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1. Introduction

Recall that a cap in6 = PG(n,2) is a setSof points with no three collinear. The connection
between such caps and binary linear codes (of minimum distance 4) has been well-studied
(see for example [6, 7, 13, 3, 8]). For further background we refer also to [1, 2]. In particular
the following can be shown: A capS is maximal if and only if the corresponding codeC
is non-lengthening, i.e., has covering radius 2.

This result explains the fundamental importance of maximal capsS in 6 = PG(n,2).
Let Sbe such a maximal cap. One can argue as follows. Each line of6 must intersect the
complement ofS, SC. Thus when|S| gets very big one can show, sinceSC is small and
intersects all lines thatSC contains a hyperplaneL. ThusS, being maximal, must be all of
affine space, i.e.,S= AG(n,2) and|S| = 2n. One wants to determine the “cut-off point”
beyond which|S| = 2n.

In their remarkable paper [6] the authors make a profound contribution to the theory.
In particular they are able to show using a celebrated result on abelian groups due to
M. Kneser (see [10, 11] and [9]) the following: if|S| ≥ 2n−1 + 2 thenS is obtained by
successively doubling a cap in lower dimensions. It follows from this that, if|S| > 2n−1

then|S| = 2n−1 + 2t . It also follows that, to determine the structure ofS one needs only
determine the structure of critical caps, i.e., caps of cardinality 2n−1+1, which are maximal
in 6 = PG(n,2).

This is in fact the main unsolved problem in [6]. In the present paper we solve this
problem, at least formally (see Theorem 13.6), and explore several different but related
issues as follows.
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Section 2 contains basic definitions. In Theorem 3.16 using work in [6] we show that
if |S| ≥ 2n−1 + 1 then there exists a subspaceH∞ ∼= PG(n− 2,2) in 6 = PG(n,2)
disjoint fromS. Section 4 gives the construction for critical maximal caps having a tangent
hyperplane. We mention here that in [6] the authors show that inPG(n,2), with n ≤ 5,
all critical maximal caps have tangent hyperplanes. The construction of critical caps with
a tangent hyperplane is easy: the difficulty is in finding a criterion for maximality. This
criterion leads to a very general result (Theorem 5.1) concerning binary codes linear or not.
Some combinatorial applications are treated in Section 6.

In Section 7 we introduce the useful notion of a quasi-maximal critical cap in6 =
PG(n,2). These may or may not be maximal and are characterized in Theorem 7.4.

A very general class of examples of critical caps inPG(n,2), called fractal caps, is
constructed in Section 9. Using this (see Corollary 10.2) we can show that forn ≥ 6 there
exist critical maximal caps having no tangent hyperplanes.

Various structure theorems are given in Section 11. For example, it is shown that every
critical quasi-maximal cap which is not maximal has a tangent hyperplane. In Theorem 12.1
we show that a critical maximal cap is eitherP1-decomposable (Section 11) or has a
tangent hyperplane. Finally in Section 13 we obtain the complicated structure of allP1-
decomposable critical maximal caps. It transpires that they are all obtained by starting from
a fractal capJ and applying a sequence of at mostn− 2 W-moves inPG(n,2) to J.

2. Large Maximal Caps

DEFINITION 2.1 A set of points inPG(n,2) is acap if it contains no line ofPG(n,2). A
cap ismaximalif it is not a proper subset of any other cap inPG(n,2). We will call a cap,S,
in PG(n,2) large if |S| ≥ 2n−1+ 1 andcritical (or critical inPG(n,2)) if |S| = 2n−1+ 1.

There is a one-to-one correspondence between caps inPG(n,2) and binary codes (see for
example [6, 7, 13, 3, 8, 1, 2]). Briefly, letC be a binary linear code of lengthN, dimension
k and minimum distance 4. LetC⊥ be the dual code. A basis forC yields ak× N matrix
and a basis forC⊥ yields a matrixM of size(N − k) × N. Setn := N − k − 1. Then
the columns ofM yield a capSconsisting ofN points inPG(n,2). Moreover,C is a code
with covering radius 2 if and only ifS is a maximal cap. The process can be reversed to
obtain a code from a cap. Thus our results may be simultaneously interpreted in terms of
codes or caps.

We want to apply results of KEMPERMAN from the paper which is concerned with small
sumsets in discrete abelian groups. LetV(n + 1,2) denote ann + 1 dimensional vector
space over the field of order 2. We denote the origin of this vector space by0. By
definition, elements ofPG(n,2) correspond to lines inV(n+ 1,2) through0. Such a line
consists of two elements:{v,0}. We will identify this line with its non-zero elementv.
This identifiesPG(n,2) with the set of non-zero vectors in the abelian groupV(n+ 1,2).
This identification establishes a correspondence between subgroupsF of V(n+ 1,2) and
projective subspacesPG(F) = F \ {0} of PG(n,2).
DEFINITION 2.2 LetX be a non-empty subset of6 = PG(n,2). A vertexfor X is a point
v of 6 such thatv + X = X. If X has a vertex we say thatX is periodic.
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LEMMA 2.3 If X is periodic then|X| is even.

Proof. Letv be a vertex forX. If v were an element ofX then0= v+v ∈ X contradicting
the fact that0 is not a point of6. Thusv /∈ X. Moreover, by definition, if we joinv to a
point of X then third point of the resulting line is also inX.

Often we will decompose6 = PG(n,2) by fixing a subspaceH∞ ∼= PG(n− 2,2) of 6
and considering the pencil of three hyperplanesL A, L B andLC of 6 which containH∞.
In this situation we will call a line of6 a cross-line(with respect toH∞) if it contains no
points ofH∞.

3. Large Caps

THEOREM3.1 Let S⊂ 6 = PG(n,2) be a large cap which is disjoint from some hyper-
plane L of6. Then the only maximal cap of6 which contains S is6 \ L.

Proof. All points of6 \ L extendS. On the other hand, letx be a point ofL. We show
that there is a secant toS throughx. There are 2n−1 lines of6 passing throughx which are
not contained entirely inL. Since|S| > 2n−1 at least one of these lines must be a secant
line to S.

COROLLARY 3.2 Let S⊂ 6 be a large cap.

(1) If S is disjoint from a hyperplane L of6, then S meets every hyperplane of6 different
from L.

(2) If S is maximal and|S| < 2n then S intersects every hyperplane of6.

Proof. Use the fact that ifM is a hyperplane of6 with S∩ M = ∅ thenS is a subset of
the maximal cap6 \ M .

Let Sbe a cap in6 = PG(n,2) which is disjoint from some projective subspaceH∞ ∼=
PG(n− 2,2) of 6.

DEFINITION 3.3 We say thatS is quasi-maximal(with respect toH∞) if every point of6
which is not a point ofH∞ either lies inSor lies on a secant toS. Thus ifSis quasi-maximal
but not maximal it can only be extended by points ofH∞.

An easy example whereS is quasi-maximal but not maximal can be constructed in
PG(2,2) as follows. Choose any pointH∞. There are three linesL A, L B and LC on
H∞. Choose pointsa,b, c all different fromH∞ on L A, L B, LC respectively witha,b, c
not collinear. ThenS= {a,b, c} is quasi-maximal but not maximal sinceH∞ is the unique
point extendingS.

DEFINITION 3.4 LetSbe a cap in6 = PG(n,2) and letH∞ ∼= PG(n− 2,2) be a subspace
disjoint from S. Let L be any one of the three hyperplanes containingH∞. Assume that
every point ofL \ H∞ lies on a secant toS. Then we say thatS is L-maximal.
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ClearlyS is quasi-maximal with respect toH∞ if and only if S is L-maximal for each of
the three hyperplanesL of 6 containingH∞.

LEMMA 3.5 Let S⊂ 6 be a large cap which is quasi-maximal with respect to a subspace
H∞ ∼= PG(n− 2,2). Suppose that for one of the three hyperplanes, L, of6 containing
H∞ we have|L ∩ S| ≥ |S|/2. Then S is maximal.

Proof. If |L ∩ S| ≥ |S|/2 then|L ∩ S| ≥ 2n−2 + 1. Considerx ∈ H∞. Since there are
2n−2 lines in L passing throughx and not contained inH∞ we see that one of these lines
must be a secant ofSpassing throughx.

Given a capS ⊂ 6 = PG(n,2) thedoublingor Plotkin construction yields a periodic
capS̃⊂ 6̃ ∼= PG(n+ 1,2) with |S̃| = 2|S| as follows. Choose a pointv ∈ 6̃ \6 to play
the role of a vertex. For each pointx ∈ S put x′ = x + v. ThenS̃ is the cap defined by
S̃= {x′ | x ∈ S} t S. It is easy to verify thatS is maximal (respectivelyL-maximal) if and
only if S̃ is also maximal (respectivelỹL-maximal).

LEMMA 3.6 Let S⊂ 6 = PG(n,2) be a periodic set with vertexv. Let L be a hyperplane
of6 not containingv. Then S is the double of S∩ L.

Proof. Consider a pointy ∈ 6 and definey′ = v+ y. Sincev /∈ L exactly one of the two
pointsy, y′ lies in L. Furthermore sincev is a vertex ofS, y ∈ S if and only if y′ ∈ S.

NOTATION 3.7 Let S ⊂ 6 be a large cap. LetH∞ ∼= PG(n− 2,2) be disjoint from
S. Denote the three hyperplanes of6 which containS by L A, L B andLC. Write HA :=
L A\H∞, HB := L B\H∞, HC := LC\H∞, A := S∩L A = S∩HA, B := S∩L B = S∩HB

andC := S∩ LC = S∩ HC.

THEOREM3.8 |A+ B| ≤ |A| + |B| − 1. Furthermore we have equality if and only if S is
critical and LC-maximal.

Proof. SinceS is a cap,A+ B ⊂ HC \ C. Therefore

|A+ B| ≤ 2n−1− |C|
= 2n−1− (|S| − |A| − |B|)
≤ 2n−1− (2n−1+ 1)+ |A| + |B|
= |A| + |B| − 1

with equality if and only ifS is critical andHC = (A+ B) t C.

LEMMA 3.9 Let S⊂ 6 be a cap which is quasi-maximal with respect to H∞. Suppose that
for one of the three hyperplanes, L, of6 containing H∞ the set S∩ L is periodic. Then S
is periodic. Furthermore, ifv is a vertex for S∩ L thenv is also a vertex for S.

Proof. For ease of notation we assume thatL = L B, i.e., v + B = B. Thusv ∈ H∞.
Assume, by way of contradiction, thatv is not a vertex forS. Then there exists a pointx of
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Ssuch thatx′ := x + v /∈ S. Clearlyx /∈ L B and thusx′ /∈ L B. Without loss of generality
x ∈ A. SinceS is maximal,x′ lies on a secant ofS: sayx′ = y + z wherey ∈ B and
z ∈ C. Thereforey′ := v+ y ∈ B. But y′ = v+ y = v+ x′ + z= x+ z and thus the line
{y′, x, z} is fully contained inS, a contradiction.

COROLLARY 3.10 Let S be a critical quasi-maximal cap. Then none of A+ B, A, B or C
is periodic.

Proof. Since|S| is odd,S cannot be periodic by Lemma 2.3. Thus by Lemma 3.9, none
of A, B or C is periodic. SinceS is a quasi-maximal capC = HC \ (A+ B). If (A+ B)
has a vertexv thenv is the third point of a line joining two points ofA + B and thus
v ∈ H∞. Thenv + HC = HC and thereforev + C = C contradicting Lemma 3.9.

In [6] the following theorem (there phrased for codes) is proved.

THEOREM3.11 Let S⊂ 6 = PG(n,2) be a cap with|S| ≥ 2n−1 + 2. Then there exists a
subspace H∞ ∼= PG(n− 2,2) of6 such that S∩ H∞ = ∅.

The following is from [10, 11]:

THEOREM3.12 Let X and Y be finite non-empty subsets of an abelian group satisfying
|X + Y| ≤ |X| + |Y| − 2. Then X+ Y is periodic.

In [6] the following two results are also proved.

THEOREM3.13 Let S⊂ 6 ∼= PG(n,2) be a cap which is quasi-maximal with respect to
H∞. Suppose|S| ≥ 2n−1+ 2. Then S is periodic.

Proof. By Theorem 3.8 we have|A+ B| ≤ |A| + |B| − 2. Therefore by Theorem 3.12,
A+ B is periodic. SinceS is LC-maximal,C = HC \ (A+ B) and thusC is periodic.
Hence by Lemma 3.9,S is periodic.

COROLLARY 3.14 Let S⊂ 6 be a large maximal cap. Then|S| = 2n−1 + 2 j for some
j = 0,1, . . .n− 3 or n− 1.

Proof. This Corollary is easily proved by induction using the previous Theorem. That
there are no maximal caps in6 of cardinality 2n−1 + 2n−2 follows from the fact that there
are no maximal caps of cardinality 3 inPG(2,2).

REMARK 3.15 Since critical maximal caps exist inPG(m,2) for all m ≥ 3 (see The-
orem 4.1) the doubling construction provides maximal caps inPG(n,2) of cardinality
2n−1 + 2 j for every j = 0,1, . . .n − 3. The complement of a hyperplane in6 provides
a maximal cap inPG(n,2) of cardinality 2n−1 + 2n−1 = 2n. This last cap may also be
thought of as the result of repeated doubling the cap inPG(1,2) consisting of 2 points.

Theorem 3.13 shows that the structure of all large (quasi-)maximal caps is determined by
the structure of all critical (quasi-)maximal caps.

We will need the following improvement of Theorem 3.11.
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THEOREM3.16 Let S ⊂ 6 = PG(n,2) be a large cap. Then there exists a subspace
H∞ ∼= PG(n− 2,2) of6 such that S∩ H∞ = ∅.
Proof. By Theorem 3.11 we may suppose that|S| = 2n−1 + 1. Embed6 in 6̃ ∼=
PG(n+ 1,2) and letv ∈ 6̃ \ 6. Construct a cap̃S ⊂ 6̃ by the doubling construction
usingv as vertex. Then|S̃| = 2|S| = 2n + 2. Therefore by Theorem 3.11, there exists
a projective subspacẽH∞ ∼= PG(n− 1,2) of 6̃ with H̃∞ ∩ S̃ = ∅. Now H̃∞ ∩ 6 is
a subspace isomorphic to eitherPG(n− 1,2) or PG(n− 2,2) which is disjoint fromS
which completes the proof.

4. Critical Maximal Caps With Tangent Hyperplanes

Here we describe a simple construction of some critical maximal caps. We begin with6 =
PG(n,2) and a fixed subspaceH∞ ∼= PG(n− 2,2). As in 3.7 there are three hyperplanes
L A, L B andLC of 6 which containH∞. Write HA := L A \ H∞, HB := L B \ H∞ and
HC := LC \ H∞.

We construct a maximal capS in PG(n,2) of size 2n−1 + 1 which is disjoint fromH∞.
Choose a points0 ∈ HC. Next chooseB := {s1, . . . , sb} ⊂ HB where 1≤ b ≤ 2n−1 − 1.
Put ti := s0 + si , the third point of the (cross-)line joinings0 andsi for 1 ≤ i ≤ b. Finally
we let A := {sb+1, . . . , s2n−1} = HA \ {t1, . . . , tb} and defineS= {s0, . . . , s2n−1}.
THEOREM4.1 The cap S so-constructed is a critical cap. Furthermore

(1) every point not in LC lies on a secant to S through s0;

(2) if b 6= 2n−2 then in addition every point of H∞ lies on a secant to S;

(3) if b is odd then S is a maximal cap.

Proof. It is clear thatS is a cap of size 2n−1+ 1. To see (1) letx ∈ HA with x /∈ S. Then
x = ti for somei and thusx lies on the secant toS joining s0 to si . Similarly, all points of
HB not in S lie on a secant toS throughs0.

For (2), suppose thatb 6= 2n−2. Using the symmetry between the roles ofA and B we
may assume that|HA∩ S| =: a ≥ b = |HB ∩ S|. Sinceb 6= 2n−2 this implies that there are
at least 2n−1+ 1 points ofS in HA. There are 2n−1− 1 lines inL A passing through a point
x of H∞. Of these, 2n−2 − 1 are inH∞ and each of the remaining 2n−2 lines contains 2
points ofHA. Thus at least one of these 2n−2 lines ofL A not contained inH∞ and passing
throughx is a secant toS.

Finally we prove (3). Suppose thatS is not maximal. By (1) and (2) this implies that there
existsx ∈ HC with x 6= s0 such thatx /∈ A+ B. Put A′ = HA \ A andv = x + s0 ∈ H∞.
Thenx + B = A′ ands0 + B = A′. Thereforev + B = x + s0 + B = x + A′ = B.
ThereforeB is periodic with (non-zero) vertexv. Hence applying Lemma 2.3, we see that
if S is not maximal thenb must be even.

REMARK 4.2 Note that the above proof actually shows that if the setB (or A) is not periodic
andb 6= 2n−2 (or a 6= 2n−2) then the capS is maximal.



LONG BINARY LINEAR CODES 43

REMARK 4.3 In the above theorem, ifbdoes equal 2n−2 then the capSneed not be maximal.
See Theorem 7.4.

DEFINITION 4.4 A hyperplaneL such that|S∩ L| = 1 is called atangent hyperplanefor S.

Observe thatLC is a tangent hyperplane to the capSconstructed in the above manner.

5. Applications and Extensions to Arbitrary Codes

Let U denote an arbitrary binary code, linear or otherwise, of lengtht . In other words,U
is a collection of binaryt-tuples. Denote byU ′ the set of allt-tuples not inU . Our main
result is as follows.

THEOREM5.1 Assume that|U | is odd. Then every t-tuple apart from the all zero t-tuple
is expressible as the binary sum of an element in U and an element in U′. In particular,
|U +U ′| = 2t − 1.

Proof. The result is clear ift = 1. Assumet ≥ 2. Changing notation, lett = n− 1 and
put6 = PG(n,2). Each point of6 has homogeneous coordinates(x0 : x1 : . . . : xn).
Let H∞ denote then − 2 dimensional subspace with equationsx0 = x1 = 0. The three
hyperplanes containingH∞ areL A, L B andLC with equationsx0 + x1 = 0, x0 = 0 and
x1 = 0 respectively. Lets0 in LC have coordinates(1 : 0 : . . . : 0). Denote byA the set of
all points inL A with coordinates(1 : 1 : u1 : . . . : ut ) with (u1, . . . ,ut ) ∈ U . Denote by
B the set of points inL B with coordinates(0 : 1 : b1 : . . . : bt ) where(b1, . . . ,bt ) ∈ U ′.
ThenS= {s0} t At B is a cap of cardinality 2n−1+ 1. By Theorem 4.1 (3)S is maximal.
Now let (w1, . . . , wt ) be any non-zerot-tuple and form the pointz= (1,1, w1, . . . , wt ) in
LC \H∞. Sincez 6= s0 andSis a maximal cap it follows thatz is expressible as the sum of 2
points inS. Thusz= (1 : 0 :w1 : . . . : wt ) = (1 : 1 : u1 : . . . : ut )+ (0 : 1 : b1 : . . . : bt ).
This gives(w1, . . . , wt ) = (u1, . . . ,ut )+ (b1, . . . ,bt ) proving the result.

6. Some Combinatorial Applications

Let X be a set of cardinalityn+1. Then any subset ofX is indicated by a binary(n+1)-tuple
in the usual way. For example ifX = {1,2,3,4,5} andY = {2,4} thenY is represented
by (0,1,0,1,0). Then many of the results of this paper can be applied to the combinatorial
situation. For example Corollary 3.14 can be rephrased as follows.

THEOREM6.1 LetF be a family of non-empty subsets of X which is maximal with respect
to the property that no subset inF is equal to the symmetric difference of two other subsets
ofF . Assume that|F | > 2n−1. Then|F | = 2n−1+ 2i where i= 0,1, . . . ,n− 3 or n− 1.

Similarly, Theorem 5.1 can be rephrased as follows.

THEOREM6.2 LetU be a family of subsets of X= {1,2, . . . , t}. Assume that the cardinality
of U is odd. Denote by U′ the family consisting of those subsets of X not in U. Then every
non-empty subset of X is expressible as the symmetric difference of some set in U with some
set in U′.
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7. Non-maximal Quasi-maximal Caps

We want to return to Theorem 4.1 (see also Remark 4.3) by showing that whenb = |B| =
2n−2 then the capSmay be maximal or not.

NOTATION 7.1 LetU andW denote sets of binaryt-tuples. ThenU ⊕W = {a1+a2 | a1 ∈
U,a2 ∈ W anda1 6= a2}.

Let Ur denote the set of all the binaryt-tuples which contain exactlyr ones andt − r
zeroes. The following Lemma is easily proved.

LEMMA 7.2 Let r ≥ s. Ur ⊕Us = Ur−s tUr−s+2 tUr−s+4 t . . . tUf where f= r + s if
r + s ≤ t and f = 2t − r − s if r + s ≥ t .

Using Lemma 7.2 it is easy to construct setsW (of the formW = Ur1t . . .tUrm) such that
W⊕W is the set of all non-zerot-tuples and|W| ≤ 2t−1 for anyt ≥ 4. Choose such a set
W. Arbitrarily add moret-tuples to obtain a setU with |U | = 2t−1. Let U ′ denote the set
of all t-tuples not contained inU . DefineA = {(1 : 1 : a1 : . . . : at ) | (a1, . . . ,at ) ∈ U },
B = {(0 : 1 : b1 : . . . : bt ) | (b1, . . . ,bt ) ∈ U ′}, C = {s0 = (1 : 0 : 0 : . . . : 0)} and
S= (A t B t C) ⊂ 6 = PG(t + 1,2) = PG(n,2).
LEMMA 7.3 The cap S of6 = PG(n,2) constructed above is a critical maximal cap with
|A| = |B| = 2n−2.

Proof. By constructionS is critical with |A| = |B| = 2n−2. Note that this construction
is a special case of that used in Section 4. By Theorem 4.1 (1) every point not in the
hyperplaneLC defined by the equationx1 = 0 lies on a secant toS. By construction,
A+ B = HC \ {s0} and thusS is quasi-maximal. To see that there is no point ofH∞ which
could extend use the fact thatA⊕ A = H∞ by the definition ofW. ThusS is maximal.

Next we can use this same capS to construct a quasi-maximal cap which is not maximal
in 6̃ = PG(t + 2,2). In fact any critical maximal cap inPG(n,2) with |A| = |B| = 2n−2

will suffice. Apply the doubling construction, with respect to the vertexv = (1 : 0 : . . . : 0 :
1) ∈ 6̃ \6 to the capSto construct a new maximal cap̃S⊂ 6̃ with |S̃| = 2|S| = 2t+1+2.
Define S̃◦ := S̃ \ {z} wherez = v + s0 = (1 : 0 : . . . : 0 : 0)} so thatS̃◦ is a critical
cap in6̃. Let L̃ A denote the hyperplane of̃6 obtained by doublingL A with respect tov.
Similarly defineL̃ B, Ã = S̃∩ L̃ A, H̃∞ = {0 : 0 : a1 : . . . : at+1)}, etc. Using this notation
we have:

THEOREM7.4 (1) S̃◦ is a quasi-maximal cap which is not maximal.

(2) Every quasi-maximal cap which is not maximal is obtained in this way.

Proof. Clearly S̃◦ is non-maximal since it may be extended byz. Furthermore, as in the
proof of Theorem 4.1 (1) every point of̃6 not lying in L̃C lies on a secant tõS◦ passing
throughs0. Assume by way of contradiction that there exists a pointz′ of HC not on any
secant tõS◦. Now z′ does lie on a secant tõSsinceS̃ is a maximal cap. Thus this secant to
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S̃must pass throughz and another point of̃S∩ L̃C. But S̃∩ L̃C = {s0} which implies that
z′ = s0+ z= v. But this is absurd since the vertexv lies on 2t secants tõS◦. ThereforẽS◦

is quasi-maximal but not maximal.
For the proof of (2) see Proposition 11.17.

8. Swiss Caps

Let L be a hyperplane of6 = PG(n,2) and letSbe a critical cap in6 disjoint fromL. It
then follows, as in the proof of Theorem 3.1 that each point ofL lies on at least one secant
of S. Note also that by Corollary 3.2 (1) thatL is the only hyperplane of6 disjoint fromS.

DEFINITION 8.1 The critical capS is said to be aSwisscap if there exists a pointz of L
lying on exactly one secant line3 to S. We sometimes say thatS is a Swiss cap with respect
to (L ,3, z).

Let S in6 = PG(n,2) be a Swiss cap with respect to some(L ,3, z). There are 2n−1−1
points ofSnot in3 and lying in6 \ L. Consider the 2n−1− 1 lines of6 passing through
z which are not contained inL and which are different from3. Since3 is the only secant
of S throughz, each of these lines must contain exactly one point ofS. Thus forw /∈ 3
we havew /∈ S if and only ifw + z ∈ S.

The above paragraph shows how to construct Swiss caps. Having fixedL ,3 andz, for
each of the 2n−1− 1 lines{z, w, z+w} 6= 3 which are not contained inL we include inS
exactly one ofw or z+ w. The remaining two points ofSare just3 \ {z}.

Now we show that the assumption of a the existence of a special pointz for S is essential
(except in small dimensions).

THEOREM8.2 Let S be a critical cap in6 = PG(n,2) disjoint from a hyperplane L of6.
Then there may or may not be a point of L lying on exactly one secant of S.

Proof. Let us sketch a proof. Working inPG(4,2) we make use of the capT = {(1 : 0 :
0 : 0 : 0), (1 : 1 : 0 : 0 : 0), (1 : 0 : 1 : 0 : 0), (1 : 0 : 0 : 1 : 0), (1 : 0 : 0 : 0 : 1), (1 :
1 : 1 : 1 : 1)}. Here we are using homogeneous coordinatesx0, x1, x2, x3, x4. Let L be the
hyperplane defined byx0 = 0. Then it is easy to check that each point ofL lies on exactly
one secant toT . Doubling we obtain,̃L andT̃ in PG(5,2). HereT̃ is a cap of size 12 and
L̃ is a hyperplane. Moreover each point ofL̃ lies on exactly 2 secants of̃T . Adjoin, any
5 points not iñL to T̃ . This gives a capS with |S| = 17, disjoint from the hyperplanẽL.
Moreover every point of̃L lies on at least 2 secants toS. ThusS is not a Swiss cap even
thoughS is critical and disjoint from a hyperplane. Similar arguments, using for example
Lemma 7.2, will apply inPG(n,2) for n ≥ 6.

9. Fractal Caps

In this section we describe a method to construct certain critical maximal caps in6 ∼=
PG(n,2) wheren ≥ 4. We call these capsfractal caps. We begin with some notation
which will be maintained throughout the remainder of the paper.
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NOTATION 9.1 Given a large cap in6 = PG(n,2) there exists a projective subspace
H∞ ∼= PG(n− 2,2) which contains no points ofS by Theorem 3.16. There are three
hyperplanes of6 which containH∞. As before we denote them byL A, L B andLC. We
also writeHA = L A \ H∞, HB = L B \ H∞ andHC = LC \ H∞.

We want to apply results from the paper [9] which is concerned with abelian groups. We
regard6 = PG(n,2) as obtained from the vector spaceV(n+ 1,2) which is in particular
an abelian groupG of cardinality 2n+1. The points of6 are in one-to-one correspondence
with the non-zero elements ofG as described in Section 2.

Let F be a subgroup ofV(n+ 1,2) with |F | = 2k+1 where 1≤ k ≤ n− 3. F gives rise
to a projective subspace of6, F∞ ∼= PG(k,2). Let F + a be a coset ofF . If F∞ ⊂ H∞
anda /∈ H∞ thenF + a is a set of points lying outsideH∞. Moreover,(F + a) ∪ F∞ is a
projective subspace of6 of projective dimensionk+1. By abuse of notation we will often
use the same symbol to denote both this projective subspace and the cosetF + a.

If F∞ ⊂ H∞ we often make us of the quotient geometry6 of 6 with respect toF∞.
Thus6 ∼= PG(u,2) (whereu = n − k − 1) is just the projective space associated to the
quotient groupV(n+1,2)/F . The quotient mapσF = σ : V(n+1,2)→ V(n+1,2)/F
induces a map also calledσF (or more simplyσ ) from6 → 6. We will also denote this
map using overbars; thusH∞ denotesσF (H∞).

Now we proceed to explain the construction of fractal caps. The ingredients areF∞ ∼=
PG(k,2) ⊂ H∞ as above, a Swiss cap̂S in the quotient geometry6 and a critical capT in
3 = PG(k+ 2,2).

We suppose our Swiss cap̂S in 6 is a Swiss cap with respect to(LC,3, Z) where
Z /∈ H∞. Write3 = {X,Y, Z}. Observe that by definitionZ is not a point of Ŝ but X
andY are inŜ. Letv1, . . . , v2u−1−1 be the other points of̂S. Now without loss of generality
X ∈ L A, Y ∈ L B and Z ∈ LC. Lift X (respectivelyY, Z, vi ) to a k + 1 dimensional
projective spaceX (respectivelyY, Z, vi ) of 6 containingF∞. Also denoteX ∪ Y ∪ Z by
3. Thus3 ∼= PG(k+ 2,2). Defineπi = (vi \ F∞) ∼= AG(k+ 1,2). In 3 we have our
critical maximal capT . Thus|T | = 2k+1+ 1. We define

S= T
⊔(

2u−1−1⊔
i=1

πi

)
.

In what follows, we note that the only points ofS lying in the hyperplaneLC are the points
of T that lie in Z. To further elucidate our notation, notice that the image underσ of the
capS in6 is not Ŝ. Rather the setS= Ŝt Z is not a cap but consists of the capŜ together
with one additional point.

DEFINITION 9.2 The three cosetsX, Y andZ of F are called theimproper (F-)cosets.

THEOREM9.3 S is a cap of size2n−1+ 1.

Proof. |S| = |T | + (2u−1− 1)|πi | = 2k+1+ 1+ (2u−1− 1)2k+1 = 2k+u + 1= 2n−1+ 1,
sinceu = n− k− 1.

To see thatS is a cap we assume, by way of contradiction, thatScontains a linem. Since
S∩ H∞ = ∅, the linem must contain exactly one pointw1 of A, one pointw2 of B and
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one pointw3 of C. As we observed above the pointw3 must lie inT . If m is contained
in 3 thenm ⊂ S∩ 3 = T contradicting the fact thatT is a cap. Thusm ∩ 3 = {w3}.
Therefore there existi and j such thatw1 ∈ πi andw2 ∈ πj . Thusvi + vj is a point ofLC

which in fact is different fromZ sinceŜ is a Swiss cap with respect to(LC,3, Z). Hence
w3 = w1+ w2 ∈ LC \3 and this contradiction proves the theorem.

DEFINITION 9.4 The capSof Theorem 9.3 is called afractal cap.

THEOREM9.5 S is a maximal (quasi-maximal) cap in6 if and only if T is a maximal
(quasi-maximal) cap in3.

Proof. It is easy to see, by considering points of3 that if S is maximal thenT must be
maximal.

Suppose now thatT is maximal. Letw be some point of6 with w /∈ S. We must show
thatw lies on some secant toS. This is clear ifw ∈ 3 by the maximality of the capT .
Henceforth we assume thatw /∈ 3.

SinceT is a critical maximal cap in3 ∼= PG(k+ 2,2), it meets every hyperplane of3
by Corollary 3.2 (2). In particular,T ∩ X 6= ∅, T ∩ Y 6= ∅ andT ∩ Z 6= ∅. We use this
below.

Suppose first, thatw ∈ LC \ H∞. Let w denote the point in6 which is the image of
the subspaceW of 6 generated byw and F∞. Sincew /∈ 3, w /∈ 3 and thusw 6= Z.
Furthermore,w /∈ S implies thatw /∈ Ŝ. SincêS is a Swiss cap, there is a secant line` to Ŝ
different from3 passing throughw. At least one of the two other points of` is not a point
of3 and is therefore equal to somevi . Lifting `we obtain a pencil of subspaces containing
F∞ namelyW, vi and a third subspaceU . EitherU = X or U = Y or elseU = vj for
some j . In either eventU ∩ S 6= ∅. Recall that all points ofπi = vi \ F∞ are contained in
S. We conclude thatw lies on a secant line toS.

Next, suppose thatw ∈ (L A ∪ L B) \ H∞. Without loss of generality we may assume
thatw ∈ L A \ H∞. Let w denote the point in6 which is the image of the subspace of
6, W, generated byw and F∞. Sincew /∈ 3, w /∈ 3 and thusw 6= Y. Furthermore,
w /∈ S implies thatw /∈ Ŝ and thus there is a cross-line different from3, say{w, Z, vi },
passing throughw and Z. Lifting this secant line to6 we obtain a pencil of subspaces
{W, Z, vi } on F∞ with w ∈ W. As in the previous case we find the desired secant line to
S throughw.

We have now shown thatSis quasi-maximal. To show the maximality ofSwe consider the
case wherew ∈ H∞. Without loss of generality|Ŝ∩L A| ≥ |Ŝ∩L B| and thuŝS∩L A is a set
of size at least 2u−2+1; one of these points isX. Therefore|S∩ L A| ≥ (2k+1)(2u−2)+1=
2n−2 + 1 since|S∩ X| ≥ 1. By an easy counting argument as in the proof of Lemma 3.5
we see thatS is maximal.

Similar arguments apply for the quasi-maximal case.

REMARK 9.6 The construction of fractal caps is somewhat subtle. In the construction it
is essential thatk ≤ n − 3. For, let S be any large cap in6 = PG(n,2) with S not
equal toAG(n,2) and letH∞ be ann− 2 dimensional projective subspace disjoint from
S. Then by taking the quotient with respect toH∞ we obtain a projective line and a Swiss
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cap. Summing up, if we do not require thatk ≤ n− 3 theneverylarge cap different from
AG(n,2) can be regarded as a fractal cap.

REMARK 9.7 In the construction of the fractal capS it is not necessary that the capT
be critical. Indeed ifT is any maximal cap in3 then S is a maximal cap in6 with
|S| = 2n−1 + |T | − 2k+1. In particular,S is a large cap in6 if and only if T is a large cap
in3. Hence we may also use the fractal construction to construct new non-large caps from
old ones.

10. Critical Maximal Caps Having No Tangent Hyperplane

It is easy to see how to construct a maximal fractal cap which has a tangent hyperplane.
In this section we show how to construct a maximal fractal cap which has no tangent
hyperplanes. We maintain the notation of the previous section. Further we assume, without
loss of generality that|Ŝ∩L A| ≥ |Ŝ∩L B|. Thus|Ŝ∩L A| ≥ 2u−2+1. In order to guarantee
that S has no tangent hyperplanes it suffices to ensure that the choices ofŜ andT satisfy
each of the following three conditions:

THEOREM10.1 Let S be constructed by the method of the previous section. Further suppose
that

(1) |T ∩ Z| > 1,

(2) either|T ∩ X| > 1 or |Ŝ∩ L A| 6= 2u−2+ 1,

(3) either|T ∩ Y| > 1 or |Ŝ∩ L B| > 1.

Then for every hyperplane M of6 we have|M ∩ S| > 1.

Proof. Let M be a hyperplane of6. If M = LC then condition (1) guarantees that
|LC ∩ S| > 1. ForM = L B we have that|L B ∩ S| = 2k+1(|Ŝ∩ L B| − 1)+ |T ∩ Y|. Now
Ŝ∩ L B containsY and thus|Ŝ∩ L B| ≥ 1. Then condition (3) implies|L B ∩ S| > 1. If
M = L A we have|M ∩ S| > 1 since|Ŝ∩ L A| ≥ |Ŝ∩ L B|.

Thus we may suppose thatM does not containH∞. Since Ŝ is a critical cap in
6 = PG(u,2) we have that|Ŝ∩ L A| + |Ŝ∩ L B| = 2u−1 + 1. By assumption|Ŝ∩ L A| ≥
|Ŝ ∩ L B|. Therefore|Ŝ ∩ L A| > 2u−2. Using (2) it follows that|S ∩ L A| = 2k+1

(|Ŝ∩ L A| − 1) + |T ∩ X| > 2k+1(2u−2) + 1 = 2n−2 + 1. There are three hyperplanes of
L A which containM ∩ H∞: L A ∩ M , H∞ and a third, sayJ. Any points ofS lying in J
are outside ofJ ∩ H∞ and this implies thatJ can contain at most 2n−2 points ofS. Since
there are no points ofS in H∞ and|S∩ La| > 2n−2+ 1, we see thatM ∩ L A must contain
more than 1 point ofS.

COROLLARY 10.2 Let6 = PG(n,2).
(1) If n ≤ 5 then all critical maximal caps in6 have a tangent hyperplane.

(2) If n ≥ 6 then there exist critical maximal caps in6 having no tangent hyperplane.

Proof. Part (1) is shown in [6]. Part (2) will follow from Theorem 10.1.
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11. Uniqueness

We introduce some definitions from [9].
Let X andY benon-emptyfinite subsets of an abelian group,G.

DEFINITION 11.1 If g ∈ G thenνg(X,Y) denotes the number of representations ofg as
g = x + y wherex ∈ X andy ∈ Y. For an arbitrary subsetC of G, H(C) will denote the
subgroupH(C) := {g ∈ G | C + g = C}.
DEFINITION 11.2 We say thatC is periodic if H(C) 6= {0}.
DEFINITION 11.3 P1(X,Y) denotes the (possibly empty) collection of pairs(F, D) such
that

(1) F is a finite subgroup ofG with |F | ≥ 2;

(2) D is a proper non-empty subset ofX + Y contained in someF-coset; moreover,
(X + Y) \ D is a union of one or moreF-cosets;

(3) if X + Y is periodic thenD = F + d is anF-coset whereνd(X,Y) = 1;

(4) σ(D) has exactly one representationσ(D) = x + y wherex ∈ σ(X) andy ∈ σ(Y)
whereσ : G→ G/F is the quotient map.

REMARK 11.4 In terms of previous notation, condition (4) says thatνσ(D)(σ (X), σ (Y)) = 1.
Let S be a critical cap in6 = PG(n,2). Let H∞ be somen− 2 dimensional subspace

of 6 disjoint from S, —the existence of which is guaranteed by Theorem 3.16. As in 3.7
there arises setsA, B andC with A = S∩ L A, B = S∩ L B andC = S∩ LC.

In order to apply results from the paper [9] we remind the reader that, as explained in
Section 2, the points of6 = PG(n,2) are the non-zero elements of the elementary abelian
groupG = V(n+ 1,2) of cardinality 2n+1.

DEFINITION 11.5 Suppose there existH∞, A, B andC such thatS is LC-maximal and
P1(A, B) is non-empty then we say thatS is P1-decomposable(with respect toH∞). If
there exists a setD and a subgroupF with (F, D) ∈ P1(A, B) we will say thatF is a
P1-decomposing subgroupfor S.

REMARK 11.6 The above definition implies the existence of threeF-cosets:U = σ−1(x),
V = σ−1(y) andW = σ−1(σ (D)). We will refer toU,V andW as theimproper F-cosets.

For emphasis we now state the following lemma which is used repeatedly in the sequel.

LEMMA 11.7 AssumePG(F) ⊂ H∞ with |F | = 2 f . Suppose that S is a critical LC-
maximal cap which has F as a P1-decomposing subgroup. Then|S∩U |+|S∩V |+|S∩W| =
2 f + 1.

Proof. This follows from [9, Lemma 4.4]: see the discussion immediately following
Lemma 11.12.
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We remark that a fractal cap isP1-decomposable with the subgroup consisting ofF =
F∞ ∪ {0} as a decomposing subgroup sinceA+ B cannot be periodic by Corollary 3.10.

In [9], a subsetX of G is said to be inarithmetic progressionif X is of the form
X = {x0 + j z | j = 0,1, . . . , |X| − 1}. The elementz is calleddifferenceof X. In the
case whereG = V(n + 1,2), every elementz of G satisfies 2z = 0. Thus, if X is in
arithmetic progression we have|X| ≤ 2. In [9] the author considers pairs(X,Y) satisfying
the following condition:X andY are in arithmetic progression with a common difference
d whered is of order at least|X| + |Y| − 1 (see condition (II) [9, pg. 78]). In our case this
implies that|X| + |Y| − 1≤ 2 which implies that either|X| = 1 or |Y| = 1. This reduces
then to condition (I) in [9, pg. 78].

The definition of anelementary pairis given in [9, pg. 78] where it is shown that if(X,Y)
is an elementary pair then|X +Y| = |X| + |Y| − 1. Specializing the definition to the case
whereG = V(n+ 1,2) and using the above remarks we obtain the following definition.

DEFINITION 11.8 LetX andY be non-empty subsets ofG = V(n+ 1,2). Then(X,Y) is
anelementary pairif at least one of the following three conditions holds:

(i) Either |X| = 1 or |Y| = 1.

(ii) For some non-trivial subgroupF of G, each ofX,Y is contained in anF-coset while
|X| + |Y| = |F | + 1 (henceX + Y is itself an F-coset). Moreover, preciselyone
elementg of G satisfiesνg(X,Y) = 1.

(iii) X is not periodic. Further for some non-trivial subgroupF of G, X is contained in an
F-coset whileY is of the formY = g0+ ((a+ F) \ A) for somea ∈ X. (HereX +Y
is obtained from anF-coset by deleting a single element from that coset.) Moreover
noelementg of G satisfiesνg(X,Y) = 1.

REMARK 11.9 Let us clarify these latter two conditions. WriteF = { f1, . . . , f`} and
X = {a+ f1, . . . ,a+ fs} where 2≤ s ≤ `− 2. Definet by s− t = |(a+ X)∩ (b+Y)|.
Since|X| + |Y| = |X + Y| + 1 we may then writeY = {b+ ft+1, . . . ,b+ f`+t−s} where
g0 = a+ b ands ≥ t .

The second sentence in condition (iii) implies the following: Ift ≤ s−1 theng0+a+ fs ∈
Y and thusa+ fs ∈ (A+ F) A contradicting the fact thata+ fs ∈ A. Thus we conclude
that we must haveY = {b+ fs+1, . . . ,b+ f`}.

Next consider condition (ii). SinceX ⊆ a + F andY ⊆ b + F , we haveX + Y =
(x + y) + F . Relabelling if necessary we may takex + y = g as the (unique) element
satisfyingνg(X,Y) = 1. Thenx+ y = (x+ fs)+ (y+ fs) is the unique decomposition of
x+y. But if t ≤ s−2 then we also have the decompositionx+y = (x+ fs−1)+(y+ fs−1).
This contradiction shows thats− t = 1 and thusY = {b+ fs, . . . ,b+ f`}.

The following is Lemma 5.2 of [9] specialized to our situation.

THEOREM11.10 Let X and Y be non-empty subsets of V(n+1,2). Suppose that|X+Y| =
|X| + |Y| − 1 and that if X+ Y is periodic then there exists at least one g such that
νg(X,Y) = 1. Then either(X,Y) is an elementary pair or P1(X,Y) is non-empty.
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As before, we identify points of6 with non-zero vectors inV(n+1,2). In particular, the
subgroupF of G corresponds to a projective subspace of6 denoted byPG(F) ∼= PG(k,2).

Let us recall the notation and definitions of Section 3. In6 = PG(n,2), let Sbe a critical
cap which is disjoint fromH∞. Let L A, L B andLC be the three hyperplanes of6 which
containH∞. Also put HA = L A \ H∞, HB = L B \ H∞ andHC = LC \ H∞. Now take
A = S∩ L A = S∩ HA, B = S∩ L B = S∩ HB andC = S∩ LC = S∩ HC.

SupposeS is a criticalLC-maximal cap which isP1-decomposable with respect toH∞.
Then there exists a subgroupF 6= {0} such thatA + B = D′ t D where D′ = (F +
d1) t . . . t (F + dr ), r ≥ 1, D ⊂ (F + d0) andσ(D) has exactly one representation
σ(D) = a0 + b0 wherea0 ∈ σ(A) andb0 ∈ σ(B) whereσ : G → G/F is the quotient
map. In other words,A+ B is a union ofr completeF-cosets together with a subsetD of
an F-coset anda0,b0 andd0 represent the three improper cosets.

Using this notation, supposeF is any is a subgroup ofV(n+ 1,2) with |F | = 2k+1 with
0 ≤ k ≤ n− 3. Assume further thatPG(F) ⊂ H∞. Let6 denote the quotient geometry
of 6 with respect toPG(F). Thus6 ∼= PG(u,2) whereu = n− k− 1.

DEFINITION 11.11 Ŝ is the cap in6 defined as follows.

Ŝ= (σ (A) t σ(B) t σ(C)) \ σ(a0+ b0)

Applying Theorem 3.8 we have that|A+ B| = |A| + |B| − 1. Moreover, either by [9,
Lemma 4.4] or by an elementary argument we have that|A| + |B| = |A+ B| + 1.

Let us further suppose thatS is quasi-maximal and consider anF-coset,F + a which
is contained inHA and which is different from the improper cosetF + a0. Suppose that
F + a is not fully contained inS. Then there exists a pointf1+ a ∈ (F + a) \ S. SinceS
is quasi-maximal there exist two pointsf2 + b ∈ HB ∩ S and f3 + c ∈ HC ∩ S such that
f1+a = ( f2+b)+( f3+c). By the uniqueness of the decomposition ofσ(d0)we must have
σ(d0) 6= σ(c). ThereforeF + c is fully contained inS. Since( f2+ b)+ (F + c) = F + a
we see thatF + a is disjoint fromS. Thus we see that everyF-coset inHA, other than the
improper coset is either disjoint fromSor fully contained inS. Similarly for theF-cosets
in HB. Since|A| + |B| = |A+ B| + 1, we may write

(1) A = A0 t (F + a1) t . . . t (F + at ) with A0 ⊆ (F + a0);

(2) B = B0 t (F + b1) t . . . t (F + bs) with B0 ⊆ (F + b0);

(3) A+ B = (A0+ B0) t (F + d1) t . . . t (F + ds+t ) with (A0+ B0) ⊆ (F + a0+ b0).
HereF + a0, F + b0 andF + a0+ b0 are the three improper cosets.

LEMMA 11.12 With the above notation let S be a critical LC-maximal cap. Suppose that
F is a P1-decomposing subgroup for S (with respect to H∞). Then

(1) |A+ B| = |A| + |B| − 1;

(2) PG(F) ⊆ H∞;

(3) Define k byPG(F) ∼= PG(k,2). Then k≤ n− 3;
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(4) Ŝ is a critical cap which isLC-maximal;

(5) There is at least one elementg of LC which is uniquely expressible as the sum of a point
in A and a point inB.

Proof. The statement (1) was already given above.
Consider0 6= f ∈ F . We haved1 = 0+ d1 ∈ F + d1 ⊆ A+ B ⊂ HC and f + d1 ∈

F + d1 ⊂ HC. Thereforef = ( f + d1)+ d1 ∈ H∞. This proves (2).
To prove (3) we have from (2) thatk ≤ n−2. From Definition 11.3 we have that(A+ B)

containsD together with at least one fullF-coset not equal to the coset containingD. Thus
k ≤ n− 3.

The proof of (4) follows from Theorem 3.8 together with the fact pointed out above that
|A| + |B| = |A+ B| + 1

The statement (5) follows from the fact thatσ(D) has exactly one representationσ(D) =
a+ b wherea ∈ σ(A) andb ∈ σ(B).

Let AF be theF-cosetF +a0 containingA0, let BF be theF-cosetF +b0 containingB0

and letCF be theF-cosetF + a0 + b0 containingA0 + B0. These are the three improper
cosets. LetC0 denoteS∩ CF . SinceS is LC-maximal, HC = C0 t (A0 + B0). Let3
denote the subspace of6 generated by the three improper cosets. Thus3 ∼= PG(k+ 2,2).
We have a decomposition3 = X ∪Y ∪ Z with X ∼= Y ∼= Z ∼= PG(k+ 1,2) andA0 ⊂ X,
B0 ⊂ Y andC0 ⊂ Z.

By part (2) of the above Lemma we may subdivideHC into F-cosets:HC = (F + d0) t
(F + d1) t . . . t (F + ds+t ) t (F + ds+t+1) t . . . t (F + dr ) whereF + d0 = CF and
r = 2n−k−2−1. ThenC = C0t (F+ds+t+1)t . . .t (F+dr ). Therefore 2n−1+1= |S| =
|A| + |B| + |C| = |A0| + s(2k+1)+ |B0| + t (2k+1)+ |C0| + (2n−k−2− 1− (s+ t))2k+1.
From this we obtain that|A0| + |B0| + |C0| = 2k+1+ 1. Finally since,A0+ B0 = CF \C0

it follows using Theorem 3.8 thatT := A0 t B0 tC0 is a critical cap in3 ∼= PG(t + 2,2)
which is Z-maximal.

LEMMA 11.13 Letw ∈ 3. Then every secant line of S passing throughw is in fact a secant
of T .

Proof. Takew ∈ 3 \ S and suppose thaty, z ∈ S with y + z = w. Assume by way
of contradiction, thaty /∈ 3. Thenz /∈ 3 also. By the uniqueness of the decomposition
CF = AF + BF this implies thatw 6= CF , i.e., thatw /∈ LC. Without loss of generality
suppose thaty ∈ B andz ∈ C and thusw ∈ AF . Choosew′ ∈ (AF ∩ S) = A0. Since
y /∈ BF andz /∈ CF we have that the complete cosetsF + y andF + z are contained inS.
But thenw′ + y ∈ F + z and the line{w′, y, w′ + y} is contained inS. This contradiction
proves the lemma.

LEMMA 11.14 Let S be a critical cap which is quasi-maximal with respect to H∞. If S is
P1-decomposable with respect to H∞ then one of the three hyperplanes L of6 containing
H∞ satisfies|S∩ L| ≥ 2n−2+ 1.

Proof. The proof is by induction onn. If n = 3 then it is easily seen that the ovoid is the
only quasi-maximal cap and that the ovoid satisfies the conclusions of the lemma.
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Suppose now thatn ≥ 4. Let (F,C′′) ∈ P1(A, B) and definek by PG(F) ∼= PG(k,2).
LetÄ denote the quotient geometry of6 by PG(F). Construct̂S in Ä as above. Then̂S
is critical and quasi-maximal.

We now consider two cases:

Case 1. Ŝ is P1 decomposable with respect toH∞.
By induction there exists a hyperplaneL of 6 containingH∞ and such that|L ∩ Ŝ| ≥
2n−k−3+ 1. Then|H ∩ S| ≥ 1+ (2n−k−3)(2k+1) = 1+ 2n−2.

Case 2. Ŝ is not P1-decomposable with respect toH∞.
By Theorem 11.10,(A, B) is an elementary pair. SinceS is P1-decomposable, we see by
Lemma 11.12 (5) that case (iii) of Definition 11.8 does not apply.

Assume we are in case (ii). Then there exists a groupF ′ such thatA+ B is a coset ofF ′.
Definingk′ by |F ′| = 2k′ we have thatk+k′ ≤ n−3 since, by Lemma 11.12 (3)k ≤ n−3.
First suppose thatk+k′ ≤ n−4. SincêS is quasi-maximal,|LC∩ Ŝ| = 2n−k−2−2k′ . Thus
|S∩ LC| ≥ 1+ 2k+1(2n−k−2− 2k′) = 2n−1− 2k+k′+1+ 1≥ 2n−1− 2n−2+ 1= 2n−2+ 1.
Now, if k+ k′ = n−3 thenA+ B = LC \ H∞. Then, without loss of generality|A| ≥ |B|
and hence|A| ≥ 2n−k−3+ 1. Therefore|S∩ L A| ≥ 2k+1(2n−k−3+ 1) = 2n−2+ 2k+1.

Finally assume we are in case (i) of Definition 11.8 with|A| = 1 say. Then|Ŝ∩ (L B t
LC)| = 2n−k−2. Assuming first that|Ŝ∩L B| ≤ 1

2(2
n−k−2)we obtain that|Ŝ∩LC| ≥ 2n−k−3

and therefore|C| = |S∩ LC| ≥ 2k+1(2n−k−3)+ 1= 2n−2+ 1. Suppose on the other hand
that|Ŝ∩ L B| ≥ 2n−k−3+ 1. ThenS∩ L B ≥ 2k+1(2n−k−3+ 1− 1)+ 1= 2n−2+ 1.

We have seen that any maximal fractal cap gives a critical maximal cap and so the structure
of critical maximal caps appears quite flexible. In view of this our next result is somewhat
surprising in that it pins down the structure, and even more so in the case whenS is critical
and quasi-maximal but not maximal (see Corollary 11.16).

THEOREM11.15 In 6 = PG(n,2) let S be a critical cap which is quasi-maximal with
respect to H∞. Then either one of the three hyperplanes of6 containing H∞ is tangent to
S or else one of these three hyperplanes intersects S in at least2n−2+ 1 points.

Proof. By Lemma 3.10,A+ B is not periodic. Applying Theorem 11.10 we obtain that
either(A, B) is elementary orS is P1-decomposable. In the latter case, the result follows
from Lemma 11.14.

Let us suppose then that(A, B) is elementary. If|A| = 1 or |B| = 1 thenShas a tangent
hyperplane of the required type.

SinceSis quasi-maximal with respect toH∞, A+B = HC\C. We examine cases (ii) and
(iii) of Definition 11.8. First suppose|F | = 2n−1. Then for case (ii)|A| + |B| = 2n−1+ 1
and this is an odd number. So we may choose notation so that|S∩ L A| ≥ 2n−2+ 1. (This
case can also be disposed of as follows:|F | = 2n−1 implies thatS∩ LC = ∅ which cannot
happen because of the definition ofS.) We consider case (iii) with|F | = 2n−1. ThenA+B
is obtained from a completeF-coset by removing a vector and thus|A+ B| = 2n−1 − 1.
But HC = (A+ B) t C. Therefore|C| = 1 andLC is a tangent hyperplane.
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Suppose now that|F | ≤ 2n−2. For case (iii) using again thisHC = (A+ B) t C we
obtain that|C| = |LC ∩ S| ≥ 2n−1 − (2n−2 − 1) = 2n−2 + 1. For case (ii), since
|A| + |B| = |F | + 1 bothA andB cannot be completeF-cosets. So we assume thatA is a
proper subset of someF-coset,F +a. We have thatA+ B is anF-coset, sayF + d. Now
|F | ≥ 2. Choose two pointsd, f + d ∈ A+ B with f 6= 0; both of these points lie inHC.
Adding we see thatf ∈ H∞. ThereforePG(F) ⊂ H∞. SinceS is quasi-maximal, we have
as before thatHC = (A+ B) t C. Thus sincePG(F) ⊂ H∞, C is a union of complete
F-cosets. Therefore no point of(F + a) \ A can lie on a secant ofS. This contradicts the
quasi-maximality ofS.

COROLLARY 11.16 Let S be a critical non-maximal cap which is quasi-maximal with re-
spect to H∞. Then there is a tangent hyperplane L to S which contains H∞. Furthermore
the other two hyperplanes which contain H∞ each contain2n−2 points of S.

Proof. This follows immediately from the above theorem together with Lemma 3.5.

We are now able to describe all critical quasi-maximal caps which are not maximal.

PROPOSITION11.17 In 6 = PG(n,2) let S be a non-maximal critical cap which is quasi-
maximal with respect to H∞. Then there exists a unique point e∈ H∞ which lies on no
secant to S and S is obtained from the construction described in Section 7. Thus St {e} is
the unique maximal cap containing S.

Proof. Since, as is easily checked, there are no non-maximal, quasi-maximal caps
in PG(2,2) we assume thatn ≥ 3. Let E be the set of points of6 lying on no secants
to S. We first show thatE is itself a cap inH∞. By the above Corollary, we may
assume that|A| = |B| = 2n−2 and C = {c}. Takee1,e2 ∈ E and choose any point
a ∈ A and definea1 = e1 + a anda2 = e2 + a. Thena1,a2 ∈ HA \ A. Therefore
b1 = a1 + c andb2 = a2 + c are both points ofB. Thereforee1 + e2 = b1 + b2 lies on a
secant toS and is not a point ofE. ThusE is a cap. ThereforẽS := St E is the unique
maximal cap containingS. Since|S̃| > |S|, S̃ is a periodic cap. LetV be the set of vertices
for S̃. Since|A| = |B| = 2n−2 > 1, we see thatV ⊆ HC. But then for eachv ∈ V we
haveE = v + C = {v + c} and thus|E| = 1.

12. A Structure Theorem

Let S be a critical quasi-maximal cap. We use the notation of previous sections. We
have seen above that the setA+ B is not periodic. From Theorem 11.10 it follows that
either (A, B) is an elementary pair or elseS is P1-decomposable. We have described
the construction of fractal caps in Section 9: as explained earlier fractal caps areP1-
decomposable. However, as pointed out in Section 10 such caps may or may not possess
tangent hyperplanes. Our first structure result is as follows.

THEOREM12.1 Let S be a critical quasi-maximal cap in6 = PG(n,2). Take H∞ ∼=
PG(n− 2,2) a subspace of6 disjoint from S. Assume that S is not P1-decomposable with
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respect to H∞. Then one of the three hyperplanes containing H∞ is a tangent hyperplane
for S.

Proof. From Section 3 we know thatA andB are non-empty. By Theorem 3.10,A+ B
is not periodic. From Theorems 3.8 and 11.10, we have that(A, B) is an elementary pair.
Referring to Definition 11.8 we see that in case (i) eitherL A or L B is a tangent hyperplane
to ScontainingH∞. Case (ii) implies thatA+ B is periodic contradicting Theorem 3.10.

Assume case (iii) occurs. Thus there exist a subgroupF of V(n+ 1,2) such thatA+ B
is obtained from anF-coset by deleting a single element from that coset. Definem(C) by
|F | = 2m(C). Thus|C| = 2n−1 − 2m(C) + 1. If m(C) = n − 1 then|C| = 1 andLC is a
tangent hyperplane.

Therefore we may assume thatm(C) ≤ n − 2. Interchanging the roles ofA andC we
may assume that again case (iii) occurs and that the corresponding integerm(A) satisfies
m(A) ≤ n− 2. InterchangingB andC we may similarly assume thatm(B) ≤ n− 2. But
then|S| = |A|+|B|+|C| = 3(2n−1+1)−(2m(A)+2m(B)+2m(C)) ≥ 3(2n−1+1)−3(2n−2) =
3(2n−2+ 1) > 2n−1+ 1= |S|. This contradiction completes the proof.

13. Another Structure Theorem

Let S be a critical cap withH∞ ∩ S= ∅ and H∞ ∼= PG(n− 2,2). Let L be any one of
the three hyperplanes of6 containingH∞: for ease of notation let us assume thatL = LC.
We proceed to define a so-calledW-move usingL. Let F be a subgroup ofV(n + 1,2)
with |F | = 2k+1. Let X,Y and Z = X + Y be F-cosets withX ∩ A 6= ∅, Y ∩ B 6= ∅
and Z ∩ C 6= ∅ such that|X ∩ A| + |Y ∩ B| + |Z ∩ C| = 2k+1 + 1. Let a0 be a single
point in X ∩ A and putX1 := {a0}, Y1 = Y and Z1 = ∅. Define the setS∗ as follows.
S∗ = (S\ (X t Y t Z)) t (X1 t Y1 t Z1). Observe that|S∗| = |S| = 2n−1+ 1.

DEFINITION 13.1 We say thatS is obtained fromS∗ by applying aW(F)-move(or more

simply aW-move) to S∗. We denote this by writingS
F→ S∗.

To illustrate the usage ofW-moves we state the following result.

THEOREM13.2 Every fractal cap is obtained by applying a single W-move to some critical
cap.

Proof. Let us use the notation of Section 3 pertaining to the fractal capS. PutX1 = X∩S,
Y1 = Y∩ SandZ1 = Z∩ S. Lets0 be a point ofX1 and putX2 := {s0}. LetY2 := Y \ H∞
andZ2 := ∅. PutS1 := (S\ (X1 t Y1 t Z1)) ∪ (X2 t Y2 t Z2). Note thatS1 is a critical
cap. MoreoverS is obtained fromS1 by a singleW-move.

Our goal now is to show that every critical quasi-maximal cap which isP1-decomposable
can be obtained by performing a certain sequence ofW-moves starting with a fractal cap.

First however, we examine the situation described below.

NOTATION 13.3 Assume thatS is a critical, LC-maximal cap in6 = PG(n,2). Let
S be P1 decomposable and letF be a maximalP1-decomposing subgroup forS. Let



56 BRUEN AND WEHLAU

σF : 6 → 6/F = 6 be the quotient map. Then (see 11.11 and the discussion preceding
it) construct the capSF := Ŝ in 6. HereSF = (σF (A) t σF (B) t σF (C)) \ σF (D). Let
AF = F + a0, BF = F + b0 andCF = σ−1(σ (D)) = F + d0 be the three improper cosets
for S. ThenCF = AF + BF is the unique expression ofCF as a sum of twoF-cosets which
meetSnon-trivially.

Now suppose thatSF is alsoP1-decomposable with respect toH∞. This decomposition
then yields a subgroup, sayK , of the groupV(n+ 1,2) with F ⊂ K . Let ŜK be the cap
in 6/K constructed from theP1-decomposable capSF . Let AK , BK andCK be the three
improperK -cosets ofSF . ThenCK = AK + BK is the unique expression ofCK as a sum
of K -cosets meetingSF . Let AK = σ−1

F (AK ), BK = σ−1
F (BK ) andCK = σ−1

F (CK ).

LEMMA 13.4 Using the above notation we have that CF 6⊂ CK . Furthermore either
(AF ⊂ AK and BF 6⊂ BK ) or (AF 6⊂ AK and BF ⊂ BK ).

Proof. If CF ⊂ CK thenAF ⊂ AK andBF ⊂ BK by the uniqueness of the expressions for
CF andCK . This then implies thatS is P1 decomposable with respect toK contradicting
the maximality ofF . Thus we conclude thatCF 6⊂ CK .

We claim that this implies that eachF-coset inK + d0 different fromF + d0 contains
no points ofS. To see this assume by way of contradiction that there is a pointc ∈
(K + d0) \ (F + d0) which lies in S. ThenσF (c) ∈ SF andσF (c) does not lie in the
improper cosetCK . Hence the entireK -coset,K + σF (c) is contained inSF . But this
contradicts the fact thatσF (d0) /∈ SF .

Next we note that ifAF ⊂ AK andBF ⊂ BK then using the expressions forCF andCK̄
we obtainCF ⊂ CK . Therefore we may assume without loss of generality thatBF 6⊂ BK .
We observe now that everyF-coset inK + b0 different fromF + b0 is entirely contained
in S.

Consider anF-coset,F + a1, different from AF which is contained inK + a0. Then
(F + a1) + (F + d0) is an F-coset different fromBF = F + a0 + d0 and contained in
K + a1 + d0 = K + a0 + d0 = K + b0. Therefore(F + a1) + (F + d0) ⊂ S. Thus if
there were a point ofS lying in F + a1 and one inF + d0 then S would contain a line.
Thus since there are points ofS in F + d0 it follows that(F + a1) ∩ S= ∅. We have thus
shown that everyF-coset different fromAF and contained inK +a0 is disjoint fromS, i.e.,
(K + a0) ∩ S= (F + a0) ∩ S. If AF 6⊂ AK then everyF-coset inK + a0 different from
F + a0 would be entirely contained inSbut we have just shown that every suchF-coset is
disjoint fromS. We conclude thatAF ⊂ AK .

Without loss of generality assume thatAF ⊂ AK andBF 6⊂ BK .
From our original capSwe construct a capS1 as follows. PutX1 = AF ∩S, Y1 = BF ∩S

andZ1 = CF ∩ S. Pick any points0 in X1 and letX2 = {s0}. PutY2 = BF andZ2 = ∅.
DefineS1 = (S\ (X1 t Y1 t Z1)) t (X2 t Y2 t Z2). By Lemma 11.13 we see thatS1 is a
cap, in fact a critical cap.

We now have the following result.

THEOREM13.5 K is a P1-decomposing subgroup for S1 and S is obtained from S1 by
applying a single W(F)-move to S1. Moreover S1 is LC-maximal.
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Proof. By constructionS1 hasK as aP1-decomposing subgroup. Furthermore, it follows
directly from the definition of aW(F)move thatS is obtained fromS1 by applying a single
W(F)-move. ThatS1 is LC-maximal follows from Theorem 3.8.

We now come to the main structure theorem for caps which areP1-decomposable.

THEOREM13.6 Let S be a critical LC-maximal cap which is P1-decomposable with repect
to H∞. Then there exists a sequence S= S0, S1, S2, . . . St of critical caps and a sequence
of subgroups of V(n+ 1,2) {0} ( F = F1 ( F2 ( . . . ( Ft+1 with t ≤ n− 2 satisfying
the following properties

(1) Si−1 Fi→ Si ,

(2) Fi+1 is a P1-decomposing subgroup for Si , and

(3) St is fractal

Proof. Let F be a maximalP1-decomposing subgroup forS. We examine the cap̂S= SF .
By a straightforward argument as in Lemma 11.12 we have that|A+ B| = |A| + |B| − 1.

Case 1. SF is not P1-decomposable (with respect toH∞).
SinceS is P1-decomposable, the improper coset inLC is uniquely expressible as a sum
of a coset inL A plus a coset inL B both containing points of S namely as the sum of
the two other improper cosets. From the above discussion ofP1-decomposability we see
that in the quotient space the improper coset inLC gives rise to an elementg such that
νg(A, B) = 1. Therefore the hypotheses of Theorem 11.10 are satisfied and thus the
pair (A, B) is elementary as per Definition 11.8. We have seen that case (iii) does not
apply.

Suppose that we are in case (ii) so that there is a subgroupK with |K | = 2k. Moreover
K containsF and is such thatA lies in aK -coset, sayU , B lies in aK -coset, sayV and
that A+ B is itself a K -coset,W = U + V . As in the proof of Theorem 11.12 (2) we
may assume thatPG(K ) ⊂ H∞. Initially supposePG(K ) = H∞. Then A+ B = HC

and Ŝ is a Swiss cap. Using the improper cosets ofF we see thatS is a fractal cap.
Next suppose thatPG(K ) is properly contained inH∞. SincePG(K ) ⊂ H∞, we can
decomposeHC as a disjoint union ofK -cosets:HC = W1tW2t . . .tWr whereW = W1

andr = 2n−k−1. SinceS is LC-maximal it follows thatW2,W3, . . .Wr are each contained
in the capS. ThenSK := (A/K )t (B/K )t (C/K ) is cap in(6/PG(K )) ∼= PG(n− k,2)
of cardinalityr + 1= 2n−k−1+ 1. Furthermore since|B/K | = 1 (or using the property of
the improper cosets ofF), we obtain that there is unique secant ofSK containing the point
A/K . Moreover by direct calculation we obtain|S∩ U | + |S∩ V | + |S∩W| = 2k + 1.
ThereforeSK is a Swiss cap in6/PG(K ). ThereforeS is fractal.

Finally suppose that case (i) applies with|A| = 1. SinceS is P1-decomposable with
repect toH∞, A must correspond to an improper coset. It follows with a proof similar to
the above thatS is a fractal cap.
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Case 2. SF is P1-decomposable (with respect toH∞).
By Lemma 11.12 (5), Lemma 13.4 and Theorem 13.5 there exists a critical capS1 satisfying
the following properties:

(1) S
F1→ S1;

(2) there exists a subgroupK of V(n+1,2)with F ( K such thatK is aP1-decomposing
subgroup forS1;

(3) there are at least two distinctK -cosets inLC each having the property that it is uniquely
expressible as the sum of aK -coset inL A which intersectsS1 plus aK -coset inL B

which intersectsS1;

(4) S1 is LC-maximal;

(5) PG(K ) ⊂ H∞.

Next let K ∗ ⊇ K be a maximalP1-decomposing subgroup forS1. PutS0 = S, S1 = S1,
F1 = F andF2 = K ∗.

We examine the capE = (S1)F2. This is a cap in the quotient geometry of6 byPG(F2)

where as in the proof of Lemma 11.12 (2)PG(F2) ⊂ H∞. As usual letσ = σF2 denote the
quotient mapσ : V(n+ 1,2)→ V(n+ 1,2)/(K ∗). By Lemma 11.12,E is a critical cap.
Then A = σ(L A ∩ S) = σ(L A ∩ S1) andB = σ(L B ∩ S) = σ(L B ∩ S1). Therefore by
Lemma 11.12 (1) we have|A+ B| = |A| + |B| − 1. By the statement (3) above we are in
a position to apply Theorem 11.10. Again we consider two cases.

Case A. Eis not P1-decomposable.
From Theorem 11.10 the pair(A, B) is elementary. It follows from (3) above that we are
not in case (ii) nor case (iii) of Definition 11.8. We conclude that we are in case (i). Arguing
as in Case 1 above we conclude thatS1 is a fractal cap.

Case B. Eis P1-decomposable.

Then as before, we choose a maximalP1-decomposing subgroup forE. We proceed as
above. Now the chain ofP1-decomposing subgroupsF1 ( F2 ( . . . is strictly increasing.
Therefore eventually we obtain a subgroupFt and a capSt such that the cap(St )Ft is not

P1-decomposable. As aboveSt is a fractal cap and furthermoreSi−1
Fi→ Si for all 1≤ i ≤ t

Now |Fi | ≥ 2i . Thus dimPG(Ft ) ≥ t − 1 and thus by Lemma 11.12 (2) we have that
t − 1≤ n− 3 giving t ≤ n− 2. This completes the proof.

Note next that quasi-maximality impliesLC-maximality. Thus, combining Theorem 13.6
with Theorem 12.1 we have the following structure theorem.

THEOREM13.7 Let S be a critical quasi-maximal cap in6 = PG(n,2). Then

(1) there exists a subspace H∞ ∼= PG(n− 2,2) of6 which is disjoint from S;
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(2) if S is not P1-decomposable then there exists a hyperplane containing H∞ which is
tangent to S;

(3) if S is P1-decomposable then S is obtained from a fractal cap by a sequence of at most
n− 2 W-moves as detailed in Theorem 13.6.

We conclude by showing that for a critical quasi-maximal cap there is always at least one
point of space which lies on a unique secant line.

THEOREM13.8 Let6 = PG(n,2) and suppose that S⊂ 6 is a critical quasi-maximal
cap with respect to H∞. Then there exists a point of6 \ H∞ lying on exactly one secant
line to S.

Proof. We proceed by induction onn. The result is vacuously true forn = 2. The result
is also easily verified forn = 3 since there every point of6 \ S lies on exactly one secant
line.

Takingn ≥ 4 we see that by Theorem 11.10, either(A, B) is an elementary pair orS is
P1-decomposable.

Suppose that(A, B) is elementary. Then(A, B) satisfies one of the three conditions of
Definition 11.8.

First suppose|A| = 1 and writeA = {a0}. Then ifb ∈ B clearlyw = a0 + b lies on a
unique secant toS. A similar argument handles the possibility that|B| = 1.

Secondly we suppose that(A, B) is elementary and satifies condition (ii) of Defini-
tion 11.8. ThenA+ B is periodic in contradiction to Theorem 3.10.

Thirdly we suppose(A, B) satifies condition (iii) of Definition 11.8. Then there exists a
subgroupF ofAG(n+ 1,2) such thatA+ B is obtained by deleting a single element from
anF-coset. Definem(C) by |F | = 2m(C). Thus|C| = 2n−1− 2m(C) + 1. If m(C) = n− 1
then|C| = 1 andLC is a tangent hyperplane and we proceed as in case (i) above.

Therefore we may assume thatm(C) ≤ n − 2. Interchanging the roles ofA andC we
may assume that again case (iii) occurs and that the corresponding integerm(A) satisfies
m(A) ≤ n− 2. InterchangingB andC we may similarly assume thatm(B) ≤ n− 2. But
then|S| = |A|+|B|+|C| = 3(2n−1+1)−(2m(A)+2m(B)+2m(C)) ≥ 3(2n−1+1)−3(2n−2) =
3(2n−2 + 1) > 2n−1 + 1 = |S|. This contradiction shows that if(A, B) is an elementary
pair then there is a point of6 \ H∞ lying on only one secant toS.

Thus we suppose thatS is P1-decomposable. Then we have the subcapS0 which is a
critical quasi-maximal cap in3. By induction, there is a pointw of3 \ (3∩ H∞) lying on
a unique secant line toS0. Applying Lemma 11.13 we see that this line is the only secant
line to Spassing throughw.
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