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Abstract

Connections and the space of connections on a fibred manifold are described. Three
different means of prescribing a connection are shown to be equivalent. The special
case of linear connections is given particular attention. Nothing is new here.

1. Introduction

The two most commonly encountered characterisations of a connection on a bundle
are (1) in terms of differentiation of sections of the bundle with respect to vector fields
on the base space and (2) in terms of splitting the tangent space of the total space into
a direct sum with one component being the vertical bundle. These characterisations are
very often the most useful. However, they are not so convenient for understanding the
structure of the set of all connections. There is an alternative characterisation that, while
by no means unknown, is less often encountered, but which allows for a fairly easy explicit
characterisation of the set of connections. In this note we give this alternative definition of
a connection, establish explicitly its link with the more common definitions, and show how
it can be used to provide the structure of the space of connections.

Everything we say can be found in scattered places. More or less everything is to be
found, for example, in [Kolaf, Michor, and Slovak 1993].

2. Connections on fibred manifolds

In this section we define what we mean by a connection and see how the definition we give
is equivalent to two more familiar constructions associated with a connection: (1) a covariant
derivative and (2) a splitting of the total space of the bundle on which the connection is
being defined.

2.1. The definition of a connection. A fibred manifold is a triple (Y, m, X) where X and

Y are differentiable manifolds and 7: Y — X is a surjective submersion. By J¥(7) we denote

the bundle of k-jets of sections of 7. By 7y: J¥(7) — X and, for k < I, by 7t : Ji(7) — J¥(m)

we denote the canonical projections. We denote by V(7)) = ker(7'w) the vertical subbundle.
Our initial definition of a connection on (Y, m, X) is the following.
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2.1 Definition: A connection on a fibred manifold (Y, r,X) is a section S: Y — J!(7) of

the bundle 7§ : Ji(7) — . .

In natural coordinates (27,y?,y?) for J}(m) a connection S has the form (z7,y%)
(z7,y*, S%(x,y)) which defines the connection coefficients 5S¢, a € {1,...,m}, j €
{1,...,n}, for the connection.

There are two interesting constructions one can make associated with a connection on
a fibred manifold, and we now describe these.

2.2. The horizontal subbundle associated with a connection. Let (Y, 7, X) be a fibred
manifold. We suppose that X is n-dimensional and that Y is (n + m)-dimensional. One of
the interpretations of a connection is that it provides a complement to V(7) in TY. Let us
see how this interpretation is developed.

Let p1 € Ji(n), let p = w{(p1), and let z = m(p). Let &: U — Y be a local section
defined on a neighbourhood U containing x and satisfying ji1&(x) = pi. Define L, €
Hompg (T X; T,Y) by Ly, (vg) = Tpé(vg).

2.2 Lemma: Let py € J(n), let p = wi(p1), and let © = w(p). The following statements
hold:

(i) Ly, is a well-defined linear injection;

(ii) Tymo Ly, = idT,x;

(111) image(Ly,) is a complement to V,(m) in T,Y.
Moreover, if p € Y and x = 7(p), and if L: ToX — T,Y is a linear map satisfying
T,mo L =idr,x, then there exists a unique py € (7})~1(p) such that L = Ly,.

Proof: (i) Suppose that &1,&: U — Y satisfy 71&1(z) = ji1&2(x) = p1. This means that, for
any smooth curve v: I — X satisfying 0 € int(I) and (0) = z it holds that % ‘5:0 (&107) =
%‘g:O (&2 o). This immediately gives T,&1(vy) = Tpéa(v,) for every v, € T,X. Thus the
definition of L,, is independent of the choice of local section £. Linearity of L,, is now
obvious. To see that Ly, is injective note that wo& = idy and so T¢(;)mo 1€ = idt,x. Thus
L,, possesses a left-inverse and so is injective.

(ii) This was proved as part of the proof of the previous assertion.

(iii) Suppose that u, € image(L,,) NV,Y. Let u, € image(L,, ) write u, = Ly, (v,) for
vy € TyX. Then let v: I — X be a smooth curve satisfying 0 € int(I) and +/(0) = v,. If
£: U — Y is a local section satisfying ji£(z) = p1 then this means that u, = %!8:0 (o).
Since u,, is vertical we have Tpm(up) = 05. This in turn means that

d d

(mofey)= ——|  7=uvs

0
v ds|,_,

; ds s=0
This means, therefore, that u, = 0,. This gives image(L,,) NV,Y = {0,}. This part of the
result then follows from a dimension count.

For the last assertion, let (V, 1)) be an adapted chart for Y and let (U, ¢) be the associated
chart for X. Denote the coordinates for Y by (27,y%). Suppose that ¢(z) = 0,, and that
(p) = Optm. An arbitrary linear map between T X and T,Y will have the coordinate
representation

; 0 . 0
_ AT ..k adJ.,J
L—Akdx ®8xj +B]dx ®8y“'
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The condition that T),mo L = idT,x is readily seen to imply that Afg = (5%. Now, if we define

a local section £ on U with local representative
§(x) = (=, Bx)

where B is the m x n matrix with components Bf, a € {1,...,m}, 7 € {1,...,n}, then
it is immediate that if we take p; = j;1&(z) we have L = L,,. This gives the existence
assertion. For uniqueness suppose that L, = L,, and let £ and & be local sections such
that L, = T;& and L, = T,&. This means that j1&1(z) = ji1&2(x) and so p1 = pa, as
desired. |

In natural coordinates (z7,y®,y?) for J!(7) we have
Ly = dldeF o -2 4y © 2 e TIX e T,Y
p1—km®@+yj(]0)$®87ﬂe A TpY,

where (27, y, yZ) are the coordinate values for p; € J(7).
Now we define an endomorphism Pgl of TY by

Pg(“p) = Lg(p) o Tpm(up), up € TpY.
The following assertions are more or less obvious.

2.3 Lemma: The endomorphism Pg e I'™(T*Y ® TY) has the following properties:
(i) ker(P§) = V(m);
(i) TY = ker(PH) & image(PZ7).

Proof: (i) It is clear that V(w) C ker(PZi). For the opposite inclusion, suppose that
P (up) = 0,. Since Lg,) is injective this implies that T, (up) = 0, whence u,, is ver-
tical.

(i) Since T, is surjective it follows that image(P4 (p)) = image(Lg(y)) which is com-
plementary to V,(m) by Lemma 2.2. [ |

The endomorphism PSH is called the horizontal projection associated with the con-
nection S and the endomorphism Pg = idyy —Péq is called the vertical projection. It
is easy to see that ng is a projection onto V() and Pg is a projection onto a subbundle,
denoted by H(7), that is complimentary to V(7). In adapted coordinates (27, y%) we have

Pf = §lda* 2 4 S4dzl @ 2

OxI oy’
0 ; 0
PY = 63dyb @ — — S%dad @ ——.
S b aya J aya

Thus in this way we derive a splitting of TY associated to a connection.

One can also recover a connection from a splitting. Thus suppose that TY = V(r)®H(x)
for some subbundle H(7) and denote by P the projection onto H(r). For each p € Y the
restriction of T,7 to H,(m) is an isomorphism onto T,X where = 7(p). Thus the inverse
of this isomorphism defines a map L from T,X to T,Y satisfying 7,7 o L = idt,x. By
Lemma 2.2 it follows that there exists a unique p; € (7})~'(p) such that L = L,,. We
define a connection by S(p) = p;.

Let us summarise this construction.
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2.4 Proposition: For a fibred manifold (Y,7,X) let H(w) be a subbundle of TY comple-
mentary to V(). If PH € T™(T*Y ® TY) is the projection onto H(m) along V(r) then
there exists a unique connection S on m for which P? = Pg.

Quite obviously, if P¥ is given in adapted coordinates by

; 0 ~ 0
H __ ¢ k a3,
P = §]dx ®78mj + Pj'dx ®8ya’

then the connection coefficients of S are exactly P, a € {1,...,m}, 7 €{1,...,n}.

It is evident that the constructions in this section establish a 1-1 correspondence between
connections on 7w and complements to V() in TY. This immediately gives the following
result.

2.5 Proposition: If (Y,m,X) is a fibred manifold with Y paracompact then there ezists a
connection on .

Proof: Since Y is paracompact it possesses a Riemannian metric. A subbundle to V(7) can
then be taken to be the orthogonal complement. This subbundle then prescribes a unique
connection according to Proposition 2.4. |

2.3. The covariant derivative associated with a connection. In this section we introduce
the relationship between a connection and a covariant derivative operator on sections of
7. For the following definition we recall the fact that m}: J'(7) — Y is an affine bundle
modelled on 7*T*X ®y V(7), where 7*T*X denotes the pull-back of T*X to Y by .

2.6 Definition: If S: Y — J!(7) is a connection on a fibred manifold (Y, 7, X) and if £: U —

S
Y is a local section of w, the S-covariant differential of £ is the local section V¢ of
T*X ® £*V(m) defined by

Vé(z) = jié(x) — S(E(x)). .
If Z is a vector field on X then %Zé = %5(2) is the S-covariant derivative of £ with

S S
respect to Z. Note that Vz¢ is a section of {*V(m). The coordinate expression for V¢ is

o&*
ol

Ve= (55 - st @ 5o

The following result records the basic properties of the S-covariant derivative. We let
vy: V(m) — Y denote the canonical projection. We also denote by mrx: TX — X the
tangent bundle projection.

2.7 Lemma: For a local section & of w, for vector fields Z,7Z,,Zo € T (m1x), and for
functions fi, fa € C™(X), the following statements hold:

(i) v o V7€) = £(a);
(ZZ) vf121+f222§ = flVZ1§ + f2vZ2£'

Proof: (i) Since j1&(z), S(&(z)) € (md)~1(&(x)) it follows that ji&(z) — S(&(x)) € Vg(x)(ﬂ>.
(ii) This is clear from the definition. [ |



CONNECTIONS AND SPACES OF CONNECTIONS )

One can also recover a connection from a covariant derivative operator. We do this as
follows. Given a connection S let us define ®g: J'(7) — V(7) by

Os5(p1) = p1 — S(mo(p1),
and note that ®g is a fibred morphism over idx. Moreover, if £: U — Y is a local section of 7

S
then ®g(71£(z)) = V&(x). Through this bundle map we can easily establish the relationship
between a covariant derivative and a connection. To do so let us first establish the essential
properties of ®g.

2.8 Lemma: The bundle map ®g has the following properties:
(i) ®s(p1) €V (1) (7) for every py € J (x);
(i) ®5(p1) — ®s(p)) = p1 — Py if 7(p1) = 7§(ph), where we use the fact that (w})~1(p)
is an affine space modelled on TZ X ® Vy(m) for each p €Y.

Proof: (i) This is clear since S(p) € (7})~L(p) for every p € Y.
(ii) We have
®s(p1) — Ps(p1) = (1 — S(mo(p1)) — (B1 = S(m(ph)))
= (p1 —p1) = (S(mp(p1)) — S(mp(p1))) = p1 = ph,
as desired. |

2.9 Remark: Condition (ii) amounts to saying that the symbol of ®g is the identity map. e

2.10 Proposition: If ®: J'(7) — V(n) is a bundle map over idy satisfying
(i) ®(p1) € Vi, () for every p1 € J(7) and
(i1) ®(p1) — @(p}) = p1 — py if 7h(p1) = 7).

then there exists a unique connection S for which ® = ®g.

Proof: Let p €Y, let p1 € (7))~ 1(p), and define S(p) = s(p1) . We claim that S(p) is
independent of the choice of py. Indeed, let py,p} € (73)7(p) and note that

(®s(p)) —P1) — (@s(p1) —p1) = (Ps(P) — p1)) — (P1 — p1) = (PL — p1) — (P — p1) = Op,

giving ®g5(p}) — p} = ®s(p1) — p1, as desired. Thus S is a connection, and it is, moreover,
clear that &g = ®. Uniqueness is clear. |

The constructions in this section provide, therefore, a 1-1 correspondence between con-
nections on 7 and covariant differentiation of sections of .

3. Linear connections on vector bundles

In the case when the bundle is question has the structure of a vector bundle, the general
definition of a connection still applies. However, it is interesting to also consider the vector
bundle structure. For a vector bundle 7: E — X recall that the jet bundles J*(7) are also
vector bundles over X.

3.1. The definition of a linear connection. It is straightforward to adapt the usual defi-
nition of a connection to incorporate the vector bundle structure.
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3.1 Definition: A linear connection on a vector bundle (E,w, X) is a connection S: E —
J1(7) that is also a vector bundle morphism. °

In coordinates (27, u®,u}) for J!(r) adapted to vector bundle coordinates (z7, u®) for E,
a linear connection has the form (z7,u%) — (27, u?, S;-’Cuc) which defines the connection
coefficients S, a,b € {1,...,m}, j € {1,...,n}.

Let us now describe the constructions associated with a linear connection.

3.2. The horizontal subbundle associated with a linear connection. As with a connection
in the more general sense, given a linear connection S on a vector bundle (E, 7, X) we have
associated horizontal and vertical projections Pg , ng : TE — TE. To understand how the
linearity of the connection S manifests itself in the splitting of TE we shall provide some
structure for the vertical projection. To do this we shall first understand the structure of
the vertical bundle V().

We let vg: V(m) — E be the restriction of the tangent bundle projection to V(m). We
denote by 7m*m: 7*E — E the pull-back bundle. The map vift: 7*E — V() defined by

vift(ey, wy) =

(eg + swy)

ds s=0

is a vector bundle isomorphism such that the diagram

mE 2% V() (3.1)
ok
E——E

commutes. Let us also denote by vx: V(7)) — X the composition vx = 7o vg. We claim
that the bundle vx: V() — X has a natural vector bundle structure.

3.2 Lemma: Let Z: X — TX be the zero section. The map
V(7) 3 ue — (ue,m(e)) € TE x X

is a bijection onto Z*TE. Moreover, this bijection commutes with the following classes of
charts for V() and Z*TE, respectively:

(i) the restriction to V(m) of the natural charts for TE induced by vector bundle charts
for E;

(ii) the vector bundle charts for Z*TE induced by natural charts for TX and vector bundle
charts for E.

Proof: Note that

Z'TE={(u,z) e TEx X | Tmre(u) = Z(z)} = {(u,2) € TEX M| Trre(u) = Ox(e)}-
This shows that the points (u,z) € Z*TE are in 1-1 correspondence with the point v which
must lie in V(7).

For the second assertion of the lemma, let us consider coordinates (27) and (#7) for
X, natural coordinates (27, v*) and (&7, 9%) for TX, and vector bundle coordinates (27, u?)
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and (77, 1%) for E. We then have transition maps for the vector bundle structure of E that
define the relation 4% = A¢(x)u’. In natural and vector bundle coordinates an element
of V(7) is represented as (27, u®,0,w®) and (&7, 4%,0,%"). The transition functions for the
vector bundle structure give w® = Aj (x)w’. Now, an element of Z*TE in natural and vector
bundle coordinates has the form ((27,u®,0,w?),z7) and ((Z7,4%,0, "), #’). The transition
functions for the vector bundle structure give w* = A%(z)w’. Since the bijection from
V(7) to Z*TE has the form (27, u®, 0,w?) — ((27,u®,0,w"),27) it follows that the bijection
commutes with the various natural charts. |

To better understand the vector bundle structure of vx: V(7m) — X we note that, as
manifolds, 7*E = E @ E where E ® E denotes the Whitney sum of vector bundles over X.
Therefore, we have the diffeomorphism vlft: EGE — V(7). Using vector bundle coordinates
and Lemma 3.2 one can easily see that vift is, in fact, an isomorphism of vector bundles
over X. That is to say, the diagram

vift

EaE - v(n) (3.2)
N
X ———X

commutes, where m @ 7: E® E — X is the vector bundle projection. If we further consider
the role of Lemma 3.2 in the preceding diagram we have the diagram

E@E v(r)
w@wl J/Tﬂ’lV(ﬂ’)
X——TX
Z

which is a vector bundle morphism.

Now that we better understand the structure of V(7) we can use this structure to see
how a linear connection gives rise to a more structured vertical projection. We first make
the following observation about the vertical projection Pg .

3.3 Lemma: If S: E — J'(n) is a (not necessarily linear) connection on the vector bundle
(E, 7, X) then the vertical projection Pg: TE — TE is a vector bundle morphism with respect
to the diagram

PV
TE—3-V(n)
WTE\L l/VE
E=——E

If additionally S is linear then Pg is also a vector bundle morphism with respect to the
diagram

PV
TE —2>V(n)
T \LVX

TX—=X

TTX
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Proof: As PY is a (1,1)-tensor field on E the first diagram commutes and the top arrow
is a morphism of vector bundles. So it is only the bottom diagram that is of concern.
For commutativity of the bottom diagram we let v € TE be such that v € T.E and
Tr(u) =v € T,X. Then vx o P¥ (u) = z. We also have

mrx o IT'm(u) = mrx(vg) = x,

which gives commutativity of the bottom diagram. Thus it remains to show that the top
arrow in the bottom diagram is a vector bundle morphism.

Let v, € T,X for z € X. We must show that PY|T7~!(v,) is a linear map from T~ (v)
to V)Zl(:c). Let u1,us € T~ !(v,) and let e1, ez € E be such that uy € T, E and ug € Te,E.
Let us agree that uj +us refers to addition in the vector space Tm~!(v;). Since the diagram

TE
V wf
1D E
A /
X

commutes we have 7(e;) = m(e2) and so we may add e; and eg using the vector bundle
structure of E. Using linearity of S we then compute

Pg (uy 4 u2) = uy + t — Lg(e, 1) © T(ug + up)
= u1 +u2 — Lg(e;)(vz) = Ls(ey) (Vz)
= Py (u1) + P¥ (u2),

as desired. ]

Using this property of the vertical projection for a connection we make the following
definition.

3.4 Definition: For a vector bundle (E,m, X) and a (not necessarily linear) connection
S: E — JY(m), the connector for S is the map Kg: TE — E defined by Kg =
pry o vlft 1o PY. °

Note that one can define the connector for any connection on a vector bundle E. But
the following lemma gives the structure of the connector that arises from the linearity of

S.
3.5 Proposition: For a (not necessarily linear) connection S the connector Kg is a vector

bundle morphism with respect to the diagram

TEZS. E

E ™
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If S is additionally linear then Kg is a vector bundle morphism with respect to the diagram

TE2S. g

A

>

Proof: This follows from combining Lemmata 3.2 and 3.3 along with the joint properties of
vlft described in diagrams (3.1) and (3.2). [ |

3.3. The covariant derivative associated with a linear connection. Now let us see how
the linearity of a connection alters the picture of covariant differentiation. For a general

S
connection S: E — J!(7) on a vector bundle (E,n,X) and a section ¢ of m we have V¢
as a section of T*X ® £*V(x). This induces, even when the connection is not linear, an

S
interpretation of V¢ as a section of T*X ® E using the fact that V¢, (m) ~ E,. However,
when the connection is additionally linear there are further properties of the covariant
differential.

3.6 Proposition: If S is a linear connection on a vector bundle (E,w,X) then the covari-
ant derivative has the following properties for vector fields Z, 7y, Zy € T (71x), functions
fyf1, fa € C=(X), and sections £,&1,&2 € T (m):

(i) %Z(fl + &) = %Z& + %252;
(ii) V2(f€) = FV 26 + (L2 h)E;
(1) %leﬁ-nggg = fleZlf + fQ%ZQé"
Proof: (i) We have
V(& +6)(x) = j1(61 + &) (@) — S(E + &) (x)
= j1&1(z) — S(&1(x)) + j1&a(z) — S(&2(x))
= Véi(z) + Ve (o).
(ii) We have
V(f6)(x) = j1(f€)(x) — S(f(@)E(x)
= f(@)jié(@) + df(z) @ £(2) - f(2)S(E()
— [(2)VE(s) + df (@) @ £(x),

and the result follows directly from this.
(iii) This was already shown in Lemma 2.7. [ |

4. Spaces of connections

Now that we understand what a connection is we can talk about the set of all such things.
It turns out that the jet bundle characterisation of a connection is extremely convenient for
doing this. As we shall see the set of connections has the structure of the set of sections of
an affine bundle. First we consider the case of the set of general connections.
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4.1. The space of connections on a fibred manifold. The structure of the set of connec-
tions on a general fibred manifold follows directly from the definition of a connection as a
section of m}. Indeed, we immediately have the following result.

4.1 Proposition: If (Y,m,X) is a fibred manifold then the set of connections on m is the
set of sections of the affine bundle 71'5: Y — JY(w) which is modelled on the vector bundle
T T*X @ V(7).

Not much else to say here, really.

4.2. The space of linear connections on a vector bundle. For a vector bundle (E,r, X)
a linear connection is, by our definition, an element of I'*(7}) N T™(E* ® J!()). Thus
a linear connection has “access” to the affine structure of 7}: J'(7) — E and the vector
bundle structure of E* ® J!(m). After distillation this structure is most simply represented
as follows.

4.2 Proposition: If (E,m, X) is a vector bundle then the set of linear connections on w is
the set of sections of an affine subbundle of the vector bundle E* @ J1(7r) (over X) modelled
on the vector bundle E* @ T*X ® E.

Proof: Note that a section S of EX ® J(7), is a linear connection on 7 if and only if
idg: ®@m;(S(2)) = ide, € Ef ® E,.

This immediately gives the set of linear connections as sections of an affine subbundle as
it is the set of solutions to a fibrewise linear equation. Thus we need only show that the
model vector bundle is E* ® T*X ® E. Let S1, S92 € I'°(E* ® J!(n)) be linear connections
and note that

idE; ®7T(1) (Sl (ac) — SQ((/U)) = OE;®EZ-

Thus S; — Sy is a section of ker(idg« ®7Té); in other words a section of E* @ T*X ® E.
This shows that the model vector bundle for the set of linear connections is contained in
E*® T*X®E. To give the converse inclusion, let S € I'*(E* ® J!(7)) be a linear connection
and let A € I'”(E* ® T*"X® E). Then

idE:L ®7T5(S(.%') + A(%)) = idE;ﬂL ®7T(1)(S(CL')) = idE_i;@Ez?

and so S + A is a linear connection. This shows that the model vector bundle for the set of
linear connections contains E* @ T*X @ E*. |

4.3. The space of affine connections on a manifold. In the particular case of a linear
connection on the vector bundle (TX, 71x, X) (i.e., what is often called an affine connection
on X) we have the following result which follows immediately from Proposition 4.2.

4.3 Proposition: The set of affine connections on a manifold X is the set of sections of an
affine subbundle of the vector bundle T*X® J (71x) (over X) modelled on the vector bundle
TX®@TX®TX.

For colour we also have the following result.
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4.4 Proposition: The set of torsion-free affine connections on a manifold X is the set of
sections of an affine subbundle of the vector bundle T*X ® J(m1x) (over X) modelled on
the vector bundle S*(T*X) @ TX.

Proof: Let Sy and S5 be two torsion-free affine connections and let
A=81—S eI (TXRTX® TX).

Since S7 and Sy are torsion free we have
VW —VwZ =2, W], VW —VwZ = [Z,W]
for vector fields Z and W on X. Thus
VW = VwZ =V W — V2

for all vector fields Z and W on X. Using the definition of the relationship between the
covariant derivative and the connection this implies that

S1(Z,W)=81(Z, W) = So(Z,W)—So(W, Z) =  (S1—52)(Z, W)—(S1—S2)(W,Z) =0

and so A is a section of S*(T*X) ® TX. Reversing the computation shows that if S is a
torsion-free affine connection and if A is a section of S?(T*X) ® TX then S 4 A is a torsion-
free affine connection. ]
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