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Exercises

2.2.4 Problem. Determine which of the following statements are true.
If a statement is false, then provide a counterexample.
i. The zero vector space has no basis.
ii. Every vector space has a finite basis.
iii. Every vector space that is spanned by a finite set of vectors has a
basis.
iv. Every linear subspace of a finite-dimensional vector space is
finite-dimensional.
v. For any nonnegative integer n, there exists a vector space of
dimension n.

2.3 Coordinates

WHY ARE BASES IMPORTANT FOR COMPUTATIONS? Choosing a basis
for a K-vector space V allows one to identify V with a coordinate
space K" and, thereby, exploit our many computation techniques.

2.3.0 Proposition (Basis means unique linear combination). The vectors
v1,02...,0y form a basis for the IK-vector space V if and only if any vector
w in V is a unique linear combination of the vectors v1, vy, ..., Uy.

Proof.

=: Suppose that the vectors vy, v, ..., v, form a basis for V. Fix a
vector w in V. Since V = Span(vy, vy, ..., v,), there exists scalars
€1,€2,...,cp in K such that w = cyv1 + co vy + - - - 4+ ¢, vy, If we also
have w = dyv1 +dyvp + - - - + d,, v, for some scalars dq,d>,...,d,
in K, then we obtain

0=w-—w=(c1—d1)v1+(c2a—da)va+  +(cn—dn)vn.

Since the vectors v1, v, ..., v, are linearly independent, it follows
thatcy —dy = ¢cp —dy, = -+ = ¢, —d,, = 0 and the two linear
combinations are the same.

«: Suppose that each vector w in V is a unique linear combination
of the vectors v1,vy, ..., v,. Because this holds for every vector in
V, it follows that Span(vy, vy, ...,v,) = V. The definition of linear
independence is equivalent by saying that the zero vector 0 is a
unique linear combination of the vectors vy, vy, ..., v,. Thus, the
vectors vy, vy, ..., v, form a basis for V O

By focusing on the coefficients in the unique linear combination of
the basis vectors, we obtain the associated coordinate vector.

2.3.1 Definition. Let B := (vq,vy,...,0y) be an ordered basis for the
K-vector space V. For any vector w in V, the coordinate vector of w
relative to the basis B is the unique vector (w)g = [c1 ¢2 -+ 4"
in K" suchthatw =cjv1+cyvo+ -+ ¢, 0y
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An ordered basis is also called a frame.
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2.3.2 Problem. Consider V := {f € R[t|<; | folf(t) dt = 0}. Show that
V is an R-vector space and B := (t — 1/2,+> — 1/3) is an ordered basis.
Compute the coordinate vector of 3t> — 2t with relative to B.

Solution. The zero polynomial belongs to V, so we have V # &. For
any polynomials f, g in V and any scalars b, ¢ € R, we have

/Ol(bf+cg)(t)dt - b(/olf(t)dt> +c(/01g(t)dt> — b(0) +¢(0) =0,

and the linear combination b f + c g also lies in V. Thus, the subspace
test [1.2.0] shows that V is a linear subspace of R[t].

Since any vector f in R[t]<, has the form f := ag + ay t + ap t? for
some scalars ag, 41,4, € R, it follows that

1
JO
Asay = —a1/2 —ay/3, we see that f = a1(t —1/2) +ay(t? —1/3) and
V = Span(t —1/2, 21/ 3). To show that these functions are linearly
independent, consider a linear relation ¢; (f —1/2) + ¢ (> —1/3) = 0.
Evaluating att = 1/2and t = 1/4/3 implies that c; = ¢ = 0. We
conclude that B = (t — 1/2,t> — 1/3) is an ordered basis for R-vector
space V and dim(V) = 2.
Finally, the equation 3t? — 2t = —2 (t — 1/2) + 3 (> — 1/3) implies

1 1
O:/o f(f)dt:/ ag+art+ayt?dt = [a0t+“71t2+%2t3}0:a0+%a1+%a2.

that the coordinate vector is (3t> — 2t)g = [-2 3T € R2. O

T . . . Some values are easy to determine.
2.3.3 Definition. For all nonnegative integers n and k, the binomial o For any nonnegative integer 1, we
coefficient (}) is the number of subsets of the set {1,2,...,n} with k have () = 1 because the empty set is

the unique set with no elements.

elements. For instance, the 2-element subsets of {1,2,3,4} are {1,2}, « For any nonnegative integer 7

{1,3}, {1,4}, {2,3}, {2,4}, and {3,4}, SO (é) =6. we have () = 1 because the set
o {1,2,...,n} itself is the unique set
2.3.4 Binomial Theorem. For all nonnegative integers n and all scalars a with 1 elements.
in K, the coordinate vector of the polynomial (t + a)" in K[t|<, relative to * Forany nonnegative integer 7, we
. . . n have (3) = n(n —1)/2 because
the monomial basis M := (1r k...t ) 1s there are n ways to choose the first
T element, n — 1 ways to choose a
n n n n :
4 a)" — a” a1 a2 ... a lKnJrl . different second element, and 2 ways
((t+a)%)ne |:<O> <1> 2 n < to order them.
" n
In other words, we have (t+a)" =) (k) a" ki,
k=0

Proof. When we expand (t +a)" = (t+a)(t+a) --- (t + a) using the
distributive property, every term is a product of n factors and each
factor is either ¢ or a. The number of terms with k factors of + and

n — k factors of a is the coefficient of t*a" . This is exactly the number
of ways to choose k of the n binomials that will contribute a ¢, so

n
(t+a)n _ (g) a4+ <rll> a”’lt—f— (Z) a2 f2+' o (Z)a0 Mo 2 <Z> anfk tk,
k=0

and ((t+a)")n = [(a" (Da* ! (a2 -+ (Da’]". =
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2.3.5 Problem. Let n be a nonnegative integer and let a be scalar in K.

Show that that the list of polynomials (1, (t —a), (t —a)?,..., (t —a)")
is an ordered basis for the K-vector space K[t]<,

Solution. The n + 1 entries in the given list lie in K[t]<,. Knowing that
dimK[t|<, = n + 1, it suffices to prove that these polynomials span
K[t]<n. For all 0 < k < n, the Binomial Theorem shows that

k

k— —a ak: kak; —a)l
th = ((t—a) +a) Z<].> Mt —a),

so the monomial # lies in Span(1, (t — a), (t —a)?,..., (t — a)").
Since the canonical basis for K[t|<, is (1,t,t,...,t"), we deduce that
K[t]<n C Span(L, (t —a), (t —a)?, (t —a)3,..., (t —a)") CK[tl<p. O

Exercises

2.3.6 Problem. Determine which of the following statements are true.

If a statement is false, then provide a counterexample.
i. The set RR of a real-valued functions on the real line is a R-
vector space.
ii. The set ZN of a integer sequences is a Q-vector space.
iii. The set Q[t] of rational polynomials is a linear subspace of Q°.

2.3.7 Problem. Fix a nonnegative integer n. For each 0 < k < n,
consider the Bernstein polynomial

biat) = () #1-* e Q.

i. Show that bg,(t),b1,(t),..., bunx(t) form a basis for Q[t]<,

n
ii. Prove that ) bj,(t) =1.
=0
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3
Linear Transformations

Maps between vectors spaces are as crucial as the spaces themselves.
This chapter illustrates the prevalence and the significance of maps
that are compatible with taking linear combinations.

3.0 Homomorphisms

WHAT ARE THE MOST IMPORTANT MAPS BETWEEN VECTOR SPACES?
When studying a particular type of mathematical object, the maps
that preserve the underlying structure are especially important.

3.0.0 Definition. Let V and W be two K-vector spaces. A linear map
(also known as a linear transformation or homomorphism) is a map

T: V — W such that, for all vectors v, w in V and all scalars b, ¢ in K,
we have T[bv + cw] = bT[v] + ¢ T[w]. The set of all linear maps from
V to W is denoted by Hom(V, W).

3.0.1 Problem. Show that left multiplication by a fixed (m x n)-matrix
defines a linear map from K" to K".

Solution. Given an (m x n)-matrix A, consider the map defined, for
all vectors v in K", by v +— Awv. For all vectors v, w in K" and all
scalars b, ¢ in KK, the properties of the matrix multiplication establish
that A(bv + cw) = b(Av) + c(Aw). O

3.0.2 Problem. Prove that multiplication by a fixed polynomial defines
a homomorphism from K[¢] to itself.

Solution. Given a polynomial / in K[t], consider the map defined,
for all f € K[t], by f — fh. For all polynomials f, ¢ in K[t] and
all scalars b, c in KK, the distributivity of multiplication implies that

(bf+cg)h=>b(fh)+c(gh). O

3.0.3 Proposition (Properties of linear maps). Let V and W be two
K-vector spaces.
i. For any linear map T: V — W, we have T[0y]| = Op.
ii. The zero map 0: V. — W, that sends each vector in V to the additive
identity in W, and the identity map idy : V — V are both linear.
iii. The composition of linear maps is again linear.
iv. A linear combination of linear maps is linear.
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The word “homomorphism” comes
from ancient Greek: 0p6g (homos)
means “same” and pop¢1rj (morphe)
means “form” or “shape”.

Calculus shows that differentiation
defines a linear map from the vector
space of all differentiation functions to
the vector space of all functions.
Similarly, integration defines a linear
map from the vector space of all
integrable functions to the vector space
of all functions.
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Proof.
i. The definition of a linear map and the additive identity property
in V give T[0y] = T[0y + Oy] = T[0y] + T[0y]. Using the additive
identity and additive inverse properties in W, we obtain

Ow = T[0y] = T[0y] = T[0v] + T[0v] — T[0y] = T[0y] + 0w = T[0v].
ii. For all vectors v, w in V and all scalars b, ¢ in K, we have

0[bv+ cw] = 0w = b0y + cOw = bO0[v] + cO[w],
idy[bov+cw| =bv+cw=bidy[v] +cidy[w].

iii. LetS: U — Vand T: V — W be linear maps between K-vector
spaces. For all vectors v, w in U and all scalars b, ¢ in KK, we have

(ToS)bv+cw]=T[S[bv+cw]]
= T[bS[v] + c S[w]]
— b T[S[o]] +c T[S[aw]] = b (T o S)[o] +¢ (T o S)[aw].

iv. Let T: V. — Wand T': V — W be linear maps between K-vector
spaces. For all vectors v, w in V and all scalars 4,b, c,d in K, we
have

(aT+bT)[co+dw]=aT[co+dw]+bT [cv+dw)
= ac T[v] + ad T[w] + be T'[v] + bd T'[v]
=c(aTw]+bT [v]) +d(aT[w] +bT [w))
=c(@aT+bT)o]+d@T+bT)|w]. O

3.0.4 Corollary. For all K-vector spaces V and W, the set Hom(V, W) of
linear maps is a linear subspace of the K-vector space V.

Proof. By combining second and fourth properties of linear maps,
the subspace test [1.2.0] shows that Hom(V, W), equipped with
pointwise operations, is a linear subspace of V. O

3.0.5 Problem. Show that the functions cos(x), sin(x) are not linear.

Solution. Since cos(0) = 1 # 0, the cosine function cannot be linear.
Since sin(% — Z) = sin(Z) = } and sin(%) —sin(%) =1— @ # 3,
the sine function is not linear. O

3.0.6 Problem. Let V and W be K-vector spaces. Show evaluation at a
fixed vector v in V defines a linear map from Hom(V, W) to W.

Solution. For all linear maps f, g in Hom(V, W) and all scalars b, ¢ in
K, we have (b f +cg)[v] = b(f[v]) + c(g[v]) because both the addition
and scalar multiplication on Hom(V, W) are defined pointwise. O

3.0.7 Proposition (Linear maps via a basis). A linear map is uniquely
determined by its values on a basis and may take arbitrary values on a basis.
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Proof. Consider a linear map T: V — W and a basis v, vy, ..., v, of
the K-vector space V. For all 1 < k < n, set wy := T[vg]. For any
vector u in V, there exists unique scalars c,cy, ..., ¢, in K such that
u=c1v+cv+- -+ c, v, because v1,vy,...,0, is a basis for V.
The linearity of the map T implies that

Tlu] = Tlciv1 + 20+ -+ + Cn 0y)
= c1(T[v1]) + c2(T[v2]) + -+ - + cu(T[vu])
=cwt+cwy+---+ Wy,

so the output T[u] is determined by the vectors wq, wy, . .., wy.

Given an arbitrary collection of vectors w1, wy, ..., wy, in W, define
themap T": V. — Wby T'[u] := ¢y wy + cowy + - - - + ¢ wy. For any
vector #' := ¢} v, +chv,+ - + ¢, v, in V and all scalars 4,b in K, we
obtain

T'[au + bu'] = T[(acy + bc)) v1 + (acy +bch) va + -+ - + (acy + bel,) vy)
= (acy + bch) wy + (acy + beh) wy + - - - + (acy + bey,) wy,
=a(crwy+wy+ -+ cuwy) +b(cywy +cywy + -+ ay wy)
=a(T'[u]) + b(T'[u']).

Thus, T’ is a linear map satisfying T'[vx] = wy forall1 <k <n. O

Exercises

3.0.8 Problem. Determine which of the following statements are true.
If a statement is false, then provide a counterexample.
i. The function f: K — K defined by f(x) = x + 1is a linear
transformation.
ii. There exists at least one linear transformation between any two
K-vector spaces.
iii. Conjugation of complex numbers defines an IR-linear map from
C to itself, but not a C-linear map.

3.1 Kernels and Images

WHAT ARE THE CANONICAL LINEAR SUBSPACES ASSOCIATED TO A
LINEAR TRANSFORMATION? Extending our nomenclature for matrices,
any linear map determines the two fundamental linear subspaces.

3.1.0 Definition. For a linear map T: V — W, the kernel and image
are the following subsets:

(kernel) Ker(T):={v € V| T[v] =0},

(image) Im(T) := {w € W | there exists v € V such that w = T[v]}.

3.1.1 Remark. When A is an (m x n)-matrix and T: K" — K™ is
defined by T[¥] := A ¥, the kernel Ker(T) consists of the solutions to
homogeneous linear system T[X] = A¥ = 0.

27
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3.1.2 Proposition. For any linear map T: V — W, the subsets Ker(T) and
Im(T) are linear subspaces of V and W respectively.

Proof. The properties [3.0.3] of linear maps include T[0y] = Oy, so
Ker(T) # @ and Im(T) # @. For all vectors v, v’ in Ker(T) and all
scalars b, ¢ in K, we have

T[bv+c?d'] = b(T[v]) + c(T[v']) = b0y + c Oy = Oy,

so the linear combination b v + c v lies in Ker(T). Furthermore, for
all vectors w, w’ in Im(T), there exists vectors v, v’ in V such that
T[v] = w and T[v'] = w'. Hence, for all scalars b, ¢ in K, we obtain
Tlbv +c?'] = b(T[v]) +¢(T[v']) = bw + cw’ € Im(T). Thus, the
subspace test [1.2.0] shows that Ker(T) is a linear subspace of V and
that Im(T) is a linear subspace of W. O

3.1.3 Definition. A map T: V — W is defined to be

e injective if, for all vectors v, w in V, the equality T[v] = T[w]
implies that v = w.

e surjective if, for any vector w in W, there exists a vector v in V
such that T[v] = w

3.1.4 Proposition (Injectivity and surjectivity via linearity).
i. Alinear map T: V — W is injective if and only if Ker(T) = {0y }.
ii. A linear map T:V — W is surjective if and only if Im(T) = W.

Proof.

i. =: Suppose that T is injective. For any vector v in Ker(T), the
properties [3.0.3] of linear maps imply that T[v] = 0 = T[0].
Since T is injective, we have v = 0, which establishes that
Ker(T) = {0}.

<: Suppose that Ker(T) = {0y }. For any vectors v, w in V such
thatT[v] = T[w], we have Oy = T[v] — T[w] = T[v — w], which
means v — w € Ker(T). It follows that v — w = 0y and v = w,
establishing that T is injective.

ii. The map T is surjective if and only if, for any w € W, there exists

v € V such that T[v] = w, which is equivalent to Im(T) = V. O

3 1. 5 Problem Consider the linear map S: C(R) — C!(R) defined by
fo ) dt. Determine whether S is injective or surjective.

Solution. When 0 = S[f] = fo dt the Fundamental Theorem of
Calculus implies that 0 = dx @A f(x),so Ker( = {0} and
S is injective. Since (S[f])( fo ) dt = 0and ¢® = 1, there does
not exists a function f € C( ) such that S[f] = e*, which shows that
S is not surjective. The image Im(S) is the set of functions g € C!(R)
satisfying ¢(0) = 0, because the Fundamental Theorem of Calculus
also establishes that (S[¢'])(x) = g(x) — g(0). O
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3.1.6 Theorem (Dimension formula). Let V and W be K-vector spaces
such that 'V has a finite dimension. For any linear map T: V — W, we have

dim(V) = dim(Ker(T)) + dim(Im(T)) .

Proof. Setn := dim(V). Let uy,u, ..., u; be a basis for Ker(T), so
that k = dim(Ker(T)). Since V is finite-dimensional, the extremal
properties of a basis [2.2.1] show that we can extend this linearly
independent set to a basis of V: there exists vectors v1,vy,..., v,k
in V such that uq,uy, ..., uy,v1,0s,...,0,_i is a basis of V. For all
indices j satisfying 1 < j < n — k, set w; := T[v;]. We claim that the
vectors w1, wy ..., w,_i form a basis for Im(T). This claim implies
that the image Im(T) has dimension n — k = dim(V) — dim (Ker(T))
and confirms the dimension formula.

To prove the claim, we first show Im(T) = Span(wy, wy ..., w, k).
The definition of the image implies that, for any vector w in Im(T),
there exists a vector v in V such that w = T[v]. Given our chosen
basis for V, there exists scalars aq,4ay,...,ax,b1,by,...,b,_; in K such
thatvo = ayuy +apup + -+ - +agu +byoy +bpvy + - + by 0,k
Applying the linear map T, we obtain

w = T[]
=Tlayuy +ayup + - +agug +byoy +byvy+ - - + by v, ]
a1(T[m]) + ax(Tluz]) + - - - + a(T[me])
+b1(T[‘01]) + b2<T[772]) et bnfk(T[vnfk])
:a10+a20+-'-+ak0+b1w1+bzwz+-~+bn,kwn,k
=biw +bhwy+ -+ by w, i,

so w € Span(wy, wy ..., w,_ i) and Im(T) = Span(wq, wy ..., w, k).
To establish linear independence, suppose that there exists scalars

€1,62,...,ch_rin Ksuch thatcywi +cowr + -+ c_pwy—_ = 0. It

follows that, for the vector u :=cyv1 +crv2 + - - - + €k U;,—k, We have

T[u] = c1(T[v1]) + c2T[v2]) + -+ + cpi (T —x])
=cwt+cwy+--+cu_pwy,_x=0,

sou € Ker(T). Since the vectors uy, uy, ..., u, span Ker(T), there
exists scalars dq,dp, ..., dy € Ksuchthatu =dyuy +doupy + - - - +dj uy,
which implies that

O=u—u=dyu+dyup+ - +dup —c191 —C202— "+ — Cp_ Vy_g-

Hence, wesee thatd, =dy = ... =d, =ci=c = =c¢,_r =0,
because the vectors uq,uy,...,u,v1,02,...,0,_; form a basis for V.
Therefore, the vectors wy, wy, ..., w,_i are linearly independent and
form a basis for Im(T). O
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