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Abstract

The Lagrange-d’Alembert Principle for systems with constraints linear in the ve-
locity is generalised to systems with nonlinear constraints. A Noether theorem is also
derived for this class of problems.
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1. Introduction

With linear constraints, the Lagrange-d’Alembert Principle offers the correct method
for deriving the equations of motion (this point can be, and has been argued; see [Lewis and
Murray 1995] for a review). However, in the presence of nonlinear constraints, it is not so
clear how one should formulate the equations of motion, never mind what an appropriate
variational principle might be. Two commonly accepted methods for writing the equations
of motion in the presence of nonlinear constraints are the Gibbs-Appell equations and
Gauss’s Principle of Least Constraint. These methods are described for regular Lagrangians
by Lewis [1996]. Here we provide a variational principle for nonlinear constraints which
provides the same equations of motion as the Gibbs-Appell equations and Gauss’s Principle
of Least Constraint.

The paper is organised as follows. The Lagrange-d’Alembert Principle for linear con-
straints is reviewed in Section 2. Using this presentation as motivation, in Section 3 we turn
to providing a variational principle for nonlinear constraints. A Noether theorem for this
class is systems is presented in Section 4. In Section 5 we provide two simple examples.

2. A review of the Lagrange-d’Alembert Principle

To properly setup our nonlinear formulation in Section 3, in this section we review
the statement of the Lagrange-d’Alembert Principle. This should really be regarded as
a basic postulate for constrained mechanical systems. Indeed, Lewis and Murray [1995]
demonstrate that this postulate is equivalent to the Principal of Virtual Work which declares
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2 A. D. Lewis

that the constraint forces should do no work on the motions allowed by the constraints. This
interpretation, although obvious, is a key one in seeing how one may generalise the Lagrange-
d’Alembert Principle. It is worth mentioning that the Lagrange-d’Alembert Principle is
not a variational principle in that it does not produce stationary solutions of a functional.
Nevertheless, for the systems to which it applies, it is the correct method for deriving the
equations of motion (where “correct” is taken to mean that the equations produced agree
with Newton’s equations in those cases where both methods are applicable). For a genuine
variational principal which may be applied to these systems, we refer the reader to [Bliss
1946].

Let Q be the configuration manifold for a mechanical system and let q1, q2 ∈ Q. If
c : [t1, t2] → Q is a piecewise C2 curve, a variation of c is a piecewise C2 map σ : (−ϵ, ϵ)×
[t1, t2] → Q with the properties that σ|{0} × [t1, t2] = c and σ(s, ti) = qi, i = 1, 2. Below
we shall denote a variation of c by s 7→ cs, s ∈ (−ϵ, ϵ). We call a piecewise C2 vector field
δc along c an infinitesimal variation if δc(ti) = 0qi , i = 1, 2. Here 0q is the zero vector
in TqQ. If cs is a variation of c, we may associate to it an infinitesimal variation

δc(t) =
d

ds

∣∣∣∣
s=0

cs(t).

Note that we may regard an infinitesimal variation as a section of the pull-back bundle
c∗TQ. This point of view will be helpful when we discuss nonlinear constraints.

A linear constraint is simply a distribution D on Q. A curve c : [t1, t2] → Q satisfies
the constraint D if c′(t) ∈ Dc(t) for t ∈ [t1, t2]. Let c : [t1, t2] → Q be a piecewise C2 curve
which satisfies D and which joins q1 and q2.

1 An infinitesimal variation δc of c is called a
virtual displacement if δc is a section of c∗D.

A Lagrangian is a function on TQ. The Lagrange-d’Alembert Principle may be stated
(among other ways) as follows:

2.1 Definition: Let L be a Lagrangian on TQ and let D be a linear constraint. A piecewise
C2 curve c : [t1, t2] → Q satisfying D and joining q1 and q2 is a solution of (L,D) if(

d

dt

∂L

∂q̇i
− ∂L

∂qi

)
= λi

for some one-form λ along c such that λ(t) ∈ ann(Dc(t)). Here ann(D) is the subbundle of
T ∗Q which annihilates D. •
If c : [t1, t2] → Q is a piecewise C2 curve joining q1 and q2 we denote

J(c) =

∫ t2

t1

(c′)∗L(c′(t)) dt.

If δc is an infinitesimal variation of c we define

δc · J(c) = d

ds

∣∣∣∣
s=0

J(cs)

where cs is a variation of c so that d
ds

∣∣
s=0

cs(t) = δc(t).
The following result is natural given our definition of the problem.

1It may not be possible to join each two points in Q with a piecewise C2 curve which satisfies the
constraints. This will be possible if the smallest integrable distribution containing D has rank equal to the
dimension of Q. If this is not the case, we must restrict ourselves to maximal integral manifolds of this
distribution.
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2.2 Proposition: Let L be a Lagrangian on TQ and let D be a linear constraint. Then c
is a solution of (L,D) if and only if δc · J(c) = 0 for every virtual displacement δc.

Proof: Let δc be a virtual displacement. In natural coordinates we write

δc(t) = (δq1(t), . . . , δqn(t)).

If cs is a variation of c with associated infinitesimal variation δc we have

δc · J(c) = d

ds

∣∣∣∣
s=0

∫ t2

t1

(c′s)
∗L(c′(t)) dt

=

∫ t2

t1

(
∂L

∂qi
∂qi

∂s
+

∂L

∂q̇i
∂q̇i

∂s

)∣∣∣∣
s=0

dt.

However,
∂qi

∂s
(s, t)

∣∣∣∣
s=0

= δqi(t),
∂q̇i

∂s
(s, t)

∣∣∣∣
s=0

= δq̇i(t) ≜
d

dt
δqi(t)

and so we have

δc · J(c) =
∫ t2

t1

(
∂L

∂qi
δqi(t) +

∂L

∂q̇i
δq̇i(t)

)
dt.

Now we may proceed in the usual manner, integrating by parts, to obtain

δc · J(c) =
∫ t2

t1

(
∂L

∂qi
− d

dt

∂L

∂q̇i

)
δqi dt.

This shows that δc · J(c) = 0 for every virtual displacement δc if and only if(
∂L

∂qi
− d

dt

∂L

∂q̇i

)
δqi = 0

for every virtual displacement δc. By the definition of virtual displacements, this is equiv-
alent to (

∂L

∂qi
− d

dt

∂L

∂q̇i

)
δqi = 0

for every δc such that δc(t) ∈ Dc(t). Therefore, along c, the components

∂L

∂qi
− d

dt

∂L

∂q̇i

must lie in ann(D). Thus we must have

∂L

∂qi
− d

dt

∂L

∂q̇i
= λi

for some one-form λ along c taking its values in ann(D). Reversing these steps shows the
converse. ■
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2.3 Remark: A variation cs whose associated infinitesimal variation d
ds

∣∣
s=0

cs is a virtual
displacement need not have the property that cs satisfies the constraints for s ̸= 0. Thus
Proposition 2.2 does not say that the solutions of the equations of motion are stationary
solutions for the functional J restricted to curves satisfying the constraints. This latter ap-
proach yields the so-called “vakonomic” equations of motion. We refer the reader to [Lewis
and Murray 1995] for a comparison of the two methods. •

For problems with linear constraints, the forces of constraint are taken to be those one-
forms which annihilate the constraint distribution D. One may then restate the Lagrange-
d’Alembert Principle as declaring that the forces incurred by the motion of the system,
i.e., the terms

d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
,

should do no work on the virtual displacements. This is pretty much a statement of the
Principle of Virtual Work. The main point to note is that the equations of motion are
determined by our declaration of two things:

EQM1. the admissible solutions, and

EQM2. the virtual displacements.

Once these are determined, the equations must follow. Note too that EQM2 is equivalent
to specifying the nature of the constraint forces. We shall see that this is the case as well
for nonlinear constraints.

3. Nonlinear constraints

In this section we first indicate what we will consider to be nonlinear constraints, and
then we formulate a variational principle yielding equations of motion which agree with
established methods of writing the equations of motion for this class of constraints.

We shall work in a general time-dependent framework, and so we consider a locally
trivial fibre bundle π : Q → R. We let JkQ be the set of k-jets of sections of Q . We shall
denote local coordinates for J1Q by (t, qi, vj). Recall that the fibres of JkQ → Jk−1Q are
affine spaces modelled on the fibres of V Q ≜ ker(Tπ) → Q . We let E be the pull-back
bundle of V Q to J1Q . It may be verified that E → J1Q is isomorphic to the kernel of the
derivative of the projection J1Q → Q and so is naturally a subbundle of T (J1Q ). Also
recall that J1Q has defined on it a natural (1, 1) tensor field S given in local coordinates
by

S =
∂

∂vi
⊗ (dqi − vidt).

This is a natural adaptation to J1Q of the canonical almost tangent structure on the tangent
bundle of a manifold.

A Lagrangian in this case will be a function on J1Q . A Lagrangian is said to be
regular if the matrix with components

∂2L

∂vi∂vj
(v), i, j = 1, . . . , n
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is nondegenerate for each v ∈ J1Q . For a formulation of the equations of motion in this
context we refer to [Giachetta 1992], and we refer to [Lewis 1996] for a discussion of the
Gibbs-Appell equations and Gauss’s Principle in this context.

3.1. Formulating nonlinear constraints. By a nonlinear constraint we shall mean a
subbundle β of T ∗(J1Q). Thus we will allow our constraints to depend arbitrarily on
velocity and time. If the rank of β is m, we write a local basis for β as

βa = βa
0dt+ βa

i dq
i + β̂a

i dv
i, a = 1, . . . ,m. (3.1)

A nonlinear constraint β is said to be admissible if dim(β) = dim(S∗β) where
S∗ : T ∗(J1Q ) → T ∗(J1Q ) is the dual map associated with S. One may verify that S∗β
is locally spanned by the one-forms

β̂a
i (dq

i − vidt), a = 1, . . . ,m

and so β is admissible if and only if the matrix β̂a
i , a = 1, . . . ,m, i = 1, . . . , n, has full

rank. Furthermore, [Giachetta 1992] shows that if β is admissible then coann(β) ∩ J2Q
(thinking of J2Q as a submanifold of T (J1Q )) is an affine subbundle of J2Q modelled
on C ≜ coann(β) ∩ E. Here coann(β) is the subbundle of T (J1Q ) annihilated by β. In
coordinates, vectors in C are those vectors in V Q (pulled-back to J1Q ) annihilated by the
forms β̂a

i dq
i.

3.1 Remark: In practice, nonlinear constraints are often provided in the form of a sub-
manifold M of J1Q in which the solutions are required to take their values. In this case
the codistribution β will arise as an integrable codistribution which has M as a maximal
integral manifold. Also, in this case it is too restrictive to ask that the entire codistribution
β be admissible, but we can ask that β|M be admissible. We shall see how this arises in an
example in Section 5.2. •

A piecewise C2 local section of π, c : [t1, t2] → Q , will be said to satisfy the nonlinear
constraint β if (j1c)′(t) is annihilated by β. In coordinates (t, qi, vj) for J1Q , a local section
c represented by t 7→ (t, qi(t)) satisfies β if and only if

βa
0 + βa

i q̇
i + β̂a

i q̈
i = 0, a = 1, . . . ,m.

This takes care of part EQM1 in the steps toward determining the equations of motion.
The next section introduces the tools for properly stating EQM2. Here we finish this section
by showing that the constraints considered in Section 2 are in fact a subset of the nonlinear
constraints we consider.

We let Q = R × Q (in this case π is projection onto the first factor) and let D be a
linear constraint on Q. The constraint on J1Q in this case is given by the submanifold

D̃ = {(1, v) ∈ TQ | v ∈ D}

(recalling that J1Q as a submanifold of TQ consists of those elements of the form (1, v) for
v ∈ TQ). Let us suppose that D is locally annihilated by one-forms ω1, . . . , ωm and define
m functions on J1Q by

ϕa(t, vq) = ωa(vq), a = 1, . . . ,m.
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Then D̃ is defined by the m equations ϕa = 0 and so the subbundle β of T ∗(J1Q ) generated
by the one-forms dϕa will possess D̃ as a maximal integral manifold. In this manner we
define a nonlinear constraint associated to the linear constraint D. Note that

dϕa =
∂ωa

i

∂qj
vidqj + ωa

i dv
i

and so β̂ is generated by the one-forms ωa
i (dq

i − vidt), showing that this type of nonlinear
constraint (i.e., one generated by a linear constraint) is always admissible.

3.2. Variational methods for nonlinear constraints. Now we turn to defining the virtual
displacements for admissible nonlinear constraints giving step EQM2 of the determination
of the equations of motion. The point of view we take may be seen in the work of Vershik
[1984] and Giachetta [1992].

Let q1, q2 ∈ Q . We suppose that c : [t1, t2] → Q is a piecewise C2 local section of π
joining q1 and q2 which also satisfies the admissible constraint β. An variation of c is a
piecewise C2 map σ : (−ϵ, ϵ)× [t1, t2] → Q with the properties

1. σ(0, t) = c(t) for t ∈ [t1, t2],

2. σ(s, ti) = qi for s ∈ (−ϵ, ϵ) and i = 1, 2, and

3. π ◦ σ(s, t) = t for s ∈ (−ϵ, ϵ).

As in Section 2 we shall denote a variation of c by cs. The property 3 ensures that d
ds

∣∣
s=0

cs
defines a local section of V Q . Motivated by this and recalling that E is the pull-back of
V Q to J1Q , we define an infinitesimal variation of c to be a section δc of the pull-
back bundle (j1c)∗E. At this point it might not seem clear why we should not define
an infinitesimal variation to be a section of c∗V Q . Indeed, if we were not dealing with
constraints, this would be the correct thing to do. However, to define virtual displacements
we need the extra generality allowed by pulling back to J1Q . Indeed, we define a virtual
displacement to be a section of (j1c)∗C ⊂ (j1c)∗E.

Now let us define what we mean by a solution of the equations of motion for a system
with nonlinear constraints. This follows [Giachetta 1992].

3.2 Definition: Let L be a Lagrangian on J1Q and let β be an admissible nonlinear con-
straint. A piecewise C2 local section c : [t1, t2] → Q is a solution for the pair (L, β) if

d

dt

(
∂L

∂vi

)
− ∂L

∂qi
= λi, i = 1, . . . , n (3.2)

for some section λ of (j1c)∗ ann(C). •
It is perhaps not immediately clear that this definition makes sense, but that it does rests
on the fact the the admissible accelerations for the system (i.e., those allowed by the con-
straints) take their values in coann(β) ∩ J2Q . This implies that the left hand side of (3.2)
is a section of (j1c)∗E∗. We refer the reader to [Giachetta 1992] and [Lewis 1996].

Following our presentation of Section 2, if c : [t1, t2] → Q is a piecewise C2 local section
of π, we define

J(c) =

∫ t2

t1

(j1c)∗L(j1c(t)) dt,
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and if δc is an infinitesimal variation of c we define

δc · J(c) = d

ds

∣∣∣∣
s=0

J(cs)

where cs is a variation of c with the property that d
ds

∣∣
s=0

cs(t) = δc(t). Now we state the
main result of this section.

3.3 Proposition: Let L be a Lagrangian on J1Q and let β be an admissible nonlinear
constraint. Then c is a solution of (L, β) if and only if δc · J(c) = 0 for every virtual
displacement δc.

Proof: As in the proof of Proposition 2.2, δc · J(c) = 0 for every virtual displacement δc if
and only if (

∂L

∂qi
− d

dt

∂L

∂vi

)
δqi = 0

for every virtual displacement δc. Therefore, the components

∂L

∂qi
− d

dt

∂L

∂vi

belong in (j1c)∗ ann(C). Thus
∂L

∂qi
− d

dt

∂L

∂vi
= λi

for some λ taking its values in (j1c)∗ ann(C). This completes the proof. ■

3.4 Remark: It is tempting to think that the entire problem may be lifted to J1Q in the
sense that we consider variations of curves on J1Q . Indeed, this is possible, but one then
needs to introduce the extra complication of ensuring that the solution curves on J1Q are
1-jets of sections of π. By taking variations of sections on Q to begin with, we eliminate
the need for this. Formulations of the variational problem so that variations are taken on
J1Q are given in the book of Griffiths [1983] and the paper of Bryant [1987]. We caution
that the approach laid out by Griffiths produces equations of motion which are different,
in general, than the ones we produce here. •

To finish this section, we illustrate how this all works for linear constraints. First of
all, since Q = R × Q, V Q = R × TQ. Thus infinitesimal variations naturally take their
values in TQ and constraint forces naturally take their values in T ∗Q as one would expect.
Now let D be a linear constraint and suppose that ann(D) is locally generated by one-forms
ω1, . . . , ωm. As in Section 3.1 we define m functions ϕa(t, vq) = ωa(vq) on J1Q . We then
compute a local basis for β as

βa ≜ dϕa =
∂ωa

i

∂qj
vidqj + ωa

i dv
i.

Therefore the infinitesimal displacements are annihilated by the codistribution spanned
locally by the one-forms ωa, as is expected. However, in this case we think of ωa

i dq
i as a

one-form on J1Q : it is simply the pull-back of ωa to J1Q .



8 A. D. Lewis

4. A Noether theorem

Here we show how a symmetry of the problem can lead to a conservation law. First let
us declare what we mean by a symmetry of the problem. We will deal with infinitesimal
symmetries, i.e., vector fields.

If f : Q → Q is a mapping for which the diagram

Q
f //

π ��

Q

π��
R

commutes, then j1c(t) 7→ j1f ◦ c(t) defines an induced mapping on J1Q which we denote
by j1f . Now let X be a vector field on Q taking its values in V Q . Such a vector field thus
restricts to the fibres of Q . Therefore the flow, t 7→ Ft, of X will also be fibre preserving.
Thus t 7→ j1Ft defines a flow on J1Q and we denote the associated vector field by j1X.
Also, since E is naturally a subbundle of T (J1Q ), we may lift a V Q -valued vector field on
Q to a vector field X lift on J1Q . In coordinates for J1Q , if X = Xi ∂

∂qi
(it having no ∂

∂t

component) we have

j1X = Xi ∂

∂qi
+

∂Xi

∂qj
vj

∂

∂vi
, X lift = Xi ∂

∂vi
.

If L is a Lagrangian on J1Q we say that a V Q -valued vector field X is an infinitesimal
symmetry for L if Lj1XL = 0. Here LX1 is the Lie derivative with respect to X1.

Now we define our candidate conserved quantity. Fix q ∈ Q and let Lq be the restriction
of L to the fibre of J1Q over q. Since this fibre is an affine space modelled on VqQ , we may
regard dLq(v) as an element of V ∗

q Q for every v ∈ J1Q projecting to q. In this way we define
a bundle map d1L : J1Q → E∗. We refer the reader to [Lewis 1996] for a discussion of this
construction on J2Q . Now if X is a V Q -valued vector field, we define the L-momentum
associated with X to be the function PX on J1Q defined by PX(v) = d1L(v) ·X lift(v).

Finally, let us be clear by what we mean by a constant of motion. If F : J1Q → R
is a smooth function on J1Q and if c : [t1, t2] → Q is a local section of π, we say F is an
integral for c if L(j1c(t))′F = 0 for each t ∈ [t1, t2].

We may now state our Noether Theorem for the constrained systems we are considering.

4.1 Proposition: Let L be a Lagrangian on J1Q and let β be an admissible nonlinear
constraint. If a complete vector field X is an infinitesimal symmetry for L with the property
that X lift is a section of C, then the L-momentum PX is an integral for every solution c
of (L, β).

Proof: Suppose that X is an infinitesimal symmetry for L and let Ft denote the flow of X.
Let τ : (−ϵ, ϵ) × [t1, t2] → [t1, t2] have the properties that τ(s, ti) = 0 for s ∈ (−ϵ, ϵ) and
i = 1, 2, and τ(0, t) = 0 for t ∈ [t1, t2]. Since Lj1XL = 0 the function L(j1Fτ(s,t)(v)) is
independent of s for v ∈ J1Q . We compute

d

ds

∣∣∣∣
s=0

L(j1Fτ(s,t)(v)) = Lj1XL(Ft(v))
∂τ

∂s
(0, t).
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In coordinates this gives (
∂L

∂qi
Xi +

∂L

∂vi
∂Xi

∂qj
vj
)

∂τ

∂s
(0, t) = 0. (4.1)

Now we make the further assumption that X lift is a section of C. If we let τ be as above we
may define a variation of c by cs(t) = Fτ(s,t)(c(t)). By our assumption that X lift is a section

of C, the infinitesimal variation δc : t 7→ d
ds

∣∣
s=0

cs(t) is a virtual displacement. Therefore,
by Proposition 3.3,

d

ds

∣∣∣∣
s=0

∫ t2

t1

(j1cs)
∗L(j1cs(t)) dt = 0.

If we write the infinitesimal variation δc in coordinates as (δq1(t), . . . , δqn(t)), then we have

δqi = Xi∂τ

∂s
, δq̇i = Xi ∂

2τ

∂s∂t
+

∂Xi

∂qj
q̇j
∂τ

∂s

where all partial derivatives are evaluated at (0, t). Thus we have∫ t2

t1

(
∂L

∂qi
Xi∂τ

∂s
+

∂L

∂vi
Xi ∂

2τ

∂s∂t
+

∂L

∂vi
∂Xi

∂qj
q̇j
∂τ

∂s

)
dt = 0.

Using (4.1) and an integration by parts gives∫ t2

t1

d

dt

(
∂L

∂vi
Xi

)
∂τ

∂s
dt = 0.

Since the function τ was arbitrary except for boundary conditions, we must have

d

dt

(
∂L

∂vi
Xi

)
= 0

which is the coordinate expression for PX being constant along j1c. ■

4.2 Remarks: 1. The proposition gives sufficient conditions for the conservation of a
certain L-momentum. However, this condition is not necessary, as we shall see in the
example in Section 5.2.

2. It is interesting to note that we do not require X to preserve β in any way (e.g., by
asking that Lj1Xα be a section of β for sections α of β).

3. If X lift is not a section of C, then the proof of Proposition 4.1 may be used to yield an
evolution law for PX . This, in the case of linear constraints, is called the “momentum
equation” by Bloch, Krishnaprasad, Marsden, and Murray [1996]. The proof we give
here in the context on nonlinear constraints is very similar to the proof of Noether’s
Theorem in the paper of Bloch, Krishnaprasad, Marsden, and Murray [1996]

4. If there are no constraints, Proposition 4.1 says that if X is an infinitesimal symmetry
for L then the L-momentum PX is an integral of the motion. This, of course, is the
normal version of Noether’s Theorem.
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5. Let us consider the case when the constraint is linear. If X is a vector field on
Q we may lift this to a vector field XT on TQ as discussed in Section 3.1. Then
we say X is an infinitesimal symmetry for L if LXTL = 0. The L-momentum in
this case is simply PX(vq) = FL(vq) · X(q) where FL : TQ → T ∗Q is the Legendre
transformation. In this case Proposition 4.1 says that PX is an integral of the motion
if X is an infinitesimal symmetry for L which is also a section of D. This is the
“horizontal symmetry” case in [Bloch, Krishnaprasad, Marsden, and Murray 1996].

•

5. Examples

In this section we illustrate our method with a few simple examples. We present one
example with constraints where the velocities appear linearly, and we present one example
with nonlinear constraints.

5.1. A particle in R3 with linear constraints. We consider a particle inR3 with Lagrangian

L =
1

2
m

(
ẋ2 + ẏ2 + ż2

)
.

The constraint we consider is
ż − yẋ = 0.

The distribution D associated with this constraint is spanned by the two vector fields

∂

∂y
,

∂

∂x
+ y

∂

∂z
.

Note that along a curve c : t 7→ (x(t), y(t), z(t)) an infinitesimal variation (δx(t), δy(t), δz(t))
of c is a virtual displacement if and only if δz(t)− y(t)δx(t) = 0. If we write the equations
of motion as specified by Proposition 2.2 we see that

mẍ δx = 0

mÿ δy = 0

mz̈ δz = 0

for every virtual displacement (δx, δy, δz). Thus the equations of motion may also be written
as

mÿ = 0

mẍ+myz̈ = 0

to which we append the constraint equations to obtain a complete set of equations. These
are the same equations obtained in [Lewis 1996] using the Gibbs-Appell method.

Note that X = ∂
∂y is an infinitesimal symmetry of L and that it is also a section of

D. Therefore, by 4.2–5, the L-momentum associated with ∂
∂y , which is simply the function

PX(vq) = mẏ, is an integral of the motion. This is simply the linear momentum in the
y-direction, of course.
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5.2. A particle in R3 with nonlinear constraints. Again, the example we consider is a
particle in R3 but now with Lagrangian

L =
1

2
m

(
ẋ2 + ẏ2 + ż2

)
− V (x, y, z)

where V is an arbitrary potential function. The constraint we consider is that the kinetic
energy should remain constant. Thus for e ≥ 0 we consider the constraint

1

2
m

(
ẋ2 + ẏ2 + ż2

)
= e.

To obtain a constraint codistribution β, we differentiate this relation to give β as the
codistribution generated by the one-form

mvxdvx +mvydvy +mvzdvz

on J1(R × R3). As long as e ̸= 0, β is admissible when restricted to the e-level set of the
kinetic energy. The constraint forces are multiples of the one-form

mvxdx+mvydy +mvzdz.

Along a curve c : t 7→ (x(t), y(t), z(y)) an infinitesimal variation (δx(t), δy(t), δz(t)) is a
virtual displacement if and only if ẋ(t)δx(t)+ẏ(t)δy(t)+ż(t)δz(t) = 0. Writing the equations
of motion as in Proposition 3.3 we obtain

(mẍ− ∂V

∂x
)δx = 0

(mÿ − ∂V

∂y
)δy = 0

(mz̈ − ∂V

∂z
)δz = 0

for every virtual displacement (δx, δy, δz). Thus the equations of motion may be written
as, for example,

mẏ

(
ẍ− ∂V

∂x

)
−mẋ

(
ÿ − ∂V

∂y

)
= 0

mż

(
ẍ− ∂V

∂x

)
−mẋ

(
z̈ − ∂V

∂z

)
= 0.

If we append to these the constraint equation, we get the complete set of equations.
In this example, Proposition 4.1 will not yield any conservation laws. Indeed, if a vector

field X = (Xx, Xy, Xz) on Q has the property that X lift is a section of C, it must be
the case that (vx, vx, vz) · (Xx, Xy, Xz) = 0 where (vx, vy, vz) satisfies ∥(vx, vy, vz)∥ = e
and where “·” is the dot product. Therefore, X must be zero. However, the system will
have conserved quantities which are L-momenta. For example, if ∂V

∂x = ∂V
∂y = 0 (e.g., a

gravitational potential acting in the z-direction) then we have mẏẍ − mẋÿ = 0 implying
that m(yẋ− xẏ) is an integral of the motion. This is simply the angular momentum about
the z-axis and is the L-momentum associated with the vector field y ∂

∂x − x ∂
∂y .
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