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Inner PrOduCtS Last updated: 2022-03-13

Compared to the coordinate space IR", an abstract vector space lacks
geometry. For example, it does not have the concept of the length

of a vector. To regain some geometry, this chapter introduces an
additional structure that associates a scalar to each pair of vectors.

7.0 Inner Products

How DO WE CONCOCT AN ANALOGUE OF THE DOT PRODUCT? The
desired structure builds on the properties of the dot product.

7.0.0 Definition. An inner product on C-vector space V is a function The axiomatic definition of an inner

from V x V to C, sending the pair (v, w) of vectors in V x V to the product was first given by Giuseppe

scalar (v, w) in C, that satisfies the following four properties: Peano in 1898.

(linearity) (cu +dv, w) = c(u,w) +d (v, w) forall u,v,win V and all ¢,d in C.
(conjugate-symmetry) (v, w) = (w, v) forallv,win V.
(nonnegativity) (v,9) >0 forallvin V.
(positivity) (v,v) = 0if and only if v = 0.

An inner product space is a vector space together with a specified
inner product.

7.0.1 Remarks.

e For any fixed vector w in V, linearity asserts that the map from V Conventions differ as to which

to C defined by v — <Z) , w) is linear. argument should be linear. In quantum
mechanics and mathematical physics,

. . one traditionally defines linearity in the
have (v,v) = (v, v) or equivalently (v,v) € R, so the nonnegative second argument.

property is well-defined.

e Conjugate-symmetry guarantees that, for all vectors v in V, we

e When working over R-vector spaces, conjugate-symmetry is just
symmetry: (v, w) = (w,v) for all v and w in V.

7.0.2 Notation. For any nonnegative integers m and , the conjugate- Since conjugation and taking the
transpose are both involutions, we have

transpose of a complex (m x n)-matrix A is the (n x m)-matrix (A*)* — A for all A.

A =AT=(A)".

7.0.3 Problem. Let n be a positive integer and let A be an invertible
complex (n x n)-matrix. Show that (v, w) = w* A* Av defines an
inner product on the coordinate space C".
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Solution. For all vectors u, v, w in C" and all scalars ¢, d in C, the
linearity of matrix multiplication gives

(cu+dov,w)=w"A"A(cu+dv)
=c(w" A"Au)+d(w" A Av) =c{u,w)+d(v,w),

establishing the linearity property. The properties of the transpose
and conjugation also give
(v,w) = w* A*Av = (W AAv)" =o" AT (AT (w*)T
=0 A" (A" (w)  =v"A*Aw = (w,v),

establishing conjugate-symmetry. Setting w := A v, we obtain

(v,0) =v"A*Av=(Av)" (Av) =w'w

=w w1 + Wawy + -+ + Wywy, = |w1|2+|w2|2+--'+|wn|2 .

We deduce the nonnegativity property, because the absolute value
of any nonzero complex number is a positive real number. Since A
is invertible, we see that w = Av = 0if and only if v = 0, which
establishes the positivity property. O

When the invertible matrix is just the identity matrix, we obtain
the canonical inner product on the coordinate space C". Similar
constructions give the canonical inner products on the vector space of
matrices and the vector space of continuous functions.

7.0.4 Definition. For any nonnegative integer 7, the standard inner
product on C" is defined, for all v and w in C", by

n
(v,w) =w*v= Zﬁkvk =W 0] +Wa0p + -+ W0y .
k=1

7.0.5 Definition. For any two nonnegative integers m and n, the
This inner product is named after

Georg Frobenius, seemingly inspired by
(m x n)-matrices is defined, for all matrices A and B in C"*", by his 1909 work on nonnegative matrices.

Frobenius inner product on the C-vector space C"™*" of all complex

m n.
(A,B)p :=tr(B*A) =) Y bjax.
j=1k=1

If the matrices are converted into column vectors, then this inner
product coincides with the standard inner product.

7.0.6 Definition. The canonical inner product on the R-vector space
of all real-valued continuous functions on the interval [4,b] C R is
defined, for all functions f and g, by (f,g) = fab f(t)g(t) dt.
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7.0.7 Remarks. For any continuous functions f, g, i on the interval
[a,b] and any scalars ¢, e in R, the properties of definite integrals give

<cf+eg,h):/tl(cf+eg) dt—c/ f(t) dt—i—e/bg()h(t)dt:

(f,8) = /f a= [ sfwa=ig),
G.n= [ s s = [ 1f0R ar>o

For any continuous nonnegative function 4 such that [ ab h(t) dt =0, it
follows that h(t) = 0 for all t € [a,b]. Hence, the equation (f, f) =0
implies that |f(¢)|> = 0 and f(t) = 0 for all t € [a, b].

7.0.8 Definition. Two vectors v and w in an inner product space are
orthogonal if (v, w) = 0.

7.0.9 Lemma (Properties of inner products). Let V be a complex inner
product space.

i. For all vectors v in V, we have (0,v) =0 = (v,0).

i. For all vectors u,v,w in V and all scalars c,d in C, we have

(u,co+dw) =c(u,v)+d{uw) .

Proof. The properties of linear maps [3.0.3] and the linearity of inner
products imply that (0,v) = 0 and conjugate-symmetry implies that

(v,0) = (0,v) = 0. For all vectors #,v, w in V and all scalars ¢,d in C,
the same two properties also give

(u,co+dw) = (cv+dw,u)

=c(v,u)+d(w,u) =< (u,0)+d(uw) . O

Exercises

7.0.10 Problem. Determine which of the following statements are true.
If a statement is false, then provide a counterexample.
i. The inner product of any two vectors is a real number.
ii. Inner products are not defined when the base field is R.
iii. The C-vector space C” has only one inner product.
iv. If C! is equipped with the standard inner product, then every
nonzero vector is orthogonal to a unique vector.

7.0.11 Problem. Let V be a complex inner product space. For all
vectors v and w in V, prove the following identities:

(polar identity) (v,w)=1(|v+ wl|* - |lo—
(parallelogram identity) ||o + w||* + ||o — w]||* = 2 (||o|* + [[w|?)
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c(fih) +elgh),

The zero vector is orthogonal to every
vector. Moreover, the positivity of inner
products implies that the zero vector is
the only vector orthogonal to itself.

w|*+i o +iw|*—i|v—iw|?)
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7.1 Norms

How DO WE MEASURE LENGTH IN AN INNER PRODUCT SPACE? An
inner product induces a notion of length.

. ey . . To define a normed linear space, one
7.1.0 Definition. Let V be an inner product space. For any vector v in must assume that the underlying field

V, its norm (also known as its length) is ||v| := \/(v,v) € R. of scalars is either R or C.

7.1.1 Lemma (Properties of norms). Let V be an inner product space.
i. We have ||v|| = 0 if and only if v = 0.
ii. For all vectors v in V and all scalars ¢, we have ||cv|| = |c| ||v]|.

Proof.
i. The positivity of an inner product [7.0.0] asserts that (v,v) = 0 if
and only if v = 0. Since the real number 0 has a unique square
root, we have ||v|| = 0 if and only if v = 0.
ii. Linearity and conjugate-symmetry of an inner product [7.0.0]
show that ||C UHZ = <C 0,c ZJ> = (CE) <”0,7]> = |C|2 HvHZ Since the Since the square root symbol represents
norm and the absolute value of any scalar are a nonnegative real the unique nonnegative square root, we

numbers, taking square roots gives ||cv|| = |c| ||v]|. O have [¢| = v/¢ for all scalars ¢ in R.

7.1.2 Theorem (Pythagorean). For any two orthogonal vectors v and w in
an inner product space, we have ||v + w||* = ||v||* + ||w||*

Proof. Since orthogonality [7.0.8] implies that (v, w) = 0, the linearity
and conjugate-symmetry of an inner product [7.0.0] establish that

o+ w|* = (v+w,0+w) = (v,0) + (v,w) + (w,v) + (w,w)
2 Y- 2 2 2
= [[0]I* + (v, w) + (v, w) + |[w]” = [|o[|* + [Jw]*. O
7.1.3 Definition. A set of vectors is orthonormal if the vectors are

pairwise orthogonal and each vector has norm 1.

7.1.4 Problem. Let V := C([—1,1]) be the real inner product space
consisting of continuous functions on the interval [—1,1] C R where
(f,g) = fil f(x) g(x) dx. Demonstrate that the three polynomial

functions %, % x, and %(3 x? — 1) form an orthonormal set.
Solution. Since <i2,i2> = /;11 Tax=1(1-(-1)) =1,
()= [ fra= g1 =0
(o -1) = [ f0et-nax=F[2 o 7 = Plee-nn] o,
<£x,€x> = /—11 Sx%dx = %[%xﬂﬁ; =1(1-(-1) =1,
<L§x,%(3x2—l)> = /711 415(3x3—x) dx = @[%x“— %xz}:il =0,
<2\%(3x2—1),%(3x2—1)> = /_11 §(3x2—1)2 dx = %{%x5—2x3 x]:i1 = }1(9—104—5) =1,

these functions form an orthonormal set.
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7.1.5 Corollary (Parseval identity). Let u1,uy, ..., u, be an orthonormal
set of vectors in an inner product space. For all scalars c1,¢y, ..., Cm, we
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This result is named after Marc-Antoine
Parseval who described a similar result

have ||Cl UL +CcuUy+---+Ccpy um||2 = ‘C1|2 + |C2|2 + -t |Cm|2. in an infinite-dimensional vector space.

Induction proof. We proceed by induction on the cardinality m of the
orthonormal set. The base case m = 0 is true because the empty
sum of vectors is 0, ||0]] = 0, and the empty sum of scalars is 0.
Suppose that m > 0. Since {uy,uy,...,uy} is an orthonormal set, the
properties of an inner product [7.0.9] give

(cruy, cotip +c3uuz + -+ ) = 1 (Uy, Cotip +C3U3 + -+ + Cpy Uy
=10y (uy,up) +c1C3 (uy,uz) + - - + 1 Cpy (U1, )
=01004+¢c1C30+ - +¢16,0=0.

Hence, the Pythagorean theorem [7.1.2], induction hypothesis, and
properties of a norm [7.1.1] give

lc1uy +comp+ -+ cotim]|? = |Jc1 1 ||> + |l uz 4 c3ttz + - + Co |
= el |)® + |e2* + [es]* + -+ + [em[?
= |e1[?+ Je2) + -+ |em?

because cqu1 and cp uy + c3u3 + - - - + ¢ Uy, are orthogonal. O
7.1.6 Corollary. An orthonormal set of vectors is linearly independent.

Proof. Let uy,uy,...,u, be an orthonormal set of vectors in an inner
product space. Suppose that there are scalars cy, ¢, ..., ¢y such that
ciup +coup + - + ey = 0. The Parseval identity [7.1.5] implies
that 0 = ||C1 uy+couy+--- +cmum||2 = |C1|2+ |Cz|2+ R |Cm‘2. For
all 1 < k < m, the real number ]ck]2 is nonnegative, so we deduce that
lc1| = |c2| = -+ = |cm| = 0 which implies thatc; =c; = --- = ¢, = 0.
Therefore, the vectors uy,uy, ..., uy are linearly independent. O
7.1.7 Corollary (Orthonormal coordinates). Let U := (uq,up, ..., u,) be
an ordered orthonormal basis for an inner product space V. For any vector v
in'V, we have v = (v, uq1) uy + (v, up) uy + - - - + (v, uy) u,. Equivalently,
the coordinate vector of v relative to the orthonormal basis U is

@) = [(o,m) (0,u2) - (o,un)]"

Proof. Since uj,uy,...,uy is a basis for the vector space V, there exists
scalars ¢q, ¢, ...,cy such that v = cuy +coup + - - - + ¢, uy. For each
1 < k < n, the linearity of an inner product [7.0.0] gives

(v,up) = (cruy +coup + -+ - + Cp Uy, Uy

= c1 (uy, u) + ¢ (uo, i) + -+ cpq (g1, wi) + cx (v, i) + Chopr (Wi, i) + -+ -+ cn (U, v

=c104+c0+- -+ 10+ck 14104 4+¢, 0=y,

because the vectors uq,uy, ..., u, are orthonormal. O



