8 Domains

After fields, domains are the most common form of rings. In fact,
certain domains best capture the features of our favourite rings:
the ring Z of integers and the ring K[x] of univariate polynomials
with coefficients in a field K.

8.0 Recognizing Domains

How do we identify domains among all commutative rings? We
first characterize domains via subrings.

Proposition 8.0.0. Every commutative domain is isomorphic to a
subring of a field.

Proof. Let R be a commutative domain and set D := R \ {0y} to

be the subset of nonzero elements in R. Since R is a domain, the
subset D is multiplicative: the product of two nonzero elements in
R is also nonzero. Theorem 7.0.2 shows that any nonzero fraction
r/d in the ring R[D~!] of fractions is a unit, so R[D~!] is a field.
Theorem 7.0.2 also provides the canonical ring homomorphism

7: R — R[D™!] such that, for any nonzero element d in D, the
image 7(d) = d/1is a unit in R[D~!]. It follows that Ker(n) = (0g)
and the map 7 is injective. We conclude that R is isomorphic to
the subring n(R) in R[D™!]. O

Example 8.0.1. The ring Z of integers is a domain and the field Q
of rational numbers is its field of fractions.

Example 8.0.2. The ring K[x] of univariate polynomials with
coefficients in the field K is a domain. The field

K(x) := {% | f,g € K[x] and g # 0}

of rational functions is its field of fractions.

Problem 8.0.3. Show that the ring Q[i] := {a + bi | a,b € Q}
of Gaussian rationals is the field of fractions for the ring Z[i] of
Gaussian integers.

Solution. As a subring of the field C of complex numbers, we see
that Z[i] is a domain. Every element in the field of factions for Z][i]
can be expressed in the form
a+bi _(a+bi)c—di)
c+di (C+d;3)£lc_di)d .

- oo Goton (a5 bd)  (b22t) co
for some integers a, b, ¢, and d such that (c,d) # (0, 0). O

As with fields, we determine when a quotient ring is a domain.
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Theorem 8.0.4. For any commutative ring R and any ideal I in R, the

following are equivalent:

(a) The quotient ringR/I is a domain.

(b) We havel # (1g) = R and the product f g being in ideal I implies
that fisinI orgisinl.

(c) Theideall is the kernel of a ring homomorphism of R to a field.

Compare with Definition 1.2.7.

Proof.

(a) & (b): The quotient ring R / I is not the zero ring if and only
if I # (1g) = R. For any elements f and g in the ring R, the
product f gisinI if and only if the coset fg+I = (f +I)(g+1)
equals 0 + I in the quotient ring R / I. Hence, the quotient ring
R /I is a domain if and only if I # (1z) = R and, the membership
fg elimpliesthat f + I =0+Jorg+I =0+IinR/Ior
equivalently that f e TorgeI.

(a) = (c): Suppose that the quotient ring R / I is a domain. The
canonical surjection 7: R - R / I is aring homomorphism and
the canonical ring homomorphism 7 from the domain R / I into
its field of fractions is injective. Hence, the ideal I is the kernel
of the composite map 7 .

(c)= (a): Suppose that the ideal I is the kernel of a ring homomor-
phism from R into a field. The First Isomorphism Theorem 6.1.1
implies that the quotient ring R / I is isomorphic to a subring of
the field. Since every subring of a domain is a domain, we see
that the quotient ring R/I is a domain. O

Definition 8.0.5. An ideal I in commutative ring R is prime if it
satisfies the equivalent conditions in Theorem 8.0.4.

Example 8.0.6. Every maximal ideal I in a commutative ring R is
prime because the quotient ring R /I is a field.

Example 8.0.7. The zero ideal (0) in a domain R is prime because
the quotient ring R/(0) = R is a domain.

Example 8.0.8. The prime ideals in the ring Z of integers are
the principal ideals generated by nonnegative prime integers
(including the zero ideal).

Proposition 8.0.9. For any prime ideal P in a commutative ring R, the
subset D := R\ P is multiplicative and the ring R[D~'] of fractions has
a unique maximal ideal.

Proof. Since P is prime, we have R = (1z) # P and 13 € D. More-
over, the product of two elements in R belongs to P if and only if
one of the factors belongs to the ideal P, so the product of any two
elements in D is also in the subset D. Thus, the subset D = R\ P
is multiplicative.

Consider the subset P[D~!] := {q/e € R[D7!] | ¢ € P and e € D}
in the ring R[D~!]. For any elements p and q in P, any element 7 in
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R, and any elements d and e in D, we have pe + qd € P,rq € P,
dee D, b+ 4 =229 ¢ pp-'] and (§)(¢) = 2 € P[D7],

so P[D~!]is an ideal in R[D~!]. By construction, any fraction

r/d wherer € D = R\ Pisaunitin R[D~!]. Hence, the only
ideal containing a fraction not belonging to P[D~!] is the ideal
(1gip-11) = R[D™']. We conclude that the ideal P[D~'] is the
unique maximal ideal in the ring R[D~!]. O

Proposition 8.0.10. Letp: R — S be a ring homomorphism between
commutative rings. For any prime ideal J in the ring S, the preimage
¢~ '(J):={r € R| ¢(r) € J} is a prime ideal in the ring R.

Proof. The Correspondence Theorem 6.2.0 demonstrates that
the preimage I := ¢~!(J) is an ideal in the ring R. As ¢(I) = J,
the Induced Map Lemma 6.1.0 establishes that the induce map
®: R/I—>R/J is well-defined ring homomorphism. Since

pr+D=p(r)+J=0+J & or)el] o reell)=I

we see that Ker(@) = (Og/r). The First Isomorphism Theorem 6.1.1
thereby shows that the quotient ring R / I is isomorphic to a sub-
ring of the domain R / J. Since every subring of a domain is a
domain, we see that the quotient ring R /I is a domain. O

Exercises
Problem 8.0.11. Consider the subrings
Z[\5]:={a+b+5|a,bez} and
Z[“z‘/g] = {a + b(“z‘/g) | a,be Z}
of the field R of real numbers. For each subring, describe the

elements in the field of fractions. Are these two fields the same? Is
one contained in the other?

8.1 Euclidean Domains

Which rings have division with remainder? We naively start with
the following declaration.

Definition 8.1.0. Let R be a commutative domain. A Euclidean
function on R is a function v: R \ {0} - N such that, for any element
fin R and any element g in R\ {0}, there exists elements q and r in domain, as in general a Euclidean
R such that f = qg + r and either r = 0 or v(r) < v(g). A Euclidean domain may admit many different
.. . . . . Euclidean functions.

domain is a commutative domain which can be endowed with at

least one Euclidean function.

Remark 8.1.1. The defining property for a Euclidean function
is equivalent to the following assertion: for any nonzero ideal

I = (g)in R, every nonzero coset in the quotient ring R/I has a
representative r such that v(r) < v(g).

77

A particular Euclidean function is not
part of the definition of a Euclidean
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Example 8.1.2. Theorem 1.1.2 shows that the ring Z of integers is
a Euclidean domain with the Euclidean functionv: Z \ {0} - N
defined by v(m) := |m| for all nonzero integers m.

Example 8.1.3. Theorem 4.0.4 establishes that, for any field K, the
univariate polynomial ring K[x] is a Euclidean domain with the
Euclidean function v: K[x] \ {0} —> N defined by v(f) := deg(f) for
all nonzero polynomials f.

Problem 8.1.4. Verify that any field K is a Euclidean domain with
the Euclidean function v: K \ {0} - N defined by v(k) = 1 for all
nonzero elements k in K.

Solution. Let u be a nonzero element in K. For any element k in K,
we have k = (ku=!)u + 0. O

Problem 8.1.5. Confirm that the ring Z[i] of Gaussian integers is
a Euclidean domain with the Euclidean function v: Z[i] \ {0} > N
defined by v(a + bi) := a® + b2

Geometric Solution. The elements of Z[i] form a square lattice in
the complex plane. For any element z in Z[i], the ideal (z) forms a
similar lattice: writing z = re'® where r € R and 6 € [0, 27), the
lattice corresponding to (z) is obtained by rotating through the an-
gle O followed by stretching by the factor r = |z|. For any complex
number w, there is at least one point of the lattice correspond-

ing to (z) whose square distance from w is at most % |z|2 = %rz.
Let q z be that closed point and set p := w — q z. It follows that
|p|2 < % |z|2 < |z|2 as required. Since there may be more than one
choice for q z, this division with remainder is not unique. O

Algebraic Solution. Divide the complex number w by the complex
number z; there is a complex number ¢ = x + yi where x,y € R
such that w = cz. Choose a nearest Gaussian integer a + bi, so
x:=a+x,andy:= b+ y,wherea,b € Zand —3 < X4, < 3-
The product (a + bi) z is the required point in (z) because we have
|xo + y0i|2 <land|w-(a+ bi)z|2 = |z (xg + Yo i)|2 <3 Iz, O

We extend greatest common divisors to commutative domains
in the most obvious way; compare with Definition 1.1.4.

Definition 8.1.6. Let f and g be nonzero elements in a commuta-
tive domain R. An element d in R is a greatest common divisor of f
and g, denoted by ged(f, ), if

e the element d divides both f and g, and

e any element e in R, that divides both f and g, also divides d.
Two ring elements are coprime if 1 is a greatest common divisor.

A greatest common divisor may not exist. Moreover, when a
greatest common divisor exists, it may not be unique.
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In this pathological case, the
remainder is always zero.

Figure 8.1: Nearest Gaussian
integer in ideal
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Example 8.1.7. Consider the domain
R:=7y-5]={a+by-5|a,beZ}cC
Observe that 9 = (3)(3) = (2++—5)(2—+y/—5). Both3and 2 ++/-5

divide 9, but neither divides the other. Hence, the ring elements 9
and 6 + 34/ —5 do not have a greatest common divisor in R.

Example 8.1.8. In any field, every nonzero element is a greatest
common divisor for any pair of nonzero elements.

Lemma 8.1.9. Let f and g be nonzero elements in commutative do-
main R. Assume that the elementd in R is a greatest common divisor
for f and g. A ring elemente in R is also a greatest common divisor for
f and g if and only if there exists a unitu in R such thate = ud.

Proof.

=: Suppose that e = ged(f, g). Since e divides f and g, it follows
that e divides d. Similarly, d divides f and g, so d divides e.
Hence, there exists elements u and v in R such thatd = ue and
e = vd. Itfollows thatd = ue = uvd. As R is a domain, we
deduce that1 = uv.

<: Suppose there is a unit u such that e = ud. Since d divides f,
there exists an element x in R such that f = xd = xue,soe
divides f. By symmetry, we see that e divides g. Assume that ¢
divides f and g. Since d is a greatest common divisor for f and
g, there exists an element w in R such thatd = we,soe = uwec.
Thus, e is also a greatest common divisor for f and g. O

As with integers, greatest common divisors are computable in a
Euclidean domain.

Algorithm 8.1.10 (Euclidean Algorithm).
Input: Elements f and g in a Euclidean domain R.
Output: A greatest common divisor of f and g.

If g = 0 then return f.
Find q and r such that f = qg + r where v(f) < v(g) orr = 0.
Return ged(g, r).

Proof of Correctness. It suffices to show that, when f = qg + r and
r # 0, there exists a unit # in R such that ged(f, g) = u ged(g, r).
Let d be a greatest common divisor of f and g, and let e be a great-
est common divisor of g and r. Since d divides f and g, the ring
element d also dividesr = f — q g, so e divides d. Similarly, the
ring element e divides f = q g + r, so d divides e. Hence, there ex-
ists ring elements u and v such thatd = ue and e = vd. It follows
thatd = ue = uvd. As R is domain, we deduced that1 = uv.

The algorithm terminates after finitely many iterations because
v(r) < v(g) and Im(v) C N. O

Problem 8.1.11. Find the greatest common divisor of x® — 1 and
x* —1in Q[x].

Domains 79

When R = Z, we typically impose
uniqueness by requiring the greatest
common divisor to be positive. When
Kis field and R = K[x], we force
uniqueness by requiring the greatest
common divisor to be monic.
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Solution. The Euclidean Algorithm yields

2
x
x4 -1 ]x6+ 0xX°+0x*+0x3+0x2+0x—1
X0+ 0x°+0x*+0x3+ x? X2+ 0x+1

X24+0x—1| x*+0x3+0x24+0x—1
x*+0x3— x2

x>+ 0x—1

x’+0x—1

0

soged(x® —1,x*—-1)=x2-1. O

Problem 8.1.12. Find a greatest common divisor for 10 and 4 + 3i
in the ring Z[i] of Gaussian integers.

Solution. The Euclidean Algorithm yields

10 = (2 —i)(4 + 3i) + (-1 — 2i)
443i=(-2-i)(-1-2i)+0

so ged(10,4 + 3i) = —1 — 2i. O
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Exercises

Problem 8.1.13. Letw := %(—1 +1/31) € C be one of the complex
roots of the polynomial x? + x + 1 € C[x]. Prove that the commuta-
tive domain Z[w] := {a + bw| a,b € Z} c Cis a Euclidean domain
with the function v: Z[w]— N is defined by v(a+b w) = a>—a b+b?.

8.2 Extended Euclidean Algorithm

How can we improve on the Euclidean Algorithm? We want to
write a greatest common divisor as a linear combination.

Algorithm 8.2.0 (Extended Euclidean Algorithm).

Input: Elements f and g in a Euclidean domain R.
Output: Elementsd,s,t € Rsuchthatsf +tg=d = gcd(f,g).
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Set (dy, d;, 89,51, L, t1) := (f,&,1,0,0,1).
While d, # 0 do

Find q,r € R such thatd, = qd; + r and v(r) < v(d,).

Set (do, dy, S0, 51 Lo, t1) = (d1,do — qdy, 51,80 — q 51, 1, Lo — q £1).
Return (dy, So, to)-

Proof of Correctness. The remainders r produce a decreasing se-
quence v(r) of nonnegative integers, so eventually a remainder
will be zero. Thus, the while loop must terminate.

Since ged(dy, d;) = ged(d;,r) = ged(d,,d, — qd,), it suffices
to show that the equations dy = sy f + togandd, = s, f +t; &
hold throughout the calculation. We verify these equalities for the
initial conditions and each repetition of the loop:

Sof +1tog& <« 1(f) +0(g) = f «» dy,

Sof +tog e sif+t1g=d; > dy,

S1f+t18 > 0(f) +(1)(8) = g «» dy,

1 f+t18 e (8o —qs)(f) + (Lo —qt1)(g)
=(Sof+t8—q(sif+t18) =do—qdy«»d;. O

Problem 8.2.1. In Z, express gcd(1254,1110) as an integer linear
combination of 1254 and 1110.

Solution. Since we have

1254 = (1)(1110) + 144 102 = (2)(42) + 18
1110 = (7)(144) + 102 42 =(2)(18) + 6
144 = (1)(102) + 42 18 = (3)(6) + 0,
the Extended Euclidean Algorithm 8.2.0 gives
(54)(1254) + (—61)(1110) = 6 = gcd(1254,1110). O
d, d, So 51 to t, q Table 8.1: Values of the local
1254 1110 1 0 0 1 1 variables when using
1110 144 0 1 1 -1 7 Algorihm 8.2.0 to compute
144 102 1 -7 -1 8 1 ged(1254,1110)
102 42 -7 8 8 -9 2
42 18 8§ =23 -9 26 2
18 6 -23 54 26 —61 3
6 0 54 -—-185 —61 209

Problem 8.2.2. In [5[x], express ged(x® + 2x% + 2,x> +2x + 1) as
an [;[x]-linear combination of x3 +2x%? +2and x> +2x + 1.
Solution. Since we have

X34+2x24+2=(x)(x*+2x+1)+(x-1)
xX24+2x+1=(x)(x-1)+(-1)
x—1(-x+1)(-1)+0,

the Extended Euclidean Algorithm 8.2.0 gives
(M3 +2x2+2) + x)(x2+2x+1) =2x+ 2 =ged(f,g). O

81
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dy d, So 81t t q Table 8.2: Values of the local
2P +2 x*+2x+11 0 0 1 X variables when using
x> +2x+1 2x+2 0 1 1 2x 2X + 2 Algorithm 8.2.0 to compute
2x + 2 0 1 x+1 2x 2x*+2x+1 ged(x® +2x% +2,x> +2x + 1)

The Extended Euclidean Algorithm 8.2.0 leads to an effective
version of Sun Zi’s Remainder Theorem 6.3.6.

Algorithm 8.2.3 (Effective Remainder Theorem).

Input: Pairwise coprime elements g, g5, ..., 8, and
elements fi, f5, ..., f, in @ Euclidean domain R.
Output: An element f € R such that, forany 1< j < n,
we have f + (g;) = f; + (g;) in R/(g;).
Set (.]’ 8 f)=1(2,81, /1)
While j < ndo
Finds,t € Rsuch thatsg+tg; = 1.
Compute q,7 € R,such that (sg f; +tg; f) = q(gg;) +r
and v(r) < v(gg;)orr = 0.
Set (j,8,f):=( +1,88;,1)-
Return f.
Proof of Correctness. For each repetition of the loop, we show that
f+ (g = fi +(gr)foralll < k < j. Before the loop, we have
f = fi,so f +(g1) = f +(g)inR/(g;). At the j-th iteration of
the loop, we have g = g;8, - gj_1, so ged(g, g;) = 1. Given that
sg+1tg; =1, weseethat (sg fj +1tg;f) +(gk) = f + (&) = fic + (&K
inR/(gk) foranyl1< k< j—1land(sgf;+tgf)+ <gj> =fi+ (gj>
in R/(g;). Since (s g f; + tg; f) = q(gg;) + rin R/(gy), we deduce
thatr +(gy) = fr +(gr) forany 1 < k < j. O

Problem 8.2.4. Find an integer m such that m = 7 mod 11 and
m=>5 mod 17.

Solution. The first iteration in the Effective Remainder Algo-
rithm 8.2.3 gives (—3)(11) + (2)(17) = 1 and

(=3)(A1)(5) + (2)(17)(7) = 73 = (0)(187) + (73).
We confirm that 73 = (6)(11) + 7 and 73 = (4)(17) + 5, so integer

73 meets the requirements. O

Problem 8.2.5. Find a polynomial f in [F5[x] such that

f+x)=1+(x) in Fs[x]/¢x),
f+Hx+2)=3+(x+2) in Fs[x]/(x + 2), and
fHEP+x+2)=x+D)+ (x> +x+2) inF[x]/(x*+x +2).

Solution. The first iteration in the Effective Remainder Algo-
rithm 8.2.3 gives (2)(x) + (3)(x + 2) = 1 and
QX)B)+B)(x+2)M)=4x+1=0)(x*+2x)+ (4x+1).
The second iteration gives
Bx+4)X+2x)+Q2x+3)(xX*+x+2)=1

Bx+4)X?+2x)(x+D+QCx+3)(xX*+x+2)@dx+1D)=x*+x2+4x+1
=()*+3x2+4x2+4x)+2x3+2x2+1).
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Finally, we verify that

2x34+2x2+1=0Q2x2+2x)(x)+1,
2x3+2x2+1=0Q2x2+3x+4)(x+2)+3,
2x34+2x2+1=Qx)(xX2+x+2)+(x+1).

Therefore, the desired polynomial is 2 x> + 2 x2? + 1. O

Exercises

Problem 8.2.6. LetlF, := Z / (2) be the field with two elements.
Find a polynomial f in F,[x] such that
f+x)=1+(x) in F[x]/(x),
=G+ +(x*+x+1) in K[x]/(x* + x + 1),
fHE+3+1) = +x+ D+ (x* +x3+1) inF[x]/(x* + x>+ 1).

Domains
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