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Abstract—We consider the problem of approximating opti- ~an optimal (stationary) policy istate aggregationin this
mal stationary control policies by quantized control. Statonary  method, similar states (e.g., with respect to cost anditians
quantizer policies are introduced and it is shown that such probabilities) are aggregated to form meta-states, and an

policies are e-optimal among stationary policies under mild . : .
technical conditions. Quantitative bounds on the approxination optimal policy can then be calculated according to the

error in terms of the rate of the approximating quantizers are ~ reduced MDP (see [7], [8], [9] and references therein). The
also derived. Thus, one can search for-optimal policies within  basic issue with this method is how to efficiently aggregate
quantized control policies. These pave the way for applic&ns  states and construct a reduced MDP from the original one.
in optimal design of networked control systems where contriber For denumerable MDPs, several approaches have been

actions need to be quantized, as well as for a new computatiah d | d t imat timal (stati i
method for the generation of approximately optimal Markov ~ d€veloped to approximate an optimal (stationary) policy.

decision policies in general (Borel) state and action spasdor ~ References [10]-[14] used the technique of truncating the
both discounted cost and average cost infinite horizon optial ~ state space when evaluating the value function in the value
control problems. iteration algorithm. In these schemes, at each step the stat
space is truncated and the corresponding value function

o calculated; this latter is proved to converge to the trueieval
In the theory of Markov decision processes (MDP), the s§f,ction. Then, using the truncated value function approx-

of control policies induced by measurable mappings fromyately optimal policies are constructed. In [15] the idea
the state space to the action space is an important Clagsempeddings used to approximate an optimal (stationary)
since it is the smallest structured set in which one cagqjicy Here, a finite state MDP is constructed, which has the
find a globally optimal policy for a large class of MDPS ¢, e optimal cost as the original MDP and has an optimal
[1]. [2]. Such policies are usually called non-randomizeqlyjicy \which agrees with an optimal policy of the original
(or deterministic) stationary policies, or stationary i8S  \ipp in the approximating set. This finite state MDP is said
for short, in the literature. Although this set is the smstlle to be embedded in the original one. Reference [16] considers

structured optimal class for MDPs, computing an optimghe an0roximation problem for denumerable continuous time
policy in this class is in general computationally profiiit  \ipps Here a convergence notion for control models is

for non-finite.PoIish (that is, complgte, §eparable and inptr defined and is then used to show the convergence of optimal
stat_e and apt!on spaces. Hgnce, itis of interest to appedeim policies for the truncated MDPs to an optimal policy for the
optimal policies even in this class. original MDP,

From the computation point of view, Approximate Value |, this paper we introduce a new method for obtaining
lteration (AV1) and Approximate Policy Iteration (API) are 5 4yimately optimal control policies with guaranteed-pe
tWO, powerful methods to approximate an optimal (statiopar,rmance bounds for a class of cost functions. We first
policy for an MDP (see [3], [4], [5], [6] and references;nyqqyce the set of non-randomized stationary quantizer
therein). In AVI, the idea is to compute approximately thepolicies, which is a proper subset of the set of non-

value iteration function in each step of the value iteratiog,nqomized stationary policies. Policies in this set are in
algorithm. This way one can both approximately find any,ceq by quantizers from the state space to the action space.
optimal value function and construct an approximately 0prpege policies are then used to approximate non-randomized
t'mal, (stationary) policy. AI'Fhough, the main purpose Oé,th stationary policies. We show that there existsesaoptimal
APL'is the_same as AV_I (ie., to approxmate the optima}, o randomized stationary quantizer policy in the set af-no
value function) the algorithm works differently. In eacBBt 5n40omized stationary policies. We also demonstrate keat t
first an approximate value function for a given policy iSgittarence between the cost of an optimal nonrandomized
computed. Then, an improved policy is generated using theyiionary policy and the cost of the approximating non-
approximate value function. The main drawback of thesg,qomized stationary quantizer policy can be upper bodinde

glgorithms is the accumulation of the approximatio_n er.ro[)y a term depending on the rate of the quantizer. Although
in each step. Another well-known method for approximating - method is somewhat similar to the state aggregation

This research was supported in part by the Natural ScienteésEagi- approach ("e' aggre_gat? states which are_ close to each Othe
neering Research Council (NSERC) of Canada. in state space), unlike in state aggregation, we can obtain

I. INTRODUCTION



explicit approximation results and error bounds for vasiou According to the lonescu Tulcea theorem [19], an initial

cost functions. distributiony, on X and a policyr define a unique probability
The proofs of the results in this paper are presented in theeasureP; on H., = (X x A)*°, which is called sstrategic

full paper [17] which also deals with the approximation ofmeasure[18]. If © = J, for somez € X, we write P]

randomizedstationary policies. instead ong;. For A C RII defineLa = {P] : p €
P(X), 7 € A}. ThenLpy is the set of all strategic measures.
II. DEFINITION OF MARKOV DECISION PROCESS Clearly Lrn C P(Hwo). It is known thatL g, L, Lra,

M, Lrs and Lg are all in M(H.) [18, Theorem 3.2].
ence, the restriction oMM (H.,) to La, for each ofA =
) . . RILII,RM, M, RS, S, coincides with the Boreb-algebra
() The state spaceX is a complete, separable metricyp, ;  generated by the weak topology. The cost function

(Polish) space equipped with its Borelalgebral(X). s defined to be a measurable function frdmu to [0, oo,
(i) The action spacé is also a Polish space equipped with; o

its Borel o-algebralB(A).

(iif) The transition probabilityp is a stochastic kernel oX
givenXxA; i.e.,p( |z, a) is a probability measure oX
forallz € X anda € A, andp(B]| -, -) is a measurable
function fromX x A to [0, 1] for eachB € B(X).

(iv) The cost functionw will be specified later.

We consider a discrete time Markov decision process (MD
with the components as follows:

w: L — [0, 00]. 1)

Letcandec,, n=0,1,2,..., be measurable functions from
X x A to [0, c0]. The following are examples for the type of
cost functions defined in (1) (see [20]). Here the expeatatio

The following notatign is from [18]. Define the history 5re taken with respect to strategic measures induced by the
spacesH, = (X x A)" x X, n = 0,1,2,... with their  jicies and initial distributions.
product Borelo-algebras generated b§(X) and B(A). A _ o _ N
randomized policyr = {m,} is a sequence of stochastic 1) Expected Finite Horizon CosE[} ", _ cn(xn, an)] for

kernels onA givenH,,. A non-randomized policy = {r,,} =~ SOmeN < co. -

is a sequence of stochastic kernels Argiven H,, which i) Expected Total CostiZ[) >, cn(@n, an)].

are realized by a sequence of measurable functighg i) Expected Discounted CostE[>_,~ 5" c(n, an)] for
from H, to A; i.e. m,(Blhn) = &5, 1n,)(B) wWhere f, : someg € (0,1).

H, — A measurable. Arandomized Markov policys a V) Expected Average levost:

sequence of stochastic kernets= {r,} on A given X. limsupy o 3 B[220 c(@n, an)].

A non-randomized Markov policg defined as sequence of Note that both the expected finite horizon cost and the

stochastic kernels = {m,,} on A givenX which are realized expected discounted cost are special cases of the expected
by a sequence of measurable functidrfs} from X to A;  total cost.

i.e.,mn (B|x) = 05, (2)(B), wheref, : X — Alis measurable.  a measurable function : X — A is called aquantizer
A randomized statlonary.pollcgs a sequence of stochastiCfom X to A if the range ofq, i.e., ¢(X) = {g(z) : = €
kernelst = {m,} on A given X such thatr, = mn =1 X1, is finite. The rateR of an any quantizey is defined
for m,n =0,1,2,.... A non-randomized stationary policy a5 the logarithm of the cardinality of its range, i.&,:=
is a sequence of stochastic kernels- {r,,} on A givenX log(g(X)). Let O denote the set of all quantizers franto
such thatm, = m, for m,n = 0,1,2,... andm,(B|z) = A In this paper we introduce a new type of policy called a
df(x)(B) for some measurable functighfrom X to A. non-randomized stationary quantizer poliGuch a policy is
We denote byRII, I, RM, M, RS and S the set 5 gsequence = {r,} of stochastic kernels o givenX such
of all randomized, non-randomized, randomized Marko\nhatr, = .., m,n = 0,1,2, ..., and,,(B|z) = 0,()(B)
non-randomized Markov, randomized stationary and NnoRgr someg € Q. Let SQ denote the set of all non-randomized
randomized stationary policies, respectively. We have thgationary quantizer policies and define the the set ofegiat
following inclusions: RIT > RM S RS, I > M > S,  measures generated 5§ as Lso = {7 : u € P(X), 7 €
RIIDII, RM > M andRS D S. S0}
Let B(E) denote the set of all bounded measurable real 1 primary goal of this paper is to find conditions on the
functions on a measurable spaé¢) and 1etC),(E) denote  gya0ee¢ and A, initial distribution i, the stochastic kernel

the set of all bounded continuous real valued functions onlg;l and the cost function such that the following statements
topological spac& equipped with its Boreb-algebraB(E). h'old:

Also let P(E) denote the set of all probability measures _ _ _
on E and let M(E) denote the Boreb-algebra generated(P1) For any givens > 0 there exists a non-randomized

by the weak topology orP(E). If E is a Polish space, stationary quantizer policyr™ satisfying w(P] ) <
then P(E) is metrizable with the Prokhorov metric which ~ infres w(B]) +e. _ o

makesP(E) into a Polish space. We always equip the s€f2) For anyr € S there exists an approximating sequence
of probability measures with the Boretalgebra generated {n*} € SQ such that the differencles(P) —w (P )|

by weak topology. Unless otherwise specified, the term  can be upper bounded gyaterm depending on the rates
"measurable” will refer to Borel measurability. of quantizers inducing =" }.



I1l. A PPROXIMATION OF NON-RANDOMIZED In this section we impose the following assumptions in

STATIONARY POLICIES addition to assumptions (a) and (b):

A sequence{u,} of measures on measurable space(c) c and_cn (n 2_1) are non-negative, bounded measurable
(E, &) is said to converge setwise [21] to a measpréf functions satisfyinge(z, - ), ca(z, -) € Cy(A) for all
pn(B) — w(B) for all B € & or equivalently [ gdu, — z e X -

[gduforallg € B(E). In this section, we will use the (@) SUPresd izt Ju en(@n,an) BT = 0 @SN — oo,
following assumptions: Since the per stage cost functioms are non-negative,

assumption (d) is equivalent to Condition (C) in Schal's
paper [22, page 349]. Clearly, the expected discounted cost
and expected finite horizon cost satisfy the assumption (d)
under assumption (c).

We have the following proposition about the continuity of
the expected total cost;.

(a) The stochastic kerngl - |z, a) is setwise continuous in
a € A, e, ifa, — a, thenp(:|z,a,) — p(-|z,a)
setwise for allx € X.

(b) A is compact.

We now define thevs> topology onP(H,) which was first
introduced by M. Schél in [22]. Lef(Hy) = B(X) and let
C(H,) (n > 1) be the set of real valued functiogson H,,  Proposition 2. Under assumptions (c) and (d,— w(P])
such thatg € B(H,) andg(zo, -, x1, -, ..., &n_1, -, x,) € IS sequentially continuous obzr under thews> topology.
Cy(A™) for all (zg,...,7,) € X", The ws™ topology

on P(HOO)_ is defineq as the smalligt topology wh_ich make§heorem 2. Under assumptions (a), (b), (c) and (d) for
the mappings” — |, gdP, g € U,—,C(Hx), continuous. any -~ ¢ there existst* € SQ such thatw,(P7") <
Similarly, the weak topology of?(H.,) can also be defined infresw:(PT) + e. Hence,(P1) is true under assumptions

as the smallest topology which makes the mappifigs> () (b), (c) and (d) for the expected total cost criterion.
me gdP, g € U,_,Cy(H,), continuous [22, Lemma 4.1]. ) N
A theorem due to E.J. Balder [23, page 149] and A.S. Nowak  Proof: This follows from Proposition 1 and 2.

[24] states the weak topology and te™ topology onL g In the rest of this sect!on_ we _consider the ex-
are equivalent. Hence, thes> topology is metrizable with pegoted discounted cost criterion, i.ews(Py) =
the Prokhorov metric ot gry. >0 B Ju_ cln,an)dP]. Recall thatws satisfies (d)

The following theorem is a Corollary of [25, Theoremunder the assumption (c), so Theorem 2 holds dgr
2.4] which will be used in this paper frequently. It is theunder assumptions (a), (b), (c). However, we can also obtain
generalization of the dominated convergence theorem.  Theorem 2 forwg by considering occupation measures. For

any initial distributiony and any policyr the occupation
Theorem 1. Let (E, £) be a measurable space and Jeti,,, measure defined is as follows:

n = 1,2,... be measures with the same finite total mass. 00
Supposeu,, — p setwise,lim,, . h,(x) = h(z) for all vi(B):=(1-7) ZﬁnPI((xm“n) € B), (2)
x € X, and h, h, (n > 1) are uniformly bounded. Then, n=0
limy, o0 [ hndpn = [ hdp. where B € B(X x A). It is clear that? is a well defined

Since the action spack is compact, we can uniformly probability measure orX x A_. It is alsclJ imm_ediate that
approximate any measurable functigh: X — A by a ws(F) can be written as an integral 6f=;c with respect
sequence of simple functionis;,} € Q (quantizers in our t© the occupation measurg, i.e.,

context), i.e., such thaj;(z) converges uniformly tof (x) o1 . 3
ask — oo. The following proposition will be proved using ws(Py) = 1-5) /X><A ez, a)dv. ®)
Theorem 1.

Similar to the ws*> topology, we now define thevs
Proposition 1. Assume (a) and (b) hold. Let € S be topology onP(X x A) which was also introduced by M.
induced byf : X — A and let {¢.} be the sequence of Schal in [22]. A sequence of probability measufes } on
quantizers which converge uniformly fo Let {7*} € SQ XxA converges in thevs topology to a probability measure
be induced by{qy }. Then,P;r’c — PT in ws> topology for ¥ onX x A if and only if J gdvi — [ gdv for all bounded

an arbitrary initial distribution .. measurable functioy satisfying g(z, -) € Cy(A) for all
r € X

_ _ _ _ ~ Proposition 3. Let PJ,{PJ'C} € Lpn (K> 1). If P;jk —
_ In this section, we consider the first appr_ox[ma-P,[ in thews> topology, then/’jk — v in thews topology.
tion problem (P1) for the expected total cost criterion * F "

E[>"7  en(zn,ay)] and its special case, the expected dis-

n=0

A. Expected Total and Discounted Costs

counted cost criterio®[y” | A" c(zn, an)]. Let ET denote Let w, g denote the expected discounted cost function
the expectation with respect ] on H... Define when it is written with respect to the occupation measure,
- ie., 1
wt(P:) = E: |:Z Cn(wnaan)]. wo,ﬁ(”ﬁ) = 7/ c(;ma)dy;r’
n=0 (1 - ﬁ) XxA



and note thatv, s(v);) = wg(P]). give sufficient conditions for the setwise convergence of
Proposition 4. Under assumption (c) if a sequence of C)Ccu|_nvar|ant probability measure, corresponding to stochastic

. " . kernelsQ.
pation measure$u;; } converges to an occupation measure Qn

V7 in the ws topology, themoﬁ(y;k) — wo,5(7). Proposition 5. Let 7 € S be induced byf. Let {q;} and
_ ) o {7*} be as before and le@, and Q,» (k¢ > 1) be the
Proof:  This follows from the definition of thews  cqrresponding stochastic kernels as defined in (4). Assume

topology. that
Theorem 3. Under assumptions (a), (b) and (c) for any (i) Q.» has an invariant probability measute.» for each
givene > 0 there existst* € SQ such thatwo,ﬁ(l/;:*) < k;
infres wop(v)) +e. (i) {v.} is sequentially relatively compact for the setwise
Proof: This follows from Propositions 1, 3 and 4. topology. . ) ) i
Then every setwise limit of the sequefecex} is an invari-
B. Expected Average Cost ant probability measure fo€),.. In particular, if Q. has an

In this section we consider the first approximatiortnique invariant probability measure, then every convetge

problem (P1) for t]pel expected average cost functionsubsequence dfv.«} converges to this invariant measure.
. 1 — - .
limsupy oo % ED ,—g c(2n,an)]. We are still assuming Proposition 6. Letr, f, Q and{7*}, {g1}, {Q.+} (k > 1)

(b) and (c). Recall that the goal is to obtain awptimal g 55 iy the Proposition 5. Under the following assumptions

non-randomized stationary quantizer policy in the set Of(i) Q.. O (k > 1) have an invariant probability mea-

non-randomized stationary policies for any given> 0. ™ e =

| : suresv,, v (k> 1),

n contrast to the expected total cost and discounted co?t For all B € B(X), O(Blz) — vs(B) uniformly in

cases, the expected average cost cannot be expected to 'Qe PR ( } fo;;(smi]e va( y

sequentially continuous on the set of strategic measures LT o

Lrn for the ws™ topology under reasonable assumptionsVe havev, .« — v, setwise.

Hence, in this case it is not convenient working with strateg  Recall thatM., is the set of all initial points: such that

measures. _ the convergence in (5) holds. The following assumptions wil
Let J(m, ) denote the expected average cost associatgd imposed in the next theorem.

with the |n|t|i;1l ?T'St”]egtl'on p and policy 7, J(m, p) = (e) For anyr € S, Q. has an unique invariant probability

limsupy o B Dono c(@p,an)]l. I p = 60, we measure, .

write J(m,z) instead ofJ(w,d,). Observe that any non- (fl) The setl's = {1 € P(X)

randomized stationary policyt, induced by f, defines a X

stochastic kernel oiX given X:

Qu(-|2) = / p(-|2,0)6 0y (da) = p( - |z, f(z)). (4)

Define the functionc, on X corresponding to policyr as @ M:=NesMn # 0.

follows: ¢ () := [, ¢(z,a)dy(y)(da) = c(z, f(x)). Clearly, Theorem 4. Let the initial distributiony be concentrated
cr is a bounded measurable function. ¢} denote ther-  on somexr € M. Then, for any: > 0 there existst* € SQ
step transition probability fof). Let us writeQ7g(z) :=  such thatJ(7*, z) < infzcg J(7, ) + ¢ under assumptions
Jx 9(2)Q%(dx|x) for any measurable functiopnon X. If Q- (e), (f1) (or (f2)), and (g).

admits an ergodic invariant probability measutge then by
Theorem 2.3.4 and Proposition 2.4.2 in [21], there exists an
invariant set with fullv, measure such that for atl in that
set we have

: vQ, = v for somer €
S} is relatively sequentially compact in the setwise
topology.

(f2) There exitsz € X such that for allB € B(X),
Q%(Blx) = v-(B) uniformly in = € S.

Proof: This follows from (5), Propositions 5 and 6.
In the rest of this section we will derive conditions under
which assumptions (e), (f1), (f2), (g) hold. In particulese
N1 will consider an additive-noise system with Gaussian noise
1 Z / c(an, an)dPT to find sufficient conditions under which assumptions (e),
N = ., nem (f1), (f2) and (g) hold.
e To begin with, assumptions (e), (f2) and (g)
— T n _ are satisfied under any of the conditionsRi,
NN ,;0 Qnex() /xcﬂ(x)yﬂ(dx)' ©) i €{0,1,1(a),1(b),2,...,6} in [26]. Moreover,M = X in
(g) at least one of the above conditions is hold. The next
step is to find sufficient conditions for assumptions (e)) (f1

n (5.) hoIQs. Hence;/_,r_(l\/l,r) = 11if vy eX|s_ts. By working and (g) to hold. The following gives a sufficient condition
with invariant probability measures for the induced statita : . . .
for sequential relative compactness in setwise topology.

kernels Q. instead of strategic measures, we can derive
an approximation result similar to Theorem 2 by invoking.emma 1. If the set of probability measure§ on X
Theorem 1. However, to do that we need setwise convergernisemajorized by a finite measure, then I' sequentially
of invariant probability measures,. The following results relatively compact in the setwise topology.

J(m, z) = limsup
N—00

Let M, C X be the set of alk: € X such that convergence



Proof: This follows from Prokhorov’s theorem and [21, measures and lety denote the metric of the spade We
Theorem 1.5.5]. will use the following assumptions in this section:
The following proposition gives a sufficient condition (n) A is infinite compact subset @&¢ for somed > 1.
for the existence of an invariant probability measure for a) |c(x,d) — c(x,a)| < K1da(a,a) for all , and some
stochastic kernel which is not necessarily Feller. It can be ™ - > .

proved by modifying the proof of [27, Theorem 4.17 1. (k) |Ip(-|z,a) —p(- |z, a)||l7v < K2da(d,a) for all z, and

Proposition 7. Let Q be a stochastic kernel oX givenX. somekKs 2 0. _ _ _
If there exists# in X such that the sequende)”(-|#)} is () For each non-randomized stationary poliey, the
majorized by a finite measurg, then Q has an invariant stochastic kernef)~(dy|x) has a density. (y|x) with

respect to ar-finite measuren on X, and there exists

probability measure.
e >0 andC € B(X) such thatn(C) > 0 and

Observe that the stochastic kerpedn X givenX x A can
be written as a measurable mapping fréhx A to P(X) if gr(ylz) >cforalye Cix e X, € S.

P(X) is equipped with its Boret-algebraM (X), i.e., ) . ) .
Indeed, assumption (l) is the same as condifdria) in [26]

p(-|z,a): X x A= P(X). which was mentioned in Section 11I-B. However, we define it
] ] ) as a new assumption for the sake of completeness and clarity.
We impose the following assumption In the following two section we will obtain bounds for the
(el) p(-|z,a) <~(-) forall z € X, a € A for some finite expected discounted cost and expected average costariteri
measurey on X. Assumptions (h), (j) and (k) will be imposed for both cases,
Fact 1. Let 7 € S be induced byf and let Q, be E;;e(l) will only be assumed for the expected average cost

the corresponding stochastic kernel definedas( - |x) =
p(-|z, f(x)). Under assumption (el Q=(-|z)} is ma-
jorized by~ for all z.

The following result holds sincé\ is a compact (thus
bounded) subset of @&dimensional Euclidean space and so
there exists a finite subsét C A with cardinality |C| < k
Proposition 8. Suppose (el) holds. Then, for ang S, Q,r  such thatmax,ca mingec da(z,y) < A(1/k)Y/¢ for some
has an invariant probability measure, which is majorized ) > 0, whered, is the Euclidean distance dge.
by v. Hence, (el) implies assumption (f1) by Lemma
In addition, if these invariant measures are unique, th
assumptions (e) and (g) also hold with = X in (g).

e]Hemma 2. Let A ¢ R? be compact . Then for any
measurable functiorf : X — A we can construct a sequence
of quantizers{q} from X to A such that|q;(X)| = k¥ and

Examplel. Let us consider an additive-noise system with &up, .y da(qx (), f(z)) < A(1/k)'/¢ for some constank.

Gaussian noise given b . . .
¢ y In the rest of this section we are assuming that any non-

Tpi1 = F(zn,an) +v,, n=0,1,2,... randomized stationary policyinduced byf is approximated

by a sequencér®} of non-randomized stationary quantizer
whereX = R" and the’Un’S are i.i.d. random vectors haVing po”cies which are induced by a Sequer{%} of quantizers
a non-degenerate Gaussian distribution. For ang S, if  asin Lemma 2. By an abuse of notation, f&t(dz,,) denote

@~ has an invariant probability measure, then it has to b@e marginal distribution of the state,. The following
unique since{x,, } is irreducible because the Gaussian nOiSEroposition is the key result in this section.

has a density which is positive a¥. Hence if this system N )

satisfies assumption (el), then assumptions (e), (f1) and fgroposition 9. Let = € .S be '”d_UFGdkaf- Let {q} be
with M = X hold by Proposition 8. It is not difficult to see @S in the Lemma 2 inducing policigsr™}. For any initial
that assumption (e1) holds # has a bounded range. Ondistribution .. we have

the other hand, the boundednessgFoalso impliesR1(a) in . o 1/d

[26] which further implies assumptions (e), (f2) and (g)twit 1P (deen) = P (dan) [y < AR (20 —1)(1/k) ©)
M = X [26, Theorem 3.2]. Hence, F is bounded, thgn (e), for all n > 1 under assumptions (h), (j) and (k).

(f1), (f2) and (g) hold withM = X. This means that if" is

bounded, then Theorem 4 holds for this system. A. Upper Bound for the Expected Discounted Cost Case
IV. UPPERBOUNDS ON THEAPPROXIMATION ERROR In this case, for any initial distributiop and anyr € S,
BASED ON THERATE OF QUANTIZATION induced by f, the expected discounted cost can be written

. . o , . S
In this section our aim is to find an upper bound in terms o?
the rates of quantizers used on how well stationary quantize = .
policies can approximate general non-randomized statjona ws(Py) = Z B /XC(I"’ F(@n)) Py (den). Y
policies. Recall that the rate of a quantizas defined as the =0
logarithm of the cardinality of its range, i.€%,:= log[¢(X)|.  We will write wg(7) instead ofws(P7). The following
Let || - ||7v [21] denote the total variation distance betweertheorem essentially follows from Proposition 9.



Theorem 5. Let # € S induced byf. Let {gx} as in the of C. Clearly,v(X) = em(C) > 0. By Lemma 3.3 and its
Lemma 2 inducing policie§r*}. For any initial distribution  proof in [28, page 57] we can obtain the desired resuilt.

1, We have Lemmas 3 and 4 imply the following theorem.
lwg (1) — ws(7*)| < K(1/k)Y4 (8) Theorem 6. Letw € S and let{x"} € SQ approximating
. Under assumptions (h), (j), (k) and (I) for anye X we
where K = 25(K, — BKoM + 28ME2) with M := have

SUD(; 0)exxa |¢(z,a)| under assumptions (h), () and (k). 2 em(C)\"
Hence,(P2) is true under assumptions (h), (j) and (k) for|w(x,d,) — w(7*,d,)| < 4M<7> + K, (1/k)Y¢
the expected discounted cost criterion. 2 (11)

B. Upper Bound for the Expected Average Cost Case for all m > 0 where K,, — ((2n DKoM + Kl/\) and

For the expected average cost criterion we cannot apply .= SUD (4 a)exxa (7, ).
the same method as for the discounted cost since the bound )
obtained there converges to infinity a approachesl. Observe that depending on the valuescotnd m(C),
However, as in Section Ill-B we approach the problem byve can first make the first term in (11) small enough by
writing the expected average cost as an integral of the 0f800sing sufficiently large:, and then for thisn we can
stage cost function with respect to an invariant probabilitch00Sek large enough such that the second term in (11) is
measure for the induced stochastic kernel. This way wemall- The following is an example of how to findand ¢
obtain a bound on the difference between the actual aig @ssumption ().
the approximated cost. However, the bound for this cadexample2. Consider the additive-noise system with Gaus-
will depend both on the rates of quantizers approximatingian noise given by
the actual policy and an extra term which changes with the

system parameters. However, as we show this extra term goes Tnt1 = F(Zn, an) + v, n=0,1,2,--

to zero asn — oo. whereX = R and thew,’s are i.i.d. real valued Gaussian
Lemma 3. Suppose (c) and (I) hold. Then, for anye § random variables with zero mean and varianée Assume
andz € X we have F has a bounded range R, say, F(R) C [-L, L] ,where
L > 0. Let m denote the Lebesgue measure Bn For
J(m,x) :/cﬁ(x)u,,(dx) (9) anyw € S induced byf and for anyx € X, Qx(-|x)
X

is absolutely continuous with respect ta with density

wherev, is the unique invariant probability measure for theg, (y|z) = a\}ﬂ exp~(W—F@.f(@))*/20” Hence, assumption

induced stochastic kerné), (see (4)). (1) holds withs = \1ﬁ exp~2L*/20% andC = [~ L, L] for

oV2m
Proof: By [26, Theorem 3.2], assumption (I) implies thethis system.
Uniform Ergodicityproperty in [26, page 33]. The Uniform
Ergodicity property implies the existence of a unique invar
ant probability measure,. for the Q, and it also implies  In this paper, we introduced stationary quantizer policies
that and showed under not too restrictive conditions that one can
N_1 always find a non-randomized stationary quantizer policy
i Z P (dzn) — vx(-) asN — oo setwise (10) which is £ optimal, in terms of the cost, in the set of all
N oy S " non-randomized stationary policies. We also found an upper
bound on the error for approximating optimal policies in
terms of the rates of the quantizers. Our continuity results
also apply to the approximation of randomized stationary
Lemma 4. Suppose assumption (I) holds. Then for ang  policies. A detailed discussion is given in [17].
S andz € X, we have

V. CONCLUSION

for all x € X and all® € S. Sincec is bounded by
assumption, (10) implies (9).
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