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Linear Systems

The problem of finding the solutions to a system of linear equations
provides the theoretical and computational foundation for linear
algebra. In this chapter, we introduce linear systems and elementary
row operations, we repackage the features of a linear system in a
matrix, and we present an algorithm for solving linear systems.

4.0 Systems of Linear Equations

How CAN WE FIND THE INTERSECTION OF A COLLECTION OF
HYPERPLANES? A linear equation in the variables x1,xp, ..., x, is an
equation of the form ajx; + axy + - - - + apx, = b where constant
term is b € K and the coefficients are the scalars aj,ay,...,a, € K.
A linear system, short for a system of linear equations, is a finite
collection of linear equations. A solution to a linear system is a vector
U:=0161+0v26+ -+ v, €, € K" such that the corresponding point,
relative to the origin, lies on each hyperplane in the collection. The
solution set of a linear system is the set of all solutions. The phrase
"to solve the system" means to explicitly describe the solution set.

Problem. Solve the li ¢ ¥ 2y=-1 Sl
4.0.0 Problem. Solve the 1nearsysem{7x+3y: 3} x—2y=-1 0 SR
Geometric solution. These lines intersect only at the point (3,2). O Figure 4.0: Intersection of two lines
4.0.1 Problem. Solve the linear system { _i N %g — _:15 }
Geometric solution. The lines are parallel, so there is no solution. O —x+2y=3
r=2y=-1 Py
. x—2y=-1 . .
4.0.2 Problem. Solve the linear system | _. Y2y= 1) Figure 4.1: Two parallel lines

Geometric solution. The lines coincide, so every point on one line
belongs to the solution set. Since the points (—1,0) and (1,1) lie on
both lines, the solution set can be described as

{A-t)(—&)+te +&)|teK}={(2t-11t) |teK}.
Alternatively, we also have
{1-s)(1&)+sE+e&)|seK}={(si(s+1)|seK},

because the points (0,1/2) and (1,1) also lie on both lines. O
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4.0.3 Definition. A linear system is consistent when it has at least one
solution; it is inconsistent when it has no solutions. Geometrically,

a linear system is consistent if its hyperplanes have a nonempty
intersection.

How CAN WE FIND THE SOLUTION SET OF A LINEAR SYSTEM? Two

linear systems are equivalent if they have the same solution set. The

basic strategy to solve a linear system is to recursively replace a given
linear system with another equivalent one that is easier to solve.

The following three operations, called elementary row operations,

produce equivalent linear systems. As an abbreviation, we use the

vector 7; to denote the j-th equation in a linear system.

(row add) Replace one equation by the sum of that equation and a
scalar multiple of another. Symbolically, we have #; + c 7 — 7; for
some j # k and ¢ € K.

(row swap) Interchange two equations or { ;i : ?]‘ } for some j # k.

(row multiple) Multiply all the terms in an equation by a nonzero
constant or c#; — 7; for some 0 # ¢ € K.

As we will see, the elementary row operations produce equivalent

linear systems because they are "invertible"; they can be undone by

another elementary operation.

x=2y+ z= 0
—4x +5y +9z=-9

4.0.4 Problem. Solve the linear system { 2y —8z= 8

Solution. Elementary row operations give

— — 1. - _ —
X %z i_ 8; ; g 7 = x 25 i_ 4§ ; 2 3+47 =73
—4x +5y +9z=-9 —4x +5y +9z=-9

73+3 773 {x_zgi_lli;g} To+4 737> {x_zz+z;1g}
Z:3 zZ = 3

71 773’-)?1 X = 2]]; i _12 ?1+2?2l—>?1 X y i %2 )
Thus, the unique solution is the point (29,16,3) € R>. O
(29) —2(16) + (3)= 0
Verification. We have 2(16) —8(3)= 8 ;. O
—4(29) +5(16) +9(3) = —9
y—4z=38
4.0.5 Problem. Solve the linear system { 2x —3y +2z=1 5.
5x —8y+7z=1

Solution. Elementary row operations give

y - 4; z? ?37% ?2!—)73 2x _ 35 —T_ gi i ? 17'3+%?1P—)?3
z=1 _%

—y+2z=
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A linear system is most often given by
writing each linear equation on a
separate row.

y— 4z= 4

x—=2y+ z= 0
-3y +13z=-9

22 oy —3y+2z=1%,

0=3
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so these equivalent systems have no solutions and the original system

is inconsistent. O
V2ix+ oy =0
4.0.6 Problem. Solve the linear system —x+2iy+ z=0
—y+V2iz=0

Solution. Elementary row operations give

V2ix+  y =0) . 5. —y+v2iz=0
2
—x++2iy+  z=0 LAl nuN —x+V2iy+  z=0

—y++2iz=0 —y++V2iz=0

—y+V2iz= ot V2T 5T —y+V2i
—x 4+ \/Eiy—i- z E— x —
0

R { yﬁiz:o} BTN { y—V2iz
—> 9y —x - z=0p —q{x + z
0=0 0

so the solutions set is

173 —?1 >—>73
_—

0 — X = —Z 7
0 0= 0

~1
{—te +V2ité+té | teCh =3t [V2i| [teCy . O
1
V2i(—t) + (V2it) =0
Verification. We have —(—t) + V2i(V2it) + (t) =0
—(V2it) + V2i(t) = 0

Exercises

4.0.7 Problem. Determine which of the following statements are true.
If a statement is false, then provide a counterexample.
i. In a linear system, the same equation can appear more than
once.
ii. A linear system must have more than one linear equation.
iii. In a linear system, the number of equations must equal the
number of variables.
iv. All linear systems have a nonempty solution set.
v. A consistent linear system must have exactly one solution.
vi. A linear system is inconsistent if it has infinitely many solutions.
vii. There are four types of elementary row operations.
viii. Multiplying an equation by 0 produces an equivalent linear

system.
y + 4z = -5
4.0.8 Problem. Solve the linear system ¢ x + 3y + 5z = —2 5.
3x +7y +7z= 6
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4.0.9 Problem. Solve the linear system

iZl+(1+i)Z2 =i
(1—-1i)z1 + Zyp —izz =1, .
izg + zz3 =1

4.0.10 Problem. Establish that the elementary row operations are
invertible by proving the following identities.
i. Forall j # k and all ¢ € K, show that the row add operations
7; + cFy — 7j an #; — c ¥y — ¥j compose to the identity in either
order.
ii. For all j # k, show that the row swap operation is involutive; it
is its own inverse.
iii. Forall0 # ¢ € K, show that the row multiple operations
c#j — 7; and %?] — 7j compose to the identity in either order.

4.1 Matrices

How CAN WE WORK EFFICIENTLY WITH LINEAR SYSTEMS? For any
The mathematical term "matrix" was

two nonnegative integers m and n, an (m X n)-matrix is an array of coined in 1850 by J.J. Sylvester

scalars consisting with m rows and n columns:

4,1 412 @3 v Ap
aq1 A2 A3 -+ Ay
A= laj] = |91 32 33 -0 A3
Am1 Am2 Am3 *°° Amn

Two matrices are equal if they have the same number of rows, the
same number of columns, and their corresponding entries are all
equal. The two important matrices associated to the linear system

a1,1%1 + ajpxp + -+ + a1 uxp = by
Ap1X1 + apXxp + -+ + axuxy = by

AmaX1 + AmpX2 + - + AmpXn = b

are the coefficient matrix and the augmented matrix

ayy aip - Ay aiq aip v Ay 21

a1 a2 -+ An a1 412 - A1n 02

A=layl=1| "7 7 . . and A D
7

Am1 Am2 " Ammn A1 Amp A b

The elementary row operation introduced for linear systems naturally
extend to matrices.

2x+2y =0
4.1.0 Problem. Solve the linear system ¢ x—2y —iz=0 3.

ix+ y+ z=0
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Solution. Elementary row operations applied to the augmented

matrix associated to this linear system give

2 2 00] ;.. [1 1 00 1 10
12 -io] 2275 |1 —2 —jo| 22027 1 3 —
i 110 i 1 10 i 11
T3—it =73 1 00 (141) P73 1 0 0
RENELEARAEN, 1)) 0| —/25 10-3 —i 0
01 110 02 1+4i0
%+ﬁkﬁ% 1 1 00 ﬁ*3%kﬁé 1 1 0 0
BIRTB10 =3 —i0| 2257210 0 —3-i0
0-1 10 0-1 1 0
om0 90 s [0 070
0-110 0-110
fpor, |1 00004 o s (L 000
427510 010 2=—=210 010
0-110 0-100
e [1000] 2B T1000
S5 loo1o0l 22310100
0100 0010

x1=0

1
Hence, the given linear system is equivalent to {xz—O}, so the unique

. o 0 x3=0
solution is 0 = [8} .

O

The next definition describes the “simplest” matrices obtained via

elementary row operations.

4.1.1 Definition. The leading entry of a row refers to the leftmost

nonzero entry. An (m X n)-matrix is in reduced row echelon form if it

satisfies the following properties:

e the first r rows are nonzero and the last m — r rows are zero;

e the leading entry in any row is always to the right of the leading

entry of the row above it or, equivalently, when the leading entry

in the j-th row lies in the k]-—th column, we have k1 < k, < - --

forall1<j<r;
o the leading entry in each nonzero row is 1;
e each leading 1 is the only nonzero entry in its column.

The reduced row echelon can be visualized as

where * denotes an arbitrary scalar.

F00 --- 1T % % -+« %x 0 % % --- % 0 % % --- %
00---000 - 01 =% --- %0 %% --+ x%
00 000 - 0000 01 % % *
00 000 - 0000 0000 0
L100.--000---0000---0000 0

< k;
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0000 1 % % * 01 % %
{0000}, [0000}, {OOOO],
0000 0000 0000
001 0001 10 % *
{0000}, [0000], {01**],
0000 0000 0000
10 * 1xx*0 010 *
{001*], [0001}, {001*],
0000 0000 0000
01x0 0010 100 =
{0001}, [0001], {010*],
0000 0000 001 *
10%0 100 0100
{01*0}, [0010], {0010].
0001 0001 0001

Table 4.1: The distinct reduced row
echelon forms for a (3 x 4)-matrix
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The next subsection shows that each matrix is equivalent to a
unique matrix in reduced row echelon form and that the reduced
row echelon form can be obtained by a (non-unique) sequence of
elementary row operations.

4.1.2 Problem. Find the reduced row echelon form of the matrix

0 3
3 -7
3 -9

Q1 \O U1

6 64
8§ -58
12 -96 1

Solution. Elementary row operations give

0 3-6 64 -5 1, [0 3-6 645 BORMor 3 432 5
3 -7 8-58 9|23 -7 8-58 9| L7513 _7 8_-58 9
3 -9 12 -96 15 1 -3 4-32 5 0 3 -6 64 -5
o .. . -3 4-32 5 1. .- 71-3 4-32 5. ... .. [10-235—-4
B8RO0 2 4 42 6| 22 00 1 -2 21 —3| AF3EURL g1 521 3
0 3 -6 64 -5 0 3 -6 64 -5 03 —664 —5
o ap [10-235 4] . . . [10-230-24]_ _ . 0 —230 —24
BERTBI01 —221 =3 2287 1p1 —221 -3 28572101 —220 -7
00 001 4 00 001 4 00 001 4
O

Exercises

4.1.3 Problem. Determine which of the following statements are true.
If a statement is false, then provide a counterexample.
i. A matrix must have the same number of row and columns.
ii. The matrix entry a;; lies in the jth row and the kth column.
iii. For a given linear system, the associated augmented matrix has
one more row than the associated coefficient matrix.
iv. If a linear system has m equations and #n variables, then the
associated augmented matrix has m rows and n 4 1 columns.
v. The zero matrix is in reduced row echelon form.

4.1.4 Problem. Find the reduced row echelon form of the matrix

1 1 2
-1 2 5
1 -1 -3
1 0 -1

4.1.5 Problem. List all of the distinct reduced row echelon forms for a
(4 x 6)-matrix.

4.1.6 Problem. Examine compositions of the row add operations.
i. Forallj # kand all ¢,d € K, show that the composition, in
either order, of row add operations 7; + c# — 7; and 7#; + d 7} —
7; equals the row add operation #; + (c + d) 7 — 7}.



