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Abstract—We consider the feedback capacity of a class of
symmetric finite-state Markov channels. Here, symmetry (termed
“quasi-symmetry”’) is defined as a generalized version of the sym-
metry defined for discrete memoryless channels. The symmetry
yields the existence of a hidden Markov noise process that depends
on the channel’s state process and facilitates the channel descrip-
tion as a function of input and noise, where the function satisfies
a desirable invertibility property. We show that feedback does
not increase capacity for such class of finite-state channels and
that both their nonfeedback and feedback capacities are achieved
by an independent and uniformly distributed (i.u.d.) input. As a
result, the channel capacity is explicitly given as a difference of
output and noise entropy rates, where the output is driven by the
i.u.d. input.

Index Terms—Channel capacity, channels with memory, dy-
namic programming, feedback capacity, finite-state Markov
channels.

I. INTRODUCTION AND LITERATURE REVIEW

LTHOUGH feedback does not increase the capacity of

discrete memoryless channels (DMCs) [1], it generally
increases the capacity of channels with memory. In this work,
we study the feedback capacity of a class of channels with
memory and show that feedback does not increase their ca-
pacity. More explicitly, we consider finite-state Markov (FSM)
channels [2]-[4] which encompass symmetry in their channel
transition matrices.

FSM channels have been widely used to effectively model
wireless fading channels (e.g., cf. [5]-[8]). A definition of sym-
metric finite-state Markov channels is given in [9] and [10] and
capacity without feedback is calculated where it is shown that
the capacity-achieving distribution is uniform and that this dis-
tribution yields a uniform output distribution. In [11], it is shown
that feedback does not increase the capacity of discrete chan-
nels with modulo additive noise. It is also shown that for any
channel with memory satisfying the symmetry conditions de-
fined in [12], feedback does not increase its capacity. Recently,
it has been shown that feedback does not increase the capacity of
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the compound Gilbert-Elliot channel [13], which is a family of
FSM channels. In a related work, the capacity of finite-state in-
decomposable channels with side information at the transmitter
is investigated [14]. In particular, it is shown that the capacity of
finite-state indecomposable Markovian channels with (modulo)
additive noise, where the noise is a deterministic function of the
state, is not increased with the availability of side information
at the transmitter. In a more recent work, it has been shown that
it is possible to formulate the computation of feedback capacity
as a dynamic programming problem, and therefore, it can be
solved by using the value iteration algorithm under information
stability conditions [15], [16]. In [17], finite-state channels with
feedback, where feedback is a time-invariant deterministic func-
tion of the output samples, is considered. It is shown that if the
state of the channel is known both at the encoder and the decoder
then feedback does not increase capacity. In [18] and [19], di-
rected information is used to calculate the feedback capacity of
some classes of FSM channels. In particular, the channel state
is assumed in [18] to be a deterministic function of the previous
state and input; whereas in [19] the channel state is assumed to
be a deterministic function of the output. In [20], time varying
channels are modeled as FSM channels and their capacity is
studied as a function of the feedback delay assuming perfect
channel state information at the receiver. In addition to these
results, it has also been shown that feedback does not increase
the capacity for a binary erasure channel with Markovian state
[21]. Although not closely related with our result, an important
insight into the use of feedback in a real time causal coding con-
text is presented in [22]. In particular, it is shown that feedback
is useful in general causal coding problems of a Markov source
over a noisy channel; however, it is not useful if the channel is
symmetric (as defined in [22]) and memoryless.

Considering the structure in typical communication channels
and the results in the literature that we presented above, it is
worth to look for the most general notion of symmetry for chan-
nels with memory under which feedback does not increase ca-
pacity. With this motivation, we study the feedback capacity of
a class of symmetric FSM channels, which we call “quasi-sym-
metric” FSM channels, and prove that feedback does not help in-
crease their capacity. This result is shown by demonstrating that
for an FSM channel satisfying the symmetry conditions defined
in the paper, its feedback capacity is achieved by an indepen-
dent and uniformly distributed (i.u.d.) input which implies that
its non feedback capacity is also achieved by a uniform input
distribution. Along this way, we first show the existence of a
hidden Markov noise process, due to the symmetry character-
istics of the channel, which is conditionally independent of the
input given the sate. As a result, the FSM channel can be suc-
cinctly described as a function of input and noise, where the
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function is an invertible map between the noise and output al-
phabets for a fixed input. With this fact, the feedback capacity
problem reduces to the maximization of entropy of the output
process. In the second step, we show that this entropy is max-
imized by a uniform input distribution. It should be noted that
for quasi-symmetric FSM channels, uniform inputs do not nec-
essarily yield uniform outputs; this is a key symmetry property
used in previous works for showing that feedback does not in-
crease capacity for symmetric channels with memory (e.g., [11],
[12]). This second step is solved via a dynamic programming ap-
proach which shows that it is possible to learn the channel via
past feedback control actions (input distributions) that affect the
future input actions by modifying the induced channel that the
receiver observes. We demonstrate that, when the FSM channel
satisfies the condition that the column sums of its channel transi-
tion matrices are invariant with respect to the state process, it is
still possible to learn the channel via past input actions; however,
the optimal input distribution remains the same even with this
learning step. We also note that our result intersects with [11]
and [12] when the noise process in the latter works is restricted
to being Markovian, stationary and irreducible. Furthermore, a
by-product contribution of this work is that the channel capacity
is given as a difference of the output and noise entropy rates,
where the output is driven by the i.u.d. input and is also hidden
Markovian. Thus, the capacity can be easily evaluated using ex-
isting algorithms for the computation of entropy and informa-
tion rates in hidden Markov channels (e.g., see [23]). Finally, al-
though our result covers a large class of discrete channels with
memory, we believe that by adopting the approach of this work,
it is possible to show a similar result for more general classes of
both symmetric channels and asymmetric channels whose feed-
back capacity is achieved by an independent and identically dis-
tributed (i.i.d.) input process, both in the single user and multiple
user settings.

The paper is organized as follows. We first give the definition
of quasi-symmetric FSM channels. This will be followed by a
section on their capacity with feedback. Next, we present exam-
ples of channels that satisfy the quasi-symmetry condition and
hence conclude that their capacity does not increase with feed-
back. Finally, we end the paper with concluding remarks.

Throughout the paper, we will use the following notations. A
random variable will be denoted by an upper case letter X and
its particular realization by a lower case letter z. The sequence
of random variables Xq, Xo,..., X,, will be denoted by X™
and so its realization will be ™. We will represent a finite-state
Markov source by a pair [S, P], where S is the state set and P is
the state transition probability matrix. We will also be assuming
that the Markov processes in the paper are stationary, aperiodic
and irreducible (hence, ergodic).

II. QUASI-SYMMETRIC FINITE STATE MARKOV CHANNEL

A finite-state Markov (FSM) channel (e.g., [9], [10]) is
defined by a pentad [X,),S, Ps,C|, where X is the input
alphabet, ) is the output alphabet and the Markov process
{8,1524, Sn € S is represented by the pair [S, Ps] where S
is the state set and Pg is the state transition probability matrix.
We assume that the sets X', ) and S are all finite. The set C is

4111

a collection of transition probability distributions, pe(y|z, s),
on ) foreach z € X, s € S. We consider the problem of
communicating message W € {1,2,...,2"%} over the FSM
channel (without or with the use of feedback) via a code of rate
R and blocklength n,! where W is uniformly distributed over
{1,2,...,2"} and independent of S™. We assume that the
FSM channel satisfies the following properties under both the
absence and presence of feedback:
(I) Markov Property: For any integer ¢ > 1

P(si|s™ "y 2" w) = P(sqlsi—1). ey

(II) For any integer z > 1

i—1

P(yi|si7l’i73i_17£ 7yi_1

s w) = pe(yilsi, xi)- (2

When the channel is without feedback, we also assume that the
FSM channel satisfies:
(IL.b) For any integer ¢ > 1

Py ' s') = Py Mot s ) 3)

where pc(.|.,.) is defined by C. Note that properties (II) and
(ILb) imply that P(y"|z™,s™) = [1;_, pc(vilsi, z;) when the
channel is without feedback. Furthermore, the nonfeedback
codewords X" at the channel input are only a function of
W (which is independent of S™); hence, in the nonfeedback
scenario, the channel input { X} is also independent of S™.

In this paper, we are interested in a subclass of FSM channels
where the channel transition matrices, Q* £ [pc (yls, ©)]ay, s €
S, carry some notion of symmetry which is similar to the sym-
metry defined for DMC:s as in the following.

Definition 1: A DMC with input alphabet X', output alphabet
Y and channel transition matrix Q = [pc(y|z)]ay is symmetric
if the rows of ) are permutations of each other and the columns
are permutations of each other [24].

Definition 2: A DMC with input alphabet X', output alphabet
Y and channel transition matrix Q = [pc(y|x)]ay is weakly-
symmetric if the rows of () are permutations of each other and all

the column sums ) p¢(y|z) are identically equal to a constant
[24].

Definition 3: A DMC with input alphabet X', output alphabet
Y and channel transition matrix Q = [pc(y|z)|zy 18 quasi-sym-
metric if () can be partitioned along its columns into weakly-
symmetric sub-arrays, Ql, QQ, ey Qm, with each QZ having
size |X| x |Vi], where Y1 U---U Y, = Yand Y;NY; =0,
Vi # j [25]. A weakly-symmetric sub-array is a matrix whose
rows are permutations of each other and whose column sums
are all identically equal to a constant.

Note that for a quasi-symmetric DMC, the rows of its en-
tire transition matrix, (Q, are also permutations of each other.
It is also worth pointing out that the above quasi-symmetry
notion for DMCs encompasses Gallager’s symmetry definition

IBoth feedback and nonfeedback codes of rate 2 and blocklength n, which
yield up to 2" codewords X™ € X'™ for transmission over the channel, are
explicitly defined in Section III in terms of a pair of encoding and decoding
functions.
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[2, p.94].2 A simple example of a quasi-symmetric DMC can
be given by the following (stochastic, i.e., with row sums equal
to 1) transition matrix, @), for which a1 + a2 = 2a3 and a4 +
as = 2ag, and it can be partitioned along its columns into two
weakly-symmetric sub-arrays

a; Qa2 as3 a4 a5z Gg
as daz a1 ag a5 Q4

@= az ap a3z as a4 Gag

a3z ap az ag G4 a5
ay a2 ag a4 a5 Gag
A as az ai A ag a5 Q4
Q= az ay agz|’ and Q2 = as a4 ag
a3 aip a2 ag G4 Qas

We can now define similar notions of symmetry for FSM
channels.

Definition 4: (e.g., [9], [10]) An FSM channel is symmetric
if for each state s € S, the rows of (Q° are permutations of each
other such that the row permutation pattern is identical for all
states, and similarly, if for each s € S the columns of Q° are
permutations of each other with an identical column permuta-
tion pattern across all states.

Definition 5: An FSM channel is weakly-symmetric if for
each state s € S, QQ° is weakly-symmetric and the row permu-
tation pattern is identical for all states.

Definition 6: An FSM channel is quasi-symmetric if for each
state s € S, Q° is quasi-symmetric and the row permutation
pattern is identical for all states.

To illustrate these definitions, let us consider the following
conditional probability matrices of a two-state quasi-symmetric
FSM channel with X = {1,2,3,4}, Y = {1,2,3,4,5,6} and
S =1{1,2}

ay a2 a3 a4 G5 Gg]]

Q' -

Q2 = / / / / 7 ;61 “4)

where Q' and Q? are stochastic matrices. As it can be seen,
Q" and Q? have the same row permutation pattern and are both
quasi-symmetric.

It directly follows by definition that symmetric and weakly
symmetric FSM channels are special cases of quasi-symmetric
FSM channels. Therefore, we focus on quasi-symmetric FSM
channels for the sake of generality.

Let us define Z (which will serve as a noise alphabet) such
that || = |Z|, where ) is the output alphabet. Then for each
state s, since the rows of Q° are permutations of each other

2The capacity of a quasi-symmetric DMC is achieved by a uniform input
distribution and it can be expressed via a simple closed-form formula [25]: C'

m A Lo

o o Ci where o = Zyey P(y|z) = sum of any row in Q;, ¢ =
1,...,m, and C; = log,|YV:| — H(any row in the matrix QL(_)Z) j
1,...,m. '
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(the FSM channel being quasi-symmetric), we can find func-
tions f4(.) : £ — [0,1] and ®,(.,.) : X x Y — Z that are onto
given x (i.e., foreachz € X, ®4(z,.) : Y — Z is onto), such
that

fs(cbs(wvy)) :pC(y|$7S)~ (5)
Note that since each function ®4(x,.) : Y — Z is onto given
x and since |Y| = | Z]|, then it is also one-to-one given z; i.e.,
Dy (z,y) = Pu(z,y') = y = . Thus, Py(x,.) : Y — Zis
invertible for each z € X.

For the sake of completeness, we herein provide an explicit
construction for the functions fs(.) and ®4(.,.). The con-
struction is basically as follows: for each (z,y) pair having
identical channel conditional probability pc(y|x, s) under state
s, ®4(z,y) returns the same value z with fs(2) set to equal
pe(ylz, s). More explicitly, let X = {z1),2(2),. -, Tk)}»
Y = {yayye,-vonh 2 = {2 2@, z0vn b
I =1{1,2,....k} and J = {1,2,...,|Y|}. For s € S, let
@ ; = pe(y)lwa,s). i € Iand j € J, be the entries of Q°.
Since ()° is quasi-symmetric, then for each = = 1,2,....k,
there exists a permutation 77 : J — .J on the column indices of
the entries of the ith row of Q° such that the first row of Q° is
a permutation of every other row.3 Then, fs(.) and ®(.,.) are
given as follows: ‘I’s(a:(i),y(j)) = Z(wf(j)) and fS(Z(]')) = qij,
1e€l,j€ld.

Lemma 1: The function ®4(.,.), as defined above together
with f,(.) to satisfy (5), is invariant with s.

Proof: 1t directly follows from the above construction that
(20, ¥5) = 2w ) = Awiy) = (@), U(i) V8,5 €
S and Vz(;) € X,yi) € Y since by Definition 6, 77 (j) is
identical for all states. |

Therefore, for a quasi-symmetric FSM channel, there exists
a function ®(.,.) : X x Y — Z that is invertible given = (i.e.,
foreach z € X, ®(z,.) : ) — Z is invertible) such that the
random variable Z = ®(X,Y") has the conditional distribution

_ P(z,w,5)  P(y,zx,5)
Plzle,s) = P(z,s)  P(z,s)
— P(z|w,y,s)pc(y|w,s)P(x,s)
P(z,s)
(a

O pe(ylz,s) = fo(2). (6)

where y = v(z,z) and v(.,.) : X x Z — Y is the inverse of ¢
in the sense that v(z,-) = ®(z,-)~! foreach z € X, and (a) is
due to the fact that p(z|z, y, s) = 1. This important observation

3The row permutations are as follows. The first permutation 7, is set as the
identity function: 7§(j) = j for all j € J. The remaining permutations for
i = 2,...,k, are given by 75(1) = k where k is the smallest integer in J
for which ¢j , = ¢;,,and forj = 2,...,|Y|, 7;(j) = k' where k' is the
smallest available (not yet assigned for values 1,2, ...,j — 1) integer in .J for
which ¢7 ., = ¢; ;. This assignment rule is valid whether or not the rows of
(Q* contain identical entries. Specifically, if the ¢th row of @Q* (¢ > 2) has d
identical entries ¢ ; = ¢ ;, = -+ = ¢f;, Withji1 < jz <+ < jain/,
then (by the channel’s row symmetry) there exist integers [, < lo < -+ < g4
in J with Gy =gy = =&y, =4, = 4, = e = quld; In
this case we set: 73 (j;) = I, fort = 1,2,...,d, and 7 (j) = k where k is
the unique integer in J for which ¢ ; = ¢; ; forj € J \{j1.J2,----Ja}-
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first given in [9], reduces the set of conditional probability dis-
tributions which identifies the quasi-symmetric FSM channel to
an |S| x |Z| matrix T" defined by

T[S7Z] :fs(z)' @)

Therefore, for quasi-symmetric FSM channels, we have that for
any n

P(zp|Tn, $n) = P(2n|$n) = T [Sn, 2n] - (8)
To make this statement explicit, let us consider the FSM channel
given in (4). For this channel, we can derive the functions z =
®(x,y) and fs(2), as explicitly shown above; for e.g., we have
O(1,1) = ¢(2,3) = ¢(3,2) = ¢(4,2) = 1 and f1(1) = aq
and f>(1) = af. Therefore, the channel conditional probabili-
ties for each state can now be defined by ¢ and the matrix 7T,
where

T — ay az a3z a4 as ae
Sl ey ay dy oay ag

Hence, the fundamental property for quasi-symmetric FSM
channels is the existence of a noise process {7, } givenby 7, =
®(X,,,Y,) such that 7, is independent of X,, given S,,. The
class of FSM channels having this property, when there is no
feedback, are termed variable noise channels [10].

The features that we have developed so far are valid for any
quasi-symmetric FSM channel. However, while discussing the
feedback capacity of these channels we assume that the channels
also satisfy the following assumption.

Assumption 1: We assume that for a fixed y € ), the
column sum Y. fi(®s(z,y)) is invariant with s € S:
Zm fs(cbs(wv y)) = ZI fs’(Qs’(‘T; y)) VS, s’ € S, where
fs(és(xa y)) = pC(y|x7 3)'

In other words, the assumption requires that for each output
value y, the |S| column sums corresponding to output y in the
channel transition matrices are all identical; i.e., Vy € )

> peyle,s1) =Y pe(ylz, s2) =" pe(ylr, i)

reX reEX zeX

However, for a fixed s € S, Y pc(y|z, s) is not necessarily
invariant with y € ), and as such, a uniform input does not yield
a uniform output in general. This requirement will be needed in
our dynamic programming approach which we use to determine
the optimal feedback control action (as will be seen in the next
section).4

III. FEEDBACK CAPACITY OF QUASI-SYMMETRIC
FSM CHANNELS

In this section, we will show that feedback does not increase
the capacity of quasi-symmetric FSM channels defined in the
previous section. By feedback, we mean that there exists a
channel from the receiver to the transmitter which is noiseless

4Note for our main results to hold, we require the FSM channel as defined via
properties (I) and (II) to be quasi-symmetric, in addition to satisfying Assump-
tion 1.
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and delayless. Thus, at any given time, all previously received
outputs are unambiguously known by the transmitter and can
be used for encoding the message into the next code symbol.

A feedback code with blocklength n and rate R consists of a
sequence of mappings

i {1,2,... 2"y x YTt L &

fori = 1,2,...n and an associated decoding function
T:Yy"—{1,2,...,2"R)

Thus, when the transmitter wants to send message W € W =

{1,2,...,2"E}, where W is uniformly distributed over JV and
is independent of S™, it sends the codeword X", where X; =

Y1 (W) and X; = 1/11( Y1), fori = 2,...,n. In the case
when there is no feedback, the codeword X", where X; =
P1(W) and X; = ¢;(W), for i = 2,...,n is transmitted,

and thus, a nonfeedback code is a special case of a feedback
code. For areceived Y™ at the channel output, the receiver uses
the decoding function to estimate the transmitted message as
W = T(Y™). A decoding error is made when W # W. The
probability of error is given by

277,R

P™ = oD RZP{T Y") £ WW =k},
k=1

It should also be observed that when communicating with
feedback, property (IL.b) does not hold, since X; is a function
of Y~ (in addition to W); also X™ and S™ are no longer inde-
pendent as X; causally depends on Z i=1 and hence, S*1, for
1 =1,2,....n

The capacity with feedback, Crp, is the supremum of all
admissible rates; i.e., rates for which there exists sequences
of feedback codes with asymptotically vanishing probability
of error. The (classical) nonfeedback capacity, Cn g, is de-
fined similarly (by replacing feedback codes with nonfeedback
codes). Since a nonfeedback code is a special case of a feedback
code, we always have Cpp > CnppB.

The main result of this work is as follows.

Theorem 1: The feedback capacity of a quasi-symmetric
FSM channel [X,),S, Ps, Z, T, ®] satisfying Assumption 1
is given by

Crp=H(Y)—-H(Z)

where H(Y) is the entropy rate of the output process {Y;}
driven by an i.u.d. input and H(Z) is the entropy rate of the
channel’s noise (hidden Markovian) process {Z;}2;.

We devote the remainder of the section to prove this theorem
and deduce that feedback does not help increase the capacity of
quasi-symmetric FSM channels satisfying Assumption 1.

From Fano’s inequality, we have

H(W|Y,) < hy(P.™) + P.(™ log, (2" — 1)
<1+ P.™nuR
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where the first inequality holds since Ay, (Pe(")) < 1, where hy(+)
is the binary entropy function. Since W is uniformly distributed

nR=HW)
=H(W|Y™)+ I(W;Y")
<14 P."nR+I(W;Y™)

where R is any admissible rate. Dividing both sides by n and
taking the lim inf yields

1
Crp < liminf sup —I(W;Y™). 9)
n—oo {wl . n

For every coding policy with feedback {1);,1 < i < n}, there
are induced maps {7;,1 < i < n} such that

7t XL x YTl S P(X)

with
ni(z" "y ) = (Bi(zy), Bi(z2)), - - - Bilzw))
and
i) = Y Pla'™ g ) e =y
weW
forj = 1,2,...,k, where X = {$(1)7$(2)7 - ,LL’(k)} with

k = |X|, 143 denotes the indicator function and P(X’) denotes
the space of probability distributions on X'. Every 7, can also be
identified by the collection of control actions at time 4:
D; A {P(x”xi—l’yi—l) - -1 e Xi_l,yi_l e yi—l}.
In view of this discussion, following [15] (see also [16] and
[26]), we have

1
liminf sup —I(W;Y™)
n—oo {11[)7}7 N n

LS iy -

=1

= liminf sup
n—oo {7«/}7, -

H(Y; W, Y71

l — 4 , 4
=liminf sup ~Y [HY;[Y'"')-H(Y;[W, Y X')
[ £ S L}
1 — ;
= liminf sup S HYY)-H
n—oo {1/) I (e

1 )
=liminf sup —> [HY;|Y'™")-H

n—oo n
28 S Ly

(YY1, X9)] (10)

(ViY== X))

where (10) is shown in Appendix A and (11) holds
since H(Y;|Y™1) — H(Y;|Y=1, X1) is a function of
{P(X;]z"=%, y*~1)}. Note that the right-hand side of (11) is
the directed information whose supremum has been shown to
be the feedback capacity under information stability conditions
[15].

Now, let us consider the following equation

n

sip =S [HY[YY) -

HY; Y1 X1
{'Di}?:1 n =1

(12)
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We next establish three Lemmas in order to prove the main con-
tribution of the paper. In the first Lemma, we show that the term
H(Y;| X%, Y1) isequal to H(Z;|Z*~1), and in the other two
Lemmas we show that Y7, H(Y;|Y*~1) is maximized by uni-
form feedback control actions { P(z;|zi=1, yi=1)}1 ;.

Lemma 2: The quasi-symmetric FSM channel satisfies
HY;| X"\ Y™Y = H(Z,|Z7Y), Yi=1,...,n

The proof of the above lemma is given in Appendix B.

We next show that all of the conditional output entropies
H(Y;|Y*1) in (12) are maximized by uniform feedback con-
trol actions. We solve this problem using dynamic programming
[27]. Specifically, we recast the problem of maximizing the sum
of conditional output entropies over all feedback control actions,
using dynamic programming. The optimization problem can be
written as

{Dma)% {H(Y, Y "WH Yoo |Y" )+ -+ H(Y1)}. (13)

Let
Vi (P(y'™"),D1,...,D;1)

= max [HY; Y1) + Vigr (P(y'), D1, - D;) |
where V41 (P(y"™),D1,...,Dy) = 0 and the
Vi (P(y"='),D1,...,D;1) terms are explicitly given
fors = 1,...,n as follows:

Vo (P(y"™"),D1,..., Dy 1)—maxH(Y Y1)

Vn 1((n2D17~-~ n2):

max
Dn—1

Vi (Ply

Yy 2)+maX{H (Y, |y~ 1)}}

n—
Di,...,

Bf_H

-3 n3)

)
)
H(Y,
),
{H( 2| Y 3)+maX{H o1 |Y72)

+ max {H(Yn|Y"_1)}}}

n—2

Vi = n%%x {H(Yl) 4+t %laff {H(Yn,1|Y"_2)
n—1
+max {H(Ya[Y" ™)} }} L (4)

Here, Vi1 (P(yi),Dl7 ... ,Di) denotes the reward-to-go at
time ¢, which is the future reward generated by the control
action at time .

Thus, (13) is given by Vi in (14), which indicates that the
optimization problem is nested and dynamic. It is nested since
the actions and the action outcomes, that is the realizations
of the channel inputs and outputs, are available in future time
stages. It is dynamic, since the control actions applied at time &
affects the future reward value realizations at time stages 7 > k.
Thus, an optimal selection of the actions, should maximize
both the current reward H(Y;|Y*~!) and the reward-to-go
Vit1 (P(yi)7 Dy,... 7Di) [see (14)].
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Therefore, the optimization problem turns out to be finding
the best induced policies {7;,1 < ¢ < n}; that is the best
collection of functions used to generate the set of control ac-
tions {D;,1 < i < n} which achieve V7. We next show that
the optimal set of control actions achieving V; is composed of
uniform input distributions for ¢+ = 1,...,n. Toward this goal,
we find a condition such that the control actions taken at times
(i —1),...,1 do not affect the reward value attained at time 4,
when the control action at time ¢ is uniform. Specifically, we find
that a sufficient condition to manage this problem is requiring
Yo fs(®s(z,y)) to be invariant with s € S, i.e., Assumption
1. This will be explicitly shown in Lemma 4. We first have the
following.

Lemma 3: For the quasi-symmetric FSM channel, each con-
ditional output entropy H (Y;|Y*~1),i = 1,...,nin(12), given
the past sets of control actions D1, D, ..., D;_1, is maximized
by uniform feedback control actions:

D £ argmax H(Y;|Y™1) =
D;
{P(Q?”Zl?il./ yifl) — |‘)1(—|./\V/£Ei71 c Xi717vy’i71 € yifl } (15)
forallz; € X andforall: = 1,...,n.

The proof of the above lemma is provided in Appendix C.
With this Lemma, we have shown that for each i, H(Y;|Y™1)
is maximized by the uniform input distribution. However, this is
not sufficient to conclude that the optimal set of control actions
attaining V71, i.e., the optimal set of control actions maximizing
S H(Y;|Y'=1), consists of a sequence of uniform input dis-
tributions for ¢ = 1, ..., n. This is because Lemma 3 only max-
imizes the current conditional entropy via a uniform input (that
is it is optimal in a myopic sense); however, it is still possible
that a nonuniform input might result in a higher value function
through the rewards-to-go. Let us now look at P(y;|y*~!) when
we apply a uniform distribution at time ¢ (current time). We ob-
tain using (23) that

P(yily™")
= > > peilwi si) Plailr' ™y

zi,wi—ls; si—1

P(sils" )P(a' 1 s Yy )
(@ 1 .
- m Z Z pc(yi|$i,8i)P(si|s 1)

. i—1 g. gi—1
Zi,T 84,8

P(xi_l, Si_1|yi—1)

1 N
= m ZZ ZPC(yi|xi75i)P(8i|8 1)

St

S St

r; 8; si—1
1 .
= WZZPC(MMM&)P(M?J’ Y

where (i) is valid since P(x;|zi~1,%*~1) is uniform. Note that
the dependency on past input control actions comes through
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P(si]y*~!) which includes transition probabilities between
states, on which we have no control.

Lemma 4: Assume that the feedback control action
P(z;|xi=1, yi=1), at (current) time i, is uniform. Then the
value of the conditional entropy H (Y;|Y~!), at time i, is inde-
pendent of past feedback control actions at times ( — 1),...,1
if Y~ fs(®s(z,y)) is invariant with s € S (i.e., if Assumption
1 holds).

Proof: We have the following:

i 1 i
P(yily'™") ZWZZPC(%W?&)P(SJ?/ b

1 i—1
- @ ;P(sﬂy )§pc(yi|zi7 5)

Since the underbraced term is invariant with s, the proof is com-
plete as the final sum will be ﬁ Yow, fo(@(mi, i) [ |

We have so far shown that H(Y;| X, Y1) = H(Z;|Z*1)
and that Y | H(Y;|Y"~") is maximized by uniform input dis-
tributions. With these results in hand, we have thus shown the
following upperbound for the feedback capacity

Cpp < liminf l[f](?n) _ H(Zn)]

n—oo 1,

(16)

where H (f/") is the output entropy when the input is uniform.

Let us now define a Hidden Markov Process (HMP) [28]
which we will use while discussing the ergodicity of the noise
and output processes. An HMP is denoted by a quadruple
[S, P, Z,T] in which [S, P] is a Markov process and 7' is the
observation matrix defined by (7). The non-Markov process
{Z;}22, with alphabet Z is called HMP and it is the noisy ver-
sion of the state process observed through a DMC determined
by T.

Lemma 5: For the quasi-symmetric FSM channel with feed-
back, the noise process is an HMP with parameters [S, P, Z,T].
Proof: To show this result, it suffices to show that

P(zi|si7zi_1) = P(zi|si)-

Since {S;}§2; is Markovian, it directly implies that
P(S,‘,|8i_1, Zl_l) = P(S,;|8,;_1).
Note that
i—1
P(z;|si,2" ™)
= Z Z Py, @i,z si, 27
= {(zi,yi)izi=P(xi,y:) }
@ Z Pz Ys;, 2t
pe(yilwi, i) Pzt s, 207 1)

{(zi,yi):2e=P(xi,y:) }

(g) Z P(xi—1|si72i—1>

zi—1
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> Fuo(@ () o]~ 217
{(zi,y:):2i=P(zs,y:)}
— Z P(xi_1|8'i,‘,zi_1)fsi (Z7)
ri—1
Z P(xi|z' ™1, 271
{(zi,yi):zi=P(xi,y:)}
2 fule) @ Plals) )

where (i) follows from (2) of property (II) and the fact that
y'l = v(z~1 2"1) is one-to-one with z'~1 given 271,
(7i) is valid by (5) and by the fact that feedback input depends
on (i1, z¢~1), (444) is valid since each z; is satisfied by |X|
number of (z;,y;) pairs where each z; is different and (4v)
follows from (5), (6) and (8). |

It should also be noted that, the output process, {f/i}fil, for
an i.u.d. input {X;}$2, is also an HMP since

ZP Jiwilsi, i)
E ch(ﬂﬂl’z‘?si)P
@ch(ﬂilxi,Si)P

where (a) is due to (2) and (b) is due to the fact that X; is
uniformly distributed. The channel associated with the HMP is
memoryless and as such it is stationary. Therefore, since the
state process is stationary and ergodic both the output and noise
processes are stationary and ergodic; this is stated in the fol-
lowing lemma.

P(gi|s’i7
(zisi,9°71)

(wi|si) = P(5ilsi)

Lemma 6: For the quasi-symmetric FSM channel
[X,),S,Ps,Z,T,®], the noise process is stationary er-
godic. Also the output process is stationary ergodic under an
i.u.d. input.

We can now complete the proof of Theorem 1 and conclude
that feedback does not increase capacity for the class of quasi-
symmetric FSM channels satisfying Assumption 1.

Proof of Theorem 1: With (16) we already have a converse
for the feedback capacity. We need to show that this bound is
achievable. We first note that by Lemma 6 the noise and output
processes are stationary which imply that

CrB

< liminf Y HY;[y"™h
OO {P(as |w 1 vy, Zl
— H(Y;|Y"1 XY

= liminf l[H(?") — H(Z")]
n—oo N

1 - N
= lim —[H(Y") = H(Z")] = H(Y) = H(Z). (18)

It is sufficient to show that the bound in (18) is achievable. We
now remark that there exists a coding policy which achieves
this bound. Note that since the noise process is stationary and
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ergodic, it can be shown that H(Y) — H(Z) is an admissible
rate (e.g., see [15, Theorem 5.3] and [29, Theorem 2]). Thus

Crp > lim S[H(T") -

n—oo n,

H(Z™)] =H(Y) - H(Z)

and this completes the proof.

Corollary 1: Feedback does not increase capacity of
quasi-symmetric FSM channels satisfying Assumption 1 (i.e.,
for which )~ fs(®s(x,y)) is invariant with s € S).

Proof: The result follows by noting that a nonfeedback
code is a special case of a feedback code and that the nonfeed-
back capacity is also achieved by uniform input distributions.
This can be shown more explicitly as follows:

1 ~ 1
lim —H(Y") — lim —H(Z")

Crp =
n—oo N, n—oo 1
i 1 1
9D fim ~H(Y™) ~ lim ~H(Z")
n—oo 1, P(.r"):ﬁ n—oo M,
1
< lim — sup I(X™;Y") =CnrFp

n—oo n P(xm)

where Cy rp is the nonfeedback capacity and (¢) is valid since
the input process is i.u.d. Finally, since Crg > Cnpp, we
obtain that Crg = CnFB. [ |

IV. EXAMPLES OF QUASI-SYMMETRIC FINITE
STATE MARKOV CHANNELS

In this section, we present examples of quasi-symmetric
FSM channels which satisfy Assumption 1 and hence have
identical feedback and nonfeedback capacities. We also provide
their feedback capacity expression which, when not given in
single-letter form, can be computed using existing algorithms
(e.g., see [23]) for the computation of entropy rates of HMPs.

A. Gilbert-Elliot Channel (e.g., [3])

One of the widely used FSM channels is the Gilbert-Elliot
channel denoted by [X,),S,P,C], where ¥ = Y = S =
{0, 1}. The two states are called "bad” state and “good” state,
respectively, and the state transition matrix is given by

_|t=9 g
P‘[ b l—b}

where 0 < ¢ < 1,0 < b < 1 and in either of these two
states, the channel is a binary symmetric channel (BSC) with
the following transition matrixes for states s = O and s = 1,

respectively
} le[l—pB pPB }

PB 1—-p5B

1—
0 __ y4el PG
@ [ jZe] 1-pa

From the above channel transition matrixes, it can be ob-
served that the Gilbert-Elliot channel is a symmetric FSM
channel by Definition 4. Then, there exists a random variable
Z = O(X,Y) with alphabet Z = {0,1} and a func-
tion fs(z) such that, fo(0) = 1 — pg and fo(1) = pg,
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f1(0) =1 —pp and fo(1) = pp. Therefore, one can define
the T'[s, z] matrix for this channel as

T:|:1_pG PG:|
1-ps pB

and we obtain that (X,Y) = X @& Y, where & represents
modulo-2 addition, and T'[s, z] defined above. By Corollary 1,
feedback does not increase the capacity of the Gilbert-Elliot
channel and it should be noted that this result is a special case
of [11] and [13]. Since |X| = 2, the feedback capacity of the
Gilbert-Elliot channel can be found as

CFB = CNFB =1 —H(Z)

where H(7) is the entropy rate of the HMP {Z;}$2; and can be
computed as shown in [3] or [23].

B. Discrete Modulo Additive Channel With Markovian Noise

Consider the discrete channel with a common alphabet A =
{0,1,...,q — 1} for the input, output and noise processes. The
channel is described by the modulo-q additive equation Y,, =
X, ® Zy, forn = 1,2,3,..., and Y,, X,, and Z,, denotes
the output, input and noise processes respectively. The noise
process, {Z, }1=7°, is Markovian and it is independent of the
input process. It is straightforward to see that the channel tran-
sition matrix for this channel is symmetric for each state, where
the state is given by the previous noise variable: S; = Z;_;. For
simplicity, let us assume that ¢ = 3 and let (,, ; = P(Z; =
JjlZi—1 = s;) for j € {0,1,2}. Then, the channel transition
matrix at state s;, Q% , will be as follows:

Cs,,O Cs,,l Cs,,Z
QS1 = 654,2 qu-,O qu-71
Csl-,l Csl-,Z CSi70

For each state, the channel transition matrix will still be sym-
metric with the same row permutation order. Furthermore, it
also satisfies Assumption 1 since column sums are always one.
Therefore, the discrete modulo additive channel is a symmetric
FSM channel with A = {0,1,2} and ®(X,Y) = X @ Y.
Hence, by Corollary 1, feedback does not increase the ca-
pacity of the discrete modulo additive channel with Markovian
noise. Note that for this channel uniform input gives uni-
form output, and therefore, feedback capacity of this channel
is CFB = CNFB = 10g3 - H(Z) = H(Z2|Z1) where
H(Z) = H(Z|Z1) is the entropy rate of Markov noise
{Z;}22,. This example can be readily extended for the case
of Mth order Markovian noise; in that case the state S; is
given by S; = (Z;—1,...,Z;—n) and the noise entropy rate is
H(Z) = H(Zy11|1Z™M).

This result is a special case of [11]. It has been recently ex-
tended to finite-state multiple access channels in [30].

C. Symmetric Discrete Channel With Markovian Noise

Consider a discrete, not necessarily additive, channel with
Markovian noise [12]. More precisely, consider the channel
givenby V; = f(X,;,Z;) fori = 1,2,... where X;, Z; and Y;
are the input, noise and output of the channel, respectively, and
f: X x Z — )Yisagiven function. Assume also that { X;} and
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{Z,} are independent from each other and the channel satisfies
the following properties.>
L X == |2 =q
2. Given the input z, f(z,.) is one-to-one; i.e., Vo €
X f(z,2) = f(z,2) = 2= 2.
3. f~!exists such that z = f~1(x,y) and given y, f~1(., )
is one-to-one; ie., Vy € YV f~'(z,y) = f~1(z,y) =
T = T.
We note that a channel satisfying these conditions has a sym-
metric channel transition matrix for each state, where the state is
given by the previous noise variable: S; = Z;_1. Therefore, this
channel is a symmetric FSM channel with the same permutation
order determined by the function f. It also satisfies Assumption
1 as the column sums are one for each state. Therefore, by Corol-
lary 1, feedback does not increase the capacity of these chan-
nels. This result is first shown in [12], where the noise process
may be non-Markovian and nonergodic in general. Similar to
the previous example, uniform input yields uniform output for
this channel, and therefore, feedback capacity of this channel is
Crp=CnNFB = 1qu—H(Z) = 1qu—H(Z2|Z1). As in the
previous example, this example can be extended for the case of
Mth order Markov noise.
We next present two different channels which illustrate the
result of the paper when the column sums for each state are
different than one.

D. Binary Channel With Erasures, Errors and Markovian State

Consider the two-state channel given by X = {0,1}, S =
{51, 82}, where {S;} is Markovian, Y = {0, F,1} with the
following channel transition matrices

o _|1-e=¢ ¢ €
Q _[ € ¢ 1—€—f:|
s 1_€I_€I é‘/ €/

Q —|: & ¢ 1—6'—5/}

where 0 < ¢,&,¢’,& < 1 are fixed. We first note that this
channel is a two-state quasi-symmetric FSM channel, since we
can partition *' and Q*? in two symmetric sub-arrays given
by

NSy 1_5_5 € ST 5
Qy1—|: e 1_5_£:|’ Qyz_ |:£:|
and
o 1_5/_51 & ey 5/
Qy1_|: 6’ 1_€I_£/:|7 Qyz— |:£/:|

respectively, where Jy = {0,1} and )y = {F} with iden-
tical permutation order between states. For this channel, if we
set ¢ = &', then we automatically satisfy Assumption 1 since the
column sums in both Q°* and Q®2 willbe 1 — &, 26 and 1 — &
respectively. In other words, although the error probabilities are
different across the states (¢ # €' in general), we still have iden-
tical column sums. Therefore, by Corollary 1, feedback does not
increase the capacity of this channel. Furthermore, since both
the output and noise process are HMPs the value of feedback
capacity can be computed using [23].

SIn [12], it is stated that |X| = |Z]| = ¢. However, following the proof, it
can be evidently seen that || = ¢ is also assumed.
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E. Nonbinary Noise Discrete Channel With Markovian Noise

We now present a binary-input 2%-ary output communica-
tion channel with memory which was recently introduced in
[31] (in the absence of feedback) with the objective of cap-
turing both the statistical memory and the soft-decision infor-
mation of time-correlated fading channels modulated via binary
phase-shift keying (BPSK) and coherently demodulated with an
output quantizer of resolution ¢. This channel, which we refer
to as the nonbinary noise channel (NBNDC), has a straight-
forward structure and useful properties and it can help in the
design of coding/decoding schemes for soft-decision demodu-
lated channels with memory that result in superior performance
over coding systems that ignore the channel’s memory (via in-
terleaving) and/or soft-decision information (via hard demodu-
lation) [31]. The NBNDC model is explicitly described by the
following equation:

Vi = (27 — )X, + (=1)%* 7, (19)
fork=1,2,...,where X}, € X = {0, 1} is the input, Yy, Z, €
Z =Y =1{0,1,...,29 — 1} is the output and the noise pro-
cesses, respectively. The noise and input processes are indepen-
dent from each other and we assume that the noise process is
Markovian (an Mth order Markov process can also be consid-
ered as examined in [31] for modeling the underlying fading
channel). For the sake of simplicity, we consider the NBNDC
channel with ¢ = 2. Let A = [\, jli=1,.. 4,j=1,..4, Where
Asi 2 P(Z; = j|Zi—1 = s;), denotes the transition prob-
ability matrix of the noise process. Then, with the state S; =
Z;_1, the channel transition matrix at state s;, Q**, is given by

Asi0 Asi1 Asi2 o Ass

Q" =
)‘57,3 )‘57,2 )‘57,1 )‘57,0

Note that NBNDC is a quasi-symmetric FSM channel but it
does not necessarily satisfy Assumption 1. However, it can be
easily shown that for any A satisfying that both ) =03 Niyj
and ) j=1,2Ai,j do not change with different ¢ values, As-
sumption 1 is satisfied; therefore, by Corollary 1, feedback
does not increase capacity of such NBNDC channels. Further-
more, the nonfeedback capacity of NBNDC is given in [31] as
CnrB = 1+H(W)— H(Z3|Z1), where H(W) is the entropy
rate of the process {W}} which is defined on the alphabet
W={0,1,...,29° 1 — 1} with W}, = min{Z},,29 — 1 — Z}.
Therefore, if A satisfies the condition thatboth 37, 5 A; ; and
> =12 Ai,; do not change with different ¢ values, we then have
Crp=Cnrp =1+ H(W) — H(Z2|Z1). Note that {Wk} is
an HMP and as such H(W) can be computed as shown in [23].
There is one more quasi-symmetric FSM channel that needs
further attention. We now investigate how its channel properties
directly satisfy the condition that the previous feedback control
actions do not affect the current value of the conditional output
entropy. In other words, the example below satisfies Lemma 4
without having the condition that the column sums are identical
among different states, (i.e., it does not satisfy Assumption 1).

F. Simplified Binary Erasure Channel With Markovian State

Consider the following binary erasure channel [21], which is
a simplified (special) case of the erasure channel of Example D
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and has been used to model packet losses in a packet commu-
nication network, such as the Internet. The channel has binary
input and ternary output; X = {0,1},)Y = {0, E, 1}. Let S;
denote the state of the erasure channel when the packet ¢ arrives
such that when S; = 1, the packet is erased, and when S; = 0,
the packet gets through. For a given input, the channel output is
identical to the input if there is no erasure, and it is equal to the
erasure symbol (F) if an erasure occurs. Therefore, the channel
transition matrices at states 0, 1 will be as follows:

0 1 00 1 0 1 0
© :[0 0 1} and Q :[0 1 0]
This channel can be considered as a special case of deletion
channel in which the erased packet is assumed to be known by
the decoder. Therefore, in an erasure channel, the receiver has
also the side information about the state. In [21], this channel is
considered as a finite buffer queue, which can be viewed as an
FSM channel, and the state of the finite buffer channel is deter-
mined by the state of the buffer and it is shown that feedback

does not increase the capacity of this channel. We herein note
that the approach presented in the paper gives the same result.

Proposition 1: Feedback does not increase capacity of
simplified binary erasure channel with Markovian state and the
feedback capacity is achieved by an i.u.d. input.

Proof: We first note that since the channel is quasi-sym-
metric for each state, the conditional output entropy is maxi-
mized by uniform input distributions. What we further need to
show is the independence of the value attained by H (V;|Y*~1 =
y*~1) from previous input control actions. In particular, we need
to show that P(s;|y*~!) is independent of past input control ac-
tions (see Lemma 4). It should be noted that

P(sily'™") = Z P(silsi—1)P(si_1]y'™).

Si—1

Thus, giveny*~!, 5; 1 is deterministic and independent of z* 1.

Integrating this fact in our approach proves the desired result. l

It has been shown that [21, Proposition 3.1] the capacity of
this channel, with and without feedback, is given by Cpp =
CnrB = (1 — pe) where p, is the erasure probability.

This particular example has the benefit of learning the state
deterministically by only observing the output. We should re-
mark that availability of both the state information and output
feedback has also been considered within different setups in
some other works and the situations for which feedback does
not help increasing capacity are determined (see [17, Theorem
19] and [20]).

V. CONCLUSION

In this work, we presented a class of symmetric channels
which encapsulates a variety of discrete channels with memory.
Motivated by several results in the literature, we established a
class of symmetric finite-state Markovian channels for which
feedback does not increase their capacity. We showed this re-
sult by first reformulating the optimization problem in terms of
dynamic programming and then proving that, under feedback,
the capacity achieving distribution is uniform. An important ob-
servation should be highlighted again: when feedback exists,
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one can learn the channel via the past control actions and as
such may apply a nonuniform distribution which will result in a
higher output entropy and capacity. We present a sufficient con-
dition, Assumption 1, under which it is still possible to learn the
channel via these past control actions; however, this learning
does not affect the optimal distribution. It is also worth ob-
serving that even though we have emphasized finite-state chan-
nels with Markovian state (i.e., FSM channels) due to their wide
use in the literature, our result also holds when the state process
is not Markovian but still stationary ergodic.6 Finally, although
this result covers a large class of discrete channels with memory,
we believe that by adopting the approach of this work, it is pos-
sible to show a similar result for a further general class of both
symmetric and asymmetric channels whose feedback capacity
is achieved by an i.i.d. input, both in the single user and multiple
user settings.

APPENDIX A
PROOF OF (10)

1) Proof: We need to show that P(y;|w,x?,y"1) =
P(y;|zt,y*~1) fori = 1,2,...,n. Note that

P(yz|w, Ly xi717 yiil)

() P(x: x’ifl?yifl P S',U]./Ilfiil,yiil
= ZPC(Kli|$i»5i) ( 1| i—1 1‘_)1 (1 i—1 i—1 )
- P(z|zi =1,y =) P(w, 2", y' =)
= pe(yilwi, )P
Si

b i1 -
Y S pe (@il 55 Plsila™™ )

= P(y|lz*,y'™")

(S,L'|’lU, xi_l"/ yi_l)

where (a) follows from property (II), and (b) is valid since

P(si|w7wi_layi_1) (é) ZP(Si|Si—1)P 1_17yi_1)

(si—l|w7 :U:
Si—1

D 3™ Plsifsiza) P
17 yi—l)

= P(s;]z'~
where () holds by the channel Markovian property (I). Further-
more, (44) can be shown recursively as follows:

si—1la' ™y

P(s1,w,x1,91)
s, Plsi,w,w1,91)

_ P(yi|z1,81)P(x1, 51, w)

C X, Pyilr, si)P(ar, 51, 0)
i) P(yi|wy, s1)P(s1)P(w1,w)
© X, Plylza, s)P(s1) Pz, w)

P(yi|z, s1)P(s1]z1)
~ 3., Pl s1)P(sa)an)
=P(s1]z1,51)

P(51|w7$17y1) =

(20)

6In this case, property (I) is modified by replacing P(s;|s;—) with
P(s;]s*~") and the noise process is no longer an HMP but remains stationary
ergodic.
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where (73¢) is valid since s; is independent of w and z1 (as x4
is only a function of w). Similarly

P(52|w,x2,y2)
P(s2,w,x2,y?)

- ZSQ P(327w7$27y2)
_ P(ya|w2, 82) P(w1, 22,91, 52, W)
a ng P(y2|z2, 82) P(71,72,Y1, 52, W)
(iv) P(ya|za, s2)P(x2|x1, y1, w)P(s2, 21, Y1, w)
B 252 P(y2|«’172782)P(ﬂ72|ﬂ71;y17w)P(827$1>y1,’LU)
_ P(ya|za, 82) P(s2|21, y1, w) P(x1,y1,w)
a Zs2 P(ya|w2, s2) P(s2|z1,y1,w)P(z1, 91, w)
@  Pyalz2,52) 30, Ps2]s1)P(s1]z1,91)
2., Plyelea, s2) 30, P(s2]s1)P(sile1,y1)

= P(s2]2,5%)
where (iv) is valid since 25 is a function of 1, 41 and w and (v)
is due to (20). Using these steps recursively forz = 1,2,...,n
yields (i7) and completes the proof. |
APPENDIX B

PROOF OF LEMMA 2

1) Proof: The proof is composed of two steps. In the first
step we show that H(Y;|X®, Yi~1) = H(Z;|Z=1, X?). Fol-
lowing this, we show that Z; — Z'~! — X' form a Markov
chain. Observe that

(@) ) (@)

P(yila’,y"™') = P(zila',y' 1) = Plailat,y' =t 21

= P(zi|w7’, z'_l)

where (i) and (1) is valid since z* = ®(z?,y") and (ii1) is valid
since y; = v(x;,2;) where v(x,-) = ®~1(x,-). This completes
the first step. We next show that Z; — Z'~! — X' form a
Markov chain. Note that

P(z,xt, 2071
@ Plade™, 2P 2,2
 P(xy]zit z‘ 1)P(a:1 1 , 247

P(z|xt, 2071 =

where (7v) is valid since the feedback input depends (causally)
only on (i1, »*~1), orequivalently on (z*~1, z¢~1). Similarly,
we get

Plriaa ™, #7) Pa=, 5, 271)

Pzlsi1, 21 = o T
(ziz",277) P(wi1|o=2, 2i-2)P(ai=2, zi-1)
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Using these steps recursively, we get

P(zi,xi_27zi_1)

P(zi=2, zi—1)
() P(xi—2|xi_37Zi_S)P(z’i7$i_37Zi_l)
- P(xi_o|wi=3,21=3) P23, z-1)

Plafri=?,27) =

(2) P($2|$17Z1)P(z’i7$17zi71)
P(zg|z1,21)P(zq, 2071
i 5,2t ,
(”:) P(a:l)P(Z /;z ) _ P(zi|z1,—1)
P(zq)P(z1)

where (v), (vi) and (vii) are valid due to the same reasoning
above. u

APPENDIX C
PROOF OF LEMMA 3

1) Proof: Let us first write the conditional output entropy
H(Y;[Y™!) as

Y|Y1 1 ZP i— 1 Y|Y1 1_ i—l) (21)
where
HY,[Y'"™ =y == P(yily™")log P(yily'™").
" 22)

To show that H(Y;|Y*"!) in (21) is maximized by a uniform

input distribution, it is enough to show that such a uniform dis-

tribution maximizes each of the H(Y;|Y~! = ¢'=1) terms.
We now expand P(y;|y*~1) as follows:

P(yily'™)

=22 > Pluiwisi,

x; pi—1 s;

2. X F

1 1
ET e T

$1_1, si—1|yi—1)

gi—1

(yilms, 85,2, 8"y

17 Si—l |yi—1)

g > > pe(yilwi, )P

z;,zi—1 s, si—1
Z Z Pc yz|$z 1 ( T,
—1s;,s"
(81|£I?1, —1781—1 yl—l)

DSOS pe(yilw, s Plsils)

2s,0il g 51
P(a:i|xi_1,si_l,yi_l)P(wi’_l,s'i_1|yi_1)

zy,wi—l g; st 1
—17y1 1) ( |8 Sz—1|y1—1)

where (7) follows by (2), (74) is valid due to the property (I) and
finally (77) is due to the fact that the feedback input depends
only on (z'=1,4'~1).

P(il?i, Sis xi_

(xi,si,xi_l./sl 1|yz 1)

17811 1|yz 1)

P(z;)2 HP(ziT, (23)
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The key observation in (23) is the existence of an equiva-
lent channel. More specifically, ) P(yi|vi, 5i)P(s;]s"™1) ac-
tually represents a quasi-symmetric channel transition matrix
such that its entries are determined by the entries of the channel
transition matrices of each state and the transition distribution
of state probabilities. To continue, by (5)

Plyily"™ ) = > > fal@e(mi,pi)P(sils' )
z;,xt 1 8,871

P($i|$i_1,yi_1)P(d7i_1, Si_1|yi_1). (24)
By definition of quasi-symmetry, there exists m weakly sym-
metric sub-arrays in the channel transition matrix at each state
s;. Among these sub-arrays, let us pick Q; of size |X| x |V
(We assume that the partition of ) is identical across all states.)
Let y;,, for t = 1,...,]Y;|, denote the output values in sub-

array j. Therefore, we obtain

>

l'iu$771 38158

_l,yi_l)P(xi_l

= Foi(@s, (wiy ) P(sils ™)

P(yj, |y~

i—1

P(x;)2 syt (25)
We desire to maximize (21) over the feedback control actions
P(X;| X1, Y1), To be more precise in the following lines
of equations, for X' = {z(1),..., 2@ } with k = |X| let (i —
1) = P(si|s*71), x(i — 1) = P(:v'L_ s'=1|y*~1) and denote
the feedback control actions by

P(Xi=aqle 'y ") = @i(zq), for I=1,... k.
(26)

Then, fort = 1,...,|Y;| we can write

Plyly™) = > x(i-1)Y sli-1)
{0i(w) fou(@as (1), 3 )) + -+
@i(x(i)) o (P, (@ (1), ¥51)) } -
Ply,ly'™) = | Z x(i—=1) k(i — 1)

{@i($(1))fsi(<l)si (.’17(1)7 ng)) 4+ -4
i) foi (Bs, (200, 952)) }
>

X = 1) 3 w(i— 1)

si—1 gi—1 S5

{‘Pi(x(l))fsi((DSi (x(1)7yj‘yj\)) +oeeet
@il ) o (o, (20, Uiy, ) | -

P(yj\yj\ |yi71) =

It should be noted that, each fs,(®s, (% (1),y;,)) in the equa-
tions above corresponds to an entry in the channel transition
matrix Q‘” at state s;. We also know that, the rows of the sub-
array Q; are permutations of each other. In other words, each
J. (@4, (71, y;,)) value appears exactly & times (once in each
row) in the sub-array Q; Thus, the feedback control action
@i(x(1y) is multiplied by a different f, (s, (x(1y,¥;,)) value for
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eacht = 1,...,|Y;|inthe P(y;, |y'~*
Wi P(Y; = y;,|y=1) is equal to

) given above. Therefore,

|51 '
Y PYi=yly )
t=1
k
= Y X=X KG- )Y i)
si—l pi—l S; =1
RZ]
Zfsl 55 517(1) y]i))
k
= Y xG-DD k-1 wilzq)
i1 gi—1 £ =1
RZ1
ch y]t|a7(l) Sq ) (27)
RZ]
= D x(i—1)D wi—1)> pelylay si) (28)
si—1 pi—1 s; =1

where (27) follows since fs(®s(x,y)) = pe(y|z, s) and (28) is
valid since each rows in the channel transition matrix are permu-
tations of each other and as such EP:GI Pe(Yj. |7 ), 5:) is iden-
tical for each z(;y, and finally noting that Zle vilzqy) = 1
verifies (28). The critical observation is that the value attained by
(28) is independent of the feedback control actions. Similarly,
for all the other m — 1 sub-arrays, their conditional output sums
will be independent of the feedback control actions. Let us de-
note these sums bP/ Ql ..... , Q. More specifically for sub-array

J.letQ; = I}] = 9;,|y*~1). Then the maximization of
(22) now becomes
m |Vl
argmax — Z Z Q.+ log Q4 29)
Jj=1t=1
where 3777, 1l Qi: = 1 and Q;; = PY; =
yilyt ), t = 1,...,0¥l, 5 = 1,...,m. For each

sub-array j, we need to find the Qj,t values that maximize
th}:ﬁl Q.+ log Q; ;. By the log-sum inequality, we have that

|y] |y-7 |y]| Q
_ZQJf1OgQJ,< ZQJ,log |y|” (30)
with equality if and only if
Qj,t = Qs,u; VS,U]E {177|y_]|} (31)

In other words, for the sub-array 7, the conditional entropy is
maximized if and only if the conditional output probabilities in
this sub-array are identical. Since this fact is valid for the other
sub-arrays, to maximize the conditional entropy we need to (31)
to be valid for all sub-arrays.

At this point, we have shown that the conditional output en-
tropy is maximized if the conditional output probabilities are
identical for each sub-array. In order to complete this step, we
have to show that this is achieved by uniform input distributions.
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Now, let us consider two conditipnal output probabilities,
P(Y; = yj,|y*™') and P(Y; = yj,|y"~"), in sub-array j. Then
P(Y; =y, ly" 1) = P(Y: = y;,|y* 1) which implies that

Z(pz () fs

=1

(x(l Yi.)) Z‘Pz (1) ) fsi( ( (1) Yi))-
(32)
However, for a fixed output Zle Joi (@(z(y,y5,)) is equal
to the sum of the column corresponding to output y; (simi-
larly for y;,) and since sub-array j is weakly symmetric, the
column sums are identical. Therefore, (32) can be achieved
if pi(za) = wilzem) = FYVim = sk, by
which we get P(Y; = y,.ly"™') = PY: = y;, |y =
|1T\ Zf’zl fs.(®(x(),y5,)). Thus, for other sub-arrays since
they are also weakly-symmetric, the uniform feedback control
action will also satisfy the equivalence of conditional output
probabilities. |
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