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Silverman proved that, if one assumes the abc conjecture, then
there are � log x non-Wieferich primes for base a for all a � 2.
We show that for any a � 2 and any fixed k � 2, there are
� log x/ log log x primes p � x such that ap−1 �≡ 1 (mod p2) and
p ≡ 1 (mod k), under the assumption of the abc conjecture.
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1. Wieferich primes

In 1909, Arthur Wieferich showed that if there existed some odd prime p and some integers x, y, z
such that xyz �= 0 and

xp + yp + zp = 0,

p coprime to xyz, then

2p−1 ≡ 1
(
mod p2). (1)
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Since then, primes satisfying (1) have been called Wieferich primes. If

ap−1 ≡ 1
(
mod p2) (2)

for some integer a, then we say p is a Wieferich prime for base a.
The only known Wieferich primes for base two are 1093 and 3511, found respectively by Meissner

in 1913 and Beegner in 1922. According to the PrimeGrid project, as of May 2012, these are the only
Wieferich primes for base two less than 17 × 1015. Even though only two Wieferich primes for base
two are known, it is unknown whether there are finitely many or infinitely many Wieferich primes.
It is not even known if there are infinitely many non-Wieferich primes.

The only non-computational results on Wieferich primes are conditional. Silverman showed that
if the abc conjecture (see the next section) holds, then there are � log x non-Wieferich primes.
De Koninck and Doyon proved the same result under the weaker assumption that there exists some
ε > 0 such that the set {n ∈ N: log(2n−1)

log rad(2n−1)
< 2 − ε} is of density one [1].

In this paper, we will show that if the abc conjecture is true, then for any integer k > 1, there are
infinitely many non-Wieferich primes p with p ≡ 1 (mod k). In fact, the number of such primes is
� log x

log log x .

2. Background

Let us recall that the abc conjecture of Oesterlé and Masser (1985) states that if a,b and c are
positive integers such that a + b = c and (a,b) = 1, then for all ε > 0,

c �ε

(
rad(abc)

)1+ε
.

Let us also remind ourselves that Rosser found a lower bound for the nth prime, stated below.

Proposition 2.1 (Rosser’s theorem). (See [3].) The nth prime is strictly greater than n log n.

One can prove, assuming the conjecture, the infinitude of non-Wieferich primes p ≡ 1 (mod k)

using elementary methods, but we use the following recent result of Thangadurai and Vatwani [5] in
order to cleanly prove our growth result. Before we state their result, we define φ to be the Euler
totient function and Φn(x) to be the nth cyclotomic polynomial.

Proposition 2.2. For all integers a � 2 and n > 2,

∣∣Φn(a)
∣∣ � 1

2
aφ(n).

Our proof also requires the following, proved on page 233 of [2].

Lemma 2.3. If p | Φn(a), then either p | n or p ≡ 1 (mod n).

Lastly, we need the concept of the powerful part of a number.

Definition 1. Given an integer n, n = ∏
p pα , where the product is over the distinct primes p | n, we

define its powerful part to be the product of the prime powers pα | n such that pα+1 � n, and α � 2.

Lemma 2.4. Suppose an − 1 is factored into Cn Dn, where Dn is the powerful part of an − 1. If p | Cn, then
ap−1 �≡ 1 (mod p2).
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Proof. This proof follows Silverman [4]. Suppose that p | Cn . Let e be the order of a modulo p, so
e | (p − 1) and ae = 1 + pt . We know that an ≡ 1 (mod p), so e | n. Therefore,

an = (
ae) n

e = (1 + pt)
n
e ≡ 1 + n

e
pt

(
mod p2).

Since p | Cn and Cn is square-free, p2 � (an − 1) and p � t .
Similarly,

ap−1 = (
ae) p−1

e = (1 + pt)
p−1

e ≡ 1 + p − 1

e
pt

(
mod p2)

and, as p � t , p2 � ( p−1
e pt) and thus ap−1 �≡ 1 (mod p2). �

3. Results

Theorem 3.1. If a and k are integers greater than one and one assumes the abc conjecture, then there are
infinitely many primes p such that ap−1 �≡ 1 (mod p2) and p ≡ 1 (mod k).

Proof. Let ε <
φ(k)
3k . We denote by pn the nth prime number that is relatively prime to k and we

factor apnk − 1 = C pnk D pnk , where D pnk is the powerful part of apnk − 1. Since

apnk = (
apnk − 1

) + 1,

the abc conjecture implies that

apnk �ε

(
rad

(
apnk(apnk − 1

)))1+ε/2
,

so

apnk − 1 �ε

(
rad(aC pnk D pnk)

)1+ε/2

and thus

C pnk D pnk �ε

(
aC pnk D1/2

pnk

)1+ε/2
,

since rad(D pnk) � D1/2
pnk . This implies that

D1/2
pnk �ε,a (aC pnk D pnk)

ε/2,

so D pnk �ε,a (a(apnk − 1))ε and we conclude that

D pnk �ε,a apnkε .

As

apnk − 1 �ε,a C pnkapnkε,

C pnk �ε,a apnk(1−ε).
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Let C ′
pnk = (C pnk,Φpnk(a)) and D ′

pnk = (D pnk,Φpnk(a)), so that C ′
pn

D ′
pnk = Φpnk(a). By Proposi-

tion 2.2,

apnkεC ′
pnk � Φpnk(a) � 1

2
aφ(pnk),

so by our choice of ε and Rosser’s theorem (Proposition 2.1, [3]),

C ′
pnk � aφ(pnk)−pnkε � a

φ(pnk)
2 � an log n.

Thus as C ′
pnk is a product of distinct primes,

lim
n→∞

∣∣{primes p: p | C ′
p jk

, j � n
}∣∣ = ∞.

Every prime p that divides C ′
pnk also divides Φpnk(a) and is therefore congruent to 1 modulo pnk by

Lemma 2.3. We also know that if p divides C ′
pnk , then ap−1 �≡ 1 (mod p2) by Lemma 2.4. Thus there

are infinitely many primes p such that ap−1 �≡ 1 (mod p2) and p ≡ 1 (mod k). �
Lemma 3.2. For large n, there exists some prime p such that p | C ′

pnk but p � C ′
p jk

for j < n.

Proof. Proof by contradiction. Suppose not. Then

C ′
pnk �

n−1∏
i=1

(
C ′

pik
, C ′

pnk

)
.

As C ′
pik

| (apik − 1) and C ′
pnk | (apnk − 1), (C ′

pik
, C ′

pnk) | (apik − 1,apnk − 1). It is well-known that (ab − 1,

ac − 1) = (a(b,c) − 1). Therefore, C ′
pnk � (ak − 1)n−1 � akn. From the proof of Theorem 3.1, we know

that C ′
pnk � an logn , so

akn � C ′
pnk � an log n,

which is clearly a contradiction for large n. �
Theorem 3.3. If a, k, and n are positive integers and one assumes the abc conjecture, then

∣∣∣∣
{

primes p � x:
p ≡ 1 (mod k)

ap−1 �≡ 1
(
mod p2

)
}∣∣∣∣ � log x

log log x
.

Proof. The largest n such that

x � apnk

is � log x
log log x , and as apnk > C ′

n and

∣∣∣∣
{

primes p � C ′
n:

p ≡ 1 (mod k)

ap−1 �≡ 1
(
mod p2

)
}∣∣∣∣ � n,
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we obtain that

∣∣∣∣
{

primes p � x:
p ≡ 1 (mod k)

ap−1 �≡ 1
(
mod p2

)
}∣∣∣∣ � log x

log log x
. �
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