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Motivation

e Usually in control theory we study control-affine systems of the form

&= fo(x) + Zuafa(x)v
a=1

with fy the drift vector field and f1,..., f;, the control vector fields.

Slide 1 °® The choice of fy and f1,..., fm is much like a choice of coordinates for
a manifold:
1. in a given example, there is often a natural choice;
2. to do general theoretical developments, it is advantageous to develop

a theory that is coordinate-independent.

e A ‘“coordinate-independent” theory for control-affine systems is not fully,
or even really initially, developed. In this talk, we indicate the first steps
concerning how to do this.
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e Note that the “change of coordinates” for a control-affine system looks
like
for fo=fo+ X fa,

(flu"'ufm)H(flu"'7~7h)u fa:Agfa
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e We also note that the essential geometric object here is the affine

subbundle A defined by

Ao = { folw) —l—iuafa(x) | uer™}.
a=1

Affine subbundles and affine systems

e We let M be an analytic manifold. A subset A is an affine subbundle
if, for each x € M, there exists a neighbourhood N of = and vector fields
Xo,X1,..., X, on N such that

Ay =ANT,M= {Xo(x) —|—iquj(:1:) ’ u € ]Rk}.
j=1

Slide 3 o Denote by L(A) the distribution defined by L(A), being the linear part
of the affine subspace A,.

e An affine system & in A assigns to each © € M a subset &/ (z) C A,
such that
1. aff(&/(z)) = A, and
2. some regularity conditions are satisfied on the manner in which the

sets & (x) change as x changes (e.g., to ensure nice properties for
the trajectories as defined below).
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Some control theoretic concepts:

1. A trajectory for & is a locally absolutely continuous curve

&: I — M such that £'(t) € (&(t)) for a.e. t € I. Let Trajp(&)
denote the trajectories for & for which I = [0,T].

2. A state feedback for & is a vector field X such that X (z) € &/ (z)
for each x € M.

Note that “control” has disappeared, as promised in the title. After all,
controls are nothing more than “coordinates” for a specific choice of
generators for A.

Big objective: Using only the geometry of A, do control theory:
controllability, stabilisability and stabilisation, optimal control, etc.

We shall think a little about controllability and stabilisability. How does
one even define these concepts only in terms of A7

Controllability and stabilisability definitions

o Ry(x0,T) ={&(T) | € € Trajp (), £(0) =20} and
R (20, < T') = Upepo, 1Rz (w0, 1).

e An affine system & in A is proper at g if 0, € int(conv(%/ (xo))).

Definition 1 Let A be an affine subbundle on M and let xg € M.

(i) An affine system & in A is small-time locally controllable (STLC)
Slide 5 from xq if there exists T > 0 such that z¢ € int(Ry (zo, < t)) for each
t€]0,T7.

(ii) A is properly small-time locally controllable (PSTLC) from z; if an

affine system & in A is STLC from xg whenever & is proper at xq.

(iii) A is small-time locally uncontrollable (STLCUC) from x if an affine
system & in A is not STLC from z¢ whenever & (x() is compact.

(iv) A is conditionally small-time locally controllable (CSTLC) from zg
if it is not PSTLC from z(, but there exists an affine system & in A, with
& (x¢) compact, that is STLC from xo. .
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e It is not obvious why these are the right definitions, so let us make some
comments on them.

1. First of all, the notions of PSTLC, STLCUC, and CSTLC are applied

to affine subbundles (not affine systems) as desired.

. It seems reasonable (and is true) that if 0,, & conv(&/(zo)), then &

is not STLC. Therefore, the definition of PSTLC roughly says that,
“If an affine system in A has a chance to be STLC (i.e., & is proper
at xg), then it is.”

. The reason for compactness in the definitions for STLCUC and

CSTLC is the following. If &/ (x¢) = Ay, then & is STLC from z if
the involutive closure of L(A) has maximal rank at 2. (In more
common language, this means that the involutive closure of the
control vector fields is full rank.) Typically systems achieving
controllability in this way require “large” inputs to overcome the
effects of drift. We do not wish to call such systems PSTLC, but
they will fall into the CSTLC category.

e For stabilisability, the smoothness of the state feedback is critical.

Definition 2 Let r € Z; U {oo} U {w}, let A be an affine subbundle on
M, and let zg € M.

(i) An affine system & in A is C*-locally asymptotically

stabilisable (LAS") to xg if there exists a neighbourhood N of
and a C"-state feedback X such that x( is an asymptotically stable
equilibrium point for X |N.

(ii) A is C*-properly locally asymptotically stabilisable (PLAS")

to xg if an affine system & in A is LAS” whenever & is proper
at zg.

(iii) A is C"-locally asymptotically unstabilisable (LAUST) to x if

an affine system & in A is not LAS" to xo whenever &/ (z) is
compact.

(iv) A is C"-conditionally locally asymptotically stabilisable

(CLAS") to xg if it is not PLAS" to zo, but there exists an affine
system & in A, with &/ (x¢) compact, that is LAS" to xg. .
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e These definitions can be, and probably should be, refined further by additionally
considering “almost C"-state feedback” (meaning that the feedback is of class
C™ on a punctured neighbourhood of ).

e When talking about C%-local asymptotic stabilisability, one must be careful
about matters concerning uniqueness of solutions.

e The motivation for these definitions is much like that for the controllability
definitions.

e Here's an example of a system that is CLASY: & =z + zu; z,u € R.

e The matter of stabilisability to xg is known to be closely tied to that of the
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ability to steer, in an open-loop manner, points in a neighbourhood of z( to

xo.1? This is called “asymptotic controllability.”

e A little more precisely, what can be shown is that if a system is asymptotically
controllable to g, then it is locally asymptotically stabilisable, possibly using
feedback that is discontinuous.

e This leads us to be careful about defining asymptotic controllability for affine
subbundles. The definitions take a by now familiar form.

LClarke, Ledyaev, Sontag, and Subotin, IEEE Trans. Automat. Control, 42(10), 1394—
1407, 1997
2 Ancona and Bressan, ESAIM Control Optim. Calc. Var., 4, 445-471, 1999

Definition 3 Let A be an affine subbundle on M and let 2y € M.

(i) An affine system & in A is locally asymptotically controllable
(LACQ) to xp if there exists a neighbourhood N of z such that, for
each 2 € N, there exists a trajectory £: [0,00[— M for & such that
£(0) = x and limy_, o0 £(t) = wo.

(ii) A is properly locally asymptotically controllable (PLAC) to

Slide 9 xo if an affine system & in A is LAC whenever & is proper at zg.

(iii) A is locally asymptotically uncontrollable (LAUC) to zy if an
affine system & in A is not LAC whenever & (z¢) is compact.

(iv) A is conditionally locally asymptotically controllable
(CLAC) to zg if it is not PLAC to z, but there exists an affine
system &, with & (z¢) compact, that is LAC to xg. °
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The big job ahead

Characterise all these notions of controllability and

Slide 10 e : :
e stabilisability, and the relationships between them.

Almost nothing has been done in this area.

Some “simple” controllability theorems
e The first result is a “zeroth-order” condition.!

Theorem 1 Let A be an affine subbundle on M and let o € M.

Slide 11 (i) If Az, = T4, M, then A is PSTLC from .

(11) If Ogyy & Asy, or equivalently if L(A)y, # Az, then A is STLUC
from xg.

e This result is “obvious,” on a moment's thought.

ISussmann, SIAM J. Control Optim., 16(5), 790-802, 1978
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e Our next result needs some notation.
1. Zyy(A)={X eT(A) | X(z0) =04}
2. For & C End(T4,M) and S, a subspace of T, M, (Z,S,,)

denotes the smallest subspace of T,,M that (a) contains S,
and (b) is invariant under each element of &£

3. For k € N, let Lie®®)(A) be the distribution generated by A-valued

Slide 12 vector fields and their brackets of degree up to k. Thus
Lie™ (A), = spang (X (z)| X € T(A)),
Lie®® (A), = LieM (A), + spang ([X1, X](z)| X1, Xa € T(A)).
o If X € Z,,(A), then define Lx € End(T;,M) by Lx(v) = [X, V](x).
This gives an inclusion of Z,,(A) in End(T;,M).
e The next condition is a “first-order” condition.!
Theorem 2 Let A be an affine subbundle on M and let xg € M. If
Slide 13 (Z4y(A),Lie® (A)y,) = TuM,

then A is PSTLC from xy.

IBianchini and Stefani, Internat. J. Control, 39(4), 701-714, 1984
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Two second-order results

e As motivation, consider the following system:
T1 = uq,
Slide 14 T2 = uz,
i3 = 27 4+ aas.
It is intuitively clear that this system is STLC from (0, 0,0) if and only if
a < 0.

e We wish to generalise this example.

Vector-valued quadratic forms

e TS?*(V;W): set of symmetric bilinear maps from vector space V to
vector space W.

o For A € W*, define AB € TS*(V;R) by AB(v1,v2) = (\; B(vy1, v2)).

Slide 15  Definition 4 B € TS?(V;W) is

(i) definite if there exists A € W* such that AB is positive-definite,
and is

(ii) essentially indefinite if, for each A € W*, AB is either zero or
neither positive nor negative semidefinite. .
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Vector-valued quadratic forms for affine subbundles

e Assume that xq is a regular point for L(A). It is possible, although
complicated, to proceed without this assumption.

e Given an affine subbundle A on M, a point zp € M for which 0, € A,
and a subspace S, C T,,M, define

Ba(Say) € TS*(L(A)zg; TegM/S4,) b
Slide 16 4(Sa0) (L(A) /Sz) by

Ba(Sz,)(v1,v2) = ms, ([V1, [X, Va]](z0)),
where
1. X € Zy,(A),
2. ms, + TegM — T4, M/S,, is the canonical projection, and

3. V1 and V4 are vector fields extending v1,va € L(A)y,.

e It is not at all clear that B4(S,,) is well-defined, and indeed it is only
defined if S;, has certain properties (that will hold in the theorem
statements below) and if our assumption on the regularity of L(A) at xg
holds.

Controllability theorems

e Our first theorem gives conditions for A to be PSTLC.
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Theorem 3 Let A be an affine subbundle on M, let xqg € M, and let

Suo = (Zuy(A), Lie® (A)y, ). If

(i) Ozy € Aay,
(i) (Zzo(A),Lie® (A)qg,), and
(iii) Ba(Sy,) is essentially indefinite,

then A is PSTLC.
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e The next result gives conditions for A to be STLCUC.

Theorem 4 Let A be an affine subbundle on M, let zo € M, and let
Swo = (Zao(A), L(A)a) + Lie™ (L(A))a,. If
(i) Oz € Aay,
Slide 18 (i) g is a regular point for Lie®™) (L(A))s,, and
(i1i) Ba(Sg,) is definite,

then A is STLCUC.

e Not only are these theorems difficult to prove, they are not obvious. For
example, the matter of the choices of S, in each case is crucial.

Open problems

e There are many, and at this point they are very general.
1. Higher-order conditions for controllability.

2. Relationship between controllability from a point with stabilisability
Slide 19 to a point.

3. Other parts of control theory:
(a) linearisation;
(b
(
(

) optimal control;
c) design of feedback control laws;
)

d) etc.
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