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Chapter 1
INTR ODUCTION

1.1 Overview

The intersection of comnutativ e algebraand algebraicgeometrywith conbinatorics
and discrete geometryis a rich and expanding eld. Integral polytopes, purely dis-
crete objects, provide enlightening examplesto algebraicgeometersvia the theory of
toric varieties; conversely structural results in the theory of polytopes sud as the
Upper Bound Theorem have been proved using comnutativ e algebra. This thesisis
a compendium of se\eral projects that crossthis gap: onein tropical geometry one
in computational algebra,and two in discretegeometryand integer programming.

Chapter 2 concernstropical geometry and derives mainly from a joint paper [8]
with Anders Jensen,David Speyer, Bernd Sturmfels, and Rekha Thomas. Tropical
geometry[5, 6, 41] is a recenly deweloped tool to study algebraic varieties via dis-
crete and computational methods. To every a ne algebraicvariety V is asseiated a
polyhedral fan, its tropical variety. This object satis es standard algebro-geometric
relations, sud as Bezout's theorem, that apply to V itself. In our work, we de ne
tropical bases analogousto generatingsetsof ordinary ideals. We shaw that tropical
basesalways exist, though they may be surprisingly large. We presern an algorithm
to computetropical varietiesand illustrate its implemertation in the software padkage
Gfan [34]. To prove correctnessof the algorithm, we show that any irreducible tropi-
cal variety is connectedin codimensionone. Finally, we demonstratethe superiority
of our algorithm to a naive onevia a family of examples.

Chapter 3, taken from a joint paper [9] with Anders Jensenand Rekha Thomas,



introducesand cortrasts two types of polynomial idealsde ned from a nite vector
conguration A = fa;:::;a,g Z% A circuit of A is a vector ¢ represeting a
minimal integer dependencyamongthe elemerts of A. The circuit ideal is the ideal
generatedby the binomials x¢© x¢ 2 C[xi;::::Xn]Jasc = c¢* ¢ 2 Z" varies
over the circuits of A. The radical of the circuit ideal is the toric ideal of A, de ned
similarly but where all integer dependenciesare used, rather than just the minimal
ones. Toric idealsare the de ning idealsof toric varieties [25] and have applications
to combinatorics, optimization, algebra,and algebraicgeometry[47]. Howeer, they
aredi cult to compute. Sincecircuits can be computedusing linear algebraand the
two ideals often coincide, it is worthwhile to understand when equality occurs. We
give a completecharacterization of whenthe circuit and toric idealsare equalin terms
of the existenceof certain polytopes and their integer points. When the two ideals
are not equal, we explain the primary decomposition of the circuit ideal in terms of
its initial ideals.

Chapter 4 is a study of state polytopes of toric ideals. These polytopes are of
interest in optimization becausethey summarize families of integer programming

problems: thosethat involve optimizing over any integer polytope
Py := corvfx 2 N" : Ax = bg

where A is xed but b is allowed to vary. We give various conditions for a polytope
to arise as a toric state polytope. We construct examplesof toric state polytopes
that include k-gonsfor every k and m-dimensionalsimplicesand cubesfor every m.
Using a construction of Sturmfelsand Thomas[49], we shav that with the exception
of simplices, state polytopes must be decomposable that is, they must be nontrivial

Mink owski sumsof other polytopes. Among the consequencesf this statemert are
the fact that simplicial polytopes (again exceptfor simplices)cannot be toric state
polytopes as well as a classi cation of three-dimensionaltoric state polytopes with

few vertices.



Finally, Chapter 5 is joint work with Rekha Thomas in the theory of integer
programming. Given a system of inequalities Ax b de ning a polytope P, the
Chvatal procedure is an iterative method to obtain the integer hull of P; that is,
the corvex hull of its integer points. The number of iterations required is known
as the Chvatal rank of the systemand is known to be nite [43 x23]. Howewer,
Chvatal rank is not just a function of the dimensionof the polytope P and can be
exponertially large, evenin dimensiontwo. Using a variant of the Chvatal procedure
that depends only on the matrix A and not on any particular right-hand-side b,
we de ne a new parameter, the smal Chvatal rank (SCR) of the systemAx b
and of A. This number is at most the Chvatal rank but in certain casesit is much
smaller. In particular, in dimensiontwo the SCR is always at most one. Another
sud caseis the coclique polytope of a completegraph K,,. Howewer, we demonstrate
that in dimensionthree, the SCR of a xed-size matrix, like the Chvatal rank, can
be exponertially large in the input size. We also prove a nontrivial lower bound on
the SCR of polytopes cortained in the n-dimensionalunit cube. In the processof
studying the computation of SCR, we answer a request of Hosten, Maclagan, and

Sturmfels [30, x2] for an in nite family of sugernormal point con gurations.

1.2 Background

Although ead of the succeedingchapters concernsan independen project, many
constructionsand techniquesrecur throughout this thesis. Polytopesand polyhedral
fansare objects of study in every chapter. Grobnerbasesarea maintool in Chapters3
and 4 and are neededto de ne and compute tropical varietiesin Chapter 2. State
polytopesand Grobner fans summarizethe set of all Grebnerbasesof an ideal; they
are the focus of Chapter 4 and also appear in sectionsof Chapters3 and 2. Finally,

toric idealsare a key elemen of Chapters3 and 4.



1.2.1 Discrete geometry and optimization

We begin with somekey de nitions in polyhedral geometrywith few results and no
proofs. Two excellet generalreferencesn polytopesare the texts of Greanbaum [28]
and Ziegler [53]. Sdrijver'stext [43 is an outstanding sourceon the theory of opti-

mization (linear and integer programming) over polyhedra.

H." denotesone of the two regionsboundedby a hyperplaneH;. It is a fundamertal
result that polytopescoincidewith boundedpolyhedra. We say that P is a d-polytope
(or d-polyhedron) if the ane spanof P is d-dimensional. A face of a polyhedron P
is the intersectionof P with any hyperplaneH sud that P is cortained in oneof the
half-spacedH* de ned by H. Every polytope P hasa dual polytope P whosefacets

are in correspndencewith the verticesof P, and vice versa.

If P is a polytope, then the facesof P may be orderedby inclusionto de ne the
face lattice of P. The 0-dimensionalfacesare called vertices the 1-dimensionalfaces
edges the (d  2)-dimensionalfacesridges and the (d 1)-dimensionalfacesfacets.
The vertices form the unigue minimal set that has P asits corvex hull. If P is an
m-dimensionalpolytope in R™, then the facetsare obtainedasH;\ P;:::;H,\ P,

whereP = H7 \ :::\ H/ isthe unique minimal half-spacedescription.

Two polytopes P and Q are combinatorially isomorphic their face lattices are
isomorphic. If so,we say that P is a realization of Q (or, more accurately of its face

lattice.) A coarserconbinatorial invariant of a polytope P than its facelattice is its

guestionof which f -vectorscan be achieved by various classef polytopesis a major

areaof researt.

A d-simplexis the corvex hull of d+ 1 anely independert points. A simplicial

polytope P is a polytope all of whosefacetsare simplices. The boundary of a simplicial



polytope is a simplicial complex making its conmbinatorics of esgecially nice: the face
lattice is ertirely determinedby the incidencerelation betweenfacetsand vertices. A
simple polytope is one whosedual is simplicial.

A polyhedral complexis a nite set C of polyhedrain R™ sud that

1. the empty polyhedronis in C,
2. if P 2 C, then ewery faceof P is alsoin C, and

3.ifP;Q2C thenP\ Qisafaceof both P and Q.

A (polyhealral) cone is a polyhedron C sud that if x andy arein C, then sois
X+ vy forewry ; 0. A coneis pointed if it doesnot cortain both x and x for
any x 6 0. A (polyhalral) fan is a polyhedral complexthat cortains f 0g and consists
entirely of cones. A fan is complete if the union of its conesis the ertire spaceR™.
An important construction is the normal fan N (P) of a polytope or polyhedron P.
This is a fan in R™ with one cone C(F) for eat faceF of P; this cone consistsof
the vectorswhosemaximum inner product with any point p 2 P is adchieved exactly
whenpisin F. The fan N (P) is completeif and only if P is a polytope. Figure 1.1
shaws a triangle and its normal fan in R2. We will study two particular typesof fans:

tropical varieties in Chapter 2 and Grebner fans in various sections.

Optimization is a major application of polyhedral theory. Speci cally, linear pro-
gramming is the problem of maximizing a linear function over a polyhedron given
by a half-spacedescription. Similarly, integer programming consistsof maximizing
a linear function over the integer points of a polyhedron. Both problems are fun-
damertal in mathematicsas well asin applications. Howeer, integer programming
is a much more dicult problem: there exist polynomial-time algorithms for linear
programming, but integer programmingis NP-hard.

It is not surprising that integer programming turns out to be di cult, for many

combinatorial optimization problems can easily be interpreted as integer programs.



Figure 1.1: A triangle with outer normal cones(left) and its outer normal fan (right)

For example,given a bipartite graph G on disjoint vertex setsV; and V, of equalsize
n, a matching is a subsetS of the edgesof G suc that ewery vertex is incidernt to at

most oneedgein S. A matching S is perfect if every vertex is incidernt to exactly one

P
e 2E(v) Xi 1 for ead vertex v

Xi O forl i m

where E(v) is the set of edgesincidernt to a vertex v. The integer points of M (G)
index matchings and the linear function x; + ::: + X, on R™ courts the number
of edgesin a matching. Thus to determine whether G has a perfect matching, it
Su ces to maximizex; + :::+ Xy over the integer points of P(G) and chedk whether
the maximum value is n. This shaws that generalinteger programsare at least as
computationally di cult asthe perfect matching problem.

In Chapter 3, we explore the extensionof an algebraic approad to integer pro-
gramming, via toric ideals,to a slightly wider classof ideals,including circuit ideals.
Chapter 5 dealsalmost entirely with families of integer programs, and more specif-
ically with an extensionof the cutting planes method of Chvatal and Gomory. A

cutting planeis a new inequality usedto remove a non-integer vertex from a polyhe-



dron P; the successig introduction of new cutting planesenablesthe computation of

the integer hull P'.

1.2.2 Grebnerhbases

In this sectionwe brie y introducethe theory of Grebnerbasesa fundamenal tool in
computational comnutativ e algebraand algebraicgeometry Given the polynomial
equationsde ning an ane or projective algebraicvariety V, Grebner basescan be
usedto solwe the fundamertal problemsof identifying a point in V and of determining
whether a given algebraic hypersurfacecortains V. The correspnding algebraic
problemsare elimination and extensionand ideal memlership; see[14], Chapters 2
and 3 respectively.
Let k bea eld andsetk[x] := k[Xx1;:::;Xs]. We denotea monomialxj*x5?  xUr

by x" whereu = (uy;:::;uy). A monomial order is a total ordering on N", the set

of exponert vectors of monomials, satisfying the following conditions.

1. fu;v;iw2N"andu v,thenu+w v+ w.

2. The ordering is a well-ordering; that is, every descendingchain evertually

stabilizes.

When corveniert, we will write x"  x" insteadofu v.

Two common monomial orders are lexicographic (lex) and graded reverselexioo-
graphic (grevlex). Lex orderis givenby x" oy X" if the rst nonzerocomponert of
V U is positive. Grevlex order is given by x“ grevlexxv if either the total degree
of xV is greater than that of x", or if the two total degreesare equal and the last
nonzerocomponert of v u is negative. Of course,there are a total of n! possible

lex ordersand n! grevlex ordersobtained by permuting the order of the variables.

Example 1.1. Letu = (3;0;3) andv = (1;3;2). Thenx" o4 X" becauseu; > vy,

" v . .
but x greviexX becauseboth monomialshave degreesix and usz > vs.



Note that the ungraded\revlex" order, givenby x"  oyjex X" if the last nonzero
componert of v u is negative, is not a well-ordering: we have 1 o\jexX  reviex
x? reviex - - .- Usually, though, we will work with- homogeneougolynomials, sothis
problem will not concernus and we may simply refer to the grevilex order asreverse
lexicographic.

Fix a monomialorder . The initial monomial of a polynomial f (x) := P y Cux!
is the greatestmonomial x" with respectto . The initial form of f is the term
in (f):= ¢gx", wherex" isthe initial monomial. If | isanidealin k[x], the monomial
initial ideal of I with respectto isthe monomialidealin (1) generatedby the initial
terms of every polynomial in 1. The ideais that we can study important properties

of I via the much simpler monomialideal in (I).

Monomial idealsare indeedvery special and easyto study. Dickson'sLemmall14,
Theorem?2.4.5]statesthat every monomialideal hasa nite monomial generatingset.
Giventhat sud a setexists, it is easyto seethat it is unique. Often it is cornveniert
to work with the standad monomials of a monomial ideal M, simply de ned to be
the monomialsthat arenot in M. Geometrically, a monomialideal de nes a union of
coordinate planes. To keeptrack of the ideal properly, we must assaiate multiplicities
to theseplanes;that is, we must strictly considernon-reduceda ne sdemesinstead
of ane varieties. This is a worthwhile trade-o for the advantage of working with

sudh simple geometricobjects as coordinate planes!

Example 1.2. Let M; = ?;y3;z% xy?;xz%;xyzi and M, = hx?yz?;xy3z%i. The
variety V(My) is the union of the xy-plane, the xz-plane, and the yz-plane. More
speci cally, the scheme de ned by M, consistsof the xy-plane courted twice, the
xz-plane once, the yz-plane once, and the line z = 0 (an embedded componert)
twice. This can be shown via standad pair decomposition, discussedn Chapter 3.
The monomial ideal M, is artinian, so the variety V(M,) is just the origin with

multiplicit y 15, the number of standard monomials. The monomialidealsM ; and M
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Figure 1.2: The staircase diagrams of the monomial ideals M; =
hx2;y3; 2% xy?; xz2; xyzi and M, = hx2yz?; xy3z3i:

can be depicted by staircasediagrams(Figure 1.2, drawn by Gfan [34]).

Besidesbeingrelatively easyto handle, monomialinitial idealsof anideal | carry
important information about | itself. The Krull dimensionof k[x]=in (I) equalsthat
of k[x]=I. In fact, the two idealsare far more strongly linked than this. The Hilbert
function of a homogeneousdeal | is given by HF, (s) = dim(k[x]s=ls) for s2 N. In
particular, the Hilbert function of a monomial ideal simply enumeratesthe standard
monomialsof ead degree.Thereis alsoa Hilbert polynomial: a polynomialin s whose
valuesagreewith the Hilbert function for all su ciently large s, and the degreeof

this polynomial is the Krull dimensionof k[x]=I.

Prop osition 1.3. [14, Proposition 9.3.9]If | is a hom@en®usideal in k[x] and

is a monomial order, then the Hilbert function of in (1) equalsthat of I.

Motivated by the connectionbetweenan ideal and its monomialinitial ideals, we
now de ne Grobner bases The idea goesbad to the end of the 19th certury, but it

becamewidely known only after Buchberger[10] deweloped his famousalgorithm.

De nition 1.4.
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1. Givenanideall andamonomialorder , a Grobnerbasisfor | with respectto

isa nite setG:=fgy;:::;009 | sudthat hn (gy);:::;in (gs)i = in (1).

2. A GrobnerbasisGis reducd if the initial coe cient of every g2 G isoneand if
no term of any elemen of Gis divisible by the -initial term of another elemert

of G.

Prop osition 1.5. [14, Chapter 2] Let | k[x] be an ideal and  be a monomial

order.

1. There existsa unique reduced Grobner basis of | with resgect to

2. Any Grebnerhasisof | genentes| as an ideal.

Example 1.6. Let f; = xz y% fo =y z andl = Hyfoi  Kk[xy;z]. In
lex order, the leading monomialsof f; and f, are xz and y, respectively. Sincethese
monomialsare coprime, it followsthat f ; andf, form alex Grobnerbasisfor | (though
coprimality is not a necessarycondition.) On the other hand, in grevlex order the
leading monomialsare y? and 'y, and f, and f, do not form a greviex Grebner basis.

The grevlexreducedGrebner basisfor | isfy z;xz z2%g.

Buchberger'salgorithm to compute Grobner basesis quite simple and is imple-
merted in computer algebrasystemssud as Maple and Macaulay 2 [27]. Howeer,
its computational complexity is high and it may run quite slowly in practice. Some
Grebner basesfor an ideal can be computed much faster than others; lex Grobner
basestend to be especially slowv. In the next section, we introduce Grebner fans,
which allow one Grebner basisto be converted to another. This is often far more

e cien t than computing a lex Grebner basisdirectly from Buchberger'salgorithm.
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The main stepin Buchberger'salgorithm is the computation of S-plynomials:

X f X
in () in (g)

The algorithm terminateswhenno newinitial terms can be createdthis way. We will

S(f;9) =

0.

employ S-polynomialsin key proofsin Chapters 3 and 4.

1.2.3 The Grobnerfan and state polytope

Although there are in nitely many ways to de ne term orders,a givenideal | 2 K[X]
has only nitely many monomial initial ideals. The Grebner fan of I, introduced
by Mora and Robbianoin [3§], is a full-dimensional fan whosemaximal conesindex
theseinitial ideals. The lower-dimensionalconesindex non-monomialinitial ideals.
The conecontaining the origin, always the unique lowest-dimensionalconeof a fan,
indexesl itself. Tode ne generalinitial idealswe must changeour focusfrom abstract
term ordersto thosegiven by weightvectors. Our main sourcein this sectionand the

next is Sturmfels' monograph[47].

cxY, the initial form of f with respect to !, denotedin, (f), is the sum of all
terms ¢, x" sudh that ! u is maximized. For most but not all ! , in, (f ) will consist

of a singleterm. If | is anideal in k[x], de ne

iy (1) =hn, (f) : f 2 1i:

Prop osition 1.7. [47, Proposition 1.11] Every monomial initial ideal in (1) of an

ideal | equalsin, (1) for some! 2 R",.

The proof of Proposition 1.7 is basedon the Farkas lemma of linear program-
ming [53, x1.4], so polyhedral theory is brought into play. Individual casesof the
proposition are not hard to verify: lex order can be represeted by (1; ; %;::: " 1)

andgrevlexby (1 ;1 2%:::;1 " Y1) for suciently small
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If 1 is a homogeneousdeal and! 2 R",, then adding any constart multiple of
the all-onesvector to ! will not alter the initial ideal in, (1). It follows that we can
now chooseweight vectors arbitrarily from R", not just from the positive orthant.
The sameis true in the more generalcasewhere | is homogeneousvith respect to
any positive grading. From now on, we will generallyrestrict oursehesto this caseto
avoid unnecessarytechnicalities.

Given a homogeneousdeal |, de ne an equivalencerelation on R" by

1, s if in!1(|)=in!2(|):

Prop osition 1.8. [47, xX2]

1. The closure of the equivalene classof any! 2 R" is a polyhelral cone, denotel
C.

2. Theseconesform a completefan in R", called the Grebnerfan of I .

3. Each full-dimensional cone contains a strictly positive vector and indexesa

monomial initial ideal of | .

4. The Grobnerfan is the normal fan of a polytope. Any such polytope is called a
state polytope of | .

5. If | = K i is a principal ideal, then the Newton polytope of f is a state polytope

of I.

The Grebnerfan and the state polytope index all of the reducedGrebner basesof
anideal. An algorithm ([47, Algorithm 3.6]) to compute Grobnerfansis implemerted

in the software padkage Gfan [34], which we usein many of our examples.
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1.2.4 Toric ideals and integer programming

Chapters 3 and 4 rely on the method of Conti and Traverso [13] of using toric

ideals and their state polytopes to solwe families of integer programs. Fix A =

ideal of A is de ned as
la =Y xY :u=u* u 2kerA)\ Z"i:

Toric ideals are exactly the binomial prime ideals in the polynomial ring and give
the de ning equationsof (a ne, not necessarilynormal) toric varieties [25]: varieties

equipped with an action of a denseopen algebraictorus (C )9. Often we will assume

toric ideal I o will be homogeneousnd canbe usedto de ne a projective toric variety

Xa. In this case,the strati cation of X, into torus orbits is captured by the faces
of a polytope: the corvex hull of the columnsof A. This allows algebro-geometric
problemsto be solved by polyhedral methods. For example,resolution of singularities

in X 5 Is achieved by certain subdivisions of the normal fan of the polytope; see[25,

X2.6].

Howewer, we will focus on the relation of toric idealsto optimization more than
algebraicgeometry Givenb 2 z9, de ne a polyhedronP, := fx 2 R", : Ax = bg.
Assumenow that A doeshave a strictly positive vectorin its row span;this will imply
that ead polyhedronPy, isin fact a polytope. The toric ideall o, canbe usedto study
the integer hull P} of this polytope as follows.

De ne a homomorphism : N" ! Z9py u 7! Au. A ber (Y(b) consists
exactly of the set P, \ N", soP! = corv( ( Y(b)). Givena nite setF  ker( ),
de ne agraph ¢ Y(b)r oneah ber ( V(b) by connectingtwo points u and u?if

(u u9% 2 F. To solw an integer program over a b er, we needto move from an
arbitrary point in the b er, a given feasible solution, to another point, the optimal

solution.
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Prop osition 1.9. [47, Theorem 5.3] Let F  ker( ). The graphs ¢ Y(b)s are
connected for all b if and only if the setfx'" x“ :u 2 Fg geneatesthe toric ideal

la.

In fact, we want to do better: not only shouldthe graph be connected but alsowe
shouldknow which way to travel alongead edgein orderto read the optimal solution
without badktracking. If ! is the costvector of the integer program, a Grebner basis
for I o with respectto ! allowsusto do just this [47, Theorem5.5].

In Chapter 3, we dewelop analoguesto this theory for certain subidealsof toric
ideals. We also use Grobner basesto understandthe primary decompsition of the
subideals. In Chapter 4, we investigate the state polytopesof toric ideals; thesetoo
have an interpretation in integer programming, namely that their verticesindex the

di erent equivalenceclassesf costvectors! for the family of integer programs
IPas (b) := minimizef! u : Au=b;u2N"g

for all b [49. Chapter 5 wasalsomotivated by this application of toric Grebnerfans.
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Chapter 2
TR OPICAL VARIETIES

Tropical geometry, the geometryof the min-plus semiring, has ourished in recert
years. Its wide-rangingapplications include dynamics[17], and statistics [39]. Trop-
ical geometry can also be usedto prove resultsin ordinary algebraicgeometry: two
examplesare compacti cations of a ne algebraicvarieties [51] and enumeration of
algebraiccurvesin toric surfaces[37].

In the rst sectionof this chapter, we brie y overviewthe subject. The remainder
consistsof a joint paper [8] with Anders Jensen,David Speyer, Bernd Sturmfels, and
Rekha Thomas on computational aspects of tropical geometry and implemertations
of the algorithms in the program Gfan [34]. Most of our paper is included either

verbatim or with only minor changesin this chapter.
2.1 Tropical Algebra and Geometry

The tropical semiring is (R; ; ), wherex y = min(x;y) andx y = X+ Y.
Sometimesit is corveniert to adjoin 1 as an additive identity, but there can be
no additive inverses. The tropical operations extend to give R" the structure of a

semi-\ector space.For example,3 5=3,3 5= 8,and
(145 2 (11 6)= (145 (33 49=(1L3 4

Any arithmetic not written with the symbols or shouldbeinterpreted asordinary,

not tropical.

minimum of sums) thus represeis a piecewiselinear function from R" to R. Its
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tropical hypersurfae T (F) is its non-di erentiabilit y locus, which is the subset of

R" where the minimum is achieved at least twice. This set consistsof the conesof
positive codimensionin the inner normal fan of the Newton polytope of F. Unlike in

ordinary algebraicgeometry it doesnot make senseto de ne a tropical hypersurface
as the points wherethe polynomial takesthe value zero, as zerois not the tropical

additive idertit y.

Example 2.1. Considerthe tropical polynomial F(X;Y) = X (2 Y) 3=
min(X; 2+ Y;3): Its tropical hypersurfaceis the subsetof R? where the minimum

occurs at least twice, which is
f(X;Y)2R?2: X =2+Y 3orX=3 2+Yor2+Y=3 Xg:

This set (Figure 2.1) is the union of three rays emanatingfrom the point (3,1) where
the minimum is achieved by all three terms. The Newton polygon of F (Figure 2.2)
is the triangle with vertices(1;0), (0; 1), and (0; 0).

Varying the coe cien ts in this example, we seethat all hyperplanesin R? - in
fact all hyperplanesin R" for a xed n - are translatesof ead other. Unlike ordinary
Euclidean space,tropical spacehas only translations, not rotations or re ections, as

its natural symmetries.

To extend tropical algebraic geometry from hypersurfacesto more generalvari-
eties,we must take a moreindirect approad asfollows. Given an algebraicallyclosed
eld K with a non-ardhimedeanvaluation deg: K 7! R and a polynomial f 2 K[x]

given as
X a
..... —_ an -«
f(Xq;:i0,Xp) = CaX1t X"
a

we can de ne a tropical polynomial F by the formula

M
F(X1;ii5,Xa) = dega) aXi anXp:

a
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@1

Figure 2.1: The tropical hyperplanein RZ of F(X;Y)=X (2 Y) 3.

1)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 2.2: The Newton polygon of Example 2.1 with the rays of its inner normal
fan.
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We canthen assaiateto f the tropical hypersurfaceT (f ) := T (F), asin Example2.2
below.

The usual choicesfor K are the Puiseux series eld Cff tgg with the valuation
deg(ct® + higher order terms) = b, or the algebraicclosureof the p-adic eld Q, with
the p-adic valuation. The Puiseux series eld, de ned as the set of power series
in rational powers of t sud that the exponerts are bounded belov and have only
bounded denominators,arisesnaturally in solving a systemof polynomial equations

with time-depender coe cients. The rst condition for a parametric curve (t) =

cancelout for all t, which is to say that the systemis satis ed tropically (seebelow.)
In our current work, however, we focus on the casein which the polynomials have

only complexcoe cien ts, and the program Gfan acceptsonly rational input.

Example 2.2. Take K = Cff tgganddene f 2 K[x;y] by f (x;y) = x + 1002y +
(t3  2t%): Its tropicalization is the polynomial F of Example2.1,s0T (f ) is the union
of rays shavn in Figure 2.1. If we useconstart coe cien ts, then thereis no polynomial
whosetropicalization is F becausethe coe cien ts 2 and 3 cannot be obtained from

the zerovaluation, the only non-archimedeanvaluation on C.

The next stepis to tropicalize not just individual polynomials, but wholeidealsin
K [x]: The cornerstoneof tropical geometryis the following theoremthat statesthe

equivalenceof three de nitions of a tropical variety T (I).

Theorem 2.3. [46, Theorem?2.1]For anideal | K [x], the following subsetsf R"

coincide.

V(1) is the variety of | in the algebaic torus (K )";

2. The intersections of the tropical hypersurfaesT (f ) wheef 2 1;
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3. The set of all vectors ! 2 R" such that the initial ideal in, (1) contains no

monomial.

The rst de nition connectstropical to ordinary varieties and hasthe important
consequencehat T (1) and V(I) have the samedimension. The secondde nition
showsthat tropical varietiesare the intersectionsof tropical hypersurfaces.The third
is the most useful for computation, and implies that in the constari-coe cient case,
T (I) is a subfan of the Grebnerfan of |.

More precisely the tropical variety is a subfan of the negative of the Greobner
fan, rather than the Grobner fan itself. To avoid a profusion of minus signs,in the
remainderof this chapter we will take the initial form of a polynomial f with respectto
avector! to consistof the sumof the terms whoseexponert vectorshave the smalest
inner product with !, rather than the largest. Sinceall of the idealsin this chapter
arehomogeneousgthis will not causeany problems. (Alternativ ely, tropical arithmetic
can be de ned with maximum rather than minimum asits additive operation.)

To compute an ordinary algebraicvariety V(I), we do not needto intersect the
hypersurfacesde ned by ewery polynomial in I; any generating set will do. The
situation for T(l) is dierent. For example,take K = Cff tggand |l = lx + y +
t;x + y + t3i: As we obsened in Example 2.1, ead of the tropical hypersurfacesof
the given generatorsconsistsof three rays whosedirection vectors are (1;0), (0; 1),
and (1, 1): The intersection of thesetwo hypersurfacegFigure 2.3) is aray. The
di erence of the two generators howewer, ist  t3, soit follows from Theorem2.3(3)
that T (1) is empty.

This motivatesthe following de nitions that have no analoguefor ordinary alge-

braic varieties.

De nition 2.4.

1. The tropical prevariety of a nite setof polynomialsis the intersection of their

tropical hypersurfaces.
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Figure 2.3: Two tropical hyperplanesT (x+y+t) and T (x+ y+ t3). Their intersection,
shown as a thick ray, is not a tropical variety.

that they generateif the tropical prevariety T (f1)\ :::\ T(f,) equalsT (I):

2.2 Computing Tropical Varieties

2.2.1 Introduction

Our main cortribution to tropical geometryis a practical algorithm, along with its
implemertation, for computing the tropical variety T (1) from any generatingsetof its
ideall . The emphasidieson the geometricand algebraicfeaturesof this computation.
We do not addressissuesof computational complexity, which have beenstudied by
Theobald [52).

In Section2.2.2we give precisespeci cations of the algorithmic problemswe are
dealing with, including the computation of a tropical basis. We showv that a nite
tropical basis exists for every ideal I, and we give tight bounds on the size of a
tropical basisfor linear ideals, thereby answering the questionraisedin [45, x5, page
13]. In Section 2.2.3 we prove that the tropical variety T (I) of a prime ideal is

connectedin codimensionone. This result is the foundation of Algorithm 2.30 for
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computing T (). Section2.2.4 also descrikes methods for computing tropical bases
and tropical prevarieties. Thesealgorithms have beenimplemerted in the software
padkage Gfan. In Section2.2.5we compute the tropical variety of seweral non-trivial

iIdealsusing Gfan. The tropical variety T (I) is a subfan of the Grobnerfan of I, but

the Grebner fan is generally much more complicated and harder to compute than

T(1). In Section2.2.6 we comparethesetwo fans, and we exhibit a family of curves
for which the tropical variety of eatch member consistsof four rays but the number of
rays in the Grebner fan grows arbitrarily. The proof of this result appearsin more
detail in this thesisthan in the paper.

A note on the choice of ground eld C is in order. In the implemertation of
our algorithm (Section 2.2.5), we have required our polynomials to have rational
coe cien ts sothat they may be given by nite input, but our algorithms do not use
any particular propertiesof Q. It is important, howewer, that we work over a eld of
characteristic 0, as our proof of correctnessusesthe Kleiman-Bertini theoremat one
point.

In most papers on tropical algebraic geometry (cf. [17, 37, 41, 46, 52]), tropi-
cal varieties are de ned from polynomials with coe cients in a eld K with a non-
archimedeanvaluation. These tropical varieties are not fans but polyhedral com-
plexes. We closethe introduction by illustrating how our algorithms can be applied
to this situation. Considerthe eld C( ) of rational functionsin the unknown . Then
C( ) is a sub eld of the algebraically closed eld Cff ¢g of Puiseux serieswith real

exponerts, which is an exampleof a eld K asin the above cited papers. Suppose

generatedby | . The tropical variety T (19, in the senseof the papersabove, is a nite

polyhedral complexin R" which may have both boundedand unboundedfaces. To

ators of J are computedfrom generatorsof | by clearingdenominatorsand saturating
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with respectto . The tropical variety of | °is related to the tropical variety of J as

follows.

Lemma 2.5. A vector ! 2 R" liesin the polyheadral complexT (19 if and only if the
vector (1;!) 2 R liesin the polyhedral fan T (J).

2.2.2 Algorithmic Problemsand Tropical Bases

For all computational problems addressedin this paper we x the ambient ring to

ical prevariety T (f 1) \ \ T(f;) in R" .

The geometryof this problemis bestunderstood by consideringthe Newton poly-

corvex hull in R" of the exponert vectorswhich appear with non-zerocoe cient in
fi. The tropical hypersurfaceT (f;) isthe (n  1)-skeleton of the inner normal fan of
the polytope New(f;). Our problem is to intersectthesenormal fans. The resulting
tropical prevariety can be a fairly generalpolyhedral fan. Its maximal conesmay
have di erent dimensions.

In cortrast, Bieri and Groves|[6] provedthat T (I) is a d-dimensionalfan whend
is the Krull dimensionof C[x]=I. The fan is pure if | is unmixed. In Section3 we
shall prove that T (I) is connectedin codimensiononeif | is prime.

We rst note that it su ces to devisealgorithms for computing tropical varieties
of homogeneousdeals. Let "I C[xo; X1;:::;Xn] be the homogenizationof an ideal

| in C[x] and "f the homogenizationof f 2 C[x].

Lemma 2.7. Fix an ideal | C[x] and a vector I 2 R". The initial ideal in, (I)

contains a monomial if and only if in (., )(hl ) contains a monomial.
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Proof: Supposex" 2 in, (I). Then x" = in, (f) for somef 2 |I. The (0;!)-
weight of a term in "f equalsthe ! -weight of the correspnding term in f. Hence
in o )(hf) = x§x" 2'in )(hl) wherea is somenon-negatiwe integer.

Corverselyif x! 2 in ,,("l) thenx" = in ., ,(f) for somef 2 "I. Substituting
Xo = 1in f givesa polynomial in I. The (0;! )-weight of any term in f equalsthe
I -weight of the correspnding term in f jy,=;. Sincein . ,(f) is a monomial, only
oneterm in f has minimal (0;! )-weight. This term cannot be canceledduring the

substitution. Henceit liesin in, ().

Our main goalis to solwe the following computational task.

It is important to note that the two problems stated so far are of a fundamen-
tally di erent nature. Problem 2.6 is a problem of polyhedral geometry It involves
only polyhedral computations: no algebraiccomputations are required. Problem 2.8,
on the other hand, combinesthe polyhedral aspect with an algebraicone. To solwe

Problem 2.8 we must perform algebraic operations (e.g. Grobner bases)with poly-

homogeneouss the polyhedral computations can be performed easily without this

assumption.

Prop osition 2.9. Let | be an ideal in C[x] and let ! 2 R". The following are

equivalent:

1. Theideal | is! -homaen®us;i.e. | is geneated by a setS of | -homagen®us

polynomials, meaning that in, (f) = f for all f 2 S.

2. The initial ideal in, (1) is equalto | .
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Proof: If | hasa ! -homogeneougenerating set then | in, (1). Any maximal
I -homogeneousomponert of f 2 | isin I. In particular in, (f) 2 . Conversely the
ideal in, (1) is generatedby ! -homogeneou®lemens by de nition, soif I = in, (I),

then | is generatedby ! -homogeneouglemerts.

The set of I 2 R" for which the above equivalent conditions hold is a vector
subspaceof R". Its dimensionis calledthe homayeneityof | andis denotedhomod).
This spaceis cortained in every coneof the fan T (1) and can be computedfrom the
Newton polytopes of the polynomials that form any reduced Greobner basis of | .
Passingto the quotient of R" modulo that subspaceand then to a spherearound the
origin, T (1) canbe represeted asa polyhedral complexof dimensionn codim(l)
homogl) 1= dim(l) homog() 1. Herecodim(l)anddim(l) arethe codimension
and dimensionof | . In what follows, T (1) is always preserted in this way, and every
ideal | is presenied by a nite list of generatorstogether with the three numbersn,

dim(l), and homog( ).

Example 2.10. Let | denotethe ideal which is generatedby the 3  3-minors of
a symmetric 4 4-matrix of unknowns. This ideal hasn = 10, dim(l) = 7 and
homogl) = 4. HenceT(l) is a two-dimensional polyhedral complex, which we
regard as the tropicalization of the secam variety of the Veronesethreefold in P°,
i.e., the variety of symmetric 4 4-matrices of rank at most two. Applying our

Gfan implementation (seeExample 2.35), we nd that T (1) is a simplicial complex

consistingof 75 triangles, 75 edgesand 20 vertices. O]
Our next problem concernstropical bases.Recallthat a nite setff;:::;f\gis

atropical basisof | if Hq;:::;fii=1andT(l)=T(f)\ \ T(fy):

Problem 2.11. Computea tropical basisof a givenideal |  C[x].

A priori, it is not clearthat ewery ideal | hasa nite tropical basis,but we shall

prove this below. First, hereis one casewherethis is easy:
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Example 2.12. If | = i i is a principal ideal, then ff g is a tropical basis. O

In [46] it was claimed that any universal Grebner basisof | is a tropical basis.

Unfortunately, this claim is falseasthe following exampleshows.

Example 2.13. Let | bethe intersectionof the three linear idealshx + vy; zi, hx+ z; yi,
and hy + z;xi in C[x;y;z]. Then | cortains the monomial xyz, soT (1) is empty. A

minimal universal Groebner basisof | is
U = fx+y+z xy+xy%y’z+ yz? x°z+ xz%q;

and the intersection of the four correspnding tropical surfacesin R® is the line ! ; =

I, =13 ThusU is not a tropical basisof | . O

We now prove that ewery ideal | C[x] has a tropical basis. By Lemma 2.7,
onetropical basisof a non-homogeneougleal | is the dehomogenizatiorof a tropical
basisfor "l . Hencewe shall assumethat | is a homogeneousdeal.

Tropical basescan be constructedfrom the Grobnerfan of I . The tropical variety
T (1) consistsof all GrebnerconesC, (1) sud that in, (I ) doesnot cortain a monomial.
From the description of T (I) asTf2| T(f), it isclearthat T (1) is closed. Thus we
deducethat T (I) is a closedsubfan of the Grebner fan. This endows the tropical

variety T (1) with the structure of a polyhedral fan.

Theorem 2.14. Everyideal |  C[x] hasa tropical basis.

Proof: Let F be any nite generatingset of I which is not a tropical basis. Pick
a Grebner coneC, (1) whoserelative interior intersects\ ¢, T (f) non-trivially and
whoseinitial ideal in, (I) cortains a monomial x™. Compute the reduced Grobner
basisG , (1) for arenement , of !, and let h be the normal form of x™ with
respectto G, (I1). Let f := x™ h. Sincethe normal form of x™ with respect
to G (in, (1)) = finy(g) : g2 G ,(l)gis 0 and h is the normal form of x™ with

respect to G, (I), every monomial occurring in h has higher ! -weight than x™.
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Moreover, h dependsonly on the reducedGrebnerbasisG , (1) andis independert of
the particular choiceof! in C, (1). Hencefor any ! %in the relative interior of C, (1),
we have x™ = in, o(f ). This implies that the polynomial f := x™ h is a withess for
the coneC, (1) not beingin the tropical variety T (1).

We now add the witnessf to the current basisF and repeat the process. Since
the Grobnerfan hasonly nitely many cones,this processterminates. It removesall

conesof the Grobner fan which violate the condition for F to be a tropical basis.

We next shav that tropical basescan be very large even for linear ideals. Let |
be the ideal in C[x] generatedby d linear forms P jn:1 aj X; wherei = 1;:::;d and
(a;) isanintegerd n matrix of rank d. The tropical variety T (I) dependsonly on
the matroid assaiated with |, and it is known asthe Bergmanfan of that matroid.
The results on the Bergman fan proved in [3, 48] imply that the circuits in | form
a tropical basis. A circuit of | is a non-zerolinear polynomial f 2 | of minimal
support. The following result answersthe questionwhich was posedin [45, x5].

Theorem 2.15. Foranyl d n, thereis alinear ideal | in C[x] suchthat any

1 n

tropical basis of linear forms in | hassizeat least —g+ -

Proof:  Supposethat all d d-minors of the coe cient matrix (a;) are non-zero.

n

n g+ Circuits in I, ead

Equivalently, the matroid of | is uniform. There are
supported on a dierent (n d+ 1)-subsetof fxy;:::;X,g. Sincethe circuits form a
tropical basisof I and ead circuit hassupport of sizen d+ 1, the tropical variety
T (1) consistsof all vectors! 2 R" whosesmallestd + 1 componerts are equal. The
latter condition is necessanand su cien t to ensurethat no singlevariable in a circuit
becomedhe initial form of the circuit with respectto ! . Considerany vector! 2 R"

satisfying
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cortains the n  d variables x; with j 62fi;:::;iqg. The support of ead circuit

n

hassizen d+ 1, hencecortains n d+ 1ldistinct (n d)-subsets. There are

(n d)-subsetsof fxy;:::;X,g to be covered. Henceany tropical basisconsistingof

- - 1 n
linear forms has sizeat Ieastm 4 -

Example 2.16. Letd= 3;n = 5. The Bergmanfan T (1) corresppndsto the line in

tropical projective 4-spacewhich consistsof the v eraysin the coordinate directions.

We have —— 1 = 10=3. Hencethis line is not a complete intersection of three
tropical hyperplanes,but requiresfour. O

2.2.3 Transversalityand Connectivity

In this sectionwe assumethat | is a prime ideal of dimensiond in C[x]. Then its
tropical variety T (1) is calledirr educible It is a subfanof the Grebnerfan of | and,

by the Bieri-Groves Theorem [6, 48], all facetsof T (I) are conesof dimensiond. A

12 f1,2:::;k 1g. Our objective is to prove the following result, which is crucial

for the algorithms.

Theorem 2.17. Any irreducible tropical variety T (1) is connected in codimension

one;i.e., any two facets are connected by a ridge path.
The proof of this theoremwill be basedon the following important lemma.

Lemma 2.18. TranswerselntersectionLemma

transversaly at apoint ! 2 R". Then! 2 T(I + J).

By \meet transversely” we meanthat if F and G arethe conesof T (1) and T (J)
which cortain ! in their relative interior, then RF + RG = R".
This lemmaimplies that any transverseintersectionof tropical varietiesis a trop-

ical variety. In particular, any transverseintersection of tropical hypersurfacesis a
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tropical variety, and sud a tropical variety is de ned by an ideal which is a complete

intersectionin the ordinary commutativ e algebrasense.

Corollary 2.19. For any two ideals| and J in C[x] we have
T( +J) T\ TA):

Equality holdsif the latter intersection is transverseat every point exept the origin

and the two fans meet in at least one point other than the origin.

Proof: WehaveT (I1)\ T(J) = Tm T(f)\ TfZJ T(f)= szm T (f). Clearly, this
conains T(l + J) = TfZHJ T(f). If T(1) and T (J) intersecttransversallyand! is
apoint of T(1)\ T(J) other than the origin then the proceedinglemmatells us that
' 2T +J). ThusT(lI + J) corntains every point of T(I)\ T(J) exceptpossibly
the origin. In particular, T (I + J) is not empty. Every nonempty fan cortains the

origin, sowe seethat the originisin T (I + J) aswell.

We rst derive Theorem 2.17 from Lemma 2.18, which will be proved later. We

must at this point addressa technical detail. The subsetT(I) R" dependsonly

From a theoretical perspective, then, it would be better to directly work with ideals
in C[x 1]. Computationally, however, it is much better to deal with idealsin C[x] as
it is for sud idealsthat Grobnerbasistechniqueshave beendeweloped and this is the
approat we take in the rest of the paper.

There is one great advantage to working with C[x '] howewer: we have available
the symmetry group GL,(Z) of the multiplicativ e group of monomials. The action
of this group transforms T (1) by the obvious action on R". This symmetry will
prove invaluable for simplifying the argumerts in this section. Therefore,in the rest
of this section, we will work with idealsin C[x !]. Note that, if | C[x] is prime
then so is the ideal it generatesin C[x 1]. We will signify an application of the

GL,(Z) symmetry by the phrase\making a multiplicativ e changeof variables". The
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polyhedral structure on T (1) induced by the Grebner fan of I may changeunder a
multiplicativ e change of variables of | C[x ] in C[x 1], but all of the properties of

T (1) that are of interest to us depend only on the underlying point set.

Proof of Theorem2.17. As described above, we replacel by the ideal it generates
in C[x 1] and, by abuseof notation, cortinue to denotethis ideal as|. The proof
proceedsby induction ond = dim(T(1)). If d 1 then the statement is trivially
true. We now explain why the result holds whend = 2. By a multiplicativ e change
of coordinatesit su ces to ched that T(l1)\ fx, = 1gis connected.

Let K be the Puiseuxserieseld over C. Let 1° K|[xq;:::;X, 1] bethe prime
ideal generatedby | via the inclusionC[x,]! K. By LemmaZ2.5,the tropical variety
of I%sT (1)\ fx, = 1g. In [17] it wasshawn that the tropical variety of | °is connected
wheneer | % is prime. We concludethat T(1)\ fx, = 1g is connected,so our result
holdsfor d = 2.

We now supposethat d 3. Let F and F°be facetsof T (I). We can nd

dimensiond 1,andH intersectsevery coneof T (I ) exceptfor the origin transversally.
To seethis, selectrays! and! %in the relative interiors of F and F% By perturbing
I and! %slightly, we may arrangethat the spanof! and! °doesnot meetany ray of
T(1) { hereit isimportant that d 3. Now, taking H to be the spanof! , ! ®and a
generic(n 3)-plane,we getthat H alsodoesnot cortain any ray of T (1) and hence
doesnot cortain any positive dimensionalfaceof T (I). SoH is transverseto T ()

everywhereexceptat the origin. SinceH \ F and H \ F?are positive dimensional
(asd 2) H doesintersectT (1) at points other than the origin. The hyperplaneH

is the tropical hypersurfaceof a binomial, namely, H = T (hf i), where

Y _ Y _
fu = (uix;)® (uixj) %;

i:ai>0 j:a<0
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and u = (ug;uy;:::;uUy) is an arbitrary point in the algebraic torus (C )". Our

transversality assumptionregardingH and Lemma2.18imply that
H\N TU) = T@Mi)\N TUA) = T + Hyi): (2.2)

Sincel is prime of dimensiond, and f, 62, the ideal | + i hasdimensiond 1
by Krull's Principal Ideal Theorem [19, Theorem 10.1]. If | + h,i were a prime
ideal then we would be done by induction. Indeed, this would imply that there is a
ridge path betweenthe facetsH \ F and H\ F%in the (d 1)-dimensionaltropical
variety (2:1). Sinced 3,the(d 1)-and(d 2)-dimensionalfacesof H\ T (I) arise
uniquely from the intersectionsof H with d- and (d 1)-dimensionalfacesof T (I).
Hencethis path is alsoa ridge path consideredasa path in T ().

Let V(J) denotethe subvariety of the algebraictorus (C )" de ned by an ideal
J  Clx;:::;x,Y. The tropical variety in (2.1) dependsonly on the subvariety of
(C )" de ned by ourideal | + Hfi. This subvariety is

V(I +Hgi) = V(I)\ V(E) = V) ul V() 2.2)

Here 1l denotesthe identit y elemen of (C )". For genericchoicesof the group elemert
u 2 (C)", the intersection (2.2) is an irreducible subvariety of dimensiond 1
in (C)". This follows from Kleiman's version of Bertini's Theorem [29, Theorem
[11.10.8], applied to the algebraicgroup (C )". Hence(2.1) is indeed an irreducible
tropical variety of dimensiond 1, de ned by the prime ideal | + if ,i. This completes

the proof by induction. O

Proof of Lemma 2.18: Again, we replacel  C[x] by the ideal it generatesin C[x 1]
and cortinue to denotethis ideal by I.

Let F bethe coneof T (I') which cortains ! in its relative interior and G the cone
of T(J) which cortains ! in its relative interior. Our hypothesisis that F and G

meettransversally at ! , that is,

RF + RG = R"
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We claim that the ideal in, (1) is homogeneousvith respect to any weigh vector
v 2 RF or, equivalertly (seeProposition 2.9), that in (in, (1)) = in, (I'). According
to Proposition 1.13in [47], for a suciently small positive number, in ,, (1) =
in ,(in, (1)). The vector! + v isin the relative interior of F soin , . (1) = in, (I).
By the sameargumert, the ideal in, (J) is homogeneousvith respect to any weight

vector in RG.

Next we considerthe following generalchain of inclusionsof ideals:
in (1) iny )  im( J) im(@\NJ) in(I)\ in (J): (2.3)

The product of two idealswhich are generatedby (Laurent) polynomialsin disjoint
setsof variablesequalsthe intersection of the two ideals. Sincethe set of y-variables
Is disjoint from the set of z-variables,it followsthat the rst idealin (2.3) equalsthe

last ideal in (2.3). In particular, we concludethat

in (I'\ J) in, (1) \ in, (3): (2.4)

We next claim that

ing (I + J) in (1) + iny (J): (2.5)

The left hand sideis an ideal which contains both in, (I) and in, (J), soit corntains

their sum. We must prove that the right hand side cortains the left hand side.
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Considerany elemetn f + g2 1 + J wheref 21 andg2 J. Let f = fo(y;2) +t
fi(t;y;z) and g = go(y;2z) + t gi(t; y; z). We alsohave the following represetation

for someintegera 0 and non-zeropolynomial hy:
f+g = 2 ho(y;2)+ t** hy(t;y;2):
If a= 0 then we conclude
iny (f +9) = ho(y;2) = fo(y;2) + do(y;2) 2 iny (1) +in, (J):

If a 1then fo = g liesin in, (1) \ in, (J). In view of (2.4), there exists
p2 1\ J with fo = g = in(p). Thenf +g=(f p)+ (g+ p) andreplacing
f by (f p)=tandg by (g+ p)=t puts usin the samesituation asbefore,but with a
reducedby 1. By induction on a, we concludethat in, (f + g) isin in, (1) + in, (J),

and the claim (2.5) follows.

zeroin (C )" of the ideal (2.5). We concludethat in, (I + J) is not the unit ideal, so

it cortains no monomial, and hence! 2 T (I + J). O]

2.2.4 Algorithms

In this sectionwe descrike algorithms for solving the computational problemsraised
in Section 2.2.2. The emphasisis on algorithms leading to a solution of Problem
2.8 for prime ideals, taking advantage of Theorem 2.17. Recall that we only needto
considerthe caseof homogeneousdealsin C[x].

In order to state our algorithms we must rst explain how polyhedral conesand
polyhedral fansare represemed. A polyhedral coneis represerted by a canonicalmin-
imal setof inequalitiesand equations. Given arbitrary de ning linear inequalitiesand
eqguations,the task of bringing theseto a canonicalform involveslinear programming.
Represeting a polyhedral fan requiresa little thought. We are rarely interestedin

all facesof all cones.
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De nition  2.20. A setS of polyhedral conesin R" is said to representa fan F in

R" if the set of all facesof conesin S is exactly F.

A represemation may cortain non-maximal cones,but ead coneis represeted
minimally by its canonicalform. A Grebner coneC, (I) is represeted by the pair
(G, (in, (1));G, (1)) of marked reduced Grebner bases,where is someglobally
xed term order. In a marked Grebner basisthe initial terms are distinguished. The
advantage of using marked Grobner basesis that the weight vector! neednot be
stored: we can deducede ning inequalities for its cone from the marked reduced
Grebner basesthemseles; seeExample 2.32. This is done as follows; see[47, proof

of Proposition 2.3]:

Lemma 2.21. Letl C[x] be a hom@men®usideal, aterm orderand! 2 R" a

vector. For any other vector ! °2 R":
192.¢ (1) () 8f 2G ,(I):in ,(inyo(f)) =in , (f):

Our rst two algorithms perform polyhedral computationsand betweenthem solve
Problem 2.6. By the supprt of a fan we meanthe union of its cones.Recall that for
a polynomial f , the tropical hypersurfaceT (f ) is the union of the normal conesof

the edgesof the Newton polytope New(f ). The rst algorithm computesthesecones.

Algorithm  2.22. Tropical Hypersurfae
Input: f 2 C[x].
Output: A represemation S of a polyhedral fan whosesupport is T (f ).
f

Si=3;

For every vertex v 2 New(f )

f

Compute the normal coneC of v in New(f );

S := S| fthe facetsof Cg;
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Let F, and F, be polyhedral fansin R". Their common re nement is the fan

Fi1™Fo:=fCi\ Cogicico)zriF »-

To compute a commonre nement we simply run through all pairs of conesin the
fan represemations and bring the set of their intersectionsto canonicalform. The

canonicalform makesit easyto remove duplicates.

Algorithm  2.23. Common Re nement
Input: Represetations S; and S, for polyhedral fansF; and F».
Output: A represemation S for the commonre nement F; ~ F».
f
Si=3;
For every pair (C1;C2) 2 S; S,
S:=S[ fCy\ Cyg;

If re nements of more than two fans are needed,Algorithm 2.23 can be applied
successigly. Note that the intersection of the support of two fans is the support of
their commonre nement. HenceAlgorithm 2.23can be usedfor computing intersec-
tions of tropical hypersurfaces. This solves Problem 2.6, but the output may be a
highly redundart represetation.

Recall (from the proof of Theorem 2.14) that a witnessf 2 | is a polynomial
which certies T (f)\ rel int(C, (1)) = ;. Computing withesseds essetial for solving
Problem 2.8 and Problem 2.11. The rst step of constructing a witnessis to ched if
the ideal in, (1) cortains monomials,and, if so,to compute one sucx monomial. The
chek for monomial containment can be implemerted by saturating the ideal with

respect to the product of the variables(cf. [47, Lemma12.1]). Knowing that the ideal
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cortains a monomial, a simpleway to nd oneis to repeatedly reducepowers of the

product of the variablesby applying the division algorithm until the remainderis 0.

Algorithm  2.24. Monomial in Ideal
Input: A setof generatorsfor anideall  C[x].
Output: A monomialm 2 | if oneexists, no otherwise.
f

If (I :x; x%)6 hii) return no;

M= X;  Xp;

While (m62) m:=m X; Xp;

Return m:;

Remark 2.25. To pick the smallestmonomialin | with respect to a term order, we
rst compute the largest monomial ideal cortained in | using [42, Algorithm 4.2.2]

and then pick the smallestmonomial generatorof this ideal.

Constructing a witness from a monomial was already explainedin the proof of

Theorem 2.14. Here, we only state the input and output of this algorithm.

Algorithm  2.26. Witness

Input: A set of generatorsfor an ideal | C[x] and a vector! 2 R" with in, (I)
cortaining a monomial.

Output: A polynomial f 2 | sud that the tropical hypersurfaceT (f) and the

relative interior of C, (1) have empty intersection.

Combining Algorithm 2.24 and Algorithm 2.26 with known methods (e.g. [47,
Algorithm 3.6]) for computing Grebnerfans, we can now computethe tropical variety
T (I') and a tropical basisof | . This solvesProblem 2.8 and Problem 2.11. Howeer,

this approad is not at all practical, asshown in Section2.2.6



36

We will now dewelop a practical algorithm for computing T (1) when | is prime.
An ideall  C[x] is said to de ne a tropical curve if dim(l) = 1+ homog(). Our
problemsare easierin this casebecausea tropical curve consistsof only nitely many

rays and the origin modulo the homogeneiy space.

Algorithm  2.27. Tropical Basis of a Curve
Input: A setof generatorsG for an ideal I de ning a tropical curve.
Output: A tropical basisGof | .
f
Compute a represemation S of VQZG T (9);
ForeweryC2 S
f
Let ! be a genericrelative interior point in C;
If (in, (1) cortains a monomial)

then add a witnessto G and restart the algorithm;

&= G

Proof of correctness. The algorithm terminates becausel hasonly nitely many
initial ideals and at least one is excludedin ewery iteration. If a vector! passes
the monomial test (which veries ! 2 T (1)) then C hasdimension0 or 1 modulo
the homogenely spacesincewe are consideringa tropical curve and! is genericin
C. Any other relative interior point of C would also passthe monomial test. (This
property fails in higher dimensions,whenT (I ) is no longera tropical curve). Hence,
when we terminate only points in the tropical variety are coveredby S. Thus Gis a

tropical basis. O

In the curve case,conbining Algorithms 2.22and 2.23with Algorithm 2.27we get

a reasonablemethod for solving Problem 2.8. This method is usedas a subroutine in
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Algorithm 2.29below. In the remainder of this sectionwe concertrate on providing
a better algorithm for Problem 2.8 for problem. The ideais to usethe connectivity
shown in Section2.2.3in order to traversethe tropical variety.

The next algorithm is one step in the Grebner walk [12] and is an important

subroutine here. We only specify the input and output.

Algorithm  2.28. Lift

Input: Marked reducedGreobner basesG o(1) and G , (in, (1)) where! 2 C o(l) is
an unspeci ed vectorand and Care unspeci ed term orders.

Output: The marked reducedGreobnerbasisG |, (I).

We now supposethat | is a monomial-freeprime ideal with d = dim(l), and
is a globally xed term order. We rst descrike the local computations neededfor a

traversal of the d-dimensionalGrebner conescortained in T (1).

Algorithm  2.29. Neighlors
Input: A pair (G, (in, (1)); G, (I)) sud that in, (1) is monomial-freeand C, (1) has
dimensiond.
Output: The collection N of pairs of the form (G | ,(in:o(1)); G , (1)) whereone! °
is taken from the relative interior of eat d-dimensional Grebner cone cortained in
T (I) that hasa facetin commonwith C, (1).
f

N =33

Compute the setF of facetsof C, (1);

For eath facetF 2 F

f

Compute the initial ideal J := in ,(I)
whereu is a relative interior point in F;

UseAlgorithm 2.27 and Algorithm 2.23to producea relative
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interior point v of ead ray in the curve T (J);

For ead sud v

f
Compute (G , (in ,(J));G,(3)) = (G ,,(in ,(J));G,, )
Apply Algorithm 2.28to G , (1) andG ,,(J) to getG , (I);
N:=N[fG,>(n )G, ()a

g

Proof of correctness. Facetsand relative interior points are computed using linear
programming. Figure 2.4 llustrates the choicesof vectorsin the algorithm. The initial
ideal in ,(l) is homogeneousvith respect to the spanof F. Henceits homogeneiy
spacehas dimensiond 1. The Krull dimensionof C[x]=in ,(I) isd, soin ,(I)
denesacurveand T (in (1)) canbe computedusing Algorithm 2.27. The idertity
in ,(in ,(1))=in .., () for small" > 0 [47, Proposition 1.13]implies that we run
through all the desiredin, o(I) where! °= u + "v for small" > 0. The lifting step

can be carried out sinceu 2 C , (1). O]

Algorithm  2.30. Traversalof an Irr educible Tropical Variety
Input: A pair (G, (in, (1)); G, (1)) sud that in, (I') is monomial-freeand C, (1) has
dimensiond.
Output: The collection T of pairs of the form (G | ,(in:o(1)); G ,,(I)) whereone! °
is taken from the relative interior of ead d-dimensional Grebner cone cortained in
T (1). The union of all the C,o(1) is T (l).
f

T:=1(G,(n(1):G,()ga

old = ;;

While (T 6 Old)
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Figure 2.4: A projective drawing of the situation in Algorithm 2.29,with T (I') onthe
left and T (in (1)) on the right.

Oold:= T,
T := T [ Neighbors(T);

Proof of correctness. By Neighbors(T) we mean the union of all the output of
Algorithm 2.29 applied to all pairs in T. The algorithm computesthe connected
componert of the starting pair. Sincel is a prime ideal, Theorem 2.17 implies that

the union of all the computed C, o(1) is T (1). l

To useAlgorithm 2.30we must know a starting d-dimensionalGrebner conecon-
tained in the tropical variety. One ine cient method for nding one would be to
compute the ertire Grebner fan. Instead we currently use heuristics, basedon the

following probabilistic recursive algorithm:

Algorithm  2.31. Starting Cone

Input: A marked reduced Grobner basis G for an ideal | whosetropical variety is
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pure of dimensiond = dim(l). A term order for tie-breaking.

Output: Two marked reducedGrebner bases:

Onefor aninitial idealin, o(I ) without monomials,wherethe homogeneiy space

of in, o(1 ) hasdimensiond. The term orderis o.

A marked reducedGrebner basisfor | with respectto o.

If (dim(1) = homog())
Return (G (1);G (1));
If not
f
Repeat
f
Compute a random reducedGrebner basisof | ;
Compute a random extremeray ! of its Grebner cone;
g
Until (in, (I') is monomial free);
Compute G, (1);
(Gt ; Geunr):= Starting ConeG |, (in: (1)));
Apply Algorithm 2.28to G, (1) and G-y
to get a marked reducedGrebner basisG’ for | ;
Return (G nit ; &);
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2.2.5 Softwae and Examples

The algorithms of Section2.2.4 are implemerted in the software padkage Gfan [34].
Gfan usesthe library cddlib [23 for polyhedral computations sud as nding facets
and extremerays of conesand bringing conesto canonicalform. The library gmp[21]
suppliesboth polyhedral computations and e cien t exact arithmetic in Q[x]: (The
input is required to have only rational coe cien ts.) In this sectionwe illustrate the

useof Gfanin computing various tropical varieties.

Example 2.32. We considerthe prime ideal |  C[a;b;c;d;e;f;g] which is gener-

ated by the 3 3 minors of the genericHankel matrix of size4 4:
0 1
abcd

b cd e
d e f
def g

(@]

Its tropical variety is a 4-dimensionaffan in R’ with 2-dimensionalhomogeneiy space.
Its combinatorics is given by the graph in Figure 2.5. To compute T (1) in Gfan, we

write the ideal generatorson a le hankel.in :

% more hankel.in

{-c"3+2*b*c*d-a*d"2-b"2*e+a*c*e,-c"2*d+b*d"2+b*c*e-a*d*e-b"2 *f +arc*f

-c*d"2+c"2*e+b*d*e-a*e"2-b*c*f+a*d*f,-d"3+2*c*d*e-b*e"2-c"2* f+ b*d*f,
-c"2*d+b*d"2+b*c*e-a*d*e-b"2*f+a*c*f,-c*d"2+2*b*d*e-a*e”2-b" 2*g+a*c*g,
-d"3+c*d*e+b*d*f-a*e*f-b*c*g+a*d*g,-d"2*e+c*e2+c*d*f-b*e*f- ch2*g+h*d*g,
-c*d"2+c"2*e+b*d*e-a*e2-b*c*f+a*d*f,-d"3+c*d*e+b*d*f-a*e*f- b*c* g+a*d*g,
-d"2*e+2*c*d*f-a*fr2-c"2*g+a*e*qg,-d*e2+d"2*f+c*e*f-b*f 2-c* d*g+b*e*q,
-d"3+2*c*d*e-b*en2-c"2*f+b*d*f,-d"2*e+c*e2+c*d*f-b*e*f-ch2* g+b*d*qg,
-d*eN2+d"2*f+cre*f-b*f 2-c*d*g+b*e*g,-e"3+2*d*e*f-c*f 2-d"2* g+cre*qg}

We then run the command
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gfan_tropicalstartingcone < hankel.in > hankel.start

which appliesAlgorithm 2.31to producea pair of marked Grebnerbases.This output

represems a maximal conein T (I ), asexplainedprior to Lemma2.21.

% more hankel.start

{

c*f"2-c*e*q,

b*\2-b*e*g,

b*e*f+c"2*q,

b*e/2+cN2+,

b"2*g-a*c*g,

b"2*f-a*c*f,

b"2*e-a*c*e,

a*fr2-a*e*q,

a*e*f+b*c*g,

are"2+b*c*f}

{

c*fr2+e3-2d*e*f+d"2*g-c*e*q,
b*2+d*e2-d"2*f-c*e*f+c*d*g-b*e*qg,
b*e*f+d"2*e-c*e"2-c*d*f+c/ 2*g-b*d*q,
b*e2+d"3-2c*d*e+c 2*f-b*d*f,
br2*g+ch2*e-b*d*e-b*c*f+a*d*f-a*c*g,
b"2*f+c2*d-b*d"2-b*c*e+a*d*e-a*c*f,
b"2*e+c”3-2b*c*d+a*d"2-a*c*e,
a*fr2+d"2*e-2c*d*f+cN2*g-a*e*q,
a*e*f+d"3-c*d*e-b*d*f+b*c*g-a*d*g,

a*e"2+c*d"2-c"2*e-b*d*e+b*c*f-a*d*f}

Using Lemma 2.21 we can easilyread o the canonical equationsand equalities for
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the correspnding Grebner coneC, (1). For example,the polynomialscf? cegand

cf2+ e 2def + d’g cegrepresen the equation

and the inequalities

Vot 20 minf3l gl g+ te+ 209+ g e+ e+ 140
At this point, we could run Algorithm 2.30using the following command:
gfan_tropicaltraverse < hankel.start > hankel.out

Howewer, we can save computing time and get a better idea of the structure of
T (1) by instructing Gfan to take advantage of symmetriesof | asit producescones.
The only symmetriesthat can be exploited in Gfan are those that simply permute
the variables. The output will shav which conesof T (1) lie in the sameorbit under
the action of the symmetry group we provide.

Our ideall isinvariant underre ection ofthe 4 4-matrix acrossthe anti-diagonal.
This reversesthe order of the variablesa;b;:::;g. To specify this permutation, we

add the following line to the bottom of the le hankel.start
{(6,5,4,3,2,1,0)}

We canadd more symmetriesby listing them oneafter another, separatedoy commas,
inside the curly braces. Gfan will compute and usethe group generatedby the set
of permutations we provide, and it will return an error if we input any permutation

which is not a symmetry of the ideal.

After adding the symmetries,we run the command
gfan_tropicaltraverse --symmetry < hankel.start > hankel.out

to computethe tropical variety. We shaw the output with someannotations:



44

% more hankel.out

Ambient dimension: 7

Dimension of homogeneity space: 2
Dimension of tropical variety: 4
Simplicial:  true

Order of input symmetry group: 2
F-vector. (16,28)

A short list of basicdata: the dimensionsof the ambient space,of T (I), and of its
homogeneiy space,and also the face numbers (f -vector) of T (1) and the order of

symmetry group speci ed in the input.

Modulo the homogeneity space:
{(6!514a3121-110)1
(5,4,3,2,1,0,-1)}

A basisfor the homogeneiy space.The following rays are consideredin the quotient

of R” modulo this 2-dimensionalsubspace.

Rays:

{0: (-1,0,0,0,0,0,0),
(-5,-4,-3,-2,-1,0,0),
(2,0,0,0,0,0,0),
(5,4,3,2,1,0,0),
(2,1,0,0,0,0,0),
(4,3,2,1,0,0,0),
(0,-1,0,0,0,0,0),
(6,5,4,3,2,0,0),
(3,2,1,0,0,0,0),
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9: (0,0,-1,0,0,0,0),
10: (0,0,0,0,-1,0,0),
11: (0,0,0,-1,0,0,0),
12: (-6,-4,-3,-3,-1,0,0),
13: (-3,-2,-2,-1,-1,0,0),
14: (3,2,2,1,1,0,0),
15: (3,2,2,0,1,0,0)}

The direction vectorsof the tropical rays. Becausehe homogeneiy spaceis positive-
dimensional, the directions are not uniquely specied. For instance the vectors
(5 4 3 2 100 and(0;0;0;0;0;0; 1)representhe sameray. Notice that

Gfan usesnegatedweight vectors.

Rays incident to each

dimension 2 cone:

{26, &7}
2.4}, {35}
{49}, {5.10},
4.8 {58}
{8,11},

{0,12}, {1,12},
{0,1},

{1.6}, {07},
{1,9}, {o.10},

{0,13}, {1,13},
{6,214}, {7,14},
{9,213}, {10,13},
{6,10}, {7,9},
{6.7},
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Figure 2.5: The tropical variety of the ideal generatedby the 3 3 minors of the
generic4 4 Hankel matrix.

(11,12},
{11,15},
(14,15}

The conesin T (I) are listed from highestto lowest dimension. Each coneis hamed
by the setof raysonit. There are 28 2-dimensionalcones,broken down into 11 orbits

of size2 and 6 orbits of sizel.
The further output, which is not displayed here, shavs that the 16 rays break down
into 5 orbits of size2 and 6 orbits of sizel.

Using the sameprocedure,we now compute se\eral more examples.

Example 2.33. Let | bethe ideal generatedby the 3 3 minors of the generic5 5
Hankel matrix. We again use the symmetry group Z=2. The tropical variety is a

graph with vertex degreesranging from 2 to 7.

Ambient dimension: 9

Dimension of homogeneity space: 2
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Dimension of tropical variety: 4
Simplicial:  true
F-vector: (28,53)

Example 2.34. Let | be the ideal generatedby the 3 3 minors of a generic3 5
matrix. We usethe symmetry groupSs S, whereSs actsby permuting the columns

and Sz by permuting the rows.

Ambient dimension: 15

Dimension of homogeneity space: 7
Dimension of tropical variety: 12
Simplicial:  true

F-vector. (45,315,930,1260,630)

Example 2.35. Let | bethe ideal generatedby the 3 3 minors of a generic4 4
symmetric matrix. We use the symmetry group S; which acts by simultaneously

permuting the rows and the columns.

Ambient dimension: 10

Dimension of homogeneity space: 4
Dimension of tropical variety: 7
Simplicial:  true

F-vector: (20,75,75)

If we takethe 3 3 minors of a generic5 5 symmetric matrix then we get

Ambient dimension: 15

Dimension of homogeneity space: 5
Dimension of tropical variety: 9
Simplicial:  true

F-vector: (75, 495, 1155, 855)
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Example 2.36. Let | bethe prime ideal of a pair of commuting 2 2 matrices. That
is,|  Cl[a;b;:::;h] is de ned by the matrix equation
0 10 1 0 10 1

A@® 9 @® %r@°2 “A-g

b d f h f h b d

a C

@

The tropical variety is the graph K4, which Gfan reports as follows:

Ambient dimension: 8

Dimension of homeogeneity space: 4
Dimension of tropical variety: 6
Simplicial:  true

F-vector: (4,6)

If I isthe idealof 3 3 comnuting symmetric matricesthen we get:

Ambient dimension: 12

Dimension of homeogeneity space: 2
Dimension of tropical variety: 9
Simplicial:  false

F-vector: (66,705,3246,7932,10888,8184,2745)

2.2.6 Tropical variety versusGrebner fan

In computing the tropical variety of a prime ideall , wetook advantage of the fact that,
sincel is homogeneousthe set T (1) hasnaturally the structure of a polyhedral fan,
namely, T (1) is the collection of all conesin the Grobnerfan of | whosecorrespnding
initial ideal is monomial-free. A naive algorithm would be to compute the Grobner
fan of | and then retain only those d-dimensionalconeswho survive the monomial
test (Algorithm 2.24). The software Gfan also computesthe full Grebner fan of I,
and so we tested this naive algorithm. We found it to be ine cient. The reasonis
that typically the vast majority of d-dimensionalconesin the Grobner fan of | are

not in the tropical variety T (1).
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Example 2.37. Considerthe ideall in Example 2.32which is generatedby the 3  3-
minors of a generic4 4 Hankel matrix. Let J beits initial ideal with respect to the
rst vector! in the list of rays. Theinitial idealJ de nesatropical curve consistingof
5raysandthe origin. The curveis a subfanof the much morecomplicatedGrobnerfan
of J. The Grebnerfan is full-dimensionalin R” with Cy(J) being three-dimensional.
Its f-vector equals(1; 7167 3265645072 19583). Of the 7167rays only 5 are in the
tropical variety. The Grobnerfan of J is the link of the Grobnerfan of | at!. We

were unable to compute the full Grebnerfan of I .

Example 2.38. Toric Ideals. Let|l = lxY xY : Au = Avi be the toric ideal of
amatrix A 2 Z9 " of rank d. The ideal | is a prime of dimensiond. The tropical
variety T (1) coincideswith the homogeneiy spaceCy(l) which is just the row space
of A. HenceT (1) modulo Cy(l) is a single point. Yet, the Grobnerfan of I can be
very complicated, as it encalesthe sensitivity information for an in nite family of

integer programs[47, Chapter 7].

We next exhibit an in nite family of idealssud that the number of raysin T (1)

is constart while the number of rays in the Grobnerfan of | grows linearly.

Theorem 2.39. Fix n= 3;d= 1 and for any positive integer p consider the ideal
l, = ha (c+ 1)P*%;b (c 1) i:

Then the tropical variety T (I,) consistsof 4 rays but

the Grobnerfan of |, has %(p+ 1) rays.

The ingredierts of the proof are Greobner basis calculations to showv that the
Grobner fan has many cells, an Euler characteristic argumen to shav that many
cells imply many rays, and a generalfact about constart-coe cient parametrized
tropical curvesthat showvsthat T (1) hasonly four rays.

Figures2.6 and 2.7 show the intersectionof the Grobnerfan of | with the positive

orthant (the restricted Grobnerfan) for somesmall valuesof p.
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A\ A

Figure2.6:p= 1,3

Figure 2.7: p= 5;7

Lemma 2.40. Theset& = fc a2 aP™;b aPgis the reduced Grobner basis of
I, with respect to the weightvector ! o = (1; 1+ p;p+ 3) whichis in the sameGrebner

coneas (0;1;1).

Proof: Clearly & |, andthe underlinedterms are the leadingterms with respect
to ! . Sincethe leadingterms arerelatively prime and do not divide any of the trailing
terms, the two polynomials form a reducedGrebner basisof the ideal they generate.
Thus it only remainsto showv that G, generatesl,. If f 2 I, = ker(a 7! t; b 7!
tP; ¢ 7! tP*1 + tP*2), then the normal form of f with respect to G is a polynomial

in a. This polynomial has to be zero sincethe kernel descrilked above cortains no
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univariate polynomial in a.

Remark 2.41. The picturesin Figures2.6and 2.7 aredrawn in the triangleswith ver-
tices (1;0; 0) (the right bottom vertex), (0; 1; 0) (the left bottom vertex) and (0; 0; 1)
the top vertex. The Grobnerconeof G, is the unique cell on the left of ead picture
with the segmehn [(0; 1; 0); (0; 0; 1)] as a face. The description of &, implies that this

Grebner coneis given as
Ko=f(x;y;2z) 0:y px; z (p+ 2xg:

In particular the extremerays of K, are generatedby (0; 1;0); (0;0; 1) and (1;p;p+
2)=: V.

Lemma 2.42. The restricted Grobnerfan of | , hasat least (p+ 1)=2 full-dimensional

Grobner cones.

Proof:  We will describe (p+ 1)=2 GrobnerconesK i;:::; K1) = arrangedcourter-
clockwisearoundv = (1;p;p+ 2), eat oneadjacen to the previous,with K ; adjacen
to Ko. Let G be the reducedGrebner basisof |, whoseGrebner coneis K. Let the
weight vector ! ; induce G. We will show that b is a minimal generatorof the initial
idealin , (Ip).

The facetinequalitiesof Ko arez (p+ 2)x; y pxandx 0. Flipping across
z= (p+ 2)x, and choosing! ; very closeto this wall but satisfyingz < (p+ 2)x, we
may write f, = a**2 + a®** candf, = b aP wherethe underlined terms are the
leadingterms with respectto ! ;. Then G, := faP*> + a**' c¢;b aPgis the reduced

Grebner basisof |, with respectto ! ;. Its Grebnerconeis
Ki=f(x;y;z) O:(p+2)x 2z y pxo:

Next we ip acrossthe wall y = px and choose! , very closeto this wall but satisfying

y < px. Reorderingthe elements of G; with respect to ! , and reducing where\er
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possible,we get G = ff, :== @ b;f, ;= a’b+ ab cg. To seethat the leading
term of a’b+ ab cis a?b, notethat ! , = (x;y;z) satis es the inequalities x; y;z >
0;(p+ 2)x > zandy < px with y very closeto px. Thus(p+ 2)x 2x+y> x+Yy;z.
Clearly G°generated , sinceit is obtained from G, by reorderingterms and reduction.
The S-polynomial of f; andf, isk?+ a® b aP 2c which canbe reducedby f,. The

normal form obtained is
fsr=0 ab+cl a+a® a’+ al ?)
and its leadingterm is b?. We claim that
G =ff;:=a bif,:=a’b+ab cfz:= ab+c(l a+a® a+ a’ ?)g

is the reduced Grebner basis of I, with respectto ! ,. To prove this we needto
show that the S-polynomial of f, and f 3 reducesto zeromodulo G,. Ched that the

S-polynomial is
h:= abf+bc ab+a’c(l a+a?® a+ aP ?):

Reducingmodulo f, we get

a+ bc a(c ab+ a’cl a+a? a‘+ aP ?) =

al? + bc ac+ a’b+ a’c(l a+a® a*+ ap 2) I
al+ bc ac+ (c ab+ a’c(l a+a? ad+ aP ?) =
al’ + bc ac+ c ab+ a’c a’c+ a‘c apc

al + bc ac+ c ab+ a’c asc+ a‘c +a ¢ bc=

f
a® ab+cl a+a® a +a H)I’°

a(ab c(1 a+a*> ad aP?)) ab+cl a+a® a®@ +af )=
a’b+ aql a+a? a a”?) ab+c adql a+a® ad aP ?) =

a?b ab+cl? 0.

Proof of Theorem 2.39. The ideal |, is prime. Its variety is the parametric curve

z7' ((z+ 1)P*?;(z 1)°;z). The polesand zerosof this map are0; 1;+1;1 . The
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tropical variety of | , consistsof the four rays de ned by the valuations at thesepoints.

Theserays are generatedby the columnsof
0 1
00 p+t2 p 2

bor o o

10 O

sothere are exactly four of them for any p.

To estimate the number of rays of the Greobner fan, considerthe 2-dimensional
polyhedral complex obtained by slicing the restricted Grobner fan of I with the hy-
perplanex; + X, + X3 = 1. This complexis a planar graph, so by Euler's formula we
havev e+ f = 2wherev is the number of verticesof the complex, e the number of
edgesand f the number of faces.

Since ead edgeis incident to exactly two facesand ead faceto at least three
edges,we get 3f 2e. Combining this with Euler's formula yieldsv = 2+ f =2.
Finally, we plug in the lower bound for f 1 given in Lemma 2.42to obtain the

desiredresult.
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Chapter 3
CIR CUIT IDEALS

This chapter consistsof the paper [9], coauthoredwith Anders Jensenand Rekha
Thomas. The only modi cations are to standardize notation and to shorten bad-

ground de nitions and material that appearin previouschapters of this thesis.

Je =Y xY :u2Bi K[xy:::;X,] whereB spansthe lattice L = fu 2 Z" :

aju; = 0g. Our main interestis to understandwhenthe toric ideal, | , of A equals
a given basisideal Jg with radical 1 . The circuit ideal, J¢, , of A is an exampleof
sud a basisideal.

We study sud a Jg in relation to |5 from various algebraic and conmbinatorial
perspectiveswith a special focuson Jc, . We prove that the obstruction to equality
of the idealsis the existenceof certain polytopes. This result is basedon a complete
characterization of the standard pairs/assaiated primes of a monomialinitial ideal of
Jg and their di erencesfrom thosefor the correspnding toric initial ideal. Eiserbud
and Sturmfels proved that the embeddedprimes of Jg are indexed by certain faces
of the conespannedby A. We provide a necessarycondition for a particular face
to index an embedded prime and a partial corverse. Finally, we compare various
polyhedral fans ass@iated to 14 and Jg, . The Grebnerfan of J¢, is shown to re ne

that of | o whenthe codimensionof the idealsis at most two.

3.1 Intro duction

Fix an orderedvector con guration A = fay;:::;a,g Z9 Assumethat thed n

integer matrix A = [a; ::: a,] whosecolumnsare the elemens of A hasrank d. Let



55

LA bethe (n d)-dimensional saturated lattice fu 2 Z" : Au = 0g. Also assume
that Lo \ N" = fOg or equivalertly that A hasa strictly positive vector in its row
span.

The support of a vectoru 2 Z" is de ned to be supp(u) := fi : u; 6 Og and u is

primitive if the greatestcommondivisor of its componerts is one.

De nition  3.1. A vectorc 2 L, is a circuit of A if (1) c is a non-zeroprimitiv e

vector and (2) there doesnot exist a non-zerod 2 L, with supp(d) ( supp(c).

Let Gy denotethe set of all circuits of A. Write ¢ = ¢* ¢ whereg = g if
G > 0 and 0 otherwise,and ¢ = ¢ if g < 0 and O otherwise. Identify ¢ 2 G
with the binomial X x® 2 K[x1;::::Xa] =@ k[x] wherek is an algebraically closed
eld andx" := xi*x32  xUn. Wereferto both c andx® x° asacircuit of A and

denoteboth lists by G, .
De nition  3.2. The circuit ideal of A is the binomial ideal J¢, := hGi  K[X]:
The circuit ideal J¢, is a subidealof the binomial prime toric ideal of A
o= Y XY U2 Lai

as de ned in Chapter 1. Toric ideals are the de ning ideals of toric varieties [25]
and have numerousapplicationsin conbinatorics, optimization, algebraand algebraic
geometry[47]. Theseconnectionanakethe computability of | , animportant practical

concern.

Prop osition 3.3. [47, Lemma12.2] Given a nite subsetB of L o, de ne the ideal
Jg = hx

+

xY 1 u 2 Bi k[x]. A setB smns L, if and only if (Jg

(X1X2  Xn)') = la.

When B spansL 5, Jg is calleda basis ideal of A. Proposition 3.3is the starting

point of the best algorithms to compute |, since a spanningset B of L, can be
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computed easily and ead saturation in
(s 0 (xax2  xa)') = ((((Js 1 x1) 1 %3) ) :ixp)

can be aciieved by a Greobner basis calculation ([31], [47, Chapter 12].) It can be
chedked that Gy spansL, and hencelc, is a basisideal of A and Io = (J¢,

(X1X2  Xn)1). Further, |4 is the radical of Jc, . Our main motivation is to under-
stand how closethe circuit ideal is to the toric ideal, and in particular, whenthey are
equal. The majority of our theoremshold for basisideals Jg with the property that
P Jg = I and we useJ¢, asour running example. The main questionwe addressis

the following.
Problem 3.4. When doesa basisideal Jg suchthat P Jg = |l equallp?

We investigate Problem 3.4 from se\eral di erent angles. Let NA denote the
semigroupfAu : u 2 N"g Z9 Both I, and Jz are homogeneousinder multi-
grading by NA with k[x]=l5 having Hilbert function value onefor all b 2 NA. In
Section 3.2 we recall conditions for the equality of I , and a basisideal Jg and then
exhibit various properties of Jg that cortrast those of toric ideals. We interpret the
multi-graded Hilb ert function valuesof k[x]=Jg.

From the point of view of Grebner basistheory, it is natural to investigate | 5
and Jg by examiningthe di erence betweentheir initial idealswith respectto a xed
weight vector! . In Section3.3, we give a completecharacterization of the asseiated
primes of a monomialinitial ideal of a basisideal Jg with P Jg = la (Theorem 3.22)
extending previously known characterizationsof the assaiated primes of a monomial
initial ideal of I, [32). The assaiated primes and the di erence betweenthe two
monomialinitial idealsare descriked in terms of certain polytopesthat dependon A
and! . Usingthis we answer Problem 3.4 by shawing that the obstruction to equality
of the idealsis the existenceof certain polytopesof the above type (Theorem 3.29).

A secondnatural measureof the di erence betweenthe two idealsin Problem 3.4

is an understanding of the embedded primes of Jg. Let cone@) denote the d-
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dimensionalconespannedby A. Recordaface ofcone@) asthe setofindices,j, of
all a; that lie on . Eiserbud and Sturmfels[2(] proved that the ass@iated primes of
Jg areall of the form P + 1, where is somefaceof cone@) andP := hx; :j 62 i.
In particular, o = Pjyp+ 14 isindexedby the full face[n] := f1;2;:::;ng of cone@).
Howeer, not all facesof cone(®) needindex an assaiated prime of Jg and Eiserbud

and Sturmfels raise the following problem for the special caseof J, .

Problem 3.5. [20, x7] \It remains an interesting combinatorial problemto charac-
terize the emledded primary componentsof the circuit ideal Jc, . In particular, which
faces of cone@A) supmrt an assaiated prime of Jc, ? An answerto this question
might be valuablefor the applications of binomial ideals to integer programming and

statistics."

In Section 3.4, we give a necessarycondition for a prime P + |5 to be an em-
beddedprime of a basisideal Jg with P Jg = o (Theorem 3.32) using the resultsin
Section3.3. We also provide a partial converseto Theorem 3.32. As an application,
we derive connectionsbetweenthe smaothnessof the toric variety de ned by a face
of cone@@) and P + |5 beingan embeddedprime of Jc, whenA is a gradedvector
con guration.

Given a homogeneousdeal | and a weight vector! 2 R", let in, (I) be the
initial ideal of I with respectto !, P in, (I the radical of in, (1), and top(in, (1))
the intersection of the top-dimensionalprimary componerts of in, (1). Theseertities

de ne three equivalencerelations on R" asfollows.
1. The initial ideal equivalencerelation: u v, inyg(l) = iny(l),

2. the top equivalencerelation: u v, top(iny(l)) = top(in(l)), and

3. the radical equivalencerelation: u v, P ing(l) = P iny(I).
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Recallthat for any homogeneousdeal |, the initial ideal equivalenceclassedorm the
cellsof the Grebnerfan of | . For I, it is well known that the other two equivalence
classeslsoform polyhedralfans| the radical equivalencerelation givesthe secondary
fan of A [7], [47, Chapter 8], and the top equivalencerelation givesthe hypergeometric
fan of A [42. In Section 3.5 we prove that for J¢,, the equivalenceclassesof the
radical and top equivalencerelations coincide with those for |, (Theorem 3.59 and
Proposition 3.60). Howewer, the Grebner fans of 1, and Jg, do not coincide in
general. Corollary 3.62 provesthat when the codimension of the ideals is at most
two, the Grobner fan of Jc, re nes that of 1 5. Again, the theoremshold in greater

generalily than for circuit ideals.
3.2 Prop erties of 15 versus Jg

Consider A = fay;:::;ang Z% and the lattice L, asin the introduction. Let

B Z" beaspanningsetof L, and considerthe basisideal
Jgi= Y xY :u2Bi K[x]:

The toric ideal 1 o and the circuit ideal Jg, are of the form Jg. In particular, since
I isJpg for B = La, every basisideal Jg is cortained in | 4.

In this section we rst collect conditions equivalert to the equality of 1, and
Jg. Many of these stem from conbinatorics and optimization and most are well
known [15], [47]. We then cortrast Jg with 1, in light of these conditions, using
Jg = Jc, In our examples.

Considerthe semigrouphomomorphism : N" I NA suc that u 7! Au. The

since every binomial of the form x"  xY in Jg is A-hom@en®us with A-degree

(u)y=Au=Av = (v). LetH;, : NA! N bethe A-gradedHilbert function of
k[x]=Jg givenby b 7! dimy(k[x]=Jg),. Let H,, bethe samefor I ,.

SinceLa\ N" = f0g, foreatib 2 NA, the polyhedronP, := fx 2 R", : Ax = bg
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is bounded[43] which impliesthat  (b) := fx 2 N" : Ax = bg= P, \ N" is nite

for all b 2 NA. For a xed b 2 NA, the set (b) admits two natural graphsas
follows. First, choosea binomial generatingset G(Jg) of Jg and let FB(b) be the
graphon 1(b) sud that u isadjacert to v in FB(b) if x4 x" isamonomialmultiple

of abinomial in G(Jg). Next, x agenericweight vector! 2 R" in the sensehat the
initial ideal in, (Jg) is a monomialideal. Let G, (Jg) be the marked reducedGreobner
basisof Jg with respectto ! . Elemerts of G, (Jg) are A-homogeneousinomials and
the Grebner basisbeing marked meansthat the rst term in ead binomial f is its
initial term in, (f). Construct the directed graph F2(b) on  (b) by drawing an
arrow from u to v in FB(b) if and only if x4  xV is a monomial multiple of some
marked binomial in G, (Jg). In the special caseof Jg = |5, we denoteF B(b) by just
F (b) and FE(b) by F, (b).

Lemma 3.6. [15, Theorem 1.1] Vectors u;v 2 (b) arein the samecomponent of

FB(b) if andonly if x4 XV liesin Jg.

Lemma3.6shavsthat while the edgesn F B(b) dependon the choiceof generating
set G(Jg), the componerts, and in particular the number of componerts, do not
depend on this choice. Further, FB(b) and FB(b) partiton  *(b) idertically into

componerts. The following theorem collectsresults from [15 and [47].

Theorem 3.7. The following statementsare equivalent.

1. Theideals |, and Jg are equal.

2. For everyb 2 NA, the graph F B(b) is connected.

3. For everyb 2 NA, the digraph F?(b) has a unique sink. (In this case, the
uniquesink u in F2(b) is the optimal solution of the integer program

minimizef! x : Ax = b; x 2 N"g.)
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4. For everyb 2 NA and generic weightvector ! 2 R", in, (Jg) has a unique

standad monomial of A-degree b. (In this case, the standad monomial of

A-deggree b is x“ whee u is the uniquesink in F8(b).)

5. For everyb 2 NA, the Hilbert function valueH ;,(b) is one.

Proof:  Statemerts (2){(5) are all true if Jg equalsl; see[47, Chapters 4,5,10].
Further, 1o = Jg if and only if G, (1) = G, (Jg) if and only if for eat b, FB(b)

equalsF, (b) and henceif and only if FB(b) and F (b) have the samecomponerts.

Hence(l) is equivalent to (2) and (3). Sincedg |, the two idealsare equalif and

only if (5). The equivalenceof (3) and (4) follows from Lemma 3.10 below.

Remark 3.8. 1. The connectivity of F(b) was usedin [16], in the context of

statistical sampling, to deviserandom walks on  1(b). Of particular interest
wasthe casewherel o = Jg, which allows (b) to be connectedusing circuits
of A. In Section3.3we will seethat under further assumptionson Jg, for most
b 2 NA, FB(b) isin fact connected(Theorem 3.26), and that the setofb 2 NA

for which F B(b) is disconnectedcan be descrited precisely Seealso[15].

. The equality of I , and J¢, will allow all integer programsof the form

minimizef! x : Ax = b;x 2 N"g

asb and! vary to be solved by reducedGrebnerbasesof Jc, . The signi cance
of this is that the circuits of A are preciselythe primitiv e edgedirections of the
polyhedra P, asb variesin NA and hencethe directions taken by the simplex

algorithm in solving linear programsof the form

minimizef! x : Ax = b;x 2 R" g

Using circuit ideals, we now cortrast various properties of Jg with thoseof | 4.
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Prop osition 3.9. 1. The graph FB(b) may have arbitrarily many components,

evenif we restrict to the caseof A 2 z1 3.

2. The standad monomialsof in, (Jg) of A-degree b are not necessarilythe cheap-

est monomials of that degree with resgct to ! .

Proof: (1) For any natural numberk 2,let Ay = (k 2k+ 1 3k+ 1) and let By be
the set of circuits of Ax. Sincethe three ertries of Ay are pairwise relatively prime,
the circuits arex?*1  yk x3*1  ZK andy3*1  z%*1 with A-degree2k?+ k; 3k?+ Kk,
and 6k? + 5k + 1 respectively. Thusthe graph F B«(b) hasno edgeswhenb< 2k?+ k.
In particular, this holds if we take b = m(3k + 1) for m = bk=2c. This particular
FB«(b) hasat leastm + 1 verticesf(j;j;m j):0 j mg, so it has at least
m + 1= bk=2c+ 1 componerts.

(2) ConsiderA = f3;4;5g9. The gradedreverselexicographicGrebnerbasisof J¢,

witha b cis
fa* phal b PG adha’d® b athd o

The monomials of degreel7 are a*c;a’l?; abé and b’c of which the last three are
standard monomials of the above grevlexinitial ideal of J¢, . Howewer, we seethat

the non-standard monomial a*c is cheaper than the standard monomial ak?.

We now prove that H ;, (b) equalsthe number of componerts of F B(b), or equiv-
alertly, of FB(b). Proposition 3.9 (1) then shaws that the values of H;, can be

arbitrarily largeewvenfor d andn xed. In cortrast, H,, (b) = 1for all b 2 NA.

Lemma 3.10. Each component of F8(b) hasa uniquesink u and x" is the unique
standad monomial of in, (Jg) amongall monomials x¥ suchthat v is in the same
compnentasu. In particular, a monomial x" of A-degree b is a standad monomial
of in, (Jg) if and only if for all v 6 u in the samecomponent of F2(b) asu, ! u<

I v,
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Proof: Let D be an arbitrary componert of F2(b), v be an arbitrary vertex in
D, and x" be the normal form of x" with respectto G, (Jg). Then x" is a standard
monomialofin, (Jg) andby Lemma3.6,u isin D. If x" is another standard monomial
of in, (Jg) with u®in D, then by Lemma3.6,f = x¥ x“’ 2 Jg with in, (f) equal
to either x! or x"°, a cortradiction. This implies that x" is the unique normal form
of all x¥, v 2 D and henceit is the unique sink in D. The remaining assertionsnow

follow.

Prop osition 3.11. The Hilbert function value H ;, (b) equalsthe number of compo-

nents of F2(b).

Proof: By Lemma 3.10 (2), eath componert of F2(b) cortributes precisely one
standard monomial of in, (Jg). The number of standard monomials of in, (Jg) of

degreeb equalsdimy(k[x]=in, (Jg))p = dimy(k[x]=Jg)p = Hj, (D).

Example 3.12. When |, 6 Jg, the distribution of values of H;, can be quite

complicated. In Figure 3.1, we plot thesevaluesfor B = G, of

0 1

1 3 2 4
A=@ A

1452
The boundary of cone@) is shavn by dashedlines. Notice that deepin the interior

of the cone,all of the valuesare one. Theorem 3.26 provesthis fact.
3.3 Monomial Initial Ideals of the Circuit Ideal

In this sectionlet A and B be asin Section 3.2 with the further assumptionthat
pﬂ = la. This assumption always holds when B is the set of circuits of A [20,
Proposition 7.10]. Fix a genericweight vector! 2 R" sud that in, (1») andin, (Jg)
are both monomial ideals. The main result of this sectionis Theorem 3.22 which

characterizesthe assaiated primes of in, (Jg) in terms of certain polytopesde ned
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Figure 3.1: The distribution of valuesof H;, for the circuit ideal of the matrix A in

Example 3.12.
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from A and! and their lattice points. This theoremgeneralizesTheorem2.5in [32]
which gave a complete characterization of the assaiated primes of in, (I 5) in terms
of certain lattice-point-free polytopes de ned from A and ! . Using Theorem 3.22,
we descrile the similarities and di erences betweenthe assaiated primes (standard

pairs) of in, (1) and in, (Jg), and give an answer to Problem 3.4 (Theorem 3.29).

Prop osition 3.13. Let| and J be homa@en®us ideals in K[x] with P J = 1. Then
P ini (J) = P in, (1) forall ! 2 R".

Proof: Sincepj =1,J I which implies that in, (J) in, (1) and hence
p

in, (J) P in, (I) forall! 2 R". To prove the other inclusionwe rst obsene that

in, (1) is ! -homogeneousincein, (1) is. Henceit su ces to shav that any homo-

geneouslemer in P in, (1) is alsoin P in, (J). Letf 2 P in, (1) be! -homogeneous.
Then there exists somem sud that f™ 2 in, (I). The polynomial f™ is also! -
homogeneoussof™ = in, (F) for someF 2 I. Sincepj =1, FX 2 J for somek,
andin, (F¥) = in, (F)* = f ™. Hence,f 2 P in, (9).

De nition 3.14. [47, Chapter 8]

1. The regular triangulation of A with respectto ! is the simplicial complex

on the vertex set[n] = f1;:::;ng suc that fi,;:::;i,g [n]isafaceof , if

2. The Stanley-Reisner ideal of a simplicial complex on [n] is the ideal in Kk[X]

generatedby the monomialsx := Qiz X;j for eaty minimal nonface of .

Theorem8.3in [47] statesthat P in, (15) isthe Stanley-Reisneideal of the regular
triangulation | of A. For a set [NJdene P = tx; :j 621 K[x]. Note that

P is a monomial prime ideal sudh that k[x]=P hasKrull dimensionj j.
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Corollary 3.15. For a basisideal Jg with P Jg = | A, the following hold.

1. All the assaiated primes of in, (Jg) are monomial ideals of the form P whele

is a face of the simplicial complex .

2. The prime P is a minimal prime of in, (Jg) if and only if is a maximal face

of |

Proof: If | isthe Stanley-Reisnelideal of a simplicial complex on[n], then | has
the irredundant prime decompsition | =\ ;max) P wheremax() is the setof

maximal facesof [47, Chapter 8]. Thusthe minimal primesofin, (Jg), which equal

the minimal primes of P iny (Jg) = P iny (1) (by Proposition 3.13), are the primes
P as variesin max( ), proving (2). If P is an embeddedprime of in, (Jg), then
for some 2 max( ). This impliesthat is alower dimensionalfaceof .,

proving (1).

If is alower dimensionalfaceof ,, P may or may not be an enbeddedprime
of in, (Jg). Theorem 3.22 characterizesthe lower dimensionalfacesof , that index

embeddedprimes of in, (Jg).

Example 3.16. Let B be the set of circuits of the matrix

0 1

1111
A= @ A -

0123
Usingthe program Gfan[34] we nd that both |1, and Jg haveeigh distinct monomial
initial ideals. Table 3.1 givesa represermativ e weight vector! for ead pair of initial

idealsand veri es Proposition 3.13.

Remark 3.17. If we drop the assumptionthat P Jg = |, then it neednot be that
in, (Jg) is the Stanley-Reisnerideal of any regular triangulation of A. For the

matrix A in Example 3.16,the setB = f(1; 2;1;0);(2; 3;0;1)g spansthe lattice
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Table 3.1: Comparisonof initial idealsof | , and Jg from Example 3.16.

! iny (Ia) iny (Jg) radical of both initial ideals
(10;0;1;3) | hac;ad;bd hac;a’d; bd;adfi hac;ad;bd
(10;0;3;1) | hac;c?; adi hac;c?; a’d; abd;ac?i hc; adi
(3;1;10,0) | hac;bc;c?; a?di | hac;k’c;c?; a?d;bcd "

(1;3;10,0) | ho*;ac;bc;c?i | ho’;ac;b’c;c?; bed ho;ci
(1,5;3,0) ho; be;ci ho?’; abc;,c?; bed "
(0;10,3;1) | h?;bc;c; bd hy; abeb@; ¢; bd

(1;3;0;10) | ho*;ad;bd h?; a?d; bd;acd;ad?i ho;adi
(3;10,0; 1) | H?; bcbd;ad?i | h; abcbd; bd;ad?i "

L and Jg = hac P?;a?d bP’i. The radical of Jg is bc ad;b*> ad, a proper
subidealof | 5. The grevlexinitial ideal of Jz with a b ¢ d is h;abc;a?c?i

whoseradical is hb;ad . This ideal is not listed in the last column of Table 3.1.

We now establishthe necessaryde nitions and lemmasfor Theorem 3.22. The
assaiated primes of a monomial ideal M can be studied via a combinatorial con-

struction introducedin [50] called the standad pair decomposition of M .

De nition 3.18. Let M K[x] be a monomialideal, x" a standard monomial of M

and [n]. Then (xY; ) is an admissiblepair of M if:

1. supp(u)\ =,

2. all monomialsin x" K[x; : j 2 ] are standard monomialsof M.

An admissiblepair (xY; ) of M is called a standard pair of M if there doesnot exist

another admissiblepair (xV; ) sudhthat v u andsupplu V)|

The (unique) decompsition of the standard monomialsof M givenby its standard

pairs is the standad pair decomposition of M. Let Ass(l ) denotethe setof assaiated
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primes of anideal I. SinceM is a monomial ideal, all elemerts of Ass(M ) have the

form P for some [n]. Standard pairs of M are related to Ass(M ) asfollows.

Prop osition 3.19. [50, Lemmas3.3 and 3.5]

1. P 2 Ass(M) if andonly if M hasa standad pair of the form (; ).

2. P is a minimal prime of M if and only if (1; ) is a standad pair of M.

We now de ne the polytopesneededin Theorem3.22. Fix amatrix G2 z" (" 9
whosecolumns form a basisfor the lattice L,. Sud a G is called an integer Gale
dual of A. In particular, the columnsof G spanthe kernelof A asan R-vector space.
Foru 2 N" let

Qu=fz2R"%:Gz ug
Recall that by assumption,P, = fx 2 R", : Ax = bgis a polytope for all b 2 NA.

The polyhedron Q, is the imageof P,, under the isomorphism
v fX2R": Ax = Aug! R" Ysuchthat x 7! zwhereu Gz = x:

For eadh x 2 R" sudh that Ax = Au, u x = Gz for somez 2 R" 9 sinceu x 2
ker(A) = fGz : z 2 R" Yg. Further, this z is unique sincethe columnsof G are
linearly independen. The vector u mapsto O under , and hence0O 2 Q,.
Next, de ne
Qu: =Qu\ fz2R"4:( 1G)z 0g;

the subpolytope of Q, createdby adding one new inequality dependingon! . For

afaceof |, further de ne
Qu =fz2R"4:(Gz u);( 'G)z 0g

where(Gz u) denotesthe subsystemof inequalitiesindexedby in Gz u. The-
orem 1in [33 provesthat the relaxation Q, ., is a polytope (i.e. that it is bounded.)
For a non-zerolattice point z 2 Q.. , setm, := (u Gz) . Let G; denotethe

i-th row of G.



68

Remark 3.20. 1. Thei-th componert (m;); > 0if and only if z violatesthe i-th

inequality Gjz u; amongthe inequalitiesGz u de ning Q. .

2. Sinceeweryz 2 Q,, satisesG;z u; fori 62 , the support of m, is corntained

in

3. The vector m, is the componert-wise smallestvector m in N" with support in
sudh that 22 Qusm: -

4. By the de nition of m,, u+ m, Gz2 N".

Theorem 3.22will generalizethe following theoremfor toric ideals.

Theorem 3.21. [32, Theorem2.5] Assumeu 2 N" and 2 , suchthat supp(u)\
= ;. Then (x"; ) is a standad pair of in, (15) if and only if the following two

conditions hold.

1. There are no non-zep lattice points in Q. .
2. For everyi 2 there is a non-zep lattice point in QU[;f! 9,

Theorem3.22is analogous put involvesan algebraiccomponert rather than being

purely polyhedral. Recallthat x = Qiz Xj.

Theorem 3.22. Assumeu 2 N" and 2 |, suchthat supp(u)\ = ;. Then

(x"; ) is a standad pair of in, (Jg) if and only if the following two conditions hold.

1. For each non-zeo lattice point z in Q. , x!*™M=  x4*M: 62 62Jg : x*).

2. For eachi 2 , there exists somenon-zep lattice point z 2 Qu[;f! '9 suchthat

+ + G oyl
xHtMe x0T 22 2 (Jg 1 X )
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We rst useTheorem3.22to reprove Theorem 3.21.

Proof of Theorem 3.21: Sincel 5 is prime and monomial free, (1o : x* ) = I for all
[n]. Thusif z is a non-zerolattice point in Q,,, , then x!*M=  x4*Mz 622, =
(Ia : x1). Hence,Theorem3.22(1) holdsif and only if there are no non-zerolattice

points in Q,., . Similarly, Theorem3.22(2) holdsin the toric situation if and only if
for everyi 2 thereis a non-zerolattice point in Qu[;fl 9,

Proof of Theorem 3.22 () ): Suppose(x"; ) is a standard pair of in, (Jg). Then by
Corollary 3.15 2 ,, andsupp(u)\ = ;. Supposez is a hon-zerolattice point
in Q,,. Then (! G)z 0, and because is generic,we may assume (! G)z < 0.
For any m 2 N" with support cortained in , x“*™ is a standard monomial of
in, (Jg) since (x"; ) is a standard pair. If further, m m, = (u Gz) , then
u+m Gz2N'andA(u+m Gz) = A(u+ m) sinceAG = 0. Also,! (u+
m Gz)=! (u+m) (G)z<! (u+ m)since (! G)z < 0. Therefore, by
Lemma3.10,xu*™  xU*Mm Gz §2Jg. In particular, xU*Mz  xU*Mz Gz 623, and for
all m°2 N" with support in , x™°(xU*Mz  xu*m: Gz) 62J5. Rewriting, this gives
xurmz - yutmz Gz g Js 1 x1) and (1) holds.

Supposei 62 . Then there exists somem 2 N" with supp(m) andp> 0
sudh that x“*MxP 2 in, (Jg). Let g be the unique sink in the samecomponert of
FE(A(u+ m+pe)) asu+ m+ pe;. Notethat q 6 u+ m+ pe; sincex? 62n, (Jg). Let
z2 Z" 9pesucthat q= u+ m+pe Gz. Thenu+ m+ pe mapsto 0 and q maps
t0z6 0in Quim+pe, UNDdErthe map yim+pe - Since! q=1! (u+m+pe Gz)<

' (u+ m + peg), we seethat (! G)z < 0. Therefore, z is a lattice point in
If
u;!

Qu+m+pe 1 andhencein Q 'Y obtained by throwing away the inequalitiesof Gz u

indexedby [ fig from Quim+pe - This is becausesupp(m + pe;) [ fig.
By de nition, m, m + pe sincem, is the componern-wise smallest vector m°
with support in [ fig sudh that z 2 Qu[Iniqgo;! and we know that z 2 Qu+m+ pe; -

Sinceq = u+ m+ pe; Gz liesin the samecomponert of FE(A(u + m + pej)) as
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u+ m + pe, by Lemma3.6,

u+m+ pe;j Xu+m+pei Gz — Xm+pei mz(xu+mZ Xu+mz GZ)ZJB.

X

This implies that x"*™Mz  x"*Mz ©22 (Jg : x*; ;) and (2) holds.

(( ): Suppose(1) and (2) hold for some 2 , and someu 2 N" with support
in . We rst shaw that x“*™ is a standard monomial of in, (Jg) wherem 2 N" is an
arbitrary vector with supp(m) . Supposez is a non-zerolattice point in Qu+m: -
Then z is also a non-zerolattice point in the relaxation Q,, ,, = Q,,. Compute
m, for this u and z. Sincez 2 Quim1, M, m. By (1), (xU*Mz xu*rmz Gz) g2

(Jg : x!) which implies that
Xm mz(xu+mZ Xu+mZ GZ) - Xu+m Xu+m Gz 62]8:

Thus for eadr z 6 0 in Qu+m., the vectoru + m Gz doesnot lie in the same
componert asu + m. This impliesthat ! v > 1! (u+ m) for all v in the same
componert asu + m. By Lemma 3.10, x"*™ is a standard monomial of in, (Jg).
Sincesupp(u)\ = ; and m is an arbitrary vector with support contained in , we
concludethat (x"Y; ) is an admissiblepair of in, (Jg).

To shav that (xY; ) is a standard pair, we needto arguethat the monomialsof
this pair are not properly cortained in any other standard pair (xU% 9 of in, (Jg).
Supposethere is sud a standard pair. We rst arguethat = 2 By (2), if i 62

then there exists somenon-zerolattice point z in Qu[;f '9 sudh that

xUrmz  yurmz Gz o (3, - xl[f o)

This implies that there existssomep 2 N and m 2 N" with support in  sud that
xPxm(xu+rmz  xutmz Gz) 2 Jg. Since( ! G)z < 0, xPx™(xU*™z) is the leading
term of xPx™M(xu*mz  xutm: Gz) 2 Ju and henceis in in, (Jg). This construction
shows that not all monomialsof the form x“x% wherethe support of q is contained

in [ fig are standard monomialsof in, (Jg) and hence(x"; ) is not cortained in
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any admissiblepair (x¥; 9 with (% To nish the argumert, suppose(xY; ) is
cortained in a standard pair of form (x"; ). Thenu = m + u®for somem whose
support is cortained in . Howewer, because(x"; ) is a standard pair, the support

of u must alsobe disjoint from . Thusm = 0 and sou = u®

We now apply Theorems3.22 and 3.21to study the di erence betweenthe two
monomial idealsin, (1) and in, (Jg). This di erence will be the key to our study of

the assaiated primes of Jg itself in Section3.4.

De nition  3.23. A Jg-speci ¢ standad pair (JSP) is a standard pair of in, (Jg) that

Is not alsoa standard pair of in, (I,).

Corollary 3.24. Assumeu 2 N" and 2 | suchthat supp(u)\ = ;. Then
(x4; ) is a JSP if and only if the two conditions of Theorem 3.22 hold and there

existsat least one non-zeo lattice point z2 Q,,., .

Proof. If the two conditions of Theorem3.22hold then (x"; ) is a standard pair of
in, (Jg) andif thereis a non-zerolattice point z 2 Q,, , then by Theorem3.21,(x"; )
is not a standard pair of in, (I5). Thusit is a JSP. Corversely if (x"; ) is a JSP
then the two conditions of Theorem 3.22 hold. Supposethere is no nonzerolattice
point z 2 Q,., . Then condition (1) of Theorem 3.21is true. But sincecondition (2)
of Theorem3.22holdsfor this JSP, there is a non-zerolattice point in Qu[f.—'g for eath
I 62 , which is condition (2) of Theorem3.21. This impliesthat (x"; ) is a standard

pair of in, (1), cortradicting that it is a JSP.

Example 3.25. Considerthe matrix A and weight vector! given below:

0 1
11111

A= %o 345 GE; I = (1000 10Q 16; 1; 0):
007 809
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Let B be the set of circuits of A. The matrix

0 1
2 4
1 2
G= 5 9
1 O
3 7

is a Galedual of A and! G = (1851, 3710). We have
Jg = HPc® a‘e’;bd a’é®;bé a’d’;ce di
and its initial ideal
in, (Jg) = ha2d’; ce;a’d®e®; a*d*e’; a?d®e”; a*d?e®; a?d*e®; a'e’; a’d%e’; a2ePi

has58standardpairs. Theseidealsand standard pairs werecomputedusingMacaulay
2 [27. Consider the standard pair (d*€®;f1;2g) for which u = (0;0;0;4;3) and
= f1;29. The monomial d*e® is a standard monomial for the toric initial ideal

in; (1a) aswell and Q. \ Z? = f0g. Howeer, the polytope
8 0

1 0 1
3 5 9 0
Qu;!=§2222:% 1 o%z %4%;185121+371&2 0
: 3 7 3

cortains two more lattice points: (1;0) and (3; 1). Thus (x"; ) is not a standard
pair of in, (1), soit is a JSP. Both points have m, = (2;0;0;0;0). For (1;0),
xurmz - xurmz Gz = 2died  pAd® is not in (Jg : (ab?) but liesin (Jg : (aby)?!)
foreah y 2 fc;d;eg. Similarly, for (3; 1), xu*mz xu*mz 6z = 22d%® bcéde does
not lie in (Jg : (ab?! ) but liesin (Jg : (aby)! ) for eat y 2 fc;d;eg.

=W INV ©

We now use JSPsto give a precise description of the set H := fb 2 NA :
H,, (b) > 1g. This description givesa new proof of the following theoremalluded to

in Section3.2 (cf. Figure 3.1). The theorem alsofollows from [15, Corollary 5.3].
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Theorem 3.26. For all b 2 NA suciently far from the boundary of cone@),
H ;. (b) = 1 and hene the graphsF B(b) and F B(b) are connected.

Recallthat b liesin H if and only if for a generic! , in, (Jg) has more than one
standard monomial of degreeb. That is, H = fAu : x" 2 in, (I1a)nin, (Jg)g. Since
all standard monomials of degreeb other than the toric standard monomial lie on
JSPsof in, (Jg), it follows that H is cortained in the union of the imagesin NA of

the JSPsof in, (Jg) underthemap : N"! NA, u 7! Au.

Lemma 3.27. If (x"; ) is a JSP of in, (Jg), thenthe setfa; :i 2 g is contained

in a facet of cone@).

Proof:  Since(x"; ) is a standard pair of in, (Jg), by Corollary 3.15, is a faceof
the triangulation . Supposecone@ ) intersectsthe interior of cone@). Choose
a monomial x onthe JSP (x"Y; ) sudithat x 2 in, (I5). Let x be the standard
monomial of in, (1) of degreeA . Then x X 2 1 with leadingterm x . Since
xM™x 62n, (Jg) for any m, the binomial x™(x  x ) 62Jg for any m sinceits leading
term x™x would then be in in, (Jg). This implies that (Jg : x') 6 I5o. On the
other hand, every embeddedprime of Jg is of the form P + 1, where indexessome
proper faceof coneA) (seeProposition 3.30). The monomialx liesin ead of these
embeddedprimessince is not contained in any proper faceof cone@). This implies
that for m large enough,x™ liesin every primary componert of Jg exceptl o, which

in turn impliesthat (Jg : x! ) = 14, a cortradiction.

Proof of Theorem 3.26. By Lemma 3.27,if (x"; ) is a JSP of in, (Jg), then Au +
NA , its imageunder in NA, is cortained in a hyperplane parallel to a facet of
cone@). Sincethere are nitely many JSPsof in, (Jg), H is cortained in nitely
many hyperplanesparallel to the facetsof cone@). This implies that the maximum
distanceof a point in H from the boundary of cone@) is boundedwhich provesthe

theorem.
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We concludethis sectionwith an answer to Problem 3.4.

De nition  3.28. A polytope Q,,, correspndingto a JSP (x"; ) ofin, (Jg) is called
a JSP polytope of A.

Note that JSP polytopescan be de ned independerly of standard pairs by the

conditions of Corollary 3.24.

Theorem 3.29. The following are equivalent.

1. Theideals 1, and Jg are not equal.
2. There is a generic! 2 R" for which A hasa JSP polytope.
3. For everygeneric! 2 R", A hasa JSP polytope.

Proof: The ideal |5 = Jg if and only if for any generic! 2 R", in, (I5) = in, (Jg)
which is if and only if in, (Jg) hasno JSPs.

3.4 Associated Primes of the Circuit Ideal

In this section,we shov how the assaiated primes of Jg relate to the JSP polytopes
of its initial idealsdiscussedn Section3.3. Again, we assumethroughout this section
that Jg is a basisideal of A and that pE = lA. Recallthat a faceF of cone@) is

recordedasthe set :=fj : a 2 Fg [n].

Prop osition 3.30. [20, Proposition 7.8] All assaiated primes of Jg are of the form
P + 1, for someface of cone@). The toric ideal | o = P+ 14 Is the unique min-
imal prime of Jg. However,not all proper faces of coneA) need index an assaiated

prime of Jg.

De nition  3.31. [4] Let | be any ideal in k[x] and let P be an ideal that corntains
. Then P is an assaiated prime of | if P is prime and there exists somef 2 k[x]

sudh that (I :f) = P. Wecall f awitnessfor P.
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Using Proposition 3.30,we can now state the main results of this section. We say

that is the type of a standard pair of the form (; ).

Theorem 3.32. Let be any (possibly empty) proper face of cone@) and! be a
genericweightvector. If P + |5 is ass@iated to Jg (and hen@ emleddad), then there

exists and a Jg-speci ¢ standad pair of in, (Jg) of type suchthat

1. if is aface of cone@) properly contained in , then is not contained in

and

2. j = dim(cone@ )).

Furthermore, there is a witnessfor the prime P + | , whoseleading term with respect

to! lieson sucha JSP.

We also prove a partial corverse.

Theorem 3.33. For a generic! , if in, (Jg) hasa JSP of type , then Jg hasan

emleddad prime P+ |5 for someface of conea) suchthat

Before proving the theorems,we considera few implications. We say that a face
of cone@) is simplicial if j j = dimcone@ ). If is a simplicial face of cone@),
then no binomial in I 5 is supported ertirely on , SOP + | is just the monomial

prime P = hx; :i 2 i. Then Theorem 3.32specializesas follows.

Corollary 3.34. If P + 1, is an emleddea prime of Jg and is a simplicial face of

cone@), then for everygeneric! , in, (Jg) hasa JSP of type

The situation is more complicated when non-simplicial facesof cone@) index
embeddedprimes. In particular, Theorem 3.32 doesnot specify a particular [n]

sud that every monomial initial ideal of Jg must have a JSP of type
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Figure 3.2: The point con guration of Example 3.35.

Example 3.35. Let B be the set of circuits of the matrix

0 1
500210

A:%050142§1

005203

in R3, soby Proposition 3.30, there are sewen possibleembeddedprimes of Jg corre-
sponding to the sewen proper facesof cone@). All sewen of theseprimes are indeed
asseiated to Jg. The two non-simplicial 2-dimensionalfaces,f 1; 2; 5g and f 2; 3; 69,
index the primesP; .50+ |4 = Hf;d;c;alf € and Pypz69+ |4 = he;d;a;Pc® 5.
The third 2-facef 1;3g is simplicial and indexesthe prime Ps1.35 = ho;d;e;fi. The
remaining four primes P;1.54 = hc;d;e;f i, Pr13g = Mo;d;e;fi, Prasg = ha;d;e;fi, and
Prg = ha;b;c;d;e;fi correspnd to the three rays of coned) and to the apex, all of
which are trivially simplicial.

By Corollary 3.34, ead initial ideal in, (Jg) has JSPsof typesf1,;3g, f3g, f2g,
f1g, and ; correspnding to the v e simplicial facesof cone@). SinceP;q.255 + la
is assaiated, Theorem 3.32requiresthat in, (Jg) hasa JSP of type f1; 2g, f1;5g, or
f2,5g. Similarly, becauseof P;,.3.64 + | o, there must be a JSP of type f 2; 3g, f 2, 69,
or f3;69. We list the typesof JSPsthat appear for two term orders.

For lexicographicorder with f e ::: a, in (Jg) hasthe following types

of JSPs: f1;3g;f3g;f2g;f1g;; ;f1;2g;f2; 3g.
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For reverselexicographicorderwith a b ::: f,in (Jg) hasthe following

typesof JSPs: f1;3g;f3g;f2g;f1g;;;f6qg;f1;5g;f3;6qg;f2; 6g;f2;5g.

We now prove Theorem3.32. The ideaisto nd awitnessfor the embeddedprime
P + 1A, computeits normal form with respect to the reducedGrebnerbasisG, (Jg),
and show that the result is a withesswhose! -initial term lies on a JSP satisfying all

of the desiredproperties.

Lemma 3.36. If f is a witnessfor an emledded prime P + I, of Jg, then the

following hold.

1. The witnessf is in the toric ideal | 5.

2. For anyg?2 Jg, f + gis alsoa witnessfor P + 1 5. In particular, the normal

form of f with respect to G, (Jg) is a witness.
3. If x™ is a monomial with supp(m) , thenx™f is alsoa witness.

Proof:

1. Since is a proper face of condA), there is somevariable x; 2 P + |5, SO

Xif 2 Jg la. Sincel, is a prime ideal without monomials,f 2 1.

2. Sinceg 2 Jg, sois pg for any polynomial p 2 k[x], and thus p(f + g) 2 Jg ,
pf 2 Jg. ThUS(JB f+ g): (‘JB . f): P +1a.

3.1fh2 P + 14, then h(x™f) = (x™h)f isin Jg by the assumptionthat f is
a witness. On the other hand, if h 2 P + 1|,, then neither is xX™h because
supp(m) and P + |, is prime. Thusx™h 2P + 1, = (Jg : ), so
hz(Jg : x™f). Thus(Jg : x"f)=(Jg : f) =P + 1, asclaimed.
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Lemma 3.37. If f is a withessfor an emteddead prime P + |5 of Jg and f is the
normal form of f with resgct to G, (Jg), thenin, (f) liesona JSP (; ) of in, (Jg)
with

Proof: By Lemma3.36,f isalsoawitnessfor P + 1, andf 2 I,. This impliesthat
ing (f) 2 in, (1a) nin, (Jg), soin, (f) must lie on someJSP (; ) of in, (Jg). Since
xif 2 Jg wheneeri 2 becausd witnessed +1,, it followsthat x;in, (f) 2 in, (Jg)

fori 2 ,so

Proof of Theorem 3.32 SupposeP + |, is an embedded prime of Jg and e :=
dimcone@A ). We rst claim the following: there is a constart C sud that for all
suciently large N, P + I, has at least N¢ witnesseswhose normal forms with
respectto G, (Jg) have distinct leadingterms, and ead sud leadingterm xP hasthe
property that every componert of p is boundedabove by CN.

Supposethe claim is true. By Lemma 3.37,eat sudh monomial xP must lie on a
JSP of type  with . Each sudh standard pair cortains at most C/ /(N + 1) |
monomialsxP sud that p; is boundedabove by CN. Sincethere are only nitely
many standard pairs for in, (Jg), all the standard pairs of type with j j < etogether
cover only at most O(N ® 1) of the monomialswhich is not enoughto cortain the N ¢
leadingterms xP. Thus someof theseleading terms must lie on standard pairs ( ; )
with j | e Sinceby Corollary 3.15,ead is a faceof the triangulation , of A,
this is only possibleif j j = eand is not cortained in any face of cone@A) whose
dimensionis lessthan e. Theseare exactly the typesof standard pairs speci ed by
Theorem 3.32.

Now we prove the claim. SinceP + I, and Jg are both A-homogeneousthere
exists an A-homogeneouswitnessf for P + 15. Setx" := in, (f). Sincee =
dimcone@ ), we can nd an e-subset of sud that the columnsof A indexed
by are linearly independert. Thusif m; 6 m, are supported only on , then
Am; 6 Am,.
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Considerall polynomialsof the form x™f where0 m; < N fori 2 andm; =
fori 2 . Sud a polynomial is A-homogeneou®f A-degreeAm + Au and sois its
normal form with respect to G, (Jg) sinceJg is an A-homogeneousdeal. Thus the
normal forms of theseN € polynomials are all A-homogeneou®f di erent degreesso
in particular they all have distinct leading terms. Furthermore, by parts (2) and (3)
of Lemma 3.36, eat such normal form is a withessfor P + | 4.

It remainsto establishthat if xP is the leadingterm of one of the normal forms,
then eath componert of p is boundedby a constart multiple of N. Let a be a strictly
positive vector in the rowspan of A. Sud a vector exists sinceL, \ N" = fO0g.
By scaling, we can assumethat the minimum componert of a is 1. Let R be its
maximum componert. SinceAp = A(u + m), it followsthat a p = a (u+ m).
Thenkpk, = ' yp | N ap =

X X X0 X0
gui+m) R (u+m)=R(C u+ m)<R(kuky+ nN):
i=1 i=1 i=1 i=1

It follows that for any i, we have
pi kpki < RnN + Rkuk;

which is a bound of the desiredform.

We now prove Theorem 3.33. Recall the following algebraicfact.

Lemma 3.38. If | is an ideal in k[x] and g is any polynomial, then the asseiated

primes of (I : g') are exactlythe assa@iated primes of | that do not contain g.

Prop osition 3.39. Recall that x = Qiz X;. The assaiated primes of (Jg : x!)

are exactlythe asseiated primes P+ |, of Jg that satisfy

Proof: Wegetx 2 P + |, if andonly if somex; with i 2 liesin P + 15, which

occursif and only if is not cortained in . Now apply Lemma 3.38.
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Proof of Theorem 3.33 Suppose(x"; )isaJSPofin, (Jg). Choosef 2 |, sud that
in, (f) = xYx™ for somem 0. This is possiblesinceewery JSP of in, (Jg) cortains
non-standard monomialsof in, (I5). Sinceno monomial of the form in, (f) x lies
in in; (Jg), no polynomial of the form f x liesin Jg. This implies that (Jg : x!)
doesnot cortain f and is hencenot equalto 15. Howewer, since(Jg : x!) ( la,
(Jg : x!) must have an embedded prime. This prime is also enmbeddedin Jg by

Proposition 3.39,and it hasthe form P + |5 for some

Theorem3.33is only a partial converseto Theorem3.32. It is not true for a given
weight vector! that the existenceof a JSP (x"; ) ofin, (Jg) satisfyingthe conditions
of Theorem 3.32with respect to someproper face of cone@A) impliesthat P + 14

is ass@iated to Jg.

Example 3.40. Let B be the set of circuits of the matrix
0 1

1 3 2 4
A=0@ A

1452
The valuesof the A-gradedHilbert function of this A are shovn in Figure 3.1. The
proper facesof cone@) are f3g, f4g, and ;. Only the rst two index assaiated
primes of Jg. Howewer, if we take ! to represem the lexicographicterm order with
a b c¢ d thereare veJSPsofin, (Jg) of type ;. On the other hand, if !
represeis the A-gradedreverselexicographicorder with a b ¢ d, then there

are no JSPsof type ;.

Question 3.41. If is a face of cone@) suchthat for every generic! thereis a
JSP of in, (Jg) satisfying the conditions of Theorem 3.32 with respct to , then s

P + I, necessarilyasseiated to Jg?

We concludethis sectionwith an application of Theorem3.32to the speci ¢ caseof
circuit idealsof normal con gurations. Let B be the set of circuits of a con guration

A satisfying ZA = ZY and whose vectors comprise the lattice points in a lattice
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The polytope R de nes a projective toric variety X, and the facesf g of R (which
arein bijection with the facesof cone(d)) index a canonicalcollectionof a ne charts
fU g covering X [29. We investigate how smaothnessof U determineswhether

P + |, isasswiatedto Jc, = Jg.

De nition 3.42. 1. Let K be a corvex rational polyhedral conein R! that does
not cortain a line. We say that K is smath if it is generatedby primitiv e

vectorsthat form part of a basisfor Zt.

2. Let K¢ denotethe inner normal coneof a faceF of a polytope Q. The faceF

is smapth if the restriction of K¢ to the linear spanof Q is smaoth.

Remark 3.43. 1. If v is a smooth vertex of a polytope Q then there are exactly
dim Q edgesof Q incident to v. Further, the conedual to K, is also smooth
[22, Theorem 2.10, Chapter V]. Note that this dual coneis the tangert coneof

Q at v and contains Q.

2. A faceF of a polytope Q is smooth if and only if the a ne toric variety Ug is

smooth [25].

Theorem 3.44. Let A and R be as alove. If a, is a smmth vertex of R, then

Ping(= Ping + 1) is not an asseiated prime of Jc, .

Proof:  SupposeP:,q is asseiated. Sincefng is a simplicial face of cone@), by
Corollary 3.34,every monomialinitial idealin, (J¢, ) hasa JSP of the form (x"; f ng).
In particular, let ! represen an elimination order with x,, most expensive. That is,

any monomial corntaining X, is more expensiwe then any monomialthat doesnot. We
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Sincea, is smooth and R is corntained in the tangert coneat a,, for ead lattice
point in R (i.e. columnofA), thereareuniquem; 2 N sudthat a; = a,+ i ?:11 miyi:
Rearrangingterms, and settingM = 1+ P id:11 m;, we get

¥ 1
a+Ma, = m;a (3.1

i=1
with all coe cien ts nonnegatiwe. If ] = n, (3.1) reducesto 0= 0,andif1 | d 1,

it reducesto a = a;. But in the nontrivial casewhered 1< j < n, (3.1)is

a circuit becausea;;:::;aq 1;a, form a maximal linearly independen set. Thus
X; XM Qld S x™ 2 Jc, . By choiceof !, its leadingterm is x; x . Since(x";fng) is

a JSP, this term must not divide x\ x" for any N. Thusj 62upp(u).

For N suciently large, xNx“ 2 in, (15), sowe can choosex" 62in; (1) sud
that xNx! xY 2 1. Sincel, is prime, factor out any common monomial to get
x* x¥ 2 I, whered and v have disjoint supports. Sincet v 2 L, the convex
hulls of fa : i 2 supp(tt)g andfa; : i 2 supp(v)g must intersect.

Sincea, is smooth, we can assumeby applying an invertible Z-a ne transfor-
mation that a, is the origin and a; is the i-th standard basis vector in Z9 ! for
1 i d 1. Thatis,a,;a;;ay;:::;aq 1 arethe verticesof the standard simplex S
in RY 1. Sincej 2 supp(tt) foranyd 1< j < n, U:= comv(a : i 2 supp(t)) is
a faceof S. Sincesupp(v)\ supp(tt) = ; and S corntains no lattice points exceptits
vertices,V = conv(a; : i 2 supp(w)) consistsonly of verticesof S outside U along
with lattice points in RnS. Now S and RnS are both convex, soU and V could
intersectonly on the boundary of S. But sincethe verticesin U and thosein V\ S
form disjoint facesof S, there is no intersectionon this boundary, cortradicting that
U\ ve6,;

Example 3.45.

1. Non-smath verticesof R may or may not index assaiated primes of J¢, . For
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the A below, the polytope R is a triangle in R3.

0 1
11111

A:%03455§1

01112

None of the three vertices(0; 0), (5; 1), and (5; 2) of R are smooth. The vertices

(0;0) and (5; 2) both index assaiated primes, while the vertex (5; 1) doesnot.

2. Smooth edgesof R may index assaiated primes of J¢, . Considerthe matrix
0 1

1111111111111 11111
A= 00000OO0O0O0O0OO1I11111111
000111222000111222
012012012012012012

whosecolumnsare the lattice points in a rectangular prism R. All edgesof R

are smooth, but we computethat four of them index assaiated primes of Jg, .

3.5 Fans of Toric and Circuit Ideals

The main goal of this sectionis to comparel  and J¢, via three polyhedral fans that
canbe assaiated to them. Theseresultsrely on Corollary 3.52which statesthat for
a generic! , the top-dimensionalcomponerts of in, (1) and in, (Jc, ) are the same.

We begin by providing a more generalresult.

De nition 3.46. [42 pagell2?]LetJ k[x]beanidealandd bethe Krull dimension
of k[x]=J. We de ne top(J) to be the intersection of all primary componerts of J of

dimensiond.

Note that top(J) is well-de ned sincethe d-dimensionalprimary componerts of J

are minimal and are henceunique.
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In projective spacethe degreeof an irreducible variety is de ned asthe number
of points in its intersection with a complememary dimensional subspacein general

position. Recallthe usual generalizationto ideals.

De nition  3.47. [50, Sectionl1] Let P k[x] be a prime ideal. The multiplicity
mult( Q) of a P-primary ideal Q is the length of a maximal strictly increasingchain
of P-primary idealsQ ::: P. Letl k[x] beahomogeneousdeal in the total

degreegrading. The dagree of | is de ned as

X
deg() = mult(Q)degV(Q))
Q

wherethe sum is taken over the d-dimensionalprimary componerts Q in a minimal

primary decompsition of I and V(Q) denotesthe variety de ned by Q.

The degrees alsocharacterizedasthe normalizedleadingcoe cien t of the Hilbert

polynomial of k[x]=I and thus doesnot changewhen going to initial ideals.

Lemma 3.48. LetJ |  Kk[x] be ideals with the Krul| dimension of k[x]=J being

d. Any d-dimensional assaiated prime P of | is an ass@iated prime of J.

Proof:  Clearly, J P. We wish to shav that P is a minimal prime of J. By
Proposition 4.6 in [4] it su ces to prove that P is minimal with respect to inclusion
amongall prime ideals cortaining J. SupposeP?is a prime idealwith J P° P

then, sinceJ and P have the samedimension,P = P%and P is indeed minimal.

Prop osition 3.49. Letl;J Kk[x] be homa@en®usidealsin the total degree grading
with the Krul | dimensionsof k[x]=I and k[x]=J both being d and with the degrees of
I andJ beingequal. If 3 | thentop(l) = top(Jd).

Proof: We considerminimal primary decompsitionsof | and J

I = Q¢\ i\ Q¢ i\ Q
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J=0Q9%\ :::\ Q?

Lemma 3.48 we may assumethat p@ _ P QY= P fori= 1:::;t. Leti t
and considerthe primary componerts Q; and Q. AsJ | wehave QY Q. By
the de nition of multiplicit y, mult(QY) mult(Q;). The ideal J may have other

d-dimensionalcomponerts in its decompsition. Henceusing De nition 3.47 we get

Xt Xt
deg() mult (QY)deg(V (Qi)) mult(Qi)deg(V (Qi)) = deg():

i=1 i=1
Our assumptiondeg() = deg( ) now implies that mult(Q°% = mult(Q;) for all i t.
Furthermore, we seethat J cannot have more d-dimensionalcomponerts. According
to the de nition of multiplicit y the inclusion Q°  Q; cannot be strict. This proves
that the d-dimensionalcomponerts are the samein the two decompsitions. As top

is de ned astheir intersection,top(l) = top(J).

Corollary 3.50. If J |  K[x] are homa@en®us ideals in the total degree grading
with top(l) = top(J) thenfor ! 2 R"

top(in, (1)) = top(in, (J)):

Proof:  Clearly, in, (J)) in, (). It follows from the de nition of degreeand top
that | and J have the samedegreeand dimension. Sodo their initial ideals. We now

apply Proposition 3.49to in, (J) andin, (1).

Corollary 3.51. LetJ  Kk[x] be a hom@en®us ideal in the total degree grading.

For! 2 R" we have

top(in, (top(J))) = top(in, (J)):

Proof: Let | = top(J) and apply Corollary 3.50.
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Corollary 3.52. If 1, is homagen®usin the total degree grading and Jg is a basis

ideal with pE: ln, thenfor! 2 R"

top(in, (1)) = top(in, (Jg)):

In particular,

top(in, (1)) = top(in, (g, )):

Proof: By [20, Theorem 7.6], the unique minimal primary componert of Jg is
(Jg : (X2 xn)!) which equalsl o by Proposition 3.3. Thustop(Jg) = I and the

claim follows immediately from Corollary 3.51.

Corollary 3.53. If 3 |  k[x] are hom@en®usideals in the total degree grading
with top(l) = top(J) then for generic! 2 R" the d-dimensional standad pairs of

in, (1) and of in, (J)) are the same.

Proof: The claim follows from Corollary 3.50if we can prove that any d-dimensional

monomial ideal M hasthe samed-dimensionalstandard pairs astop(M). Consider

are the d-dimensionalcomponerts. Now top(M) = Q;\ :::\ Q;. Without loss of
generality we may assumethat ead Q; is a monomial primary ideal and hence of
the form Q; = hxj(vi)j lje2, + XYiy2g, for some ; [n], vi 2 N" and a collection S;
of vectorsin N" with support of sizeat leasttwo and cortained in —5 . Here (v;);
denotesthe j th entry of the vector v;. The exponert vectorsof monomialsnot in Q;
are unboundedexactly on the enries indexedby ;.

Any d-dimensionalstandard pair of top(M) is clearly admissiblefor M . Further-
more, sincedim(M) = d it is also a standard pair of M. Conversely if (x"; ) is
a d-dimensionalstandard pair of M then the monomialsit represeis are cortained
in Q:\ 1V Q, = Qi[ :::[ Qr. As the exponert vector of sudh a monomial may

be arbitrary large at the ertries indexedby , for somei we must have i with
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x4 62;. Since] xj dforallk=1;:::;r, wegetj ij= danddim(Q;) = d. Hence

(x"; ) is admissiblefor top(M) and sincedim(top(M)) = d it is also standard.

In particular, the above Corollary can be appliedto the circuit ideal and the toric
ideal of a point con guration. A longer variant of our proof, not preserted here,

provesthe following statemert for generic! .

Conjecture 3.54. The equality in Corollary 3.52 holdsfor any ! 2 R" evenif the
ideals are not homayen@usin the total degree grading.

3.5.1 Polyharal Fansof Jc,

An ideal in K[x] givesrise to sewral natural equivalencerelations on R" some of
which give rise to polyhedral fans. In this nal part, we comparevarious equivalence

relations and fans for toric and circuit ideals.

De nition 3.55. Let |  Kk[x] be an ideal homogeneousvith respect to grading by

a positive vector a 2 NZ,. We de ne three equivalencerelations on R":

The initial ideal equivalencerelationu v, iny(l) = in,(l).

The top equivalencerelationu v, top(iny(l1)) = top(iny(1)).

. : . P - P -
The radical equivalencerelationu v, ing(l) =" iny(I).
In all three casesthe equivalenceclassesare invariant under translation by a.
Prop osition 3.56. Let| be asin De nition 3.55. Then

1. The initial ideal equivalene relation de nes the Grobnerfan of |.

2. The radical equivalene relation doesnot de ne a fan in geneal.

A proof of the rst claim is givenin [47, Chapter 2]. Seealso[3§. The following

exampledemonstratesthe secondclaim.
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Figure 3.3: The Grebner fan from Example 3.57 and the two radical equivalence
classes.The fan is drawn in the standard simplex with (1;0;0) at the right bottom,
(0; 1; 0) at the left bottom and (0; 0; 1) at the top.

Example 3.57. The radical equivalenceclassesf the homogeneousdeal | = hc?

bad;ab® bali k[a;b;c] arenot all corvex. Four of the eight monomialinitial ideals
of | have radical hab;ac;bd and the others have radical hab;ci. The intersection of
the Grobner fan with the two-dimensionalstandard simplex is shavn in Figure 3.3

and the two radical equivalenceclassesappearin gray and white.

Howe\er, for toric ideals,all three equivalencerelations of De nition 3.55give rise

to polyhedral fans.

Prop osition 3.58.

1. The radical equivalene relation of |  de nes the secondaryfan of A.

2. The top equivalene relation of | o de nes the hypergeometricfan of A.

Furthermore, the Grobnerfan of | 5 is a re nement of the hypergeometric fan of A,

which is a re nement of the secondary fan of A.

Proposition 3.58 may be taken as the de nition of the hypergeometricand sec-
ondary fansof A. The proposition is a collection of seweral known results[42, Propo-
sition 3.3.1and Corollary 3.3.2],[7], and [47, Chapter 8]. We now study the three

equivalenceclassedor Jg, .
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Prop osition 3.59. The radical equivalene classesof J¢, form a polyhedral fan that

coincideswith the secondary fan of | 4.

Proof: This follows from Proposition 3.13sincel a = P Je, -

For the top equivalencerelation of Jc, we needthe following proposition which

follows from Corollary 3.52.

Prop osition 3.60. The top equivalene relation for 1, and Jg are the sameif 14
is homagen®us in the total degree grading and |5 = pE. It follows that the top
equivalene relation of Jg de nes the hypergeometric fan of 1. In particular, this
holdsif B = Ga.

We conjecture that the condition that 1, is homogeneousn the total degree
grading can be left out. In contrast to Theorem 3.59 and Proposition 3.60, we have

the following result for the initial ideal equivalencerelation for I o and Jc, .

Figure 3.4. The Grebner fans in the proof of Proposition 3.61 intersectedwith the
simplexwith coordinates (0; 1; 0; 0) (right), (0;0; 1;0) (left) and (0;0; 0; 1) (top). The
Grobner fan of Jc, is to the left, the Grobner fan of 1, in the middle, and the
hypergeometricfan at the right.

Prop osition 3.61. In geneal, neither is the Grobnerfan of 1 , a re nement of the

Grebnerfan of J¢, , nor vice-versa.

Proof: Let A = (791315). It iseasyto ched that ing:16,27.1)(Jc, ) = INE:20,253)(Jc, )
while in(0;16;27;1)(|A) 6 in(0;20;25;3)(|A). Hence(O, 16, 27, 1) and (O, 20, 25, 3) lie in the
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samemaximal cell of the Grebner fan of Jc, but in di erent maximal cells of the
Greobnerfanof | o. This provesthat the Grobnerfan of J¢, doesnot re ne the Grebner
fan of la. On the other hand, in(0;4;19;g)(|A) = in(o;4;16;5)(|/_\) and in(o;4;19;9)(JCA) 6

iN:4:165)(Jc, ). Hencethe Grebner fan of I , doesnot re ne the Grebner fan of Jg, .

Corollary 3.62. If n d= 2the Grobnerfan of Jc, re nes that of | ,.

Proof: By Theorem3.3.8in [42],if n d= 2then the Grobnerfan of | , equalsthe
hypergeometricfan of A. The corollary then follows from Proposition 3.60 and the

fact that the Grobnerfan of J¢, re nes the hypergeometricfan of A.
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Chapter 4
STATE POLYTOPES OF TORIC IDEALS

4.1 Intro duction

This chapter studiestoric state polytopesfrom the point of view of complexity, prop-
erties, and characterization. The state polytope of anideal |  C[x1;:::;X,], asde-
scribedin Chapter 1, is a polytope whoseverticesindex the distinct reducedGreobner
basesof | . The normal fan of a state polytope is the Grobnerfan of I . The Grobner
fan canbe usedto convert onereducedGrebner basisof I to another[12]. The trop-
ical variety of | [41], a discreteappraximation to the ordinary algebraicvariety and
the subject of Chapter 2 of this thesis, is a subfan of the Greobner fan.

When | is a toric ideal, its state polytope hasimportant additional structure. A
toric ideal is the de ning ideal of a toric variety, an algebraicvariety equipped with
the action of a denseopen algebraictorus (C )". A projective toric variety V can
itself be speci ed by a polytope [25], so the state polytope of the ideal | de ning
V can be usedto construct another toric variety: the main componert of the toric
Hilbert scheme[4(] of all idealswhoseHilbert functions agreewith that of I.

Toric idealsalso provide an important algebraicmethod in integer programming,
dueoriginally to Conti and Traverso[13]. The generatorsof a toric ideal | , are given
by integer vectorsin the kernel of an integer matrix A. A Greobner basisof | o with

respect to a weight vector! canbe usedto solwe integer programsof the form
maximizef! u : Au= b;u 2 N"g:

The edgedirections of a state polytope of | o are exactly the elemens of a universal

Grebner hasis of | 5 : the union of all reducedGrebner basesof | o [49. Knowing the
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set of thesedirections makesit possibleto solwe integer programs as above for any
right-hand-side b and for any cost vector ! . The combinatorics and especially the
complexity of a toric state polytope arethusrelevant to both algebraicgeometryand
optimization. In Section4.2 we explain how to ched via Grebner basiscomputation
whether a given enbeddedlattice polytope is a toric state polytope. A corollary of
this approad is that up to normal equivalence,there is only onetoric state polytope
in any linear subspaceof R". It follows that the property of being a toric state
polytope is highly sensitive to the arithmetic data given by the vertices.

In Section4.3 we focus on the caseof polygons. We show that for every k, there
is a simple two-by-four matrix A that has an k-gon as its toric state polygon; this
shaws that the diameter of the state polytope of a toric ideal | o can be exponertial
in the sizeof A. On the other hand, we show that ewvery toric state polygonis smaoth,
a strong restriction on the positions of its verticesin Z".

In Section 4.4 we explore the combinatorics of toric state polytopes of arbitrary
dimension. Our main result, Theorem 4.21, is that any toric state polytope that
is not a simplex must be decomposable that is, it must have nontrivial Minkowski
summands. Using a result of Shephard[44] on decompsability, we derive seeral
corollaries: polytopesthat are simplicial or nearly simplicial cannot be toric state
polytopes. This allows us to determine which 3-polytopeswith at most six vertices

arise astoric state polytopes.

4.2 Denitions and Prop erties

As in Chapter 3, x A 2 Z% " of full rank and cortaining a strictly positive vector in

its row span. Setm = n d. Recallthat the toric ideal of A is the ideal
o= Y XY u2Lai ClXeiiiiiXn]

whereL 5 isthe integerkernelof A, an m-dimensionalsaturatedsublattice of Z". Toric

ideals are exactly the binomial prime idealsin the polynomial ring. The stipulation
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that there is a positive vector in the row spanof A implies that | 5 is homogeneous

and then 1 5 is homogeneousn the usual sense.

Recall from Chapter 1 that the Grebner fan [38 of a homogeneousdeal |

classesf the equivalencerelation

Ly 1, if i, (1) = i, (1)

A state polytope of | is any polytope whosenormal fan is the Grobner fan. Sut
a polytope always exists and can be constructed algorithmically [47, x2]. Sincethe
state polytope of a principal ideal Hf i is just the Newton polytope of f (that is, the
convex hull of the exponert vectorsof the monomialsthat appearin f), every lattice
polytope arisestrivially asa state polytope of a principal ideal.

Howeer, state polytopesof toric ideals carry additional geometricmeaningand
are not completelyarbitrary lattice polytopes. For a generic! 2 R" andany b 2 Z9,

the integer program
IPa:y (B) := minimizef! u : Au=b;u2N"g

can be solved by identifying a feasiblesolution u and reducingit by a Grebner basis
for 1o with respectto ! [13]. Allowing ! to vary through R" givesthe following

description of toric Greobner fans.

Theorem 4.1. [49, Theorem 3.10] Two vectors ! 5;! , 2 R" lie in the samerelatively
open cone of the Grobner fan if and only if for everyb 2 Z9, the integer programs

IPa.1,(b) and IP 4., ,(b) havethe sameoptima or are both infeasible.

This suggestsa method for constructing toric state polytopes.Dene : N"! Zd
by u 7! Au. Wede ne the ber of overb to be the polytope P} := corv( %(b)):

Note that sincethe rowspaceof A cortains a strictly positive vector, the b ersare
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indeed polytopes rather than unbounded polyhedra. A Grebner ber isa ber P}
sud that there existu;v 2 N" with Au = Av = b and the binomial x* x" appears
in somereducedGrebner basisof | 5. The union of the reducedGrebner basesof an

ideal is a universal Grobner basis which for a toric ideal | o we denoteby UGB,.

Prop osition 4.2. [47, 49

R
1. The Minkowski integral P/ db is a state polytope for 1 4.
2. The Minkowski sum of all Grebner bers of A is a state polytope for | 4.

3. A ber P, is a Grobner ber if and only if it hasan edgewhich is not parallel
to any edgeof any ber P}, suchthat b® < b; that is, suchthat b® b; for all
i andb®6 b.

4. A integervector e e (with e';e 0) liesin the minimal universal Grebner

basis of 1 if and only if the line segment[e*;e ] is an edgeof the ber P,. .

Corollary 4.3. [49, x5] The primitive edgedirectionse®™ e of the edgesof a toric
state polytope exactly correspnd to the elementsx®”  x© of the universal Grebner

basis UGB, of the toric ideal.

The Grebner fan of 15 is a complete fan in R" whoselineality spaceis the (d-
dimensional)rowspaceof A, soany state polytope of A is m-dimensional. Also note

that | o and henceits toric state polytope depend only on kerz(A), not on A itself.

It is possibleto algorithmically determinewhethera givenlattice polytopeP  R"
is a toric state polytope. Let E(P) Z" be the set of primitiv e edgedirections of P
and L(P) be the lattice in Z" spannedby E(P). AlsosetB(P) = fx® x® :e?2
E(P)gand ! (P)=mB(P))i C[x]. Notethat I (P) is a binomial ideal.

Prop osition 4.4. [20, Theorem 2.1] The ideal | (P) is prime if and only if L(P) is

a saturated sublattie of Z".
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Prop osition 4.5. If P is a toric state polytope, then I (P) is prime and B(P) is
exactly the union of all reducd Greobner basesof | (P).

Proof:  Supposethat P is the state polytope of a toric ideal | . By Corollary 4.3,
the generatingset B (P) for I (P) is the union of the reducedGrebner basesfor |, so

I = 1(P). Sincel (P) =1 is atoric ideal, it is prime.

Using Propositions 4.4 and 4.5, one can test whether P is a toric state polytope.
First chedk whether the lattice L(P) is saturated by computing the Smith normal
form of a matrix whosecolumns generateL (P). If so, then compute the universal
Grebner basisfor | (P), using B(P) asa generatingset, and seewhether it cortains
any polynomials not alreadyin B(P). If not, then P passedoth tests, and we must
actually compute the Grobner fan of 1 (P) and ched if it is the normal fan of P.
Universal Grebner basesand Grobnerfans can be computedby the software padkage
Gfan [34].

Example 4.6.

1. Let P be the parallelogramin R® with vertices (0;0;0), (2;0; 1), (0;4; 3),
and (2;4;, 4): Then E(P) = f(2;0; 1);(0;4; 3)g and the lattice L(P) that
it spansis not saturated: L(P) corntains (2;4;4) but not (1;2;2). By the rst

condition in Proposition 4.4, P is not a toric state polytope.

2. Let H bealattice hexagonin R® with three pairs of opposite edgesarrangedso
that E(H) = f(2;0; 1);(0;4; 3);(3; 2;0)g. Then L(H) is saturated, being
the kernel of the matrix A = (234). ThesetB(H) = fa> c;i* ca® bg
generatesl, = I (P). Howewer, B(H) is not a universal Grebner basis for
I (P). For example,the lexicographicGreobner basis(with a b ¢) contains
ac I 2B(H): Soby the secondcondition in Proposition 4.5, H againis not

a toric state polytope.



96

3. Let Z bethe lattice zonotope (a 10-gon)that is the Minkowski sum of the vec-
tors in the setE = f(2;0; 1);(0;4; 3);(3; 2,0);(1; 21);(1;2 2)g: The
lattice L(Z) generatedby the vectorsin E is saturated, and furthermore the
binomials obtained from E are a universalGrobnerbasisof | (Z). Howewer, the

Grebnerfan of | (Z) hasthe following six reducedGrebner bases:

fot cac Pal a2 o
fcc bhac bPral a2 g
fcc alb;ac b a? cg

fc a%a® IPg
fc a%k adg
f aca® cg

and hencethe state polytope of | (E(Z)) has six vertices. On the other hand,
the zonotope Z hasten edgesand henceten vertices. This shavs that Z is not

a toric state polytope.

Corollary 4.7. Given a rational linear subspce V of R", there existsa toric state
polytope P whoselinear spn equals V. Furthermore, P is unique up to normal

equivalence any two such polytopes havethe samenormal fan.

Proof: Considerthe lattice L = V' \ Z". This lattice is the unique saturated lattice
whosespanis V, sothe only toric ideal | , whosestate polytopesspanexactly V is
given by any matrix A whoseinteger kernelis L. All state polytopesof | 5 have the

Grobnerfan of | , astheir normal fan, soall are normally equivalert.

Remark 4.8. It follows from Proposition 4.7 that if P is a toric state polytope with
linear spanV and if Q is obtained from P by moving one vertex to another integer

point of V, then Q cannot also be a toric state polytope. That is, the property of
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being a toric state polytope is not at all combinatorial, but insteadis highly sensitive

to arithmetic data.
4.3 Toric state polygons

In this sectionwe considerthe casem = 2. We shaw that a k-gon arisesas a toric
state polytope for every k, but that there are strong restrictions on the placemen of
its vertices: ewvery toric state polygon is smath.

GivenA 2 79 " asbefore, x amatrix B 2 Z" ™ whosecolumnsform a basisfor

the lattice L. Sud a matrix B is called an integer Gale dual of A. For u 2 N" let
Qu:=fz2R"%:Bz ug
The polyhedron Q, is the imageof P,, under the isomorphism
v fX2R": Ax = Aug! R" 9sudthat x 7! zwhereu Bz= x:
Furthermore, , mapsthe b er P,, isomorphically onto the polytope
QL =cowfz2z™ : Bz ug:

It follows that the state polytope of | o, the Minkowski sum of the Grebner b ers,is
isomorphicto (P . QL) R™, wherethe sumis taken over oneu from ead Grebner
b er. The Grobner fan is mapped into R™ in sud a way that the combinatorics is
presened, while the lineality space(the row spaceof A) is sent to 0. Its imagein R™

is called the pointed Grobnerfan of A.

De nition  4.9. [7] The secondary fan of A is the completefan in R" whosecones

are the equivalenceclassesof the equivalencerelation

Lo %f =

where |, denotesthe regular subdivision of cone@A) (using only columnsof A) in-

ducedby ! .
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Since , is unchangedby adding any vector in the row spaceof A to ! , it follows
that the secondaryfan, like the Grobnerfan, is combinatorially isomorphicto afanin
R™, the pointed secondary fan. Furthermore, regular triangulations (i.e., subdivisions
in which every faceis a simplex) arein bijection with radicals of initial idealsof | 5 [47,

x8]. It follows that the Grebnerfan of A re nes the secondaryfan.

Prop osition 4.10. [7] The pointed secondary fan of A in R™ is the chamber complex
of B; that is, the common re nement of all complete fans whoseconesare spanned

by subsetsof the rowsof B.

In dimension two, this fan is easyto construct: it is formed by drawing the
rays whosedirections are given by the rows of B and lling in the two-dimensional
conesbetweenthem. Even better, the Grebner fan and a state polytope can alsobe
descrited explicitly asfollows.

Given a pointed rational polyhedral coneC R™, its Hilbert basis is the (neces-

sarily nite) minimal generatingset of the semigroupC\ Z™.

Prop osition 4.11. [42] Given A 2 N 2 " the pointed Grebner fan of | o is ob-
tained by suldividing each cone of the pointed secondary fan along the rays geneated

by its Hilbert basis elements.

A polytope P R" is said to be smmth if at eat vertex v of P, the primitiv e
integer direction vectors of the edgesincidert to v form part of a lattice basisof Z".
An equivalent condition is that the rays of the normal coneto P at v form part of a
basisof Z" [22, Theorem2.10,Chapter V]. A polytope P is smooth if and only if the

projective toric variety de ned by P is smooth; see[25, x2].

Theorem 4.12. Every toric state polygonis smath.

Proof: Let v beany vertex of atoric state polygon. By Proposition 4.11,the pointed

GrebnerconeC, is generatedby two adjacert rays spannedby Hilb ert basiselemens
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of a secondarycone. By [30, Proposition 2.2], any two sudh elemeits must spanZ?,

soV is smooth.

Example 4.13. Let 0 1
1111
A= @ A
0123
An integer Gale dual is 0 1
1 2
2 3
B =
1 O
0 1

sothe pointed secondaryfan is the completefan in R? with rays in directions (1;0),
(1;2), (0;1),and( 2; 3)in courterclockwiseorderfrom the positive horizortal axis.
Note that the secondarypolytope is not smaoth.

The Grobnerfan is constructedby computing Hilb ert basesf ead full-dimensional
cone;theseHilbert basesaref (1;0); (1;1); (1; 2)g, f(1;2); (0; 1))g,
f(O;1);(1; 1);( 2 3)g,andf( 2, 3);( 1, 2);(0; 1);(1;0)g. The pointed sec-
ondary fan and Grebner fan are shavn in Figure 4.1. A state polytope, not shown,

would be any octagon whosenormal fan is the Grobner fan.

Remark 4.14.

1. Not every smooth polygonis a toric state polygon. This is an immediate con-
sequenceof Corollary 4.7, since many smaooth polygons have the samea ne

span.

2. Higher-dimensionaltoric state polytopesneednot be smooth; in fact they need

not even be simple. For example,take
0

1
11111
A=O@ A -

012 3 4
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Figure 4.1. The pointed secondaryfan (left) and pointed Grebner fan (right) in
Example 4.13.

Using Gfan [34], we idertify se\eral vertices of the (three-dimensional) state
polytope whosedegreesare four rather than three. One of theseverticesindexes

the Grebnerbasisfd®> ce;cd beic® aebd aebc ad;l? aag.

Theorem 4.15. For everyk 3, thereis a matrix A 2 Z2 # suchthat the toric state

polytope of | o is a k-gonin R%.

Proof: For k = 3,take A = (111). The universal Grobner basisof | » consistsof
the three linear forms x; X, X1 X3, and Xx»  Xs3. All three arise from the same

Grebner b er P, atriangle, sothis b eris a state polytope for | o by Proposition 4.2.
Fork 4,setj = k 3andtake
0 1
A @ 01 1 1 A
1) 10

The sum of the two rows s a strictly positive vector, sothe toric ideal | 5 is positively
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graded. An integer Gale dual of A is

0 1
j
1
0

1

O r KRB B

Three of the four conesin the pointed secondaryfan are unimodular. The fourth,

spannedby the rst and third rows of B, hasasits Hilb ert basisthe set
f(1;0);(L;2); (L) 1):(L))g;

soit cortains j Grebnercones.Thus the state polygon hasj + 3 = k vertices.

4.4 Com binatorial types

We now turn our attention from embedded polytopesto combinatorial types; i.e,
face lattices Facelattices and f -vectors (a coarserinvariant that simply courts the
number of facesof eat dimension) are the fundamenal combinatorial invariants of
polytopes. Sincethe face lattice of the normal fan of a polytope P is obtained by
inverting the facelattice of P with the empty faceremoved, our results can be easily

adaptedfor conmbinatorial typesof Grebnerfans.

Prop osition 4.16. The following (combinatorial) polytopesarise as toric state poly-

topes.
1. An m-simplexfor everym.
2. The product in R'*1 of any two toric state polytopesP 2 R', Q 2 R/ .
3. An m-cuke for everym.

Proof:
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1. Let A bethe 1 (m+ 1) con guration given by

A=(11:::1):
As in the rst part of the proof of Theorem4.15,the universal Grobner basisis
given by
fx; x1:1 i<j m+1g

so the only Grebner b er (over b = 1) is the standard m-simplex. So by

Proposition 4.2, the state polytope of A is a standard simplex.

. SupposeP and Q are toric state polytopes of the respective matrices A; and

A,. De ne 0 1

A 0
A=@"" A

0 A;

Given a weight vector (! ; ), we have
ing;(1a) = iny (1a,) + in (1a,);

the sum of two ideals generatedby polynomialsin disjoint setsof variables. In

particular,
in - (lA) =in 1o o(|A)

if and only if
in! (IAl) = in! 0(|A1) andin (IAl) =in 0(|A1):

Thus the Grebner fan of | 5 is the commonre nement of the Grebner fans of
s, and I ,, SO a state polytope of 1o is the Minkowski sum of the two state
polytopes. Sincethe state polytopeslive in orthogonal subspaceR' and R/ of

R*1, this Minkowski sum is just the direct product.
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3. The m-cubeis the product of m line segmets (1-dimensionalsimplices),sothis
follows immediately from (1) and (2). In particular, the state polytope of the

m  2m con guration

A=(ereree :i: ey €en)

Theorem 4.17. Fix m 2. The diameter of an m-dimensionaltoric state polytope

can be arbitrarily large and can grow exmnentially in the bit size of the matrix A.

Proof: By Proposition 4.16 and Theorem 4.15, the product of a k-gonand m 2
line segmets is the toric state polytope of a certainm  2m matrix A whoselargest

ertry isk 3. Its diameteris bk=2c+ m 2 while the bit sizeof A is O(m?logk).

Remark 4.18. The diameter of the state polytope of a toric ideal | , measureshe
complexity of the Grobner walk algorithm usedto corvert one Grebner basisof | 5
to another[12, 24]. Theorem4.17 shows that the algorithm may require exponertial

time, even apart from the complexity of computing individual Grobner bases.

We now dewelop necessaryconditions for a combinatorial polytope P to be real-
izable asa toric state polytope. For technical reasonswe now consideronly matrices
A with only nonnegatiwe ernries, though a similar argumert works with the original
assumptionson A. We sa that a Grebner degreeb is basic if there is no other
Grebnerdegreeb®that is lessthan b with respect to the natural partial order on N".

If so,we alsosa that the Grebner b er P, is basic.

Lemma 4.19. Every basic Grebner ber P} is a simplex.
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Proof: Fix any term order . Let us;u,;:::;u,;v be the elemens of %(b),
labeled so that x" is the unique standard monomial with respectto . Thenf; :=
XU xV 21, foreadhi=1;:::;r andits -leadingterm is x"i.

Fix1 i<j randsetx := LCM(x";x"): The S-pair

S(fi; f;) X UixMooxY) o ox W(xYooxY)

uj+v uj+v

= X X

= x'(x Y ox

isin I5. Sincel, is prime and cortains no monomials, it followsthat f = x Ui
X Y2 Ia.

If x!i and x"i are not relatively prime, then is strictly lessthan u; + u;, so
A( Ui) = A( Uj) < Au; = b:

That is, the -leadingterm of f (whichewerterm it is) isamonomialin in, (I ) whose

A-degreeis strictly lessthen b, cortradicting the assumptionthat b is basic. Sothe

anely independen, soindeedP] is a simplex.

De nition  4.20. A polytope P is indecomposableif it cannot be expressedas the

Mink owski sum of two polytopesnot homotheticto P.

Theorem 4.21. The only indecomposablestate polytopes are simplices.

Proof: If P is the state polytope of a toric ideal | , and is indecomppsable,then by
parts (1) and (2) of Proposition 4.2, it follows that A hasonly one Grebner b er G
andthat P' G. Then by Lemma4.19,P is a simplex.
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Decompsability of polytopes has beenwell studied. The rst result is due to
Gale [26]: any pyramid (i.e., a polytope that is the corvex hull of a vertex and a
facet) is indecomposable. Shephardshaved that every simplicial polytope is inde-
composable. More generally we will apply the following result of Shephardto derive
interesting corollariesof Theorem4.21. Strengtheningsof Shephard'sresult are avail-

able; see[36].

Prop osition 4.22. [44] SupmseP is a polytope containing a sequene of triangular

1. The intersection T;\ T; ; is an edgefor each2 i m and

S
2. the union {1, T, contains every vertex of P.
Then P is indecomposable.
Corollary 4.23.

1. If P is simplicial but not a simplex, then P cannot be realized as a toric state

polytope.

2. If P has exactly one non-simplicial facet, then P cannot be realized as a toric

state polytope.

3. For d > 2, there are no d-dimensionaltoric state polytopes with exactlyd + 2

vertices.

4. The only three-dimensionaltoric state polytopes with fewer than sevenvertices

are the simplexand the triangular prism.

Proof:
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1. We apply Theorem4.21 and Proposition 4.22. The statemert follows immedi-
ately; in fact if P is even 2-simplicial (that is, if all of its two-dimensionalfaces

are simplices),then it cannot be a toric state polytope.

2. SupposeP has a unique non-simplicial facet F. The polyhedral complex ob-
tained from the boundary of P by removing the relative interior of F is home-
omorphicto a disk. Its two-dimensionalfaces,all triangles, must then be com-

pletely connectedby ridge paths.

3. Any d-polytope with d + 2 verticesis either simplicial or a pyramid [53, x6.5].

In either case,it is indecomposableby previousresults.

4. Steinitz's theorem [53, Theorem 4.1] tells us that a graph G is the 1-skeleton
of a 3-polytope if and only if G is planar and 3-connected. This allows us to
enumerateall 3-polytopeswith a small number of vertices. The only 3-polytopes
with v everticesarethe squarepyramid and the bipyramid over a triangle, both
ruled out by (1).

There are sewen 3-polytopes with six vertices. One is the triangular prism,
the product of an edgeand a triangle in orthogonal spaceswhich is indeeda
toric state polytope by Proposition 4.16. Of the remaining six, two are simpli-
cial and three have exactly one non-triangular facet. The last hastwo square
facets, but its four triangular facetscan be orderedto satisfy the conditions of

Proposition 4.22,as shown in Figure 4.2.

Remark 4.24. It follows from theseresults that, unlike products, joins and direct
sums of toric state polytopes neednot be toric state polytopes. The join of a line
segmeh and a squareis a squarepyramid, which has only one non-simplicial facet.

The direct sum of a line segmeh and a square (that is, the polytope obtained by
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placingthem in skewa ne subspace®f R* andtaking the corvex hull) is a 4-polytope

with six vertices.

Figure 4.2: Stlegeldiagramsof the seven combinatorially distinct 3-polytopeswith
six vertices. The rst is a toric state polytope; the others are all decommsable. The
last one hastwo non-triangular facetsbut its triangles are numberedto form aridge
path.
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Chapter 5

SMALL CHV AT AL RANK

This chapter consistsof joint work with RekhaThomason the geometryof families
of polytopesand their integer hulls. As in Chapter 4, thesefamilies are obtained by
varying the right-hand-side of a system of equationsand inequalities. Howewer, the
notation will now be di erent: instead of the polytopesP, = fx 2 R" : Ax =
b;x 0, asseiated with a toric ideal |1 o, we will consider polytopes of the form
Qp = fx 2 R" : Ax bg: Sud polytopes aroseas Gale duals in the preceding
chapters. This form, howeer, is the most commononein integer programming, and

we employ it here becausewe are no longer using toric ideals.

We introduce a new measureof complexity of integer hulls of rational polyhedra
calledthe small Chvatal rank (SCR). The SCR of an integer matrix A is the number
of rounds of a Hilbert basisprocedureneededto generateall normals of a su cien t
set of inequalities to cut out the integer hulls of all polyhedrafx : Ax bg as
b varies. The SCR of A is bounded above by the Chvatal rank of A and is hence
nite. We exhibit exampleswhereSCRis much smallerthan Chvatal rank. When the
number of columnsof A is at least three, we show that SCR can be arbitrarily high
proving that, in general,SCR s not a function of dimensionalone. For polytopesin
the unit cube we provide a lower bound for SCR that is comparableto the known
lower boundsfor Chvatal rank in that situation. Lastly, we establishthe connection

betweenSCR and the notion of supernormality.
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5.1 Intro duction

The study of integer hulls of rational polyhedra is a fundamenal area of researt
in integer programming and discrete geometry For a matrix A 2 Z™ " and vector
b 2 Z™, considerthe rational polyhedronQy, := fx 2 R" : Ax bg and its integer
hull Qf, := corvex hull(Q,\ Z"). An algorithm for computing Q}, from the inequality
description of Qy, is given by the Chvatal-Gomory procedure[43, x23]. This method
involvesiterativ ely adding rounds of cutting planesto Q,, until Q| is obtained. The
Chvatal rank of Ax b is the minimum number of rounds of cuts neededin the
Chvatal-Gomory procedureto obtain Q},, and the Chvatal rank of A is the maximum
over the Chvatal ranksof Ax b asb variesin Z™. The Chvatal-Gomory procedure

and the Chvatal ranks de ned above are all nite [43 x23].

In this paper we x a matrix A 2 Z™ " of rank n and look at the problem of
nding normalsof a su cient set of inequalitiesto cut out all integer hulls Q}, asb
variesin Z™. By this we mean nding a matrix M sud that for eah Qj, there exists
anintegervectord suc that Q) = fx 2 R" : Mx dg. Theorem17.4in [43] proves
the existenceof sudh an M. The method is to rst prove that if is the maximum
absolutevalue of a minor of A, then every Q}, can be descrited by inequalities whose
normal vectors have ertries of absolutevalue at mostn" ". Then M is takento be
the matrix whoserows are all of the non-zerointeger vectorsin the conegenerated
by the rows of A whoseertries have absolutevalue at mostn?" ". For example,the

matrix
0 1

O B N
P O W N

has = 3 andn? " = 144. Therefore, the rows of M would be all the non-zero
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integer vectorsin the box
f(x;y)2 R?: 144 xjy 144

Howewer, it su ces to use 0 1

P P O P O kB N B
N N N = =

and ewvery row of M is actually a facet normal in someQ} . In fact, if A 2 Z™ 2 has
rank two, we will show that there is always an M with at most m  rows (Corol-
lary 5.18). Thusasu cient M may be much smallerthan the oneconstructedin [43,
Theorem17.4].

As in this example, we are interested in matrices M that are as economicalas
possible. We introduce a modi ed version of the Chvatal-Gomory procedure called
iterated basis normalization (IBN) that in principle constructsM . The smal Chvatal
rank (SCR) of A is the least number of rounds of IBN necessaryto generatean M
that works for all Q}, asb varies. For a xed b, the smal Chvatal rank of Ax b
is the least number of iterations of IBN neededto obtain an M that descrikesthat
particular QL. It canbe shown that SCR of A (respectively Ax  b) is at most its
Chvatal rank and is hence nite. In cortrast, IBN may not terminate whenn 3.
Thesede nitions and preliminaries are descriked in Section5.2.

In Section 5.3 we showv that whenn = 2, SCR of A is at most one while it is
known that Chvatal rank can be arbitrarily large. Sud matrices are shavn to exist

for all n 2. It is also shavn that for a certain standard linear relaxation of the
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cocligue polytope of the completegraph K,,, SCR is either one or two depending on
the parity of n while Chvatal rank is known to be O(logn). Theseexamplessupport
our useof the adjective \small".

In cortrast, we shav in Section5.5 that in dimension greater than or equal to
three, SCR may grow exponertially in the bit size of the matrix A, asymptotically
just as fast as Chvatal rank. Thus for n > 2, SCR is not a function of m and n
alone. Using a construction by Alon and V& of 0/1 matriceswith large determinarts,
we also shav that SCR can be large even when Qy,, is cortained in the unit cube.
The Chvatal rank of polytopesin the unit cube hasbeenwell studied. Our methods
provide alternate ways to prove lower boundson Chvatal rank.

In Section5.4 we establishthe relationship betweenSCR of A and sugernormality
of the vector con guration, A, consistingof the rows of A [30]. If A is supernormal
then we prove that A alsosenesas M which implies that for every b, Q| hasthe
form fx 2 R" : AXx dg for someinteger d. In this sense,supernormality is
a generalizationof unimodularity. We produce a family of vector con gurations in
growing dimensionthat are supernormal but not unimodular, answering a question
in [30].

The integrality gapof a vectorc 2 Z" with respectto Qyp, is
maxfcx @ x 2 Q,g maxfex @ x 2 Qug:

A standard technique in estimating the Chvatal rank of Ax b is to bound the
integrality gap of a vector c on Q, and to usethat to bound the number of iterations
of the Chvatal-Gomory procedureon Q. For the small Chvatal rank of A we only
care about the normals of the inequalities describingQ}, and not about their right-
hand-sides. Therefore, integrality gap does not appear to be a useful tool in the
study of SCR. The problem here is to understand how deepin the IBN/Ch vatal-
Gomory procedure the last facet normal of an integer hull Q] will be generated.

Integrality gap and the tools neededfor SCR appearto be complemenary approades
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to understandingthe di erence betweenQ}, and Q.

5.2 Main De nitions

Qp =fx2R":Ax bg
and its integer hull (using conv for convexhull)
Qp = cowfx 2 Z" : Ax bg:

We may assumehat the componerts of eat a; arerelatively prime sincean inequality
a;x b in the descriptionof Qy is una ected by division by a positive number. Since
rank(A) = n, m n. The Chvatal-Gomory procedure[1]], [43 x23] for computing
Q}, works as follows.

For each minimal faceF of Q,, set
Ar=faj:a x=h 8x2Fg

If h is an integervectorin coneAg), the conegeneratedby Ag, andf 2 F, then the
inequality h x h f isvalid on Qp, sothe inequality h x bh fcis valid on

Q.. Recallthat a Hilb ert basis of a rational polyhedral coneK is a set of integer

the inequalitiesh x  bh fc for every minimal faceF of Q, and ewvery vector h in

a Hilbert basisof conefAg) satis es
1 :
Q QY Qu

Furthermore, every non-integral vertex of Qy, is cut o by this procedure(that is, lies

outside Q(”). Fori 2, inductively de ne Q! := (Q! P)®. The Chvatal rank of
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Ax b is the smallestnumber t sud that Qf)t) = Q.. The Chvatal rank of A is
the maximum over all b 2 Z™ of the Chvatal ranks of Ax b. The procedureand
the ranks are nite [43 Chapter 23].

To study just the normals of inequalities neededfor the integer hulls Q| for all
b, we modify the Chvatal-Gomory procedure as follows. An n-subset [m] =
f1,2;:::;mgis calleda basis if the submatrix A consistingof the rows of A indexed
by is non-singular.Let A bethe setof rowsof A . Thus A is a basisof R". We

call cone@A ) a basiscone

Algorithm 5.1. Iterated Basis Normalization (IBN)

Input : A2 Z™M " satisfying the assumptionsabove. Let A be the set of rows of A.

1. SetA©® = A,

2. Fork 1,let A% bethe union of all the (unique) minimal Hilbert basesof all

basisconesin A& 1,

3. 1f A® = Al D then stop.

Lemma 5.2. Supmse is any subsetof [m] suchthat A linearly spans R". Then
the union of the minimal Hilbert basesof the basis conescone@ ), as varies over

the basescontained in , is a Hilbert basisfor cone@ ).

Proof: Every integer point in cone@ ) liesin cone@ ) for some basis
and hencecan be written as a non-negatiwe integer conmbination of the Hilbert basis

elemens of cone@ ).

Prop osition 5.3. A su cient setof normalsnesded by the Chvatal-Gomory procedure
for obtaining Q) from Qy, for all b, is geneated by IBN.

Proof: If F is a minimal faceof someintermediate polyhedronQ® = fx : Ux ug

in the Chvatal-Gomory procedure,then U linearly spansR" and henceits index set
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satis es the hypothesisof Lemma5.2. By induction, a Hilbert basisof cone(Ur) is

producedwithin (i + 1) iterations of IBN.
Let A denotea matrix whoserows are the elemeits of the set A® producedin
the kth iteration of IBN.

De nition 5.4.

1. The small Chvatal rank (SCR) of the systemofinequalitiesAx b de ning

Qp is the smallestnumber k sud that there is an integer vector b° satisfying

Q, = fx2R": AMx bY:

2. The SCRof a matrix A is the maximum of the SCRsof all systemsof the form

Ax b asb variesin Z™.

Prop osition 5.5. Forany b 2 Z™, the SCRof Ax b is at most the Chvatal rank
of the samesystem,and the SCRof A 2 Z™ " is at most the Chvatal rank of A. In

particular, SCR is always nite.

Proof: By Lemma 5.2 and Proposition 5.3, if the Chvatal rank of Ax b ist,
then within t iterations, IBN generatesthe normals of all inequalities neededin the

Chvatal-Gomory procedureon Ax b.

If IBN terminates after k + 1 iterations (since A&*D) = A(K)) then k is an upper
bound on the SCR of A and hencealsoon the SCRof Ax b for all b. Soa natural

rst questionto askis whether IBN always terminates.

Lemma 5.6. Whenn=2, A@ = AD,

Proof: Pick r;s 2 A® R? sud that conef;s) is a basiscone. Let t; :=
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of R?. See[35, Corollary 3.11]for a proof.) Hencea Hilbert basis of conef;s) is

Whenn > 2, IBN neednot terminate. An exampleappearsin [30]; we indepen-

dertly discoveredanother as follows.

Example 5.7. Take
0 31

0
111
A=
255
1 4 3

For ead natural number j, set
u=(G;2+22+1) andv; = (j;2 + L2):

Note that u; = (1;4;3) is arow of A. To show that IBN doesnot terminate on A,

one can che the following two assertions.We omit the detalils.

1. For eadh j, the uniqueminimal Hilb ert basisof the coneC; generatedby (0; 3; 1),

(1;1;1), and u; includesyv;.

2. Foreadj, the uniqueminimal Hilb ert basisof the coneD; generatedby (0; 3; 1),

(2;5;5), and v;j includesu; ;.

For a xed b, with Q, full-dimensional, one can in principle compute SCR of
Ax bby rst computing Q| usingthe Chvatal-Gomory procedureand thusknowing
the facetnormalsof Qf,. Howe\er, just aswe do not know a systematicway to compute
the Chvatal rank of a matrix A, we alsodo not know an algorithm to compute SCR
of A. Knowing a superset of the normals of inequalities neededto cut out all Q}
doesnot help in computing SCR sincethere may be vectorsin this supersetthat are

newer going to be generatedby IBN. There are seweral methods in the literature for



116

computing sud supersetssud as the method in [43, Theorem 17.4] or via atomic
bers[1]. Although thesemethods are not helpful in computing SCR, we will seethat

in many instancesone can calculate or bound SCR.
5.3 Contrasting small Chvatal rank with Chvatal rank

In this sectionwe justify our useof the adjective \small" by showing that SCR can
be very small even for families of matriceswhoseChvatal rank tend to in nit y. Note
that a lower bound on the SCR or Chvatal rank of a systemAx b is alsoa lower
bound on the correspnding rank of A. On the other hand, an upper bound on either

rank of A is an upper bound on the correspnding rank of Ax b for any b.

Prop osition 5.8. If A2 Z™ 2 thenthe SCR of A is at most one.

Proof: This follows immediately from Lemma5.6.

Prop osition 5.9. There are systemsAx b with A 2 Z® 2 whoseSCRs are one

but whoseChvatal ranks are arbitrarily large.

Proof: Considerthe family of inequality systemsA;x  bj, | = 1,2;::: where

0 1
1 0
A = % 1 2 § andb; = (0;2j;0)":
1 2

The polyhedron Qp, determined by the jth systemis a triangle in R? with vertices
(0;0), (0;1) and (j; 1=2), and its integer hull is the line segmeh with endpoints (0; 0)
and (0;1). It is noted in [43 x23.3]that the Chvatal rank of A;x  b; is at least
j . In cortrast, Proposition 5.8 provesthat the SCR of any matrix A with only two

columnsis at most one. For thesesystems,SCR is one.

This family canbe modi ed to producefamiliesin higher dimensions.
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Theorem 5.10. For anyn 2 andm n+ 1, there are systemsAx b with

A 2 Z™ " whoseSCRsare one but whoseChvatal ranks are arbitrarily large.

Proof: ~ We prove this by induction using the systemsA;x  b; in Proposition 5.9
as basecases.It suces to show that given a systemAx b, we can extendit in

either of the following two ways without changingits Chvatal rank or SCR.

1. Adjoin one new inequality a K to the system, thus increasingm by one

while xing n.

2. Adjoin one new row and one new column to A and one new ertry to b, thus

increasingm and n by one ead.

For the rst construction, take a% P to be any inequality that is satis ed on
an open setcortaining Q,. Sud an inequality doesnot a ect Qy, Q},, or the running
of the Chvatal procedure,soif we had started with A;x  b;, the Chvatal rank of
the new system stays unchanged. If A°is the matrix formed by adjoining the new
vector a° to A, then since A° cortains A, it follows from the de nition of IBN that
A% cortains A® for all i. In particular this holdsfori = 1, s0A% cortains all facet
normals of the (unchanged)integer hull Q}, leaving SCR also unchanged.

For the secondconstruction, set
0 1

A = @A 0 2 Z(m+1) (n+1)
0|1

and form b by adjoining any integer z to the end of b. The polyhedronQy is just
the product of Q, with theray (1 ;z] orthogonalto the hyperplanecortaining Qy.
The samewill hold after ead iteration of the Chvatal procedureand for the integer
hulls, sothe Chvatal rank is left unchanged. Furthermore, the newvector (0, 1) in A

cannot cortribute to any Hilbert basisconstructed during IBN. This is becauseany

linear combination of the vectorsof A with multipliers in [0; 1) will have a fractional
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last coordinate if the multiplier of (0; 1) is non-zero. Thus no Hilbert basiselemen
createdduring IBN involves(0; 1) and IBN proceedsfor A exactly asit did for A,
sothe SCRis left unchangedby (2).

Our next example also has SCR much lessthan Chvatal rank and comesfrom
combinatorial optimization. Given a graph G = (V(G); E(G)) on n vertices, the
coclique polytope of G, denotedby P((G), is the corvex hull in R" of all incidence
vectorsof cocliques(i.e., independen setsof vertices) of G. In general,an inequality
description of P4 |(G) is unknown [43, x23.5]. Let Q(G) be the polytope in R"
given by the inequalities x; 0 for alli 2 V(G) and x; + X; 1 for ewvery edge
fi;jg2 E(G). Then Pgy(G) = Q(G)'.

When G is the complete graph K,,, its coclique polytope is just the simplex
corvfO;eq;:::;e,0. This polytope is de ned by the inequalitiesx; O for all i 2 [n]
and P . X 1. Howewr, Q(K,) is far larger, and the Chvatal rank of the system
de ning Q(K) is O(log(n)) [43, Example 23.2]. In cortrast, the SCR of the system

de ning Q(K) is small.

Theorem 5.11. The smal Chvatal rank of the systemde ning Q(K,) is oneif n is

odd and two if n is even.

Proof: The matrix A usedto de ne Q(K,) consistsof the rows e; + g for all
1 i<j nand e foralli?2 [n]. The SCR of this systemis the smallestk such
that the all-onesvector is an elemen of A®),

If n is odd, form an n  n non-singular submatrix of A, using the ; + ¢ rows,
that is the incidencematrix of an n-cyclein G. The all-onesvector is half the sum
of the rows of this submatrix and is the only nortrivial integer vector in the open
parallelepiped they span, soit is in the Hilbert basisof the cone spannedby these
rows. In particular, the all-onesvector is an elemen of A®, and thus the small

Chvatal rank is exactly one.
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If n is even, the above construction will not work sincethe all-onesvectoris in the
semigroupspannedby the rows of the incidencematrix of an n-cycleand henceis not
in the Hilbert basisof the conespannedby theserows. Instead,foreahh 1 i n,
considerthe n  n non-singular submatrix of A consisting of the row e; and the
incidencematrix of an (n 1)-cyclethat doesnot passthrough vertexi. The Hilbert
basisof the conespannedby the rows of this submatrix cortains the vector with all
onesexceptfor a zeroin the ith position; weigh the rows of the cycle by 1=2 and

e by zero. Call this vector v;. Hencev; 2 A®. The sub-con guration of A®

all-onesvector appearsin A® .
It remainsto shaov that when n is even, the all-onesvector does not appear in

A® . Supposeon the cortrary that it does appear. Then there is a basisU :=

Cilus + :::cyup = (L;:::;1):

But sinceno componert of any vector in A is more than oneand ewery ¢ is strictly
lessthan one,for every i there must be at leasttwo vectorsin U whoseith componert
is one. In other words, for ead vertex, U cortains the incidencevectorsof at leasttwo
edgescovering that vertex. This implies that there are at least n edgescortributing
to U and sincejUj = n, every u 2 U comesfrom an edgeand theseedgescover every
vertex exactly twice. Thus theseedgesform a set of disjoint cyclescovering all the
vertices. If there is only one cycle, then sincen is ewven, as we obsened earlier, the
all-onesvector is not in the Hilbert basisof conel). If there is more than onecycle,
then again the all-onesvector is not in the Hilbert basisof cone(U) for the following
reason. For ead cycleC (now of sizelessthan n), the all-onesvector with support in
the verticesof C is in the conespannedby the u's correspnding to the edgesin C.
The big all-onesvector with support [n] is the sum of all theseall-onesvectorswith

smaller support sincethe cyclesare disjoint, and henceis not in the Hilbert basisof
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cone()).

5.4 Supernormalit y and small Chvatal rank

A vector con guration A in Z" is normal if every integer point in cone@) is a non-
negative integer combination of A. Normality meansexactly that A is a Hilbert basis
for cone@), so hasimmediate relevanceto the Chvatal-Gomory procedure. Hosten,
Maclagan, and Sturmfels generalizenormality to sugernormality, which we show is

intimately related to SCR.

De nition  5.12. [30] A con guration A is supernormal if for every subsetA? of
A, ewery integer point in cone@9 is a non-negative integer combination of the set
A\ cone@9.

Prop osition 5.13. [30, Proposition 3.1] For a con guration A, the following are

equivalent.

1. A is supgernormal.
2. Every triangulation of A that usesall vectors is unimodular.

3. Every regular triangulation of A that usesall vectors is unimodular.
Theorem 5.14. A con guration A is supgernormal if and only if A = A®,

Proof:  The forward direction is immediate from the de nitions. For the reverse
direction, supposeA = A®D andlet T be a triangulation of A using all vectors. Let

be a maximal simplex of T. Then the sub-con guration A is a basisof A. Since
A = A® A cortains the minimal Hilbert basisof congA ). But sinceall vectorsin
A are usedin the triangulation T, nonecan lie inside or on the boundary of cone@ )
exceptthosein A itself. Thus A is the Hilbert basisof its own cone. This implies
that A isalattice basis,so isaunimodular simplex. Since is arbitrary, it follows

that T is a unimodular triangulation, soby Proposition 5.13, A is supernormal.
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Corollary 5.15. If A® is sugernormal thenthe SCRof A is at mostk. In particular,

if A is sugernormal then the SCR of A is zeo.

Thusif A is supernormal then for eath b 2 Z™, the integer hull Q] equalsfx 2
R™ : Ax  bY for someinteger vector b® In other words, the integer hulls Q}, can
be cut out by inequalities whosenormals already appear amongthe rows of A. This
is clearly possibleif Q} = Q, for eac b which is exactly when A is unimodular (that
is, for every subsetA°of A, ewvery integer point in cone@A9 is a non-negatiwe integer
conbination of AY9. Howewer, supernormality is more generalthan unimodularity.
Hosten, Maclagan, and Sturmfels exhibit a four-dimensional con guration that is

supernormal but not unimodular and obsene in [30:

It would be interesting to idertify in nite families of con gurations
in _higher dimensionswhich are supernormal but not unimodular. Sud

families might arisefrom graph theory or combinatorial optimization.

Prop osition 5.16. There exists an in nite family of con gurations of increasing

dimensionwhich are sugernormal but not unimodular.

Proof: Let k be any positive integer and let A be the rows of the matrix A of size
2k+ 1) (2k+ 1):

0 1

110::00

011::: 00
A=

00O0:@:::11

100 ::01
That is, A is the edge-ertex incidencematrix of an odd cycle. The determinart of A
Is two, sothere is exactly oneHilb ert basiselemen of conefA) that doesnot generate

an extremeray. In this casethis is the all-onesvector 1. SoOA® = A [ f1g.



122

We claim that all maximal minors of A® exceptfor det(A) are 1. This implies
that AW equalsA @, and henceby Theorem5.14,A® is supernormal. But sinceA
is not unimodular, neither is A® | proving the proposition.

To prove the claim, by symmetry it su ces to ched a singleminor of A di erent
from det(A), for instancethe one obtained by removing the last row of A from AW,
By cofactor expansionon the last column, this minor equals det(D;) + det(D,)

whereD; and D, arethe 2k 2k matrices

0 1
110::00
011:::00
D, =
00O0:::11
111::11
and 0 1
110::00
011::: 00
D, =

000 :@:::11

000 :@::: 01
Now D; lookslike A exceptwith even size,soits last row is the sum of its 1st, 3rd,
...,and (2k 1)strows, hencedet(D,) = 0. Further, D, is upper triangular with 1's

on the main diagonal,sodet(D,) = 1.

We nish this sectionby consideringthe n = 2 case.

Prop osition 5.17. If A 2 Z™ 2, then A® is sugernormal but not necessarily uni-
modular. Further, the vectors in A® are exactly the facet normals of the full-

dimensionalinteger polyhadra Q}, asb variesin Z™.

Proof: The rst statemert follows from Lemma 5.6. Every Q| can be cut out
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by inequalities whosenormals are in A® which in particular implies that all facet
normals of all full-dimensional Q}, occurin A®,

To nish the proof we needto arguethat eah h 2 A® is a facet normal of some
QL. Supposeh is in the Hilbert basisof the basisconecone@;; a;) wherea; and g
are consecutie vectorsin the plane. For avectorp 2 Z2, de ne p? := ( ps;p.). Set
h=0andh = a h? and all other b, k 8 i;j sud that the inequalitiesa,x by
are very far from the intersectionv of aaxx = 0 and ayx = & 1h, + a;,h;. We will
prove that the line segmen with endpoints (0;0) and h? is an edgeof this Q}, and
hencethat h is a facet normal of Q.

Note that by construction, both (0; 0) and h? are on the boundary of Q},. Suppose
the line segmen joining them is not an edgeof Qf. Then there is a sequenceof
consecutie lattice points qo := (0;0);01;:::;0: 1,0 := h?, with t 2, on the
boundary of Q}, andin the triangle with vertices(0;0), h? andv. Letp; := q; 0 1.
Thenh? = (g1 Qo)+ (d2 gi)+ +(dt Q1) = p1+  + pr. Thisimpliesthat
h:=pi+ + p; . By construction, eat pj? liesin the conespannedby a; and a; .
Sincep/ 2 Z? andt 2, we have shawn that h is not in the minimal Hilbert basis
of conef; @) which is a cortradiction. Therefore, the line segmen with endpoints
(0;0) and h” is an edgeof Qj .

In cortrast, whenn = 3 not ewery vectorin A® needbe a facet normal of a Q},.

SeeExample 5.24for sud an instance.

Corollary 5.18. For A 2 Z™ 2, with  the maximum absolutevalueof a (2  2)-
minor, there existsa matrix M with at mostm rows suchthat for eachb 2 Z™,
there existsd 2 Z™ suchthat Q, = fx 2 R" : Mx dg.

Proof: The vector con guration A, whendrawn in the plane, createsa fan with m
maximal conesif the fan is completeand m 1 conesif the fan is not complete. The
number of Hilb ert basiselemerts of any of thesemaximal conesis at most + 1. The

union of theseHilbert basesis A® and its cardinality is therefore,at most m .
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5.5 Lower Bounds on SCR

In cortrast to the results of Section5.3, we now exhibit systemsof inequalities (and
hencematrices) that establishlower bounds on SCR. Recall (Proposition 5.5) that
for either an inequality systemor the correspnding matrix, the Chvatal rank is an

upper bound for the SCR.

Theorem 5.19. For m = n = 3, the smal Chvatal rank of Ax b (and hene A)

can be arbitrarily large and can grow exmnentially in the size of the input.

By adjoining inequalitiesthat do not a ect Chvatal rank or SCR, we immediately

obtain the following.

Corollary 5.20. The conclusion of Theorem 5.19 holdsfor any m; n 2 Z satisfying

m n 3

When n is xed, Chvatal rank is known to grow no faster than exponertially in
the sizeof the input [43 x23.3],s0 Theorem 5.19 shavs that SCR is asymptotically
aslarge as Chvatal rank in the worst case.

To prove Theorem5.19, we considerthe matrices

0 1
10 0

Aj:%01 Og
1§ 2 1

forj 2 aninteger. We show that the SCRof A; isj 1 which is exponertial in
the bit sizeof A;. To do this, we explicitly descrite the con guration Aj(k) for all k
and prove that Aj(j D= Aj(”, sothe SCRof A; isat mostj 1. Then we prove that

the vector (1;j;]) is a facet normal of the integer hull
Qloog 1t = conv(fx 2 Z%: Ajx  (0;0;j 1)'g)

and is cortained in AY ¥ but not A’ ?. Thusthe SCRof A isexactly] 1.
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B W N R P
G N RO

W N R

Figure 5.1: The polygon R} ! (with j = 6) usedto prove Theorem5.19. Each integer
point (a;b) in the polygon is labeled with the smallestnumber k sud that (1;a;hb)

appearsin Ag‘).

Forl k j 1,dene anintegral polygonin R? by
R := convf(0;0); (k+ Lk+ 1):(j;2 1 Kk);(i;2 1g R

Fork = j 1, the secondand third points coincide;in all other caseshe four points

are distinct and in corvex position. An inequality description of Rjk is
2 1
j

RE=Ff(Y)2RZ:x  yi2x y+k+Lx jiy ( )Xg:

SeeFigure 5.1 for an illustration.

Lemma 5.21. [30, Proposition 5.1] Let R be an integral polygonin R2. The con-
guration in R® of all vectors (1;a;b) suchthat (a;b) is an integer point in R is

supernormal.
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Lemma 5.22. For1 k | 1, Aj(k) consists of the vector (0; 1;0) along with all

vectors of the form (1; a;b) where (a;b) is an integer point in Rjk.

Proof: Induct on k. For k = 1, we have

, 2 1
RI=f(y)2R*: x y;2x y+2x |y (Jj )Xg:

Combining the secondand fourth of theseinequalities gives
x 2y 2 j—(

From the third inequality and the fact that R}  R?; we seethat 0 £ 1. Thus
any integerpoint (a;b) 2 le must haveb=2a 2,b=2a 1orb= 2a. This implies

that R\ Z? is cortained in
f@;2)g[ f(i;2 21)g[ f(@i;20 2)g whereO 1 ;i integer.
By goingthrough ead of the three setsin the union, ched that

Rj1=f(0;0)g[f(i;2i D:1 i jg[f@a 2):2 i jo

Obserne that
o2 2 P21
Gra D=7 17 N
forl i | andthat
o2 2+l 02 2,
G2 2= Cyg—a—ig g N
for2 i j,soall thevectorsin flg R\ Z?arein the fundamertal parallelepiped

of A;. Sinceall the rst coordinatesare one,no elemen of f1g R!\ Z?is a sumof
others. Also, no two elemens of f1g R!\ Z? dier by a multiple of (0; 1;0). These
factsimply that f1g R{'\ Z?isin the Hilbert basisof congA;), and hencein Aj(l).
ThusAj(l) cortains (0;1;0) andf1g R'"\ Z2

On the other hand, if h = ¢;(1;0;0)+ ¢;(0;1;0)+ c3(1;);2] 1) isanintegerpoint

in the fundamertal parallelepiped of Aj (S0 0 ;66 < 1), then ¢z = 2,—pl for
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someintegerl p 2 2 andc; and ¢, are uniquely determined by c¢;, sothere
is just one sud h in the fundamertal parallelepiped with a xed z-coordinate: the
vector with that z-coordinate already showvn to be in the Hilbert basis.

For the induction step, rst assumethat Aj(k 2 contains f 1g R}‘ 1\ Z2 for some
k 2. The dierence between Rjk L and R}‘ is that the inequality 2x y+ k is
replacedby 2x y+ k + 1. Using this, we seethat our task is to shaw that the set

of new vectorsin Aj(k) includesthe following.
f(L,k+i;k+2 1):1 i | kg (5.1)

For eath 1 [ j  k, the three vectors (0;1;0), (L;k+i L k+ 2 2), and
(L;k + i; k + 2i) appearin AJ-(k Y by the induction hypothesis. The basisconethey
spanhasnormalizedvolumetwo and (1;k + i; k + 2i 1) (half the sum of the three
vectors)is the unique integer point in the interior of the fundamerntal parallelepiped.
Thus (1;k+i; k+ 2i 1) appearsin the Hilbert basisof the cone,and hencein Aj(k),
soAj(k) cortains f1g R!\ Z2

We now must show that Aj(k) doesnot contain any other vectors. Again, assume
this is true for k 1. By Lemma 5.21, the previous paragraph, and the induction
hypothesis,Aj(k 2 nf(0;1,0)g = Rjk\ Z? is supernormal. Thus the only basesof
Aj(k Y that might cortribute new vectorsto Aj(k) are thosethat include (0; 1;0): Any
new vector arising this way must be of the form (1;a;b) where(a 1;b) is strictly
in the interior of Rf * and (a;b) is outside R *. From the inequality description of
Rjk ! this vector must indeed be of the form (5.1); seeFigure 5.1. Thus no other

vectors can occur in Aj(").

Lemma 5.23. The con guration Aj(j Vs supernormal.

Proof:  Applying the sameargumert we usedto completethe proof of the previous
lemma, we concludethat any vector v in Aj(” nAj(j Y would have to be of the form

(1;a;b) where(a 1;b) is a integer point in the interior of R} ! and (a;b) is outside
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ij ! However, the inequality description of Rj-' ! shaws it to be a triangle whose
right boundary consistsonly of segmets of the liney = x and of the line x |, so

no sud (a;b) exists; seeFigure 5.1. Thus Aj(j) = Aj(j b,

Proof of Theorem 5.19 By Lemma 5.23 the SCR of A; is at mostj 1. By
Lemma 5.22, the vector (1;j;j)! appearsin Aj(j Y but not in AJ-(j 2 Soit suces
to shav there is a vector b sud that (1;j;j)! is a facet normal of the integer hull of
fx2 R®: Ajx bg.

Chooseb = (0;0;j 1)'. We will prove that the integer hull

P=fx2R®: Ajx (0;0;j 1)'d
is cut out by the original inequalitiesAjx ~ (0;0;j 1)' and the singlenewinequality
%j))x 0 (5.2)

and that this new inequality de nes a facet of P;.
Lety = (y1;Y2;y3) beany integerpoint in Q.05 1:. We rst show that y satis es
(5.2). If y3 0, then sincewe already know y;1;y, 0, immediately y satis es (5.2).

If y3 = 1, then there are four caseso consider:

1.y;=y,=0: Then (0;0;1) 2 Q.0; 1)r and from the third inequality in A;x
(0;0;j 1)'wewouldhavej Owhichisnot possiblesincej 2 by assumption.

Sothis casedoesnot occur.
2. y1,¥2 < 0: In this casey satis es (5.2).

3. y1=0y, 1: Again, y satises (5.2).

4.y, = 0: In this case o satisfy the lastinequality in Ajx  (0;0;j 1), y1 |

and then y satis es (5.2).
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Finally, supposeys 2. Rewritex; + jx,+ (2] 1)x3 | 1las

xi+jxz (1) xs(2 1) (5.3)

Then

Ly yit Y2t jys

0 1) vy:(2 D+]jys

= j+ys jys 1

= j+y(1 j) 1
j+21 j) 1

= 1

< 0

where the rst inequality follows from (5.3), the secondfrom y; 2, and the last
fromj 2. Thus the inequality (5.2) is valid on all integer points of Q.o; 1)t and
henceis a valid inequality of P;.

To nish the proof we needto arguethat (5.2) is a facetinequality of P;. This fol-
lowsfrom the obsenation that the threea nely independert integerpoints (0; 1;1)t,
(0;0;0), and ( j;0;1)" in P; satisfy (5.2) with equality.

We now usethe above family to shaw that not every vectorin A fork  SCR(A)
is neededto cut out the integerhulls Q}, asb varies. In fact, we shav that there may

be super uous vectorsevenin A® .

Example 5.24. Considerthe matrix A4 asabove. By Lemmab.22,the vector (1; 3; 4)
is an elemen of Aﬁll): SinceA, is a non-singularsquarematrix, the lattice spannedby
its columnshas nite index in Z3. Speci cally, this index is sewen, the determinart
of A;. Thus there are only sewen distinct Qp's up to lattice translation, obtained

by choosingone b from ead equivalenceclassof Z* modulo the lattice. Using the
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Chvatal-Gomory procedureone can compute the sewen polyhedra Qf explicitly and

verify that the vector (1; 3;4) is not a facet normal of any of them.

Our last lower bound for SCR comesfrom polytopesin the unit cube. A 0/1
polytope in R" is the convex hull of any subsetof f0;1g"; that is, an integral poly-
tope contained in the n-dimensionalunit cube C,. Many problemsin combinatorial
optimization can be phrasedin terms of 0/1 polytopes. Accordingly, their Chvatal
rank has beenspeci cally studied, and boundsquite di erent from thosethat apply

to the generalcasehave beenfound.

Prop osition 5.25. [18]

1. The Chvatal rank of any polytope contained in C, is at mostn?(1 + logn).

2. There exist polytopes contained in C,, whoseChvatal rank is at least (1 + )n.

SinceSCRis always boundedabove by Chvatal rank, the upper bound in Propo-
sition 5.25appliesto SCR aswell. We will derive a lower bound for SCR that is of
the sameorder asthat for Chvatal rank. Sinceour methods are quite di erent from

thosein [18], they provide a newway to prove a weaker versionof their lower bound.

Theorem 5.26. There are systemsAx b that de ne polytopes contained in C,

whosesmal Chvatal ranksare at leastn=2 o(n).

Lemma 5.27. If v is in a minimal Hilbert basis of the cone spannal by n vectors

Vi,::::Vn, thenkvk, n max; ; nkviky :

Proof:  This is immediate becausev is in the fundamenal parallelepiped spanned

coe cien ts are lessthan one.

Proof of Theorem 5.26. Given any 0/1 polytope Q, we can nd a relaxation P con-

L : P
tained in C, and whosefacetnormalsare 0/1/-1 vectors. To dothis, sete, =  ,, €
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foreath | f1;:::;ngwhereg; is the ith standard unit vectorin R", and note that
the inequality X X
Xi Xi jhj 1
i21 [
Is violated by e, but satis ed by ewvery other vertex of C,. Thus we cande ne P by
taking sud an inequality for every 0/1 vector not in Q, along with the inequalities
0 x; 1that dene C, itself. The normals of all of theseinequalities are 0/1/-1
vectors. Let A be the con guration of all of thesenormals.
Using a construction by Alon and Vt [2] of 0/1 matriceswith large determinart,
Ziegler [54, Corollary 26] constructs an n-dimensional0/1 polytope Q with a (rela-

tively prime integer) facet normal v whosel -norm is at least 2" 22| ¢t P be

U
the polytope we constructed above whoseinteger hull is Q, and let k be the SCR of
the systemAx b de ning P. By de nition, v 2 A®_ SinceA consistsertirely of

0/1/-1 vectors,we get by inductively applying Lemma5.27 that

« o (n 1) H=2

n- > 22n+ o(n)

Taking the logarithm of both sides,we seethat

n

>
klogn >

logln 1) (2n+ o(n))log?2

= %Iog(n 1) %Iog(n 1) 2nlog2 o(n)
= %Iogn o(nlogn)

_ n
= (3 o) logn

sok > n=2 o(n), asclaimed.
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