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Abstract

In this thesis, we study the problem of achieving average consensus over a random
time-varying sequence of directed graphs by extending the class of so-called push-
sum algorithms to such random scenarios. Provided that an ergodicity notion, which
we term the directed infinite flow property, holds and the auxiliary states of nodes
are uniformly bounded away from zero infinitely often, we prove the almost sure
convergence of the evolutions of this class of algorithms to the average of initial
states. Moreover, for a random sequence of graphs generated using a time-varying
B-irreducible sequence of probability matrices, we establish convergence rates for the

proposed push-sum algorithm.
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Chapter 1

Introduction

Many distributed algorithms, executed with limited information over a network of
nodes, rely on estimating the average value of the initial state of the individual nodes.
These include the distributed optimization protocols [22, 16, 26, 14, 23, 15, 11, 24, 25,
7, 13], distributed regret minimization algorithms in machine learning [1], and dynam-
ics for fusion of information in sensor networks [21]. There is a large body of work
devoted to the average consensus problem, starting with the pioneering work [12],
where the so-called push-sum algorithm is first introduced. The key differentiating
factor of the push-sum algorithm from consensus dynamics is that it takes advan-
tage of a paralleled scalar-valued agreement dynamics, initiated uniformly across the
nodes, that tracks the imbalances of the network and adjusts for them when estimat-
ing the consensus value.

In addition to the earlier work [12], several recent papers have studied the problem
of average consensus, see for example [5], where other classes of algorithms based
on weight adaptation are considered, ensuring convergence to the average on fixed
directed graphs. The study of convergence properties of push-sum algorithms on time-

varying deterministic sequences of directed graphs, to the best of our knowledge, was
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initiated in [3] and extended in [13], where push-sum protocols are intricately utilized
to prove the convergence of a class of distributed optimization protocols on a sequence
of time-varying directed graphs. The key assumption in [13] is the B-connectedness of
the sequence, which means that in any window of size B the union of the underlying
directed graphs over time is strongly connected. As we demonstrate, a by product
of our work in deterministic settings is the generalization of the sequences on which
the convergence of the push-sum algorithms is valid to the ones which satisfy the
infinite flow property; in this sense, this extension mimics the properties required for

the convergence of consensus dynamics, along the lines of [18].

1.1 Contribution

This thesis is concerned with the problem of average consensus for scenarios where
communication between nodes is time-varying and possibly random. The convergence
properties of consensus dynamics on random sequences of directed graphs are by this
time well-established, see for example [18, 19, 20]. Average consensus on random
graphs has also been studied in [3], under the assumption that the corresponding
random sequence of stochastic matrices is stationary and ergodic with positive diago-
nals and irreducible expectation. One of our main objectives in this work is to extend
these results to more general sequences of random stochastic matrices, in particular,
beyond stationary. More importantly, to the best of our knowledge, we establish for
the first time convergence rates for the push-sum algorithm on random sequences of

directed graphs.
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1.2 Organization

The remainder of this thesis is organized as follows. Chapter 2 contains mathematical
preliminaries. In Chapter 3, we give a formal description of our consensus problem
and then we describe the push-sum algorithm. Chapter 4 studies the convergence
of products of matrices, and Chapter 5 contains our main convergence results. In
Chapter 6, we derive convergence rates for the push-sum algorithm for a class of
random column-stochastic matrices. Finally, we gather our conclusions and ideas for

future directions in Chapter 7.



Chapter 2

Mathematical Preliminaries

We start with introducing some notational conventions.

2.1 Basic Notions

Let R and Z denote the set of real and integer numbers, respectively, and let R>( and
Z>( denote the set of non-negative real numbers and integers, respectively. For a set
A, we write S C A if S is a proper subset of A, and we call the empty set and A trivial
subsets of A. The complement of S is denoted by S. Let |S| denote the cardinality of
a finite set S. We view all vectors in R" as column vectors, where n € Zs,— {0}. We
denote by || - ||, || - |1 and || - |0, the standard Euclidean norm, the 1-norm, and the
infinity norm on R", respectively. The 7th unit vector in R", whose ith component
is 1 and all other components are 0, is denoted by e;. The notation A" and v will
refer to the transpose of the matrix A and the vector v, respectively. We will use
the short-hand notation 1, = (1,...,1) and 0, = (0,...,0) € R™. A vector v is
stochastic if its elements are nonnegative real numbers that sum to 1. We use RZ§"

nxn

to denote the set of n X n non-negative real-valued matrices. A matrix A € RYj

is row-stochastic (column-stochastic) if each of its rows (columns) sums to 1. For a
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given A € RY(" and any nontrivial S C [n] = {1,...,n}, we let Agg =3¢ .5 A
A positive matrix is a real matrix all of whose elements are positive. Finally, A;

denotes the ith row of matrix A and A’ denotes the jth column of A.

2.2 Graph theory

A (weighted) directed graph G = (V,E, A) consists of a node set V = {vy,vq,...,0,},
an edge set & C VxV, and a weighted adjacency matriz A € RLG", with Aj; > 0if and
only if (v;,v;) € €, in which case we say that v; is connected to v;. Similarly, given a
matrix A € RLG", one can associate to A a directed graph G = (V, £), where (v;,v;) €
& if and only if A;; > 0, and hence A is the corresponding adjacency matrix for G. The
in-neighbors and the out-neighbors of v; are the set of nodes N* = {j € [n] : A;; > 0}
and NP = {j € [n] : Aj; > 0}, respectively. The out-degree of v; is d{"™* = |N2"|. A
path is a sequence of nodes connected by edges. A directed graph is strongly connected
if there is a path between any pair of nodes. A directed graph is complete if every
pair of distinct vertices is connected by an edge. If the directed graph G = (V, &, A)

is strongly connected, we say that A is irreducible.

2.3 Sequences of random stochastic matrices

Let S be the set of n x n column-stochastic matrices that have positive diago-
nal entries, and let Fg+ denote the Borel o-algebra on St. Given a probability
space (2, B, i1), a measurable function W : (Q, B, u) — (S5, Fg+) is called a random
column-stochastic matrix, and a sequence {W(t)} of such measurable functions on
(Q, B, 1) is called a random column-stochastic matrix sequence; throughout, we as-

sume that ¢t € Z>,. Note that for any w € {2, one can associate a sequence of directed
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graphs {G(t)(w)} to {W(t)(w)}, where (v;,v;) € £(t)(w) if and only if W;(¢)(w) > 0.
This in turn defines a sequence of random directed graphs on V = {vy,...,v,}, which

we denote by {G(t)}.



Chapter 3

Problem Statement

In this chapter we describe the consensus problem.

3.1 Average Consensus

Consider a network of nodes V = {v1,vs,...,v,}, where node v; € V has an ini-
tial state (or opinion) x;(0) € R; the assumption that this initial state is a scalar is
without loss of generality, and our treatment can easily be extended to the vector
case. The objective of each node is to achieve average consensus; that is to compute
the average Z = £ 3" | ;(0) with the constraint that only limited exchange of in-
formation between nodes is permitted. The communication layer between nodes at
each time ¢ > 0 is specified by a sequence of random directed graphs {G(¢)}, where
G(t) = (V,E(t), W(t)). Specifically, at each time ¢, node v; updates its value based on
the values of its in-neighbors v; € N*(t), where N*(t) = {v; € V : W;;(t) > 0}. One
standing assumption throughout this thesis is that each node knows its out-degree

at every time ¢; this assumption is indeed necessary, as shown in [10]. Our main

objective is to show that the class of so-called push-sum algorithms can be used to
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achieve average consensus at every node, under the assumption that the communi-
cation network is random. This key point distinguishes our work from the existing
results in the literature [12], [13], [5]. Another key objective that we pursue in this
thesis is to obtain rates of convergence for such algorithms. We start our treatment

with reviewing the push-sum algorithm.

3.2 Random Push-Sum

Consider a network of nodes V = {vy,vy,...,v,}, where node v; € V has an initial
state (or opinion) x;(0) € R. The push-sum algorithm, proposed originally in [12], is
defined as follows. Each node v; maintains and updates, at each time ¢ > 0, two state

variables z;(t) and y;(t). The first state variable is initialized to x;(0) and the second

one is initialized to y;(0) = 1, for all i € [n]. At time ¢ > 0, node v; sends (;ﬁu—% and

dgaﬁt()t) to its out-neighbors in the random directed graph G(t) = (V, E(t), W (t)), which

we assume to contain self-loops at each node for all £ > 0. At time (¢ + 1), node v;

updates its state variables according to

it +1) = z{j(t) . (3.1)

Ii(t+1) .

(i) s we will show

It is useful to define another auxiliary variable z;(t + 1) =
later, z;(t + 1) is the estimate by node v; of the average . One can rewrite this

algorithm in a vector form; let the column-stochastic matrix W (¢) to be a function
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of £(t) with entries
e if § € NiB(2)
ar NI SN,
Wi;(t) = (3.2)

0 otherwise.

Using these weighted adjacency matrices, for every ¢t > 0, we can rewrite the dynam-

ics (3.1) as

z(t+1)=W(t)x(t),

y(t +1) = W(t)y(t), (3-3)

where

o(t) = (@1(t), ., 2n(t)),

y(t) = (), - yn(D))"

Note that in the push-sum algorithm the weights are not necessarily defined as
in (3.1) and (3.2). The results in this thesis can easily be extended to the case where
the W (t) are column-stochastic and there exists a scalar v > 0 such that W;;(t) > v
whenever W;;(t) > 0. Metropolis weights [27], for instance, satisfy the mentioned

conditions.

3.3 Implications to Distributed Optimization

As we mentioned in Chapter 1, estimating the average of the (initial) value of the
individual nodes is an essential part of many distributed algorithms. Distributed

optimization, for instance, has recently received a lot of interest. Here the problem
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is to distributively minimizing the sum of the cost functions of a network of nodes
with the constraint that each node has only access to its own cost function. In the
following we describe the subgradient-push algorithm, a broadcast-based algorithm
that was introduced in [13], to steer every node to an optimal value.

Consider a set of nodes V = {vy, v, ..., v, } such that each node has a convex cost
function f; : R? — R for some d € Zsq — {0}, where i € [n]. The goal is to minimize

the sum of the cost functions f;:

with the constraint that node v; has only access to f; and assuming that the set of
optimal solutions is not empty. Every node v; maintains vector variables x;(t) € R?

and w;(t) € R?% and a scalar variable y;(t), initiated arbitrarily at x;(0) € R¢, and

with 2;(0) = 1. At each time ¢, node v; sends ’;ﬁ) and ?jii,(utt) to its out-neighbors in

2

some directed graph G(t). Node v; at time (¢ + 1) updates its variables according to

witt)= Y o

JENI (@)
y;(t)
, 1) =
vt +1) 4 Z dovt(t)’
JEN ()
(t+1) = -1
2l ) yi(t +1)
xj(t+1)=w;(t+1)—0(t+ 1)gi(t + 1), (3.4)

where w;(t) € R? is an auxiliary variable used for computations, g;(t + 1) is the

subgradient of the function f;(z) at z = z;(t + 1) and 6(t + 1) is the step-size. For
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all ¢ € [n] the subgradients g; are assumed to be uniformly bounded, i.e., there exists
L; < oo such that for all z € R?, ||g;|| < L; for all subgradients g; of f; at z. Moreover,

the step-sizes 0(t) satisfy

> 0(t) =0,

Z 0%(t) <oo,
=1

and O(t + 1) < 6(¢) for all t > 1.

As mentioned in [13], without the subgradient term in (3.4), the subgradient-push
protocol would be equivalent to (3.3). The averaging term is to ensure that every
node receives an equal weighting after all the linear combinations and ratios have been
taken. The subgradient terms are to steer the consensus point towards the optimal
set, while the push-sum updates steer the vectors z;(t + 1) towards each other.

In order to solve this optimization problem, the subgradient term is considered to

be a perturbation to the push-sum algorithm (3.1) as follows:

(t
wi(t+1) = dfflf(z),
jeNimw 7
y;(t
yit+1)= ) Oﬁf(i),
jeNI(t) I
w;(t+1)
(t+1) = ,
zi(t+1) yi(t+1)

where €;(t+1) = 0(t+1)g;(t+ 1) is the perturbation at time (¢+1). In the perturbed
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push-sum algorithm, for a sequence G(t) that is B-strongly-connected, the [I’th com-
ponents of the sequences z;(t + 1) track the average of the I’th components of the
x;(t)’s increasingly well as ¢ increases and the nodes reach a consensus which is proven
to be an optimal point of the aforementioned optimization problem. A sequence of
deterministic graphs {G(t)} is called B-strongly-connected if for some integer B > 0
and all t > 0, Ug,t;l 233719 (') is strongly connected.

In [13], the communication layer is deterministic. In large networks the communi-
cation links between nodes occur at random, which raises the question, whether the
subgradient-push algorithm can find an optimal value of the optimization problem
when the communication layer occurs at random. An special case of this problem is

when f;(t) = 0 for all i € [n] and t € R, which boils down to our problem, ” Push-sum

Algorithm on Time-varying Random Graphs.”
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Chapter 4

Ergodicity

In this chapter, we establish some important auxiliary results regarding the conver-
gence of products (ergodicity) of matrices which satisfy the so-called directed infinite
flow property (c.f. Definition 4.1.4). We study the products of a class of matrices in
a deterministic setting, which we then use to study the push-sum algorithm in the
next chapter.

We start by some definitions.

4.1 Ergodicity of Row-stochastic Matrices

We start with the definitions of consensus and ergodicity of a sequence of matrices

that are based on the asymptotic behavior of the products of these matrices.

Definition 4.1.1 (Consensus [18]). Let {A(t)} be a sequence of row-stochastic ma-

trices, and fort > s >0, let A(t : s) denote the product
At:s)=A)A(t—1)--- A(s), (4.1)

where A(s : s) = A(s). The sequence {A(t)} is said to admit consensus if
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limyg oo A(t: 0) = 1,0" for some stochastic vector v € R™.

Definition 4.1.2 (Ergodicity [4], [18]). Let {A(t)} be a sequence of row-stochastic
matrices. The sequence {A(t)} is said to be weakly ergodic, if for all i,7,1 € [n| and
any s > 0, limy o (Ay(t:8) — Aj(t:s)) = 0. The sequence is said to be strongly
ergodic if limy o A(t : s) = 1,0'(s) for any s > 0, where v(s) € R™ is a stochastic

vector.

It can be shown that weak ergodicity and strong ergodicity are equivalent [4,
Theorem 1]. We will simply call such a sequence of row-stochastic matrices ergodic.
It is worth mentioning that ergodicity of a sequence of matrices has a close relationship
with the theory of ergodic Markov chains [18, Section 5.2].

Note that a sequence of matrices that is ergodic admits consensus; however, a
sequence of matrices that admits consensus is not necessarily ergodic.

We first establish a sufficient condition for ergodicity of a sequence of row-stochastic
matrices, Proposition 4.1.6, which we subsequently use in our convergence result for

the push-sum algorithm. For this reason, we consider the following dynamical system:

x(t+1) = A(t)z(t), for all t > 0. (4.2)

Let us start by two key definitions.

Definition 4.1.3 (Strong Aperiodicity [18]). We say that a sequence of matrices
{A(t)} is strongly aperiodic if there exists v > 0 such that A;(t) >, for all t > 0

and i € [n].

Motivated by the infinite flow property [18, Definition 3.2.], we provide the fol-

lowing definition.
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Definition 4.1.4 (Directed Infinite Flow Property). We say that a sequence of ma-
trices {A(t)} has the directed infinite flow property if for any non-trivial S C [n],

Z:io ASS‘(t) = 0.

Consider now a sequence of matrices { A(¢)} that is strongly aperiodic and has the

directed infinite flow property. Let kg = 0, and for any ¢ > 1, define

kq = argming;, | min Z Ags(t) >0 . (4.3)

Note that k, is the minimal time instance after k,_;, such that there is nonzero infor-
mation flow between any non-trivial subset of } and its complement; consequently, the
directed graph associated with the product A(k, — 1)A(k, — 2) - - - A(k4—1) is strongly
connected; otherwise, one can find a non-trivial S € [n| such that Zi;—qu,l Ags(t) =0,

which contradicts the definition of k,.

Proposition 4.1.5. If a sequence of matrices {A(t)} has the directed infinite flow

property, kg is finite for all ¢ > 0.

Proof. Suppose that k, is not finite for some ¢ > 0. Then, using (4.3), there ex-
ists a non-trivial subset S C [n] such that >~ ke Ass(t) = 0. This implies that
Y oo Ass(t) < oo, which contradicts the assumption that {A(¢)} has the directed

infinite flow property. [

To establish convergence results for the products of row-stochastic matrices sat-
isfying Definition 4.1.4, we argue that in each time window where the underlying
directed graph becomes strongly connected for n times, i.e., after k;,, — k—1), time

steps for some q, significant mizing will occur. To formalize this statement, let ¢/, = 0
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and
by = kgn — k(g—1yn, (4.4)
for ¢ > 1. For t > s > 0, we also define

Qt,s = {q 15 < k(q—l)n; kqn < t}

We are now ready to state our first result.

Proposition 4.1.6. Consider the dynamics (4.2), where the sequence of row-stochastic
matrices {A(t)} is such that A'(t) satisfies (3.2). Suppose, additionally, that {A(t)}

15 strongly aperiodic and has the directed infinite flow property. Then,

(1) there is a vector ¢(s) € R"™ such that, for all i,j € [n] and t > s,
[A(E = 8)]ij = 0(8)|< Aus,

where Ays = [],cq,, Aq and A = (1- =) €(0,1);

(11) if, for the sequence {{,} associated with {A(t)}, we have

o0

1
; — =00, (4.5)

then the sequence {A(t)} is ergodic.

Proof. We start by proving the first statement. By definition of k,, we know that

for all ¢ > 0, A(ky41 — 1: k) is irreducible. Since each A(t) is strongly aperiodic, by
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Lemma A.2, the matrix

A(kn(qul) — 1 kng)

= A(]{In(q+1) —1: kn(q+1)—1) X oo X A(l{?nq+2 —1: ]{an+1) X A(/{an+1 —1: knq)y

which is the product of n irreducible matrices, is positive for all ¢ > 0. Hence, by

Lemma A.1 (ii) in the Appendix, for all i, 7 € [n], we have

1 1
[A(kn(q-I—l) —1: knq)]l’j > =

nkn(q+1)*knq o nlq+1 '

Now, since A(t : s) = A(t : s)I,, and for all j € [n], max;epn[Ln]i; — minep[1ni; = 1,

using Lemma A.3, we obtain

max|[A(t : s)];; — min[A(t : s)];; < Ags. (4.6)

i€[n) i€[n]

Note that if we let ¢;(s) = min;epn) Ay;(t @ s) for all j € [n], we have

< max[A(t : 5)];; — min[A(? : s)];. (4.7)

i€[n] i€[n]

\[A(t i — 65(5)

Using (4.6) and (4.7), we conclude that

S At,s7

\[A(t 9y — 65(5)

for all 4,5 € [n].

We next prove part (ii); since A, € (0,1) for all ¢ > 1, we have that In (\,) < =%,

n-q
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where we have used the fact that In(¢) < ¢ — 1 for all ¢ > 0. This implies

iln()\q) < _inig (4.8)

On the other hand, we have

tliglo At’o - tlgcr}o H )\q - tliglo eXp Z n (Aq)

q€Q¢,0 q€Q:0

The definition of the sets Qs implies that we can write the right hand side as

exp (Z;; In ()\q)), which gives

tlggo Ao = exp (Zl In ()\q)> =0,
q:

where the last equality follows from (4.8) and the assumption Z;’io n%z = oo. Using
the fact that lim; ,oc A;o = 0, we have that lim, . A; s = 0, for any s > 0. Hence,
by Proposition 4.1.6, part (i), we conclude that {A(t)} is weakly (and thus strongly)

ergodic. O]

4.2 Product of Column-stochastic Matrices

Following similar steps as in Proposition 4.1.6 we obtain the following result for

sequences of column-stochastic matrices of the form (3.2).

Proposition 4.2.1. Consider the dynamics (4.2) and assume that sequence of ma-
trices {A(t)} is strongly aperiodic and has the directed infinite flow property, where

the A(t) are weighted adjacency matrices in the form of (3.2). Then,
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(1) there is a vector ¢(t) € R™ such that, for alli,j € [n] and t > s,
[At = 8)]ij — (1) |< Avs,

where Ay s = [Tyeq, . A and Ay = (1 = —7);

nta

(i1) for the sequence {{,} associated with {A(t)}, if

then for all j € [n], limt_,oo'[A(t 28)]ij — gbi(t)‘: 0.

It is worth pointing out that in Proposition 4.1.6, since the A(t) are row-stochastic,

x(t) approaches a vector with identical entries. However, in Proposition 4.2.1 the x(t)

does not necessarily approach a fixed vector.
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Chapter 5

Convergence of Push-Sum

With all the pieces in place, we are now ready to study the behavior of the push-sum

algorithm in a random setting.

5.1 Convergence of the Push-sum Algorithm

In the following theorem we investigate the behavior of the push-sum algorithm when

the communication layer is time-varying with random changes.

Theorem 5.1.1. Consider the push-sum algorithm (3.3) and suppose that the se-
quence of random column-stochastic matrices {W(t)} has the directed infinite flow

property, almost surely. Then, we have

o 2[[z(0) 1
(t+1) — | < 220,
|zi(t+1) — 2| < it 1) 0

Ag and Ay = (1 — =) € (0,1).

almost surely, where Ayg =[] 2

q€Qt0
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Proof. Define

D(t:s) 2W(t:s)—¢(t)1),

where ¢(t) is a (random) vector from part (i) of Proposition 4.2.1. In addition, under

the push-sum algorithm we have that

z(t+1)=W(t:0)x(0),

y(t+1) = W(t: 0)y(0),

for all t > 0. Hence, for every ¢t > 0 and all i € [n], we have

_ox(t+1)  1/2(0)
zit+1)—z = T D) -
_ [W(t:0)z(0)]; 1,2(0)
[W (¢t :0)y(0)]; n
_ [D(t:0)x(0)]; + ¢i(1)1,2(0)  1,,2(0)
[D(t : 0)y(0)]; + ¢:(t)1;,y(0 n

Using the fact that y(0) = 1,, and by bringing the fractions to a common denominator,

we have

D0 02(0)) + 4O La(0) 1 (0)
A =T = G 0L+ nen(h) n
A[D(E: 0)a(O)]s +n6(H)12(0)  [D(E: 0)LJ12(0) + ne(8)14(0)
n{[D(t : )Ly + (1)) n([D(t - 0L, T ()
_alD(t: 0)2(0); — [D(t: 0)L,]i1,2(0)
(D0 0L T o)

Note that the denominator in the last equation is equal to ny;(t + 1). Hence, for all
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i € [n] and t > 1 we have

it 4+ 1) — 7 < 12Ol (max D o>1z-j|) 1 LazO] (maXI[D(t : omr) "

yi(t+1) j ny;(t+ 1) J

112(0)] + ()] |
R (mjaXHD(t . 0>L~j|) ,

where the inequality follows from the triangle inequality. Since |1/ z(0)] < ||z(0)]]1,

we have that

2[[z(0) [

zi(t+1)—2| <
SR Y

(maxl (e o)1)
Using the upper bound in part (i) of Proposition 4.2.1, we obtain

2[|z(0)[lx

zi(t+1)—2| <
S T Y

Ato. (5.1)

]

The upper bound for the deviation from the initial average at each time, derived
in Theorem 5.1.1, not only depends on the 1-norm of the initial states vector x(0),
but also on Ao, which is an indicator of the sparsity of communication links. In
addition, the bound also depends on the inverse of y;(t), which can decrease to zero
if the outgoing information flow dramatically exceeds the incoming flow for a set of

nodes.

Proposition 5.1.2. Consider the push-sum algorithm (3.3) and suppose that the
sequence of random column-stochastic matrices {W (t)} has the directed infinite flow
property, almost surely. Moreover, suppose that the sequence {{,} associated with

{W(t)} satisfies (4.5), almost surely. If there exists 6 > 0, such that for any t > 0,
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there is t' >t such that y;(t') > 0 for all i € [n], then
1tlim |zi(t+1) — 2| =0, almost surely.
—00

Remark 5.1.3. In the next chapter we exhibit a class of random matriz sequences
{W(t)} that satisfy the conditions of Proposition 5.1.2 and thus admit average con-

sensus almost surely.

Proof. Proof of this proposition is similar to the proof of Theorem 4.1 in [3], where
the sequence {W(t)} is assumed to be stationary; however, since we do not assume
stationarity, we provide a proof. By Proposition 4.2.1 part (ii), for any € > 0 there is

a time ¢, such that for all ¢t > t. and i € [n],

n

D

Jj=1

n

W 0y~ S Wt )

k=1

< de.

By assumption, there exists t. > ¢, such that y(¢.) > J, which implies that f(t.) < e,
where f(t) is defined as in Lemma A.5. Since by Lemma A.5, f(¢) is non-increasing,
f(t) < € for all ¢t > t., meaning that f(t) converges to zero as t — oo and hence,

limy o |2:(t + 1) — Z| = 0, almost surely. O
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Chapter 6

B-Irreducible Sequences

In this chapter we characterize a class of random column-stochastic matrices that
admits average consensus and we provide a rate of convergence of the push-sum
algorithm for this class. To achieve this, we restrict the class of random matrices
that we consider; as we will point out later, this restricted class still includes many

interesting sequences of random matrices.

6.1 B-irreducible Sequences of Column-stochastic Matrices

In the following discussion, we assume that the push-sum dynamics is generated by

a column-stochastic matrix sequence {W (¢)} where

Ri;(t)

W) = s Ty

(6.1)

for all 4,5 € [n|, where R;;(t) is 1 with probability P;;(t), and is 0 with probability
1 — P;;(t) such that {R;;(t) : 4,7 € [n],t > 0} are independent random variables. In
other words, there is a random communication link between node v; and v; at time

t with probability P;(t). Note that {W(t)} is a sequence of independent random
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column-stochastic matrices.
Furthermore, for the probability matrix sequence {P(t)}:>0, we assume that the

following holds.

Assumption 6.1.1. {P(t)}i>0 is a sequence of n X n matrices with Py;(t) € [0,1].
Additionally, we assume that Py;(t) =1, for allv; € V. Also, for some constant € > 0,
we assume that P;j(t) > € for alli,j € [n] and allt > 0 such that P,;(t) # 0. Finally,

we assume that the sequence { P(t) }1>0 s B-irreducible, i.e. for some integer B > 0,

(t+1)B—1

1s irreducible for all t > 0.

We next state the main result of this chapter.

6.2 Main Results

Theorem 6.2.1. Consider the push-sum algorithm (3.3) and let {W(t)} be a se-
quence of random column-stochastic matrices defined by (6.1), where {P(t)} satisfies

Assumption 6.1.1. Let p = ™V, Then, for any t > B + %, where n > 2

Eln(lzt+1) —z|)] <cop— et

where

C§+B>+wa

co =1 (2[|z(0)[|1) + In(n) p
P 1
01:—2n—Bln<1—n4an).
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The proof relies on the following results.

Lemma 6.2.2. Let {W(t)} be a sequence of random column-stochastic matrices de-
fined by (6.1), where {P(t)} satisfies Assumption 6.1.1. Let {k,} and {{;} be the

sequences defined, respectively, in (4.3) and (4.4) along each sample path. Then
(1) the sequence {W(t)} has the directed infinite flow property almost surely, and

(ii) for the sequence {{,}, we have

1
27: 00, almost surely.
q=0

Proof. We start by proving (i). For any ¢ > 0, let us define the sequence of events

(t+1)B—1

Z W (t') is irreducible}. (6.2)

Note that for all £ > 0, the events {A4;};>0 are independent and that A4, implies
(Hl P Wes(t') > 0, for any non-trivial S C [n]. Since Min jen):p,, (1y>0 Lij(t) >

€ > 0, for all £ > 0, we have
]P(At> Z 62(7171).

This follows from Lemma A.4 and the fact that {P(¢)} is B-irreducible and hence,
there is at least a subset of size 2(n — 1) of the edges (v;,v;) that form a strongly
connected graph and P;;(t') > € for some t' € [tB, (t +1)B — 1].

Since the events A, are independent, hence, by the second Borel-Cantelli lemma |6,

Theorem 2.3.6], (t+1 P~ Wes(t') > 0 infinitely often, almost surely. Moreover, since
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every positive entry of W (t) is bounded below by %, for any non-trivial S C [n],
Y oo Wsg(t) = oo, almost surely, implying that {IW(¢)} has the directed infinite flow
property, almost surely. This also implies that k, and ¢, are finite for all ¢, almost
surely. This completes the proof of (i).

To prove (ii), let us define, for all ¢ > 0, the sequence of events

(t+1)n—1

Ct - At/, (63)
t'=tn

where A, is defined in (6.2). Since the A, are independent, P(C,) = [[%2)" ' P(Ay) >
e"m=Y for all + > 0. This implies that > i P(C;) = co. Again, since the C; are

independent, by the Borel-Cantelli lemma, C; occurs infinitely often, almost surely.

o 1
q=1 plq

This implies that ¢, < nB infinitely often, almost surely. Hence, > = 00,

almost surely. ]

Lemma 6.2.3. In the push-sum algorithm (3.3), let {W(t)} be a sequence of random
column-stochastic matrices corresponding to the sequence {P(t)} satisfying Assump-

tion 6.1.1. Then for all t > 0 there exists t' >t such that for alli € [n], y(t') > —5.

Proof. Consider the event C; defined in (6.3). At any time C; occurs, by Lemma A.2,
the product W (tnB +nB — 1 : tnB) is positive; moreover, by Lemma A.1, W;;(tnB+

nB —1:tnB) > -5 for all 4,j € [n]. Since W (¢) is column-stochastic, we have

Wi;(tnB+nB —1:0) > n’}”B' By Lemma 6.2.2, C; occurs infinitely often, almost

surely; therefore, for all ¢ > 0 there exists ¢’ > t such that for all i € [n], y;(t') >

1
porry O

The preceding two lemmas and Proposition 5.1.2 imply the following.
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Corollary 6.2.4. Let {W(t)} be a sequence of random column-stochastic matrices
corresponding to the sequence {P(t)} satisfying Assumption 6.1.1. Then {W(t)}

admits average consensus, almost surely.

Lemma 6.2.5. Let {W (t)} be a sequence of random column-stochastic matrices corre-
sponding to the sequence { P(t)} satisfying Assumption 6.1.1. Let {{,} be the sequence

defined in (4.4) along each sample path. For allt > B+ 22 we have

p )

o t 1\ 28
E[Aol <exp (- (5-2) ) +2(1-—=x)
n r
where Ao = quQt,o(l — n%q)} By=1%— @; and p = 1)

Proof. Let Xp(t) be the indicator of the event Ay, i.e.,

1 if SSUEDPT W (@) s drreducible,
Xp(t) =

0 otherwise.

By the preceding argument, we have P(Xp(t) = 1) > p = 2®~Y > 0. Note that the
Xp(t) are independent. We let Hp(T) = Y1, Xp(t) for all T > 0, and define

@ = max{q : k, < t}.

By definition of Hg(-) and ¢, we have that

o> Hy Q%J _ 1) . (6.4)



6.2. MAIN RESULTS 29

Now, we have that

pt

t
E [At,o] = E |:At,0 Qt S 229_B:| ]P (Qt S ﬁ) + E |:At,0

pt pt
qt > ZB] IED(C]t> 23)-

Since all terms on the right-hand side are less than or equal to 1, we have

pt pt
< < — — .
E [At,O] < P (qt ~ 2B> "—E |iAt’0 qr > QB:|
Using (6.4), we have
t pt pt
EAJ<P(H — | -1 < = E|A — .
el < (110 (| 5| 1) < 55) +2 [ |0 > 55

Let us consider the second term on the right-hand side. When ¢, > we have

pt.
2B°
Q0| > u’;—tBJ. Using Lemma A.7 to maximize the second term on the right-hand

side over the choices of /;, we obtain

) , | 5%
p
E|A — 1—
[ £0 | 9t > 2B | = Li
n 2nB
g
1
<f1-— . (6.5)
n L% ]

pt D

To further simplify the above inequality, we show that ﬁ < 4B - To show
2nB

this, we note that for all ¢ > % + B, we have % > 1 and hence, L%J > 1. Now,

assume that & = Lﬁ—tBJ > 1. We have 2nB¢ < pt < 2nB(§ + 1). Therefore,

Y

Ii < 2nB (§+1> < 4nB
25 P § p



6.2. MAIN RESULTS 30

where the last inequality follows from the fact that £ > 1.

Using this inequality in (6.5), we get

t 1
E{At,o qt>2p—B <2|1-—
n 25
N
§2<1_ ) | (6.6)
n »

On the other hand, since E[Xg(t)] > p for all ¢ > B, we have

" {lsl-) <5
o waer-o{ (3] < (3]

t'=0

<P Wffl (Xp(t) — E[Xp(#)]) < —ay (%J - 1) |

/=0
where

r(lsl-1) -3
o (6.7)

When t > B + %, a; > 0 and hence, by Lemma A.6, we obtain

*(#(la) ) =2 =oo (i (5] 1) oo (2 (52))

(6.8)

ap =
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From (6.7), we have

If we let 8, = £ — 228 using (6.6) and (6.8), we conclude that

t 1 \=5
E[Ato]gexp(—ﬂf <__2)>+2(1_W> :
’ B nT
finishing the proof. O

Lemma 6.2.5 (to the best of our knowledge) for the first time explicitly presents on
expectation convergence rate for the ergodicity of the product of random stochastic

matrices.

Lemma 6.2.6. In the push-sum algorithm (3.3) let {W(t)} be a sequence of random
column-stochastic matrices corresponding to the sequence {P(t)} satisfying Assump-

tion 6.1.1. We have, for all i € [n] and t > 0,

o i) s (3502)

Proof. By Lemma A.1, for all ¢ < % + B and i € [n] we have

1
n )
nBE+B
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almost surely. This implies that

o )] ),

forallt<%+Bandi€[n]. Iftz%—i—B, let t = aB + b, where a,b € Z>q and

b < B. Define

min{T: 30" Xp(t) =n}, if 3070 Xp(t) >n
Tt =

a otherwise.

When 7, = a, W;;(t:0) > mﬁ, for all 7,5 € [n]. When 7, # a, by Lemma A.2,
W(aB —1: (a —7;)B) is a positive matrix and consequently by Lemma A.1

Wii(t: (a—m)B) > L

- nTtB+B ’

foralli,j € [n]; in addition, since the W (t) are column-stochastic, we have Wi;(t : 0) > —37.

Therefore, for all ¢t > 0 we have

In (W) <In(n)(B+ B) foralli,j € [n].

Consider a sequence of independent Bernoulli trials Y;, where in each trial the prob-
ability of success is p. The number of trials until n successes occur is a negative
binomial random variable Z having parameters n and p. Since P(1; <1) > P(Z < 19)

for all ¢ > n, we have E[r;] < E[Z]. Since E[Z] = 2, we obtain E[r;] < %, and hence,

o) s (3502)
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We are now in a position to prove Theorem 6.2.1.

Proof of Theorem 6.2.1. In (5.1), since both sides are positive, we have

In(|zi(t+1) —Z|]) <Iln (%Aw)

=In (2]|z(0)||y) + In (;1)> +1n (Asp) -

By taking expectations and using Lemma 6.2.6, we obtain

Efin (j2:(t + 1) — )] <In (2)2(0)]) + In(n) (% n B) FE[In (Aro)]

<In (2[|z(0)|1) + In(n) (% + B) +In(E[A:o]), (6.9)

where the last inequality follows from Jensen’s inequality. Now by Lemma 6.2.5, we

have

e 1\ =E
]E[At’o] <exp —Bt E—Q + 2 1—@ ,
n r

where 3 = £ — @. Let us consider the first term on the right hand side; since 3, < %
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we have

Since n > 2, exp (—5') < exp (—p). On the other hand, (1 — i) > (1 — %) for
n P 2P
all n > 2 and B > 1. It can be seen the for p € [0,1], exp (—p) < (1 — 1), and
2P
consequently exp (—%) < (1 — ﬁ) Hence
L\
E[Ao] < 15 (1 - M) . (6.10)
n - p

Using (6.9) and (6.10) we conclude that

Efin (jzi(t + 1) — )] <In (2)2(0)]) + In(n) (% +B)

pt 1
+ln(15)+ﬁln (1_714”173)'

]

Our approach and results also provide the (known) geometric convergence rate
when the push-sum algorithm is considered for a B-strongly-connected deterministic

sequence of column-stochastic matrices. A sequence of deterministic matrices { A(t)}
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is B-strongly-connected if for some integer B > 0 and all ¢ > 0, zg/t;lj)gB_l A(t)
is irreducible. For a B-strongly-connected sequence of column-stochastic matrices,

yi(t) > —t%. In addition, if we let p = 1 in (6.10), we have

nnB
|\
(o L)

Using (5.1), we obtain

L\
e+ n - o < 2EQD (- 2™

nnB n4nB

which shows the geometric convergence for B-strongly-connected sequences.
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Chapter 7

Conclusions

7.1 Summary

We have studied the convergence properties of the push-sum algorithm for average
consensus on sequences of random directed graphs. We have proved that this dynam-
ics is convergent almost surely when some mild connectivity assumptions are met and
the auxiliary states of nodes are uniformly bounded away from zero infinitely often.
We have shown that the latter assumption holds for sequences of random matrices
constructed using a sequence of time-varying B-irreducible probability matrices. We

have also obtained convergence rates for the proposed push-sum algorithm.

7.2 Future Work

Future work includes studying the behavior of the push-sum algorithm when the ran-
dom graphs are dependent, or with a different weight allocation method, and the
implications of our results in scenarios with link-failure and in distributed optimiza-
tion on random time-varying graphs. One can also consider the average consensus

problem when the number of nodes is time-varying.
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Chapter 8

Appendix

Lemma A.1 (Lemma 1 [14]). Consider a sequence of directed graphs {G(t)}, which
we assume to contain all the self-loops, with a corresponding sequence of weighted
adjacency matrices {A(t)}. In addition, assume that A;;(t) > v whenever A;;(t) > 0,

for some v > 0. Then the following statements hold:
(i) [A(t: 8)]u >~ foralli € [n] and t > s > 0;
(ii) if [A(r)];; >0 for somet >r >s>0 andi,j € [n], then [A(t: s)];; > 5t

(iii) if [A(s)]ik > 0 and [A(7)]x; > 0 for some t > 1 > s> 0, then [A(t : s)];; >

t—s+1
Y .

Lemma A.2. Forn > 2, let {A(i)}= be a sequence of weighted adjacency matri-
ces associated with the strongly connected directed graphs {G(i)}'—! on the node set
V ={v,v9,...,0,}, where G(i) = (V,E(i), A(i)) and A(i) € S, for all i € [n — 1].

Then the matriz product A(n — 1 : 1) is positive.

Proof. Let G(k : 1) = (V,&(k : 1)) indicate the directed graph associated with the
product A(k : 1), where k € [n—1]. Let N2"(k : 1) and d?"*(k : 1) indicate the set of
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out-neighbors and out-degree of node i € [n] in directed graph G(k : 1), respectively.
Consider an arbitrary but fixed node i € [n]. Since A(1) € S and G(1) is strongly

connected, we have

Ao (1) > 2. (8.1)

Now consider the directed graph G(k : 1) and assume that d{"(k : 1) < n — 1 for
some k € [n — 1]; we show that df"*(k +1:1) > d?"(k:1). By Lemma A.1(ii), we
have NP"(k : 1) C NP"(k + 1 : 1). Moreover, since G(k + 1) is strongly connected
and di"*(k : 1) <n — 1, there is [ ¢ N?"(k : 1) such that I € N}"(k 4 1) for some
J € N2 (k : 1); otherwise, there is no path between i and [ in G(k+ 1), contradicting
the strong connectivity of G(k + 1). Hence, by Lemma A.1 (iii) [ € N2"(k + 1 : 1),

implying that

A" (k+1:1) > d™(k:1).

This along with (8.1) imply that

(k1) > k+1,,

for all k£ € [n — 1], which implies that d?"*(n — 1 : 1) = n. Since this statement holds

for any i € [n], the matrix product A(n — 1: 1) is positive. O

Lemma A.3 (Lemma 3 [9]). For row-stochastic matrices A, B and C = AB, we
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have:
max(max C;; —minC};) < | 1 — min min (A;;, Ay;) | max(max B;; — min B;;).
jE[n](ie[n] T i) i) ii'€ln] 4 (Aig, Aiy) je[n](ie[n] T iem) )

JEM]

Lemma A.4 (Corollary 5.3.6 [2]). Let G = (V, &) be a strongly connected directed
graph with n vertices. Then, there exists a subset € C £ with at most 2(n — 1) edges

such that the graph G = (V, c‘f) is strongly connected.

Lemma A.5 (Lemma 4.3 [3]). Consider the push-sum algorithm (3.3). Define

S W 0)]ij — & 3 [W(E = 0)]ix]
i€n] yi(t) '

Then, f(t) is non-increasing and
12(8) = Z1nllce < [l2(0) oo f (2)-

Lemma A.6 (Hoeffding’s inequality [8]). If X, X, ..., X,, are independent random

variables and 0 < X; < 1, for all i € [n], then for any o > 0, we have

P (Z (X; —E[X,]) < —om> < exp (—2a’n).

i=1

Lemma A.7. Forn > 1 and for all ly,ls,...,l, € Z>o, ¢ > 0, we have

q q
H 1 1
i=1 e na

where t = l; + 1y + -+ -+ 1.
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Proof. 1t suffices to show that

1< 1 1
—Zln 1__l §ln 1__t s
- e na

which simply follows from Jensen’s inequality, since the function g(¢) = In (1 — —)

is concave. N
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