) = 1,2,...,m},, the joint type
Prvy,x; = Prux such that the following are satisfied:

|Ee(Ri, Rij, Wy | v x, Prux)

— Ex(Ri, Rij, Wy rux, Prux)| < % k=Y, Z
for n sufficiently large. Since the type Pryx can also be re-
garded as a joint distribution, let Py, = Pruv € Pu(7 x U)
be the marginal distribution on 7 x U induced by Pryx
forall « = 1,2,...,m, and let Px | (rv), = Px|7v €
P.(X|Pry) be the corresponding conditional distribu-
tion for all ¢ = 1,2,...,m, and 7 = 1,2,...,m!

e, Px|ru(zlt,u) = PTUX(t,u,:E)/PTU(t,u) for any
(t7u,:1:) € Trux.

2We say that a sequence of distributions { Px, € P(X)}:2, uniformly con-
verges to Py € P(X) if the variational distance [10] between Px, and Py
converges to zero as n — oo.
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Without loss of generality, we assume, for the choice of N;,
M;j, Piry)y,, and Px | (TU):» the f0110w1ng conditions are sat-

isfied fori = 1,2,...,1,,5 = 1,2,...,1m/:
)
Ri < Hppyy (TU) = 75 i=1,2, 0 (36)
and
6
quj <HP(TU)iX](X|T7U)_Z’
1,:1727777%”, J:J(L>:17277min (37)

where m,, < m,, and 7}, < m/,. Then according to Theorem
1, there exist pairwise d1s301nt subsets €2;; C '[F(TU) x,; Wwith
|Q”|—NML] 1= 1,2,...,m,, j = 1,2,. 1n,and
a pair of mappings (gon ,1/)(0)) such that the probablhtles of
erroneous transmission of a (¢, w), ) € Q;; are simultaneously
bounded for the channel Wy z | ryx as

P;/T;) (t,u, .’E) < Z—n[EY(Ri,RijaVVY | 'l'UX:P(TU)in)_é/Zl]

< Q—TL[EY(RHRWWY\TUvaI‘UX)—5/2] (38)

and
Pén)(t u,z) < Z—H[Ez(RanWz\TUX7P(TU),XJ-)—5/4]

< Z_n[EZ(RiaRijy"VZ\TUX,IN’TUX)_(S/Q]. (39)
For the N;, M, Prv),, and Px,|v), violating
(36) or (37) (1.e for i > i, or j > ml), (38) and
(39) trivially hold for arbitrary choice of disjoint sub-
sets ();; since FEy (R Rij, Wy rux, Piruy, x ) or
Ez (Ri7Rij7WZ\TUX/P(TU)“\J) would be less than 6/4.
In fact, the functions Ey and E are trivially bounded by the
following linear functions of I; and R;; with slope —1 by
definition:

Ey (R, Rij, Wy | rux, Pruy. x;)

< min {IP(TU),XJ-WY\TUX (T7 U7X;Y) — i — Rij,

Ip

(rv); x; Wy |Tux (

XY |T,U) - RJ} (40)
and

Ez (Ri,Rij, Wz | rvux, Pirvy, x,)

< IP(TU),XJ-VVZ\TUX(T7 U; Z)_RL (41)
IfR; > HP(TU)i (T7 U) - % > IP(TU)inVVZ | TUX (T7 U; Z) - g’
then by (41) EZ (R'i‘,R'ij7WZ\TUX‘,P(TU)in) < g Sim-
ilarly, if R;; > Hp(TU)l_Xj (X |T,U) — %, then by (40)
Ey (Ri, Rij, Wy |7ux. Pruy.x,) < §-

Therefore, we may construct the JSC code (fu, gn, ©n, Pn)
for CS @51 and the two-user channel Wy 7|y x as follows.
Without the loss of generality, we assume that the alphabets U
and X contain the element 0.

Encoder g,: For the message s € Ts, such thati > My,
let gn(8) = 0 € U™. Denote Q@ = |J, Q;. For the s € Tg,
such that ¢ < m,,, let q(l) S§™ = Qbea bijection that maps
each 8 € Tg, to the corresponding (t,u) € €2;, by noting that
|2;] = |Ts,| = N;. Finally, let g,,(8) be the second component
uof g\ (s).

Encoder f,: For the message pair (8,
i > my,orj >ml,let f,(8,1) =0 €

l) € Ts,z, such that
X", For the (8,1) €
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Ts,r, suchthati < 7, and j < 7}, notingthat|TL 1s.(8)] =

[ (n(8)) = Miy.if s € Ts,, et fi(8,) : Tr () —
Q;j(gn(8)) be a bijection such that F )(s,l) (9 (13( ), &) €
Q;;. Let f,,(8,1) be the third component & of £ )( s,l).

Clearly, the JSC encoders (f,, g»), although working inde-
pendently, they map each (s,1) € T, 1, to a unique pair (u, )
when i < 7, and j < !, and to (-, 0), otherwise (in this case
an error is declared).

Y-Decoder ¢,,: The Y -decoder is defined by the first expres-
sion at the bottom of the page.

Z-Decoder 1,,: The Z-decoder is defined by the second ex-
pression at the bottom of the page.

For such JSC code (fn, gn, ©n, ¥n), the probabilities of
Y -error and Z-error are bounded by

mn’

P)(’Z) (s,1) < 2_7"[EY(RiaRij1VVY | TUX:IBTUX)_‘S/Q].,

if (87 l) S —ﬂ—SiL]- 42)
and
Pé") (3_ l) < Z*nEz(Ri-,Rij,VVz | TUXvPTUX)*(S/Q],
if (S,l) (S —l]—S7L_7" 43)

Substituting (42) and (43) into (10) and using the fact
(Lemma 1) QSTL")('I]'SL) < 27 D(PsilQse) we ob-
tain, for n sufficiently large, P;/E,)(QSL Wy z|vx,T) and
Pg; (Qsr,Wyz|ux,T), shown in (44) and (45) at the bottom
of the page, where
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Finally, the bounds (32) and (33) follow from (44) and (45), and
the fact that the cardinality of set of joint types P, (S X L) is
upper-bounded by (rn + 1)/,

To prove the lower bound (34), we slightly modify the above
approach by choosing Piry,x;, = P(TU) X, which achieves
the maximum and the supremum of E,.(R;, R7 i»Wyzux)in
(35)forevery R; and R;j,i=1,2,...,m,,j=1,2,...,m},
Then the probabilities of Y -error and Z-error in (42) and (43)
are bounded by

P{(8,1) < 9By (Ri.Rig Wy | mux Firy), x,)=8/2]

< 9—n[Er(Ri,Ri;, Wy 7| z/x)—é/?]7 if (8,1) € T, I,

(46)
and )
Pé") (3. l) < 2_”EZ (RnRu"/Vz | TUX7P;[71Xj)_5/2]
< 2 B (BB Wz ux)=8/2 - if (8,1) € Ts.z,
47)

for n sufficiently large. The rest of the proof is similar to the
proofs of (32) and (33). O

By examining the positivity of the lower bound to E;, we
obtain a sufficient condition for reliable transmissibility for the
asymmetric two-user system. For the sake of completeness, we
also prove a converse by using Fano’s inequality, and hence es-
tablish the JSCC theorem for this system. Given Wy z | x, de-
fine

R(Wyz|ux) £
_ [Sllogy(rn + 1) d _IS]I£[logy(tn + 1) U RWyz|rux, Prux) (48)
o1(n) = n and 0y(n) = n " TUTISIUIX |41 Prox €P(T XUXX)
on(y) 2 { (8/,0), if3(s,l) € S x L7 such that £ (s, 1) = o (y)
! (0,0), otherwise.
bn(z) 2 { #1199 € ST such that g( )( 8') is equal to the first two components of 1/17(10)(2)
! 0, otherwise.
(n)(QSL, WYZ [UX s 7— Z 2—’n[TD(PS1-LJ- |QsL)+Ey (Ri,R;;,Wy | ’I‘UX:PTU)()—é/Z]
< Z 2_n[TD(PSL”QSL)+EY (tHp(S)—o1(n),7Hp(L|S)—02(n),Wy | rux,Prux)—6/2]
Psr,
S Z Z_n[TD(PSL”QSLH—EY (rHp(S),mHp(L|S),Wy | 'I'U,\',PTUX)—lS] (44)
Psp,
and
P( )(QSL7 Wyz lux,T )< Z 97 D(Ps;1;1Qsr)+Ez (i Ri . W | rux,Prux)—6/2]
< ) 2P DPsnll@sn)+Ea(rHe (S)—o1(n),THp (L] 5)=oa(n). Wz rux.Prox)-5/2]
Psy,
< Z o~ D(Ps1l|Qsr)+Ez (rHp (S),7Hp (L | 5), Wz rux,Prux)—6] 45)

Psp,
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Encoder fp
r- - --"—-"—-"—-"—-—"—-——-—— - - - — — — — — — — bl
lec™ | Source i€{1,2,.., M} . ms(3) € {1,2,..., M} Channel | xeam
| Encoder fsp s Encoder fen| |
| |
! Source | j€{1,2,.., M} 79(j) € {1,2, ..., Ma} '
I Encoder gsn Mg |
s e S‘rn L — - T — e — - —_m D T e e e e — — - )
-] r--- " - —-"—-"—-"—-"'—-"' -\ -\ - - ' — - - - - = = — — — bl
| Source je{1,2,..., M} - mq(4) € {1,2,..., My} Channel | uelu”
| Encoder gspn g Encoder gen| |
L — — — - — e ]
Encoder gn

Fig. 4. Tandem source—channel coding system—encoders.

where

R(Wyzrvx, Prux)
Ri+ Ry < I(T,U,X:Y) = I(U, X;Y)
£ (Ri,Ry): Ry < I(T,U; Z)
Ry < I(X:Y |T,U)

where the mutual informations are taken under the joint distri-
bution PTUXYZ = PTUXWYZ |UX - Note that R(WYZ | UX)
is convex and we denote R(Wyz yx) be the closure of
R(Wyzjux).

Theorem 3: (JSCC Theorem) Given Qsr, Wy z|yx, and
7 > 0, the following statements hold.

1) The sources Qg7 can be transmitted over the channel
Wy z|vx with probability of error Pe(") —0asn — oo
if (rHo(S), THo (L 5)) € R(Wyz|0x):

2) Conversely, if the sources (D51, can be transmitted over the
channel Wy 7| yx with an arbitrarily small probability of

error P{™ as n — oo, then (rHq(S),7Ho(L|S)) €

R(Wyz|ux)-
Proof: See Appendix C. O

Observation 1: Theorem 3 implies that R(Wy- |Ux) is ac-
tually the capacity region for the asymmetric two-user channel
Wy z|ux, as the JSCC reduces to the asymmetric two-user
channel coding if the sources come with a uniform joint dis-
tribution. It is shown in Appendix C that R(Wy |ux) can be
equivalently written as

R'(Wyz|ux) 2

U U

T:|T|<U||X]|+1 Prux €P(T XUXX)

R'(Wyz|rux, Prux) (49)

where R'(Wy z | rux, Prux) is given in the first expression at
the bottom of the page. Recently, Liang et al. [23] also showed
(using a different approach) that the capacity region for the
asymmetric two-user channel is given by

R (Wyz|vx) =

U

TT|<IU||X|+1 Prux €P(T xUx X)

where R”(Wy z | 7v x , Prux) is given in the second expression
at the bottom of the page, where the mutual informations are
taken under the joint distribution Pryxy z = PruxWyz ux-
They state that our capacity region, R(Wyz|yx), is a
subset of their region R"(Wyz yx) described above
by (50); this holds since I(X;Y |T,U) < I(X;Y|U).
However, this is only partially correct, since noting that
R"(Wyzvx) € R'(Wyz|ux) and that R'(Wy 7 vx) =
R(Wy z|ux) (as shown in Appendix C), one directly obtains
that R"(Wy 7z ux) € R(Wy z|ux)- Thus, the regions are all
identical: R(Wyz|vx) = R'(Wyzjvx) = R" Wy z|ux)-

R"(Wyz|rux, Prux) (50)

D. Separation Principle for the Asymmetric Two-User System

It can be verified that the condition (THg(S), 7Ho(L | S)) €
R(Wyz | vx ) of Theorem 3 can be achieved by separate source
and channel coding. The separate coding system of rate T
(source symbol/channel symbol) (we refer to it by the tandem
coding system) is depicted in Figs. 4 and 5 (with 7y and 7,
being identity mappings).

The encoder f,, is composed of two source encoders
fon : LT = {1,2,..., M} and g, : S™ — {1,2,..., M}
with private source coding rate R # logy M; and
common source coding rate R, % # logo Ms and a
channel encoder {1,2,...,M;} x {1,2,...,M;} — X™.
Similarly, the encoder g,, is composed of a source encoder

(1>

R (Wyz rux, Prux) = {(Rth)

"Ry + Ry <min{I(U, X;Y),I(T,U; Z) + I(X;Y | T,U)}
'R < I(T,U: 2) '

Ry + Ry <min{I(U, X;Y),I(T,U; Z)+ I(X;Y |T,U)}

R'(Wyz|rvx, Prux) =

(Ri,Re): R < I(T,U; Z)

Ry <I(X;Y|U)
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Decoder ¢n
-- - - - - N N 1o e T T/ =N e AN T -
| (rG), o @) € 1,2, My} GD) € {1,2,.., M.} |
yey”" Channel x{1,2, ..., M;} e x{1,2, ..., M;} Source (s',1)eS™ x L™
Decoder @en F RN Decoder ¢sn
L _ _ _ _— _ _ _ _ - _ _ _ _ _ —_—
- = = = = = = = = - - - = = = = = - — — — =
zeZ" | Channel | 7,() € {1,2, ..., M/} 1 |7e{1,2,.., M} Source g es™
Decoder ¥cn Mg Decoder ¥sn,
LY - - - - - - . = _ == .
Decoder ¢,

Fig. 5. Tandem source—channel coding system—decoders.

gsn : S™ — {1,2,..., M} with common coding rate R, and
a channel encoder g.,, : {1,2,...,Ms} — U™.

At the receiver side, the decoder ¢,, is composed of a channel
decoder @, : V" — {1,2,...,M;} x {1,2,..., M}, and
a source decoder g, : {1,2,....,M;} x {1,2,...,Ms} —
ST x L™ which outputs the approximation of the source mes-
sages 8' and I'. Similarly, the decoder v, is composed of a
channel decoder 9., : Z* — {1,2,..., M}, and a source
decoder g, : {1,2,..., M} — 8™,

To show that the condition

(THq(S), TH(L[S5)) € R(Wyz|vx)

can be achieved by the above tandem system, we need to apply
the following two-user source and channel coding theorems (we
only state the forward parts of the theorems). Note that both of
these theorems are special case of Theorem 3.

Let (fsn, 9sny Psn, ¥sn ) be a sequence of source codes for CS
Qs with common source rate Rs and private source rate Rl as
defined above. The probability of the overall two-user source
coding error is given by

PO o Qo)
2 Pr ({4,0571(gsn(STn)7 fsn(LTn>) ?é (STn7LTn)}
U{%n(gsn(ST")) £ S'rn}) .

Then by the two-user source coding theorem, there exists a se-
quence of source codes ( fsns Gsns ©sn, Usn) With rates R, and
Rl such that PE(?)(RQ7 Rh Qsr) — 0asn — oo if the rates
satisfy R, > Ho(S) and R; > Hg(L | S), i.e., (R, R;) lies in
the upper-right infinite rectangle with vertex given by the point
(Ho(S), Ho(L|9)).

We next state the forward part of channel coding theorem for
the asymmetric two-user channel. Let the (common and private)
message pair (J, ) be uniformly drawn from the finite set M, x
My, where M, = {1,2,.... M,} and M; £ {1,2,..., M},
and let (fen, Gen, Pens Yen ) be an asymmetric two-user channel
code with block length 7 and common and private message sets
M, and M,. Let Ry = Llog, M, and R; £ L log, M; be the
common and private rates of the channel code, respectively. The
average probability of error for asymmetric two-user channel
coding is given by

(D

PRy, Ry, Wy 7| ux)

£ Pr({oen(Y") # (LD Hven(Z™) # T} (52

where (J, I) are uniformly drawn from M, X M;. The max-
imum probability for error of asymmetric two-user channel
coding is given by

Pe(ZLZnax(R& Rl7 WYZ | UX)
2 Pr ({pen(Y") # (1,1
o Pr({ee (V") # (1)
U (a2 £ TN T =41 =) . (53)
Then there exists a sequence of channel codes

(fens Gems Pens en) such that PE (R, Ri, Wy z|vx) — 0
asn — oo if (R, R;) € R(Wyz|ux). Furthermore, it can
be readily shown by a standard expurgation argument [6, p.
204] that P wax(Re, Ry Wy zjux) — 0 asn — oo if
(Rs, R[) S R(WYZ | UX)~

Now by (14), the overall probability of error for the tandem
system is given by

P 2 Pr ({panlien(Y")] # (ST, L)}
Utbenlven(2M)] # 57}).

By the union bound, it is easy to see that Pé")

by
P < pr ({som(gm(sm), fen(L™™) # (8™, L™}
U {Wen(gon(57) # 57})
+Pr ({een(Y™) # (gon(5™), fon (L)}
Uten(2") # gun(57)})
= P0(Ry, Ri,Qs1)
+ Y Pr(ga(8T) = g fan( L) = )

(J,1)EM X My
x Pr ({cpm(Y") # (J,1)}
U {ben(Z2™) # TH T = 4.1 = L)
< PRy, R, Qsi) + PCax (TR, TRy, Wy 7 0 x)

ec,max

is upper-bounded

where Pe(? znax(TRs, TR, Wy 5 |vx) is the maximum channel
coding probability of error with common rate 7R, and private
rate TRR). Clearly, by combining the two-user source coding the-
orem and the asymmetric two-user channel coding theorem, if
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(THg(S), THQ(L|S)) € R(Wyz|ux). then there exist a se-
quence of source codes (fsn; Gsn, Psn, Ysn) and a sequence of
channel codes ( fen, gens Pens en) such that the overall tandem
system probability of error Pﬁn) — 0 as n — oo. Therefore,
separation of source and channel coding is optimal from the
point of view of reliable transmissibility.

E. The Upper Bound to E;

In [8], Csiszar also established an upper bound for the JSCC
error exponent for the point-to-point discrete memoryless
source—channel system in terms of the source and channel error
exponents by a simple type counting argument. He shows that
the JSCC error exponent is always less than the infimum of the
sum of the source and channel error exponent, even though the
channel error exponent is only partially known for high rates.
This conceptual bound cannot currently be computed as the
channel error exponent is not yet fully known for all achievable
coding rates, but it directly implies that any upper bound for the
channel error exponent yields a corresponding upper bound for
the JSCC error exponent. For the asymmetric two-user channel,
a similar bound can be shown.

Definition 2: The asymmetric two-user channel coding error
exponent E(Ry, Ry, Wy z|uyx), forany Ry > 0 and Ry >
0, is defined by the supremum of the set of all numbers £,
for which there exists a sequence of asymmetric channel codes
(fens Gens Pens en) with block length n, the common rate no
less than Ry, and the private rate no less than R5, such that

E.< hmmf—— logy P (Ry, R, Wy zux)-

n— o0

(54)
Denote the probabilities of Y- and Z-error of the channel
coding by

P (Ry, Bi, Wy ux)
2 Pr({pen(Y™) # (4, 1)})

1 n

~ 9Ri+R> Z Z W}<’|;((y|u7 z) (55)

M XM y:pen () #(35,9)
and
Péz)c(RS7 Ri,Wyz ux)

2 Pr({¢en(2") # J})
1 n

~ 9Ri+R, Z Z Wé\)\(z“‘; ) (56)

M XMy zipen (2)#]

where 2 f.,,(j,4) and u= g, (5). Clearly, for any sequence of
channel codes (fen, Gens Pens Yen), P (Ry, Ro, Wy z |Ux)
must be larger than )(,e)c(Rl7 Ry, Wy yx) and

Péz)c(Rl,R27WZ|UX)) but less than the sum of the
two, so we have

1
lim inf — = log, P( )(R17 Ry, Wy 7z ux)
n

n—oo

= liminf—— log, max (P( i) (R1, Ro, Wy ux),
n

Yec
n— oo

PV (R, R, WZ|UX)) . (57
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Our upper bound for the system JSCC error exponent E; (de-
fined in Definition 1) is stated as follows.

Theorem 4: Given Qsr, Wy z|uyx, and 7, the system JSCC
error exponent satisfies

E;(QsL,Wyz|ux,T)
< zinnf [TD(Pst. || @sr) + E(THp(S),
SL

THp(L|S),Wyzux)]  (58)

where E(-,-,Wy 7 yx) is the corresponding channel coding
error exponent for the asymmetric two-user channel as defined
above in Definition 2.

Proof: First, from (10) we can write

R(:)(QSL, Wy z|ux,T)
(m) (Tsz)Pie(Tsi),

> max

i=Y.Z (59)
Psp€Prn(SXL)

where Py.(Tsr) and Pz.(Tgsy) are given by (11) and (12), re-
spectively. Comparing (11) with (55), and comparing (12) with
(56), we note that Py.(Tsz) and Pz.(Tsy) can be interpreted
as the probabilities of Y -error and Z-error of the asymmetric
two-user channel coding with (common and private) message
sets Tgr, since (8,1) are uniformly distributed on Tgy,. For
any Psy, € Pr,(S x L), let Ps and Pp|5 be the marginal and
conditional distributions induced by Psy,. Recall that for each
selsg=T Ps

—H_L|5(3) 2 —H_PL\S(S) = {l : (371) € TSL}

and that T 5(8) is the same set for all 8 € Ts. Hence, we can
write Ty, by the product of two sets Tsz, = Tsx Ty s(8). Set-
ting Ry = Llog, |Ts| and Ry = Llog, | T1 s(8)], it follows
that, by the definition of asymmetric two-user channel coding
error exponent and (57)

1
lim inf - log, Jnax Pie(Tsr)

n—o0

< E(liminf Ry, hmlnf Ry, Wy 159,

n—oo

:E(THP(S),THP(L|S),Wyz‘UX) (60)

for any sequence of JSC codes (fn,¥n,%¥n), recalling from
Lemma 1 that
and

(tn + 1)—|5\|£|2nTHp(L\S) <|Tps(8)] < gnTHp(L|S)

According to (16), we write

lim inf —— log2

n— o0

"(Qsr, Wyzux,T)
P)(’Z)(QSL7 WY|X7 T)v

Pg;)(QSLy Wz x, T))

1
< liminf ——log, max max QgTLn)
n

n—oo 1=Y,Z Ps,€Prn(SXL)
(Tsr)Pie(Tsr)

1
= liminf —— log, max (
n

n—o00
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= liminf min
n—oo Pgr€P,,(SXL) N

T P (T
( SL)iIil%)é ze( SL)

=1 f ——log, Q T
lnm m PSLG?I)TF:’I(SXE) n Og2 SL ( SL)

1
— E 10g2 llil%)é IJie(—I]—SL) (61)

By Lemma 1, for any Psy, € P, (S X L)
1 (rn)
——1 T
. 0gy Qg1 (Tsi)
1
< D(Pst || @sr) + [S]I£]—-log,(1 + 7n)
which implies

. 1 Tn
lim sup — log, QU (Tsp) < 7D(Psy || Qsn). (62)

n—oo

Now assume that

inf  [rD(Psz || Qsz) + E(THp(S),

PsLeP(SXL)

THp(L|S),Wyz | ux)]
is finite (the upper bound is trivial if it is infinity) and the
infimum actually becomes a minimum. Let the minimum be
achieved by distribution Pg, € P(S x L), then there must
exists a sequence of types { Ps. € Pr,(S x £)}52,, such that
Psy, — P&; uniformly.3 It then follows from (61)—(62) that

1
lim inf —— log, Pe(n) Qs Wyz|ux,T)
T—00 n

o 1 (7n)
< liminf _ﬁlogQ SL (—II—PSL)

n—oo
1 1 ] ( )
n 082 1111}/.(1,)% e Ps1,

< 7D(Psy, || Qse) + E(rHp-(S5),
THP*(L|S)7WYz‘UX). (63)

Since the above bound holds for any sequence of JSC codes, we

complete the Proof of Theorem 4. O

V. APPLICATIONS TO CS-AMAC AND CS-ABC SYSTEMS

As pointed out in the Introduction, our results obtained in the
previous section can be directly applied to the CS-AMAC and
CS-ABC source—channel systems.

A. CS-AMAC System

Setting |Z| = 1 and removing the decoder 1),,, the two-user
asymmetric channel Wy |y x reduces to an AMAC Wy | px.
Since the CS-AMAC system is a special case of the two-user
system, the quantities defined before, including the system
(overall) probability of error, the system JSCC error exponent,

3The sequence {Ps. € Prn(S X L)}, here denotes a sequence for
n = mn,,2n,,3n,,..., where n, is the smallest integer such that 71, is also
an integer.
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and the channel error exponent still hold for the CS-AMAC
system. Note that there is only one decoder, so we do not have
the Z-error probability (nor exponent) here. The first union in
(48) can be removed since the largest region is given by |7 | = 1.
Infact,forany T — (U, X) = Y, I(T,U, X;Y) = I(U, X;Y)
and I(X;Y |T,U) < I(X;Y |U). Thus, Theorem 3 reduces
to the same JSCC theorem established in [4] for the CS-AMAC
system. Choosing the auxiliary alphabet |7 | = 1, we specialize
Theorems 2 and 4 to the following corollary.

Corollary I1: Given Qsr, Wy |yx, and 7, the system JSCC

error exponent satisfies

Ey(QsL, Wy ux,T)
> nPlin['rD(PSL | Qsr) + E.(THp(S),
SL

THP(L|S),Wy‘UX)] (64)
and
E;(QsL, Wy |ux,T)
< }an [TD(Psy, || Qsr.) + E(THp(S),
THp(L|S), Wy |ux)] (65)

where E(THp(S), THp(L|S), Wy |yx) is the channel error
exponent of the AMAC Wy | rx defined in (54) with |Z| = 1,
and

E.(Ry, Ry, Wy |ux) = r]{}aXEY(RhR27WY\UX7PUX)
UXxX

(66)
where Ey (R, Ry, Wy |yx, Pux) is defined in (17) with
|T| = 1.

It has been shown in [2] that for any R; > 0 and Ry > 0, the
channel exponent for AMAC Wy |ux satisfies

E(Ry, Ry, Wy z|x) < Ep(Ry, Ro, Wy |yx)
where

Eop(Ry, Ry, Wy |yx)

2 max  min D(Vypx | Wy x| Pox)

(67)
Pyx€P(UXX)

where the minimum is taken over Vy- |y x € P(Y |U x X') such
that

Ipy vy ox (U X3Y) < Ry + Ry
or
IPUXVY\U,\'(X;Y | U) S Rg.

As a consequence, we obtain that

E;(Qst, Wy ux,T)
< inf [rD(Psy, || Qsz) + Exp(THp(S),
SL

THp(L|S), Wy ux)].  (68)

In Section VI, we investigate the evaluation of lower bound
(64) and upper bound (68) when the AMAC has a symmetric
distribution.
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B. CS-ABC System

Setting [U{| = 1 and removing the encoder g, the two-user
asymmetric channel Wy 7| x reduces to an ABC Wy 7z x.
The quantities defined before, including the probabilities of
error at Y-decoder and Z-decoder, the achievable error ex-
ponent pair, system (overall) probability of error, the system
JSCC error exponent, and the channel error exponent still hold
for the CS-ABC system. Given an arbitrary and finite auxiliary
alphabet 7, we augment the channel Wy z x to Wyzrx
by introducing an RV T' € 7 such that T — X — (Y Z2).
Similarly, the marginal distributions of the augmented channel
are denoted by Wy | rx and W 7 x. We then specialize Theo-
rems 2—4 to the following corollaries.

Given Wyz x, R(Wyzux)
R(Wy 7| x) given by

R(Wyz x) = U U

TH|T|<|X|+1 Prx eP(T xX)

of (48) reduces to

R(Wy zjrx, Prx)

(69)
where

R(Wy zirx, Prx)
Ri+ Ry < I(T,X;Y) = I(X:Y)
= (Rl,Rz): Ry <I(T;Z)
Ry < I(X;Y |T)

where the mutual informations are taken under the joint distri-
bution Prxyz = PrxWy | x - We remark that the closure of
R(Wy 7| x), denoted by R(Wy | x), is the capacity region of
the ABC Wy 2| x [21].

Corollary 2: (JSCC Theorem for CS-ABC system) Given
Qsr, Wyz| x,and 7 > 0, the following statements hold.

1) The sources Qsy can be transmitted over the ABC
Wy z| x with Pe(n) — 0asn — oo if

(THQ(S), THo(L]5)) € R(Wyz| x)-

2) Conversely, if the sources (Jsz can be transmitted over

the ABC Wy -z | x with an arbitrarily small probability of
error P\ as n — oo, then (tHq(S),7Hy(L|S)) €

R(Wyz|x)-

_ Corollary 3: Given an arbitrary and finite alphabet 7', for any
Prx € P(T x X), the following exponent pair is universally
achievable:

Erv(Qst, Wy zirx, Prx,T)
2 I};in[TD(PSL | Qsz) + Ey(THp(S),
SL
THp(L|S), Wy |7x, Prx)] (70)
and
E;z(Qst, Wy zjrx, Prx,T)

é r][)lin[TD(PSL || QSL) + EZ(THP(S)v
SL

THp(L|S), Wz rx, Prx)]  (71)
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where Ey and Ez are defined in (17) and (18) by setting
|| = 1. Furthermore, given Qsr, Wy z| x, and 7, the system
JSCC error exponent satisfies

E;(Qsp,Wyz|x,T)
> IPI.liIl[TD(PSL | Qsr.) + E(THp(S),
SL

THp(L|S),Wyz|x)] (72)
and
E;(Qsn,Wyz|x,7)
< Inf[rD(Psz || Qst) + E(rHp(S5),
THP(L|S>7WY2|X)] (73)

where ET(Rl, R27 WYZ | X) iS givenby ET(Rl, R27 WYZ | UX)
in (35) with [U/| = 1, and E(Ry, Ry, Wy z| x) is the channel
error exponent for the ABC Wy, | X-

VI. EVALUATION OF THE BOUNDS FOR E:
CS OVER SYMMETRIC AMAC

We established the lower and upper bounds for the JSCC
error exponent of the asymmetric two-user JSCC system.
However, we are not able to simplify these bounds for general
two-user JSCC systems (not even for general CS-AMAC and
CS-ABC systems) into computable parametric forms as we
did for the point-to-point systems [29], [30]. In the following,
we only address a special case of CS-AMAC systems where
the channel admits a symmetric transition probability distri-
bution. We first introduce the parametric forms of functions
ET(Rl, Rg./ Wy | UX) and Esp(Rl, Rg./ Wy | UX) defined in
(66) and (67), respectively. For any R, Ro > 0, rewrite

By (Ry, R2, Wy | ux, Pux)
= min {Eﬁl)(R1 + R, Wy jux, Pux)

?

ET(,Z)(R%WY\UXvPUX)}
where
E7(‘1)(R7 WY | UX> PUX)
2 Vmin [D(Vy|UX | WY|UX|PUX)
X

Y |U
+ |IPUXVY\UX(U7X;Y) - R|+] (74)
and
E® (R, Wy yx, Prx)

2 min [D(Vy|UX | WY|UX|PUX)
Vy | ux
+ |IPUXVY |Uux (X; Y | U) - R|+] (75)
Also, rewrite

Esp(Rl,RQ, WY | UX) = III}aXEsp(Rl,RQ, WY |UX PU)()
UX

where

ES])(R17 R27 WY|U}(7PUX)
= IIliIl {Es(zlj)(Rl + Rg,Wy‘UX,PUx)

?

ES(IZ))(R%WY\UXvPUX)}
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where
EQ) (R, Wy |ux. Pux)
= Vmin (D ux | Wy jux|Pux) :
Y|UX
IPUXVY\UX(U>X§Y) < R) (76)
and

E@(R, Wy ux. Pux)
(D ux | Wy jux|Pux) :

é .
Ipyxvy | ox (XY [U) < R). (77)

min
Vy jux

Note that £ and E&) (respectively, E,g,l,) and E,g?,)) are the
random-coding (respectively, sphere-packing) type exponents
expressed in terms of constrained Kullback—Leibler divergences
and mutual informations [10]. In fact, it has been shown in [2]
that

ES)(R, Wy px, Pux) = rlglga([Ei(P, Wy vx, Pux) — pR],
i=1,2

where

Ei(p1, Wy |ux, Pux)
£ —logy Y > Pux(u,x)
yeY \(u,z)EUXX
1+p1

x Wy ux(ylu, z) v (78)

and
Ey(p2, Wy jux, Pux)

= —log, ZPU(U,) Z (Z PX\U(ZU|U/)

u€eU yeY \zeX

14p2
X WYUX(y|’U,,.T)W> . (79)

Analogously to [10, Lemma 5.4, Corollary 5.4, p. 168], we can
prove the following results; some of them has been proved in [2].

Lemma 4: Leti = 1,2. E’Si)(R7 Wy |vx, Prx) coincides
with Es(;))(R7W1’|UX7PUX) it R > Rgﬂ)(WY|UX7PUX)

where

; OE;(p, Wy |ux, Pux
RE}«)(WY\UX7PUX) = (o, Wy jux )

dp

p=1

and is a straight-line tangent on Eg;)(& Wy vx, Prx)
with slope —1 if B < RYWy ux,Pux), ie.
ESZ)(R, Wy ux,Pux) is given in the expression at the
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bottom of the page. Furthermore, E)(j’)(R7 Wy |ux, Prx) has
the parametric form

EX(R, Wy vx, Pux) = max [Ei(p, Wy |ux, Pux) — pR]

0<p<1

where El(p, Wy |UX> PUX) and EQ(/}, WY |UX PUX) are
given in (78) and (79), respectively.

Therefore, we can write the functions E,.(R1, Ro, Wy |y x)
in (66) and F,, (11, Ro, Wy |yx) in (67) as follows.

E.(Ry, Ry, Wy |ux)

= 1gax min, max, [Ei(p, Wy |ux, Pux) — piRi]  (80)
and
Ey(Ry, Ry, Wy |yx)
= max min max[FE;(p;, Wy |vx, Pux) — p]%i] (81)

Pyx i=1,2 p>0

where 1:21 = Ry + Rs and éQ = R,. Since it is in general
hard to find the optimizing solution P x for E,. and E), above,
we next confine our attention to multiple-access channels with
some symmetric distributions.

Definition 3 [2]: We say that the multiple-access channel
Wy vx is U-symmetric if for every u € U the transition ma-
trix Wy | yx (- | u, -) is symmetric in the sense that the rows (re-
spectively, columns) are permutations of each other. An X -sym-
metric multiple-access channel is defined similarly. We then
say that Wy |yx is symmetric if it is both U-symmetric and
X -symmetric.

It follows that the multiple-access channel with additive noise
is symmetric (e.g., see the example below), where a multiple-
access channel Wy |y x with (modulo B) additive noise {Pr :
F} is described as

Yi=U;®X; @ F; (mod B)

whereY; € V, X; € X, U; € U, and F; € F are the channel’s
output, two input and noise symbols at time ¢ such that J =
U=X=F=1{0,1,2,...,B — 1}, and F; is independent of
Xi and UZL = 1,2,...,71.

It is shown in [2] that if the multiple-access channel
Wy rx is U-symmetric, then the outer maximum of (80)
and (81) is achieved by a joint distribution of the form
Pyx(u,z) = Py(u)/|X| for every z and w. It then follows
that for the symmetric multiple-access channel, the maximum
of (80) and (81) is achieved by a uniform joint distribution

Phiv(u,z) = ——
UX( ’ ) |Z/{||X|
which is independent of p. Substituting Py in (80) and (81)
yields

E.(Ry, Ry, Wy |ux) = ,}2}{12 O?g%(l[Ei(ﬂ, Wy jux) — pRi
(82)

ES) (R, Wy ux, Pux), if R> RS (Wy | yx, Pux)

EWD(R, Wy |px, Prx) =

ES) (Rgir)(WY \vx, Pox), Wy ux, PUX) + RO (Wy \vx,Prx) — R,

if 0 < R < RS (Wy | ux, Pux).
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and

Esp(Ry, Ry, Wy |yx) = m

i
i=1

1 max X[ E;(p, Wy | vx) — pR;]

)

(83)
where Rl = Rl + Rz, fgg = R2
El(p7WY|UX) = (1 + p)logy (||| X])
1+p
_1
— log, Z Z Wy ux (ylu, 2) ™
yeY \(u,z)EUXX
and
Ea(p, Wy ux) = (14 p)logy |X| + log, U]

— logs

1+4p
Z (Z WYIUX(?JW#E)ﬁ) .

(u,y)EUXY \z€X

We also can prove the following identities using a standard op-
timization method (cf. [29]).

Lemma 5:
i D P = R _ ES ,
Pev:Hp(S.L)=R (Psli@sr) rlﬂlgg([P 1(p, Qsi)]
(34)
PSLZHI}?(IEI| S):RD(PSLHQSL) = 1/1)?()]([;)]2 — FEs(p,Qs1)]
(85)
where
Ea(p,@sL) = (1+p)log, Z Qs(s.1)™7
(s,)ESXL
and
1
Es(p,Qsr) = (1+p) ZQS 10g2ZQL|S(l|5) e
sES lec

Note that Es;(p, Qsr) and Fs2(p, Qs1) are both concave in
p. Clearly, if the marginal distribution Q(s) is uniform, then
(84) and (85) are equal. Using (82) we now can write (64) as

IPI.lin[TD(PSL || QSL) + ET(THP(S),THP(L | S), Wyl UX)]
= min{min['rD(PSL || Qsr)

+ Oglpax [El(Ph Wy ux) — prtHp(S, L)]],

nI}in[TD(PSL | Qsz)
SL
+ oina)é [Ez(pQ7 Wy vx)— p2mTHp(L|S)]]}
TD(Pst || Qst)

= min{min| min
R "Psp:tHp(S,L)=R

+ 02}??;1[121@1, Wy vx) — piR]],
TD(Psy || @sL)

min| min
R "Psp:tHp(L|S)=R

+02;&2L)§1[E~'2(p2,WY|UX) — p2 R} (86)
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and, similarly, using (83) we can write (65) as

}};{[TD(PSL | Qsr) + Eqp(rHp(S), THp(L|S), Wy |ux)]
D(Psc || Qsr)

+ glg}g[él(ﬂl, Wy jux) — piR]l,

i%f[PSL:THT%Ig ‘ S):RTD(PSL | @sz)

+ max[Es(p2, Wy |px) — p2R]]}
p22>0

= min{inf][ min
R PSL:THP (S,L):R

(87)

Consequently, using an optimization technique based on
Fenchel duality [29] and (84) and (85), we obtain the following.

Theorem 5: Given QQsr,, a symmetric Wy | x, and the trans-
mission rate 7, the lower bound of the JSCC error exponent
given in (64) and the upper bound given in (68) can be equiva-
lently expressed as

min max [Ei(p, Wy ux) =7

< EJ(QSL7WY|U\'7T)
(p7WY|UX) - TEQ1 (P QSL)]~

si(P7 QSL)]

< min max[
i=1,2 p>0

(88)

Example 1: Now consider binary CS ) s, with distribution
2(1-q)
3 ?
Qsr(S

—1,L=0)=1

Qsr(S 5

Qsr(S

:O,LZO): QSL(S

1—
—1,L=1)=—1

=0,L=1)=12
2 3

where 0 < ¢ < 1/2. Then

Esl (,0> QSL)

= (14 p)log, { [(%)T + <%>_1

x log,

Consider a binary multiple-access channel Wy- |y x with binary
additive noise Pr(F = 1) = €(0 < € < 1/2). That is, the
transition probabilities are given by

Y=0U=0,X=0)=1—¢
Y=1U=0,X=0)=¢
Y=0U=0X=1)=¢

Py ux(
Py ux(
Py ux(
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Fig. 6. The lower bound (solid line) and the upper bound (dash line) for the system JSCC error exponent for transmitting binary CS over the binary AMAC with

binary additive noise.

Pyiox(Y=1U=0,X=1)=1-¢
Pyiux(Y=0|U=1,X=0)=¢
Pyiux(Y=1|U=1,X=0)=1-¢
Pyiox(Y=0[U=1,X=1)=1-¢
Pyiox(Y =1|U=1,X=1) =

It follows that

Ey(p, Wy jux) = Ex(p, Wy |ux)
=p—(1+p)log, (ell_" +(1 —6)4_"> :

In Fig. 6, we plot the lower and upper bounds for the JSCC
error exponent F; for different (¢, €) pairs with transmission
rate ¢ = 0.25 and 0.35. As illustrated, the upper and lower
bounds coincide (this can also be proved by checking that the
two outer minima in (88) are achieved by the same ¢ and that the
inner maximum in the upper bound is achieved by p < 1) for
many (g, €) pairs (e.g., when 7 = 0.25,¢ = 0.1,¢ > 0.0205,
and when 7 = 0.35,¢ = 0.1, ¢ > 0.0056), and hence exactly
determine the exponent.

VII. TANDEM CODING ERROR EXPONENT FOR THE
ASYMMETRIC TWO-USER SYSTEM

A. Tandem System With Common Randomization

In Section IV-D, we showed that the reliable transmissibility
condition (THg(S), THqo(L | S)) € R(Wy z|ux ) in Theorem
3 can be achieved by a tandem coding system where separately

designed source and channel coding operations are sequentially
applied; see Figs. 4 and 5 with 7 and 7, being identity map-
pings. By “separately designed” we mean that the source code is
designed without the knowledge of the channel statistics and the
channel code is designed without the knowledge of the source
statistics. Note, however, that as long as the source encoder is
directly concatenated by a channel encoder (i.e., if 7y and 7
are identity mappings), the source statistics would be automat-
ically brought into the channel coding stage. Thus, the perfor-
mance of the channel code is affected by that of the source code
(since the compressed messages (indices) fed into the channel
encoders are not necessarily uniformly distributed). To statis-
tically decouple the source and channel coding operations, we
need to employ common randomization between the source and
channel coding components (e.g., [18]). This results in a “com-
plete” tandem coding system with fully separate source and
channel coding operations, and for which we can establish an
expression for its error exponent in terms of the source coding
and channel coding exponents.

The tandem coding system is depicted in Figs. 4 and 5. As
in Section IV-D, the encoder f,, is composed of two source en-
coders fs, and g5, and one channel encoder f.,,. The difference
is that the indices i = f,,(I) and j = g,,(8) are separately
mapped to channel indices through permutation functions ¢ :
{1,2,...,M;} — {1,2,....M;} and 7, : {1,2,..., M} —
{1,2,..., M}, which are usually called index assignments (r
and 7, are assumed to be known at both the transmitter and the
receiver). Furthermore, the choice of 7 (, respectively) is as-
sumed random (independent from the source and the channel)
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and equally likely from all M;! (M!, respectively) different pos-
sible index assignments, so that the indices fed into the channel
encoder have a uniform distribution and are mutually indepen-
dent

Pr(ms(fan(L™")) = a)
=D Pr(fun(L™) = i)Pr(ms(i) = alfun(L™") = i)

i=1
M,

_ZPI‘ fﬁn LTTL :')

Pr (ﬂ-g(gsn(STn)) =b)
1
=
Pr(my(fon(L™)) = a,mg(gsn(S™)) = b)
= Pr(ms(fan(L™)) = a)Pr(my(gen(S™)) = b)
for any (a,b) € {1,2,...,M;} x {1,2,...,M,}. Hence,
common randomization achieves statistical separation between
the source and channel coding operations.

Similarly, the encoder g,, is independently composed of a
source encoder g, an index mapping 7, : {1,2,...,M;} —
{1,2,..., M}, and a channel encoder g.,, : {1,2,..., M} —
unr.

At the receiver side, the decoder ¢,, is composed of a channel
decoder ., a pair of index mappings (7ro1 T, 1y which maps
every channel index pair (7 (i 1),74(7)) back to a source index
pair (z,7), and a source decoder ¢, which outputs the ap-
proximation of the source messages s’ and I’. Similarly, the
decoder 1), is composed of a channel decoder 9., : Z" —
{1,2,..., M.}, an index mapping 7, !, and a source decoder
Yen 2 {1,2,...,Ms} — S™.

B. A Formula for the Tandem Coding Error Exponent

(M =1t 1

M) Ml

We now can study the error performance and exponent of
tandem source—channel coding (with common randomization)
for the asymmetric two-user system. Since the tandem code
consists of a source code (fsn,gsns Psn,¥sn) and a channel
code (fensGens Pens¥en), we first define the corresponding
source coding error exponent (note that the corresponding
channel coding error exponent for the asymmetric two-user
channel was defined in Section IV-E).

Definition 4: The two-user source coding error exponent
E(Ry,R2,Qs1), forany Ry > 0and Ry > 0, is defined by the
supremum of the set of all numbers F; for which there exists
a sequence of source codes (fsn,Gsn,Psn,Wsn) With block
length n, common rate no larger than R;, and private rate no
larger than R», such that

E, < 11n11nf——10g2P( )(Ry, Ra,Qsr)

(n)

where Pes’(Ry, R2,Qsy1) is the source coding probability of
error defined in (51).

(89)

Denote the probabilities of Y- and Z-error for the source
coding by
PRy, By, Qst)
2 Pr({pen(i, ) # (57", L7)})
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_ ) ™) (8,1) (90)
(8,1):%55 (7,5)#(8,1)
and
P (Re, i, Qsi)
= PY(R., Qs) 2 Pr({han (i) # S™})
= Y e oD

st (i) 78

where i £ fsn(l) and j = gsn(8). Clearly, for any sequence
of source codes (fsn,JsnsPsn;Psn), the error probability
Pg(’sn)(R17R2.,QSL) must be larger than P)(/e)s(R17R2.,QSL)
and PéZ)S(Rl, R5,Qs1)) but less than the sum of the two; so
we have

liminf —— log2 P( )(Rl, Ry, Qs1)

n—oo n

= liminf —— log,2 max (Pi(’e)ﬂ(Rl Ry, Qs1),

Pg::)s(Rl;R%QSL)) .92

In what follows, we need to make three assumptions in

order to analyze the probability of error of the overall tandem

system. The first two assumptions (referred to as (Al) and

(A2)) are regarding the source codes. Let the source codebook

for (gen, ¥sn) (Receiver Z) be C(9) = {cgg) c%} Cc 8™,

and let the source codebook for ( Son, gsn, npsn) (Receiver V)

be C(9) x €@ where C) = {c{) } cLm.

e We assume that (A1) the source encoder fsn satisfies the
condition (for every n): Q7"(f.,1(i)) > 0 and c,gf ) €
fo1(i) forevery i = 1,2,..., M;, where f'(i) = {l €

LT fsn(D) = i} Clearly, the assumption has practical
meaning. If Q7" (f5,.1(¢)) = 0 for some i, then the code-
word ¢; ) s redundant, and we can remove it from the
codebook C). T c; (£ ¢ fsn (4), we can map the index
i to some source message I such that Q""( ) > 0 and
fsn( ) = 1, so that the source coding probability of error

1(,2)5 (Rs, Rl Qs1) is strictly reduced by setting 1 as the
codeword cgf ) (note that Pg;)q(Rs, Ri,Qs1) is indepen-

dent of f,).

* Similarly, we assume that (A2) the source code g5, sat-
isfies the condition (for every n): Q%" (g95,(j)) > 0
and c(g) € g-1(j) for every j = 1,2,..., M,, where
951(7) 2 {8 € 8™ : gun(s) = j}. 1 QF (951 (7)) = 0
for some 7, then the codeword cgg is redundant, and we

can remove it from the codebook C(9). If cj(-g )¢ g=1(5),

we can map the index j to some source message 8

such that Q%"(8) > 0 and gs,(8) = 7, so that the
source coding error probabilities P,(,ZL(RS, ]:21, Qsr) and
Pg;l (R, Ry, QsL) are strictly reduced by setting # as the
codeword cj(»g ),

e We assume that the limits lim,,_, oo % logy, M; and
lim,, o0 %log2 M, exist, i.e., liminf,_, % log, M; =
lim sup,,_, % log, M; and liminf, . % log, My, =
lim sup,, _, % log, M. This assumption is used later to
upper-bound the tandem coding error exponent in The-
orem 6.
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We remark that the source code satisfying (A1) and (A2) does
not lose optimality in the sense of achieving the source error
exponent.

Denote 7~ 1(i,j) £ (« L 1(L),7rg_ (4)). By introducing (Al)
and (A2), the error probability of the tandem code (f*, ¢*) =
(fsns Gsns Psns Ysny fens Gen, Pens Yen) 18 given by

P (Qsi, Wyzux,T)
= Pr ({‘psn [W_l(@cn(yn))] # (STH’L‘W)}
U {d}sn q/jcn(Zn))] 7& STH/})

M; M
=2 D Pr(mslfen(L7)] = @) Pr(mglgen(5™)] = b)
a=1b=1 —1/M1 —I/Ms
x [Pr ({pen (™) # (0,00} J{en(2") # 1} |
Tilfen(L™)] = a,g[gen(S7")] = b)
+Pr ({wcn(Y”) =(a,b) and ten(Z") = b}
ﬂ{wsn (a,b)] # (S™",L™) or
bonlmy H(0)] # ST}
7Tf[fsn(LT")] = a,mg[gsn (S")] = b)] (93)
M,
_ Zlbzl Ml Pr ({%n(yn) (a,b)}
U en(27) # b} (a,b) is sent)
+Pr ({pu[87", L7 # (57, L)}
U{wm[sm #57})
> Z sz P (e (™) = @)
() {$en(2") = b} (a,b) is sent) (94)
=PI (TR, TR, Wyz|ux)
+[1 = P (rRs, 7R, Wy 7 ux)]
x P (R, Ri,Qsi) (93)

where (93) follows from assumptions (Al) and (A2), which
imply that a channel decoding error must cause an overall
system decoding error, (94) holds due to the statistical decou-
pling of source and channel coding.

Definition 5: The tandem coding error exponent
Er(Qsr, Wy z|vx, ) for source sz, and channel Wy z |UX
is defined as the supremum of the set of all numbers E for
which there exists a sequence of tandem codes (f}, %)
satisfying (A1) and (A2) with transmission rate 7 such that

E < hm 1nf —— 10g2 (QSL7 Wyzux,T 7).

When there is no  possibility of confusion,
Er(Qsp,Wyz|ux,7) will often be written as Er.
The following lemma illustrates the relation between FEr
and E;.
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Lemma 6:

E;(Qsp,Wyz|ux,T) > Er(Qst, Wyz |ux,T).

Proof: By definition, for any sequence of rate 7 tandem
codes {(f%, ¢X)}>2, composed of a sequence of source codes
{(fsnsGsns> Psn> Ysn)}o2, and a sequence of channel codes
{(.fcn7 Gens Pens wcn)}zozl’ we have

Pe(*n)(QSLwaZ\Ux,T)
= Enyin, Pr ({oanlr ™ (@en(Y )] £ (ST, L)}
U {#en [y (en(2)] # 57}
> min Pr ({wm Ypen(Y™)] # (ST, L)}

7'rf 3Ty
U{d}sn [7r 1/)cn Zn ] # STW}

Let the above minimum be achieved by 7} = 7}(n) and
T, = m(n). Obviously, there exists a sequence of JSC codes
{(fn Gns Py Y ) 15, where f,, is composed of fsp, gsn, T

g, fens gn 1s1 complosed of gsn, ;, and gen, pn is composed
of Yen, (7 3‘2 Ty ), and ¢, and finally, 1),, is composed of
YVens 7r;‘ , and s, (cf. Figs. 4 and 5), such that

my and 7, are ﬁxed)

¢ and 7, are ﬁxed)

Pe(zz)(QSL:WYZ|UX77')
> P™(Qsr, Wy z|vx,7) foranyn >1

where Pe(n)(QSL-, Wy z|ux, ) is the probability of error in-
duced by the JSC codes {(fen, Jens Pen, Yen ) }- Since this holds
for any sequence of tandem codes (satisfying (A1) and (A2)), it
then follows from the definition of joint and tandem exponents
that £y > Er. O

We next derive a formula for E7 in terms of the corre-
sponding source and channel error exponents.

Theorem 6:

Er(QsL, Wyz|ux,T)
(e (),
= sup min-< 7e —7_7QSL
Ry>0,Ro>0 T
E(Rl,Rz,WYZ|UX)}

where e( Ry, Ra, Qs1.) is the two-user source coding error expo-
nent defined in (4) and E(R1, Ry, Wy 7| yx ) is the asymmetric
two-user channel coding error exponent defined in (2).

Remark I: As can be seen from the proof below, the common
randomization setup together with the assumptions regarding
the source and channel codes are essentially needed to prove the
converse part of the tandem coding error exponent; the forward
part (the proof of the lower bound on the exponent) is still valid
for tandem systems without these assumptions.

Proof: Forward Part: we show that there exists a sequence
of tandem codes ([, o) satisfying (A1) and (A2) such that

lim inf — = 10g2 P( )(QSL, Wy zux,T)

n— o0
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. Rl Rz
min< e | —, —, Qs
R1>0,R2>0 T

> sup
E(R1¢R27WYZ|UX)} -6

for any 6 > 0. It follows from (95) that
Pe(*n)(QSLaWYZ|UX7T)
< 2max { P{" (Ro, Ri, Qsi),

PM(rR,, TRy, WYZ|UX)}

or equivalently

liminf —— log2

n—oo

(QSLaWYZ|U\7 7)

> min {hmlnf ——P(m)(R Ry, Qsr)

n—oo

n—oo

hmlnf——P( (1 R,, TR[,Wyz|UX)} (96)

Fix § > 0 and let Ry = 7lim,, oo R, and Ry = 7lim,,_. R;.
According to the definition of the two-user source coding
error exponent, there exists a sequence of source codes
(fsmsGsn: Bams Psn) satisfying (A1) and (A2) (since (A1) and
(A2) do not lose optimality) with common source rate R, and

private source rate R; such that
Ry R
<Tl = QSL) — 0.

On the other hand, according to the definition of the asymmetric
two-user channel coding error exponent, there exists a sequence
of channel codes (fen, Gens Pens Yen) With common rate R,
and private rate TR[ such that

hmmf——P(m)(R Rl Qsr1) >

n—oo

lim inf ——P(")(TR TR, Wy z 129)
> E(TRy, 7Ry, Wy z|ux) — 0.

Finally, since the sequences of rates R, and R, can be arbitrarily
chosen, and so are R, and R, we can take the supremum of
Ry and R, completing the proof of the forward part.

Converse Part: We show that for any sequence of tandem
codes (fr, o) with rate 7 composed by source codes
{(fsns Gsns Psns Ysn) 152 satisfying assumptions (Al) and
(A2) and channel codes {(fen, Gen, Pens Yen ) }oo 4

. 1 n
hnn_l)loréf - logs Pe(* )(QSL7 Wyzux, 7)

R, R
< sup  min {7‘6 <—1,—2,Q5L>
R1>0,R3>0 T T
E(R17R27WYZ|UX)}~ 97

Let the private index set for the tandem system be
{1,2,..., M} (cf. Figs. 4 and 5). Thus, the prlvate source
and channel code rates are given by R = —log2 M,
and R, = 7R, respectively. Let the common index set
be {1,2,...,Ms}. Thus, the common source code rate
and channel code rate are given by Rs = # logy M and
R, = TR, respectively.
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We first assume that

11msup——10g2[1 — PM(rR,, TRy, Wyzivx)] > 6

n—oo

for some positive § independent of n, which implies that there
exists a sequence ng < 1y < ng < -+ - < 0o such that

lim P(")(rR,, TRZ7WYZ|UX) >1— lim 27" = 1.

1— 00 71— 00

In this trivial case

liminf — = 10g2 P( Qs Wyzux,T)

n—oo

< hmmf——log2 P (1R, -TR17WYZ|U\')

n—oo

< lim ——log2 PO (rR,, TRy, Wy z ux)

1—00

=0
and (97) holds. Next we assume that

11msup——10g2[1 — PM(rR,, TRI7WYZ|UX)] = 0.

n—oo

It then follows from (95) that

11m1nf——10g2 P( )(QSL Wyzux,T)

n—oo

< hmmf——log2 [(1 — PM(rR,, TRI7WYZ|UX)

n—oo

x PU(Ry, Ry, QSL)}

< hmlnf——log PU(R,, Ry, Qs1) (98)
and
hnrgg;f -= logz PE(Qsr, Wy | UX>T)
< hmmf——log2p< )(TRS7TR1,Wyz|UX). (99)
Let
) log, M,
Ry = lim 7R, = lim —827¢ (100)
n— oo n— o0 n
and
. log, M,
Ry = lim 7R = lim —221 (101)
n— oo n— oo n
By definition, the source error exponent e(£:, £2 Qgp) is

the largest (supremum) number E; such that there exists a
sequence of source codes ( fgn,gw Psns T/Jgn) with message
sets {1,2,..., M.} and {1,2,..., M;} satisfying

log, M,
lim sup 282 Ms o Fa
n—oo ™ T
log, M; R
lim sup 082 71 < =2
n—oo ™ T
and
liminf — — log2 Pr ({(pgn(fm(lf"n) Jsn(S™))

£ (50 YU Wan(3en(57) # 57Y) 2 Bu
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This means that

it =108, Pr (B (Fon (L7, 1en(57)

7é (Srn.Lrn }U{qﬁsn gsn STn)) 7& Srn})
<e <&7&7QSL>

T

holds for all source codes ( fsn, Gsns Psns 1/~an) with

logo M, R
lim sup 062 s < L and
n—oo ™ T

logy M < Ry

lim sup
n—oo ™ T

and hence holds for the sequence of block codes
(fsns Gsns Psn, Ysn) With rates (]%57}?1) satisfying (A1)
and (A2).

Similarly, by the definition of the asymmetric two-user
channel error exponent and on account of (100) and (101) we
have
liminf —— log2 Pr ({(pm (Y™) £

n—oo

(D tden(27) £ 1Y)
< E(Ry, Ro, Wy zux)

holds for all channel codes ( fm Gens Pens 1/1m) with common

and private message sets {1,2,...,M,} and {1,2,...,M;}
such that
log, M, log, M
liminf 2222 > Ry and liminf —22—L > R,
n—oo n n—oo n

and of course holds for the sequence of channel codes
(fens Gens Pens Yen) With common rate Ry = 7R, and private
rate R; = T]:?,l.

Putting things together, (98) and (99) yield

liminf —— log2

n—oo

. R
< min {Te <71,—7Q5L> (R17R27WYZUX>}

(QSLaWYZ|U\7 7)

holds for all the source codes satisfying (A1) and (A2) and all
the channel codes with

log, M,
lim 108y Ms

n—oo n

log, M,
— R, and lim 22227

n—oo n

= R».

Since the above is satisfied for any sequences of M > 0 and
M; > 0, and hence for all R; > 0 and Ry > 0, we take the
supremum over 2y > 0, R, > 0 and obtain (97). (|

C. Comparison of Joint and Tandem Coding Error Exponents

Although tandem source—channel coding can achieve reliable
transmissibility, it might not achieve the system JSCC error ex-
ponent. In the following, we consider the tandem system con-
sisting of CS sz, and AMAC Wy |y x. For the CS-AMAC
tandem system, we have only one receiver, Receiver Y, and the
source decoder (cf. Fig. 5) ¢s, becomes a Slepian—Wolf de-
coder [6]. Furthermore

P{(Ry, Ry, Qs1)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 4, APRIL 2009

= Py(/z)g(Rth, Qsr) = Z gnL) (s,1)
(8,0):9sn (4,5)#(8,1)
and
P (Ry, Ry, Wy | x)
= P)(/T:)(.(Rh R27 WY | UX)
_ (n
= 2R1+R2 Z Z WYlX( ylu, ).

M X Miyipen (y)#(5,0)
In this case, we can upper-bound the source error exponent by

R
e <_1 2 QSL> min D(Psp||Qst)
T Psp:tHp(S,L)=R1+R:
Ri+R
= max [p¥ - Es1(07 QSL)
p20 T
(102)

which is obtained by viewing the two source encoders f, and
gsn as a joint encoder [11], where Eg(p,Qsr) is given by
Lemma 5. Therefore, we can upper-bound the tandem coding
error exponent for the CS-AMAC system by

Er(Qsi,Wyz|ux,T)
min{rggg{ [p(Ri+ Ry) — 7E1(p,QsiL)]

Eqp(Ry, Ro, Wy |ux)}

< sup
R1>0,R>>0

(103)

where F,,(R1, Rz, Wy |y x) is an upper bound for the channel
error exponent and is given by (81).

Example 2: Now consider the same binary CS ()sr, given in
Example 1 such that

Ea(p,Qsr) = (1 + p)log, { [(%)d_ﬂ N <%> d—p]
c0-aea(?))

and consider the same binary multiple-access channel Wy | x

as in Example 1 with binary additive noise Pr(F = 1) = ¢(0 <
€ < 1/2) such that
Eo(Ry, Ry, Wy |yx) = m%ﬂQI’I)l;‘%X[ i(p, Wy jux) — pR;]

151>ax[E (0, Wy ux) — p(B1 + R2)]

where ]%1 = R1 + Rs, ]%2 = Ry, and

= Ex(p, Wy |vx)
=p—(1+p)log, (eli_" +(1 —f)li—") :

Ev(p, Wy |ux)

It follows from (103) that the upper bound for Er only depends
on the sum rate Ry + Ry and hence the upper bound can be
reduced to

Er(Qst,Wyz|ux,T)
< sup mln{max[pR —7Es1(p,Qsr)],

R>0 Pz
1(p, Wy | vx) — pR}.

max[
p>0
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0.7 | | . , | | ] . ,
—— Lower bound for EJ, g=0.1,7=0.25
06 L —o— Upper bound for ET, g=0.1,71=0.25| |
--% - Lower bound for EJ, q=0.1,7=0.35
0.5 o Upper bound for E_, ¢=0.1,7=0.35 | |

Error Exponents

0 1 1 1 1

0 0.01 0.02 0.03

Fig. 7. The lower bound of E; versus the upper bound of Er.

In Fig. 7, we plot the lower bound for E; from (88), and
the above upper bound for E for different source and channel
parameters. It is seen that for a large class of (g, €) pairs with the
same transmission rate 7, there is a considerable gap between
the upper bound for E7 and the lower bound for £, which
implies that JSCC can substantially outperform tandem coding
in terms of error exponent for many binary CS-AMAC systems
with additive noise. In fact, from Fig. 7, we see that F/; almost
doubles Er for many (q, €) pairs. When E; = 2E7 holds, it
can be equivalently interpreted that, to achieve the same system
error performance, JSCC only requires around half delay of the
tandem coding, provided that the coding length is sufficiently
large.

VIII. CONCLUSION

In this paper, we study the error performance and exponents
of JSCC for a class of discrete memoryless communication
systems which transmit two correlated sources over a two-trans-
mitter two-receiver channel in an “asymmetric” way. For such
systems, we derive universally achievable error exponent pairs
for the two receivers by employing a generalized type-packing
lemma. We also establish a lower and an upper bound for the
system JSCC error exponent. We next specialize these results to
CS-AMAC and CS-ABC systems. As a special case, we study
the analytical computation of the lower and upper bounds for
CS-AMAC systems for which the channel admits a symmetric
conditional distribution. We show that the lower and upper

0.06 0.07 0.08

bounds coincide for many binary CS-AMAC source—channel
pairs with additive noise, and hence exactly determine the
JSCC error exponent.

As a consequence of our lower bound for the JSCC error ex-
ponent, we prove a JSCC theorem for the asymmetric two-user
system, i.e., a sufficient and necessary condition for the reliable
transmissibility of the two CS over the asymmetric channel is
provided. It is demonstrated that the condition can actually be
achieved by a tandem coding scheme, which combines separate
source and channel coding. This means that tandem coding does
not lose optimality from the point of view of reliable transmis-
sibility. Nevertheless, tandem coding might not be optimal in
terms of the error exponent. To exploit the advantage of JSCC
over tandem coding for the two-user system, we show that the
tandem coding exponent can never be larger than the JSCC ex-
ponent and we derive a formula for the tandem exponent in
terms of the source and channel coding exponents. The formula
holds under two basic assumptions on the source code and the
assumption that common randomization is used at the trans-
mitter and receiver sides to render the source and channel coding
operations statistically decoupled from one another. By numer-
ically comparing the upper bound for the tandem exponent and
the lower bound for the JSCC exponent, we note that there is a
considerable gain of the JSCC error exponent over the tandem
coding error exponent for a large class of binary CS-AMAC sys-
tems with additive noise. Note that this prospective benefit of
JSCC over tandem coding can also translate into substantial re-
ductions in system complexity and coding delay.
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APPENDIX A
PROOF OF LEMMA 3

Although the result (5) of Lemma 3 was already shown in
[8], we include its proof here since we need to show that (5)
holds simultaneously with (6) and (7). We employ a random
selection argument as used in [8]. For each : = 1,2,... ,m,,
we randomly generate a set of 2/V; sequences (according to a
uniform distribution) from the type class T4, = Tp, ,

= {agl),agl), .. ,aglji,i} CTa,

i.e., each az(,’) is randomly drawn from the type class T 4, with
probability 1/|T 4,|, p = 1,2,...,2N;. Each set has 2N; ele-
ments rather than N; because an expurgation operation will be

performed later. Also, we denote the set C? £ C;/ {al(f)}
Now for each i with associated j = j(i) = 1,2,...,m/_, we

n?’

randomly generate 4N; M;; sequences (according to a uniform
distribution)

{bgﬂﬁ, A SN 1A A 15 S
bgj]\)ri,l7 bg]].\)]i,27 e 7bé§’3ﬁ;,2]\1{j }

such that the set
Cij 2 {(agi)v bgji)) ’ (agi)> bg)) LA (agi)’ bg{%Mz‘j) ’
(agn’ bg)) 7 (agn’ bgg)) L (aé”7b§f%z\,1i]) :

(6590 (0 80 - (0508000 )}
CTaB; = Tpy Py,
In other words, each b;f ()1 is drawn from T | 4, (a,(:’)) with prob-
ability 1/ Tp, 4, (a5, g = 1,2,
(a?, bz(f()l) is drawn from T 4,5, with probability 1/ |T 4,5, |.
Furthermore, we denote the set C;/ 2 Ciy/ {(agL), bz()], ;)} For
any 1 < i,k <mp,1<j<ml,and1 <[ < mj,, define

1 and hence each pair

Vi & {VA’|A € Pu(A| Pa,) :

Z Py, (a)Vyr | a(a'la) = PAk(al)}
a€A
and

Viju = Vargs |aB € Pu(A X B|Py,p,):

Z PAZ'B] (a,b)VA/B/|AB(a',b'|a,b)
(a,b)eAXB

= Pa, B, (a,7 bl)

Based on the above setup, the following inequalities hold.
i) Forany (4,7) # (k,l) and any V4| ap € Viju

E ’—I]—VA’B' |AB (a'l()i)7 bl(’jf)l) ﬂ Ckl‘

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 4, APRIL 2009

<E[ 0 0): (al) 800 ) € Tvrn o (a8}
= 4N M, Pr {(aﬁk)7b§l,)1) €TVan an (“1(11)7%];21)}

‘—II—VA’B’ | AB (G'i(”i)7 bI(j;)

|TAkBl|
< AN My (n + 1)|A|‘3|2_MPA151- Varp! | aB

= 4N;; My,
(A",B";A,B)

(104)

where the above expectation and probability are taken
over the uniform distribution

5 B 0 \a 1
Pk,l (a(/ 7b/ /) = )
p P g |—|]—AI\'BI|
1<i<my,, 1<p <Np, 1<¢ <My

V1<k<my,

(105)

and (104) follows from the basic facts (Lemma 1) that

! !
< 2nHPAiBj VarB! | AB (A",B'|A,B)

‘TVA,B, an (ag’): bg()z)

and that
Tyl > (n 4 1) MBI P s, (4050

noting that the marginal distribution of P4,p,Va/p/| 4B
for RVs (A’,B’) is Pa, 5,

ii) Forany (4,7) = (k,l) and any Vg | ap € Vijij, like-
wise

E|Tvn o (a2.85)) N2
S 4NiMij(n + l)lAHBI

—nl
X 2 PAiBjVA’B’|AB

(A’,B";A,B) (106)

where the expectation is taken over the uniform distribu-
tion P; j defined by (105).

iii) Foranyiandj # [,and any Vyp: | ap € Vij, i1, similarly
we have

E ‘TVA’B’ | AB (a'l()z)7 bI(JJ,‘)I) mcLl
< AN; My (n + 1)MIIB]

—nl ;
9 "M PaiB;Vap | aB

(A,B';A,B)

Using the identity

IPAiB] Vani | an (A,B'; A, B)
= HPA, (A) + IP‘47Bj‘/f/\]3"‘ _AB(B/;B | A)

and assumption (3)

1
~logy N; < Hp, (4) —6
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iv)

we obtain another bound

[E ‘—H—V/\’R’ | AB (algl)bl("]g) ﬂcll
< AM;(n + 1)\A||3|

—nl
2 PAZ'BJ'VA’B’\AB

(B'sB| A) (107)

where the expectation is taken over the uniform distribu-

Therefore,

and if V| ap ¢ Vijij

‘TVA'B’ | AB (a';gZ 7b1(7]fI) mcqu

tion ]5,5’1.
Forany i and j = [, and any Vi | ap € Vij,ii, likewise

E ‘—I]—VA’B’ |AB (alg)’bl(?]l)l) mcqu
S 4ML']'(’TL + l)lAHBI

—nl
2 PAZ'BJ'VA’B’\AB

(B";B| A) (108)

4NiMij
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it follows from (104) and (106) that for any
VA’B’\AB S Pn(A X B|A X B)

E ‘—II—VA’B’ | AB (a'P ,.'171(,]7()1) ﬂc

E’T‘/A’B’\AB (ap ’ PQ) mck ‘

>
(k,D)#(i.5)
< myp(maxml, )(n + 1)AIIBI

4Ny My

1.
> Z_nIPAi B; Vargr |AB (A B 1A1B)‘

(112)

Taking the sum over all Vg | ap € Pn(A x B|A x B), and

where the expectation is taken over the uniform distribu-
tion F’i7 G-

using the fact (Lemma 1)

|Po(A x BJA x B)| < (n+ 1)AIBF

v) Forany i # k and any Va4 € Vi
E ’—I]—VA/ ” (au)) ﬂck‘ and |AJ?|B)? + |A||B] < 2|.AJ?|B|?, we obtain
ceff o v, () -
_ (@) i
— 2N, Pr {al €Tv, , (a")} here
Ty, al? nlp v (A',B";A,B)
2N Al A P Spq é Z 2 A;B;VATB! | AB DA,
= g —————— (%]
T4, / Varg | an€P(AXBIAXB)
< 2Ny (m 4 1)~ A2 Va5 (09 (i) g
= K(n+1) (109) " —l]—VA’B’ |AB (ap ’bl(’]#)l) mC%q
where the above expectation and probability are taken AN; M;;
over the uniform distribution B 0)
J
@ e 1 vi<k 1<y <N + > ‘T"A’B'MB( ’bm)ﬂc“‘
(A =17 S S Mp, S p S k
P Tal (D)2, AN M
(110)
Immediately, normalizing by 4N; M;; and taking the sum over
and (109) follows from the basic facts (Lemma 1) that 1<i<my,,1<j<mi,1<p<N;1<q< M;yields
’—I]—V [ (ag7))’ < ZnHPAiVA’ [ A(A14) m, M, 2N; 2M;;
Al A —
E>.D> > Sy
and that i=1 j=1 4NM J p=1 q=1
T | > (4 1)l Hra, () < (n+ 1)2MAFIBF my, (maxmi,)®. (113)
Wl 2
noting that the marginal distribution of P4, Vs, | 4 for the ~ Similarly, it follows from (107) and (108) that
RV AI iS PAk' m, mi, oN; 2M;;
vi) Foranyi = k and any V4| 4 € V; 1, likewise Pq
i S5 S
E[Tv,,, (a)C! = N
Varpa \%p ﬂ v < (n+ 1)2|A| |B|2mn(maxm;n)2
< oNg(n + 1) Ml27 Pavar a5 (g ‘
< (n+ 1)2AFIBE, n(maxm,)? (114)
where the expectation is taken over the uniform distribu-
tion P; defined in (110). where
Note also if Vi g Vi; ,
A'B'| AB ¢ J,kl K}'}q s Z 2,,,IP&BJ_VA,B,MB(B ;B|A)

‘—II—VA’B’ |AB (ag),b,(){(),) ﬂckl‘ =0

Varg: | ABEPR(AXBLAXB)
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‘We next proceed with an expurgation argument. Without loss of
generality, we assume

v () ey

)

[T an (a8 80)) NCa

* Z 4 My

2M;;
53 (et

Y
#J 5
and it follows from (109) and (111) that M
2q 2q 2q
<3 (Sij+Kij+Lij)S"'
q=1
m, Mig 2N, 2M;; .
1 Y _ _ ‘
ZZ 4NM Z Z L < (Sij“q + KN +L22ng1,q)
=1 j=1 plql QML.jq:l
< (n+ 1)2|A| (maxmm)
< (n+ 1)2|A|2|B|2mn(maxm{n)2 (115) then we must have, forevery 1 < p < N;

where L7 is actually independent of j and ¢ and is given by

Z Spq+qu+qu<6(n+l)2|A‘ B® (maxm )2
2M7] e

qu e . Z R (A":4) Similarly, suppose for each p = 1,2,..., N;
Var| A€Pn(AlA)

v (@) Ner

pl pl pl p2 p2 p2
Sij +Kij +Lij < S’ij +Kij +L,L-j <

p,2M;; p,2M;; P,2M;;
X o, < S + K;; + L;;
i the above implies that for each p = 1,2,..., V; and each ¢ =
> ‘TV‘A"A (ag’)) mc’“‘ 1,2,..., M;
+ . ? yrt K2
, 2N,
e SPUL KP4 P9 < 12(n4 1) B my,(maxmf,)”. (118)

Summing (113), (114), and (115) together, we obtain

We now let for : = 1,2,. mn,p:12 , N;,
Q0 2 {a”.a,....a)} C o or & a0y c ér
My Min 2N; 2M; and for j = 1,2,..., mi,q= 1,2,...,ML], let Qm(az(,)) =
EY + KP4 L2 {(al”, b9 )Y} 204 such that
i=1 j=1 I p=1¢=1
< 3(n 4 1)2MAFIE »(maxmi,)”. (116) N

Qij = U QLJ a()
Therefore, there ex1sts at least a selection of these sets {CAL}T’:"1 p=
and {éu}i 1171;,11 ™in such that _ {(a(i) b(j)) (a,(i).b(j)) (051)71,93” )
( i) b(J)) (a2 ,b(])> (02 ,bgjgw )

M Miy 2N; 2M;;
Pq Pa | P4 N7 NN
5.3 awan; X X (SR o) (a.82),) . (662 o (420800, ) )
7 ]— P N
<3(n+ 1)2‘“4| I51° (maxm )2 <G

pq A ). (1) p(5) 5pg .
which implies that forall i=1.2, ... .m,, and j=1,2, ., m! nd denote also &5 = ;/{(ay”, b)) € €. Immedi
he followine is satisfied: ’ ’ in ately, it follows from (118) that for every ¢« = 1,2,...,my,
the following ' jo= 1,2 ml ko= 1,2, ma, L= 1,2,...ml,,

p=12...,N;,q=12,...,M;;, and every Vyip/ | ap €
Pn(A X B|A X B) and VA’\A € Pn(A|A)

1 2N; 2M;;
v 2 2 (ST K+ L)
*J p=1 ¢g=1

[T (07 60) N %]
§3(n+1)2‘“4| I51° (maxm 2. (117) S i

Ni. M
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—nllp,, BV (A",B";A,B)—¢]

<2 ArBtian o (kD) # (i,9)
(119)
i)
‘TVA,B,MB ( 7b1(33> N
NzMz]
S 2_n[IPA'B'VA’B’|AB(A,1B/;A’B)_6] (120)
i)
TV o (af00)
M
S 2_n[IPA B-VA’B'|AB(B 1B‘A)_6]7 l ;éj (121)
(1)
—I]—VA’B’ | AB (ap ’bg()l) ﬂ QZ}
Mij
< 2_n[I”AilsjVA/Bl|AB(B/§B‘A)_‘S] (122)
Ty, (“;(f)) N
Ny
S 27n[IPA1 Var | A(A ;A)76]7 k‘ # g (123)
Ty, (“;(f)) ner
N;
S 27n[IPA ‘/,‘I‘A(A/;A)76] (124)

where

2
b= g[|A|2|B|2 log,(n + 1) + log, m,
+ logy (maxmy,) + log, 12].

Thus far, we proved the existence of the sets (2; and €;;
with elements selected uniformly from each T4, and T4, p;
satisfying the inequalities (119)-(124) for any V4|4 and
Vg | aB- It remains to show that these sets are disjoint and
have distinct elements provided assumptions (3) and (4). In-
deed, since (123) and (124) hold for every V4/| 4 € Pn(AJA),
they of course hold when V| 4 is a conditional distribution
such that V3, ,(a’la) is 1 if ' = a and 0 otherwise. It then
follows from (3)

1
510g2N1‘,<HpA( )_6—IPA Vo (A’;A)—6

Al A

|{az(oi)} Q%] < 1 or, equivalently,

BN =
|{a,(:)} (2% = 0, which means any elements in €2; does not
belong to €, for i # k, i.e., ); and €, are disjoint. Likewise,
using assumption (3) in (124), we see that

i (@) N = {2} e

which means that 2; has N; disjoint elements. Similarly,
setting V| ap to be the conditional distribution such that
Vj,B,‘AB(a’,b’|a,b) islifa = a,b = b, and 0 otherwise,
and using (4)

that |—||—V;, A (a

=0

1
—IOgZML']' < HPA7PB.‘A.(B|A) )

we see that for any a( ) e 0, Qij(a all )) s are disjoint and the
elements in Q;;(a <)) are all distinct, i.e., |;;(a (1))| = M;;

1513

for every a¥) € ;. Finally, when V.4, | A is not the conditional
distribution such that V4, | 4(a'la) is 1 if ¢’ = a and 0 oth-
erwise, we can write (123) and (124) in the same way as (5),
and when Vs g/ | 4 g is not the conditional distribution such that
Varpriap(a',b'|a,b)is 1if a’ = a, " = b, and 0 otherwise,
we can write (119)—(120) as (6), and write (121)—(122) as (7),

since
Tvo (a8 2] = [Tv L (a)
Tva s (a8, 00)) (20
LI C AT
T am (0 B50) ()22

= ‘-II—VA’B’\AB (a,](f bI(J{’I) mQ” . D
APPENDIX B
PROOF OF (26) AND (27)
A. Upper Bound on Ty, L ((t,u),2) [ &
Ifwefixak=1,2,...,myandan! =1,2,...,m},, then

& is the set of all y such that there exist some ((t,u),z') €
Q. (t,0)' # (t,), ((t,u), 2, (¢,u)',2,y) admits a joint type

P(iﬂl)z(t,u)’:c’y € 7)”(72 X U2 X X2 X y)
and

I((t,u),x";y) — (Ri + Rp1)

> I((t,u),z;y) — (Ri + Rij). (125)
Note that (125) can be represented as for dummy RVs (TU) €
TxUX e X, (TU)Y e TxU, X" € X,andY € ), the
following holds under the joint distribution Priyx (rvy x'v =

P(t,u)z(t,u)’z’y :

IP(TU)’X’Y ((T7 U)/a X/; Y) - (Rk + Rkl)
> IP’I'U,\'Y ((T7 U)/ X7 Y) - (RL + Rij)7
where Pryyxy and Pryxy are the corresponding mar-
ginal distributions induced by Pry)x(rv)yxy. Thus,
TVY ~((t,u),2) () &1 can be written as a union of subsets
| TUX

.’B) ﬂ 51
WU U

k=11=1 Piry)x(ruy x'y €Cr1((tu).x)

((tu),2

where Cy ;1 ((¢,w), z) is fiven in the first equation at the bottom of
the page, where P(TU)X7 P(TU),X/ ,and Py [ (TU)X > €tc., are the
corresponding marginal and conditional distributions induced
by P(TU)X(TU)’X’Y and Fi i ((t,u),z, Proyxruy xiy) is
defined in the second expresswn at the bottom of the page,
where —I]—(TU)X(TU)’X’Y 2 —I]—P(TU)Y(TU)’Y’Y Clearly, glven
any k, I, and Piryyx(ruyxy, we get (127) at the top of
the following page, where the last inequality follows from

Vy | (TU)X ((

s Prvyx (ruy x1y) (126)
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| Frea((t,w), 2. Prvyx (rvy xov)| < H((ta’“)/»m'»y) :

oo 212
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((t~ ’u’)?xv (t7 u)lvx/7y) € —I]—(TU)X(TU)’X’Y
(t.u),&') € Q.

(t,u)" # (tu) H

(tu) 2') € Tooyxauyx
/) S le7

(t,u)' # (t,u) }’

x| Tyrvyx vy (), (t,u), 2]

< NkMkl2in[IP(TU)X(TU)’4\" («

T.,U),X;(T,U)’,X’)fn]2an (Y|(T,U),X,(T,U) ,X")

(ru)x(ru)' x'y

(127)

Lemma 3. Meanwhile, when ((¢,u),z) € Q;;, the following
simple bound also holds:

| Fr((t,w), 2, Proyx ruy xy )|

< | Ty royx((t,u),2)
RHp gy (V| (TU).X)

<2 (TU)X
¥ [(T.U),X)

— 2nHP((TU)),Xj Vy | (TU)X

(128)

since for each T(rpyx(rvyxy € Cri((tu),x), we have
Paovyx = Purvyx; Pyj@vyx = Vy|@v)x, and hence
P(TU)XY = P((TU))in VY [(TU)X - Now substituting the
following inequality (cf. [8, Eq. (28)])

Hp

(TU)YX(TU)' X'Y

Y|(T,U),X,(T,U), X")
- P(TU)X(TU)’X' ((T7 U)7 X; (T7 U)lv Xl)
= HP(TU)XY (Y | (T7 U)7 X)
—Ip ((TvU)/aX/;(TvU)7X7Y)

(TU)X(TU)' X'Y

that for P(TU)X(TU)’X’Y € Ck,l((t, 'U:), .'l:)7 P(TU)XY =
Prvy), x; Vy | (Tv)x, and note that

Ip

(TUY X'y

(T, U0),X";Y) — (R + Rw)

Z IP(TU)XY((T7 U)/XaY) - (RL + Rij)-

This implies when Pryy x (ruy xy € Cr,i((t,u), ), as shown
by the second expression at the bottom of the page,and hence the
third expression at the bottom of the page, since by Lemma 1

|Ck,l((t7u)7$)| < |Pn(72 x U? x X2 x y)l
< (n+ 1) TPHPIXEY

B. Upper Bound on [T, ok ((t,u),2) (€2

If wefixani =1,2,...,myandan! = 1,2,...,m!, then
&, is the set of all y such that there exist some ((¢,u),z’) €
Qila z’ 7& z, ((t7 U),.’I:7$/7y) admits ajoint type P(t,u)za:’y €
Po(T xU x X% x V) and

I((t,u),x";y) — (Ri + Ri) > I((t,u), ;) — (Ri + Rij).

< Hpg) v Y(1,0), X) Using the identity (131)
/ /.
_ IP(TU)’X’Y((T7 U),X"Y) (129) I(T,U),X;Y) = I(T,U;Y) + I(X;Y | T,U)
on both sides of (131) we see it is equivalent to
into (127), combining with (128) together, we obtain d
(130) shown at the bottom of the page. Again recall I(z';y|t,u) — Ry > I(z;y|t,u) — R;j. (132)
Prvyx = Pawe = Plru), x;»
P 5 P XY = P P == ‘A/
Coi((t,u),z) 2 (TU)X(TU) XY (TU) X (TU) X Py ru)x = Vy [(TU)X
wi(Bu)2) =0 D (T2 x 12 x X2 x V) roycry (LU, X5 Y) = (R + Ria)
Z Ip(,l,u)xy ((T U)/X,Y) - (RZ + Rij)
Iy 3 (Guw),2)  ((tu),z, (tu), 2 y) € Trv)yx@uyxy
Fra((#w), %, Porvyxavyxy) = {y‘ such that (tw) ') € U,  (t,u) # (t,u)
n[H . Y |[(TU),X)—|Ip, o, (T.U),X";Y)—(Re+Re)|*
| Frei (8, w), 2, Prvyx (ruy xv)| < 2 e crunx; ooy TR MGy (10 s ]. (130)

n[H

<2

| P (£, w). 2, Porvyx(roy xv)

P((rvy) x; Vy | (TU) X

Y [(T.0),X)—|1 (T.U).X3Y)—(Ri+Ri;)| ¥

P((rvy) x; Vy | (TU) X

T6r oy (G0 D) V& < o (g, ) ()T

n[

H -
x2 = PUruy XYy | (ru) X

(T.0),X3Y)=(Ri+Ri;))| ]

V@)X p ) oy
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Note that (132) can be represented as for dummy RVs (TU) €
TxU,X € X, X € X,andY € ), the following holds under
the joint distribution Piryxx'v = Pltu)ze'y:

Ip( X/;Y|T,U)—RHZIP(TU)XY(X;Y|T,U)—Rij
where FPiryyxy and Piryyxry are the corresponding
marginal distributions induced by Prryyxxry. Thus,
((t,u),z) ) E2 can be written as a union of subsets

TU)X’Y(

Vy [(TU)X

—H—VY [(TU)X ((t ‘U,),.’E) ﬂ &

= U U Fi((t,u),z, Pruyxxry)
I=1 Piryyx xry €C1((Eu),x)

(133)

where C;((¢,u), ) is given in the last expression at the bottom of
the page, where Pryyx, Prvyx, and Py | (7r)x, etc., are the
corresponding marginal and conditional distributions induced
by Pirvyxx'y, and

Fi((t,u), 2, Prvyxxy)

(), z")

2y, 3 ((t,u),z,2",y) € Tiroyxxry
" such that

((t7 u)azl) € Qil; z’ 7é T

where T(rpyxxy = Tp(TU)XX,y. Using a similar counting
argument, and applying Lemma 3, we can bound, for any
I = 1,2,...,m{, and Piryyxxy € Ci((t,u),z) we have
the first expression at the bottom of the page, and, finally, we
obtain the second expression at the bottom of the page, since

ICi((t,w),2)| < (n+1)ITIIMIIX\2|y|_ 0
APPENDIX C
PROOF OF THEOREM 3
Forward Part (1): It follows from (19)-(21) that

ET(R17R27WYZ|TUX7PTUX) > 0 if and only if
(Rh Rg) € R(WYZ | TUX PTUX)~ It then follows that
ET(Rl, Ry, Wy 4 [ UX) > 0 if (Rl, RQ) S R(WYZ [ UX)-
According to Theorem 2 and the definition of the system JSCC
error exponent, P£") — 0 if the lower bound (34) is positive,
which needs

E.(tHp(S),7THp(L|S), Wyz|ux) > 0.
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This means P — 0 if the pair (rHg(S), 7Hg(L|S)) €
R(Wyz|ux)-

Converse Part (2): The proof follows in a similar manner as
the converse part of [16, Theorem 1] for a broadcast channel. For
the sake of completeness, we also provide a full proof here since
we deal with a two-user channel. We first prove the following
lemma.

Lemma 7:
7_2(WYZ|UX) =R Wy | Ux)

where R'(Wy z |y x) is defined in (49). B

Proof: Tt is straightforward to see that R(Wy z|vx) C
R'(Wyz|ux)- To complete the proof, it suffices to show
R'(Wyzivx) <€ R(Wyzjux). We note that both
R(Wyzjux) and R'(Wyz|yx) are convex and closed.
Therefore, instead of verifying that all (Ri,R2)’s in
R'(Wyz|ux) belong to R(Wy |Ux), we show that all
the boundary points of R'(Wy z|yx) are in R(Wyz|ux).
By the definition of R'(Wy -z | yx ), we note that any boundary
point (Ry, Ry) of R'(Wy z|yx) has to satisfy at least one of
the following conditions.

e Case 1: there exist RV T and Pry x such that

I(U,X;Y)<I(X;Y |T,U)+ I(T,U; Z)
Ry + Ry = I(U, X;Y)
Ry = I(T,U; Z).

This is true since if Ry + Ry < I(U,X;Y) or Ry <
I(T,U; Z), we can increase Ry or Ry which contradicts
the boundary point assumption on (R;, R5).

e Case 2: there exist RV T and Pry x such that

I(U,X:Y) > [(X;Y |T.U) + I(T.U; 2)
Ri+ Ry = I(X;Y |T,U) + I(T,U; %)
Ry = I(T\U; 7).

Now if the boundary point (R;, Ry) satisfies Case 1, clearly,
for the same T and Pryx, we have

R+ Ry =1(U,X;Y)

Ry = I(T,U; Z)
Ry, < I(X;Y |T,U).

Prvyx = Pewe = Piruy, x;»

Proyxxy

CllEw)2) = P (T xUx X2 x V) !

Povyxr = Prvy.x,s Py iavyx = VY|TUX
Ip
(

XY |T,U

TU)X’Y( ’ Al

Z IP(,,,U)XY (X,Y | T7 U) — Rij

n[HP(
|Fi((t,w). &, Proyxxoy)| < 2

(TU)X; Vv | (TU)X

Y [(1,0),X) -1 (X5Y | TU)=Ri; | ¥

Pruy), x; VY [(TU)X

Te, o (o)) (& < (mascnd, ) (n+ 1) TXIEEY]

n[H
X2

Pruy)x; Yy [ (ru)x

Y HTU),X) =11, (XY | T,U)=Ri;] 7]

(TU))x; Yy [(TU)X
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This shows that (R1, Ry) € R(Wyz|yx). Similarly, if the
boundary point ( Ry, R») satisfies Case 2, for such 7" and Pry x,
we have

Ry = I(X;Y|T,U)

Ry = I(T,U; 2)

Ri+ Ry < I(U, X;Y)

and thus, (Ry, R2) € Q(I/I{yz |ux )- Since the boundary points
of R'(Wyz|ux) are in R(Wy z|yx), we conclude that the

entire region of R'(Wy z|yx) is in R(Wy |ux ), and hence
Lemma 7 is proved. O

By lemma 7, it suffices to show that, for any ¢ > 0, if

maX{P( )(QSL Wy zixu,7), éz)(QSL7WYZ|UX7T)}
<e€e,—0

as n goes to infinity, then there exists an RV 7' satisfying ' —
(U,X) — (Y, Z), ie., the joint distribution Pryxyz can be
factorized as PrPyx | 7Wyz|ux., such that

(THq(S), 7Ho(L|S)) € R'(Wyz|ux, Prux)

ie.,

THqg(S, L) < min{I(U, X;Y),
THo(S) < I(T,U; 7).

I(X;Y|T,U)+ I(T,U; Z)}

Fix k = 7n. Fano’s inequality gives

H(S*, L*|Y™) < PS) log, |S* x £¥| + H (pgg) 2 nein
(134)
H(S*|Z") < P{) log, |S*| + H (ng) 2 nesn (135)

where S¥ £ (81, S5, ..., Sy); similar definitions apply for the
other tuples. It follows from (134)—(135) that

kH(S, L)
= H(L*|S*) + H(S¥)
= I(L*Y"|8%) + H(L*|S*,Y™) + (5% 2")
+ H(S*|Z™)
< Z[I(Lk;YJSk’yi—l) +I(S%; 7,27
i=1
+ H(S*, LF[Y™) + nean
Y (L Z7h sk Yy
=1
+I(S* yi~Y 7,2
C LYY ZiSE, 2] 4 n(ern + o),

> (LR YISt Y=t 2
i=1
+1(Z7Yi|st Y
+ I(sk7zi+17yi71;zi)
+ n(eln + 6271,)

IN

IN

— 1YY 2,85, 2]
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where

YTl = (.Y, Vi) and 27 £ (Ziga, Zigs, - Z).

Substituting the identity [11, Lemma 7]

Y HZThYSR YT =Y 1Y Z08%, 2

i=1 i=1

into the above, and setting T; = (S*, V=1, Z"*1) for1 < i <

n yields

kH (S

5

)
[L(L*: Y| T) + I(Ti; Zi)] + n(ern + €2n)

"M:

i
I

<

[I(LF; YT, Us) + I(Ti, Us; Z3)] + nern + €25)

o
'MS

h
Il
-

—~
=2
~

-

&
Il
-

(L(X™ YT, Us) + I(T, Us; Zi)] + n(ein + €2n)

[I(XL7Y|TL7U ) + I(Tu Uw Z; )] + n(eln + 6Zn)

A
IS
M-

1

2

(136)

where (a) holds since U; is a deterministic function of S* and
hence of T;, (b) follows from the data processing inequality,
and (c) holds since Y; is only determined by U; and X; due
to the memoryless property of the channel. On the other hand,
kH (S, L) can also be bounded by

kH(S,L) = H(S*, L")
=I(S* L*;v™) + H(S*, LF|y™)
< I(X™U™Y™) + new,

:ZI Ui, Xi:Yi) 4 nern. (137)

=1

Likewise, it follows from (135) that
kH(S) = H(S*)
=1(S*2") + H(S*|2")

=>"1(5% 212" + H(S* | Z")
i=1

< ZI(S’“,ZHI;ZZ-)—i—nGZn
i=1

< ZI(Skvyi_17Zi+17Ui;Zi) + nean

i=1

n

= ZI(Ti,U,;;Zq;) + neop.

i=1

(138)

Note also that T; — (U;, X;) — (Y5, Z;) forall 1 <4 < n.
According to (136), (137), and (138), and recalling that k = 7n,
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itis easy to show (e.g., see [11]) that there exists an auxiliary RV
T with PTUA\'YZ = PTPU}( | TWYZ |UX such that

TH(S7 L) < Inin{IPUXYZ (U X; Y)
IPI'UX\’Z (X; Y | T7 U) + IPI'UX\'Z (T7 U; Z)}
TH(S) SIpryxys (T7 U; Z)

It remains to show that the alphabet of the RV T can be limited
by |T| < |U||X]|+ 1;i.e., we will show by applying the support
lemma below, which is based on the Carathéodory theorem (cf.
[10, p. 311]) that there exists an RV T with |7| < [U]|X| + 1
such that Pg; vy, = P3P, X\TWYZ |vx and

and
(IPUXYZ(U7 X Y)7 IP’I‘UXY'/ (T U; Z): IPI'UXYZ(X; Y | T, U))
= (IPUXYZ(U7X;Y) Ip, (T7 U; Z)7

TUXY Z
Ip,, ., ,(X:Y|T,U)). (139)

TUXYZ

Lemma 8: ([10, Support lemma, p. 311]) Let f;, j = 1,
2,..., k be real-valued continuous functions on P(X). For any
probability measure p on the Borel o-algebra of P(X), there
exist k elements Py, P, ..., P, of P(X) and k nonnegative
reals ag, as,...qa) with Z —, @; = 1 such that for every j =

1,2,....k

(1]
/ fi(P
P(X)

k
P) = Z Oéifj(P
=1

[2]
We first rewrite 31
IPTUXYZ(T7 U/Z) = H(Z) - H(Z|T7 U) [4]
and
Ippy sy, (X:Y | TU)) = HY |T,U) — H(Y |X.,T.0) 5
=HY|T,U)- H(Y|X,U)
. . [6]
where the last equality follows since T — (U, X) — Y
forms a Markov chain. To apply the support lemma, we define [7]
the following real-valued continuous functions of distribution
Pyx7(-,-|t)on P(U x X) for fixed t € T: 8]
fi(Pyx | r(u,x[t)) £ Pyx 7 (u,xt) )
(10]
for all (u,z) € U X X except one pair (u,z), so there are
m — 1 = |U||X| — 1 functions; i.e., ¢ ranges from 1 to m. (i
Furthermore, we define real-valued continuous functions
[12]
fm(Pox 7(u,zlt)) & H(Z|T = t,U)
and [13]

fmt1(Pox | r(u,z|t)) £ HY | T = t,U).

[14]
According to the support lemma, there must exist a new RV
T (jointly distributed with (U, X)) with alphabet size ||

[15]
m+1 = |U||X]|+ 1 such that the expectation of f; with respect

to P, =1,2,...,
convex combination of m + 1 points, i.e.,

1517

m + 1, can be expressed in terms of the

Pyx(u,z) ZPT t)fi(Pux|r(-- 1))
—ZP )i(Pux (50 19),
i=1,2...,m—1 (140)
H(Z|T,U) =Y Pr(t)fm(Pux | 7(-| 1))
:iPA () fon(Pyx (- 1)
= ;(Z|T U) (141)
HY |T,U) = Pr(t)fmi1(Pux (- |1)
= ZT: Pp(8) fn (P (5 )
= ;(Ym U). (142)

Clearly, T — (U, X) — (Y, Z) forms a Markov chain and
(139) holds. The proof for the converse part is complete.

O
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