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Abstract

This thesis investigates the use of parameterized families of information-theoretic
measures to generalize the loss functions of generative adversarial networks (GANs)
under the objective of improving performance. A new generator loss function, called
least kth-order GAN (LEGAN), is introduced, generalizing the least squares GANs
(LSGANS) by using a kth order absolute error distortion measure with & > 1 (which
recovers the LSGAN loss function when k& = 2). It is shown that minimizing this
generalized loss function under an (unconstrained) optimal discriminator is equivalent
to minimizing the kth-order Pearson-Vajda divergence.

A novel loss function for the original GANs using Rényi information measures with
parameter « is next presented. The GAN’s generator loss function is generalized in
terms of Rényi cross-entropy functionals. For any a > 0, this generalized loss function
is shown to preserve the equilibrium point satisfied by the original GAN loss based on
the Jensen-Rényi divergence, a natural extension of the Jensen-Shannon divergence.
It is also proved that the Rényi-centric loss function reduces to the original GANs
loss function as « — 1.

Experimental results implemented on the MNIST and CelebA datasets under
both DCGANs and StyleGANs architectures, indicate that the proposed LEGAN

and RényiGAN systems confer performance benefits by virtue of the extra degrees



of freedom provided by the parameters k£ and «, respectively. More specifically, ex-
periments show improvements with regard to the quality of the generated images
as measured by the Fréchet Inception Distance (FID) score and demonstrated by

training stability and extensive simulations.
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Chapter 1

Introduction

Unsupervised learning is the problem of educing information from a large unlabeled
dataset and, in the context of generative models, is a relatively new area that has
received much attention. Two prominent objectives in generative modeling con-
sist of determining the underlying probability distribution function of a dataset or
generating data that mimics it. Classical techniques for the former include maxi-
mum likelihood estimators, methods of moments estimators and Bayesian estima-
tors. The main approaches for the latter include generative adversarial networks
(GANSs) [32], [9], [67], [18], autoencoders/variational autoencoders (VAESs) [43], gen-
erative autoregressive models [64], invertible flow based latent vector models [44], and
hybrids of the above models [33].

Compared to other approaches, GANs have garnered the most interest (e.g., see
surveys in [18], [83], [84]). Generative models can be incorporated into reinforcement
learning and time series predictions. Generative models can also be trained in a semi-
supervised manner, where labels and training examples are missing. Unlabelled data
is easier to obtain and require less memory space, and semi-supervised algorithms are

good at generalizing the missing data. Traditionally, machine learning algorithms are
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not able to train models that have multi-modal outputs from a single input. However,
generative models are designed to produce several different outputs that are equally
acceptable [30], [41].

Explicitly defining the probability distribution over the data to generate new data
using classical methods, such as maximum likelihood estimation, may be computa-
tionally expensive [30]. In the case of VAEs, approximation methods are needed for
intractable functions and furthermore the approximate probability distribution is not
guaranteed to converge to the true distribution [55], [56], [9].

In contrast, GANs optimize a loss function using game theory and information
theory. Furthermore, they can represent distributions that lie on low dimensional
manifolds, which VAEs and estimating densities are unable to do [9]. Moreover,
GANSs do not rely on Markov Chains and no variational bound is needed [30]. As

such, GANSs are the focus of this thesis.

1.1 Literature review

The original GANs [32] consist of a generative neural network competing with a dis-
criminatory neural network in a min-max game. Several variants of GANs have been
studied and implemented. Deep convolutional GANs (DCGANSs) use convolutional
layers to learn higher dimensional dependencies that are inherent in complex datasets
such as images [67]. Although DCGANs produced better results than other state-
of-the-art generative models such as VAEs and autoregressive models, they can be
difficult to train and can suffer from mode collapse [9], [84]. Mode collapse occurs
when the generator produces one output, which leads to the discriminator being able

to tell apart real from fake data perfectly during training. Researchers have diligently
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attempted to fix these mentioned issues. For example, StyleGANs [41] change the
architecture of the generative neural network to produce realistic high resolution im-
ages, while Wasserstein GANs [9] reduce the problem of mode collapse by using the
Wasserstein-1 distance as the loss function.

GANSs have been applied to data privacy problems, where the goal is to hide cer-
tain features of user data to protect their privacy, but mask these features judiciously
in order not to compromise other useful data [39]. It has also been used for computer
vision problems, such as generating fake images of handwritten numbers, or land-
scape paintings [30]. Thus the flexibility of GAN design allows for innovation and
applicability to a wide range of data.

The use of information theory to study and improve neural networks is a relatively
new yet promising direction of research; e.g., see [63], [65], [2], [15], [85], [79], [5], [89]
and [88] and the references therein. While many GANs loss functions are based on the
Jensen-Shannon divergence, there are other divergence measures and tools in infor-
mation theory that can be directly applied to the design of GANs. The family of loss
functions that simplify down to f-divergences was thoroughly studied in [63], [27],
and [49]. Bridging the gap between maximum likelihood learning and GANS, espe-
cially those with loss functions that simplify down to f-divergences, have also been
analyzed in [89]. Using the symmetric Kullback-Leibler divergence, researchers have
also shown that a variant of VAEs is connected to GANs [14]. InfoGANs use varia-
tional mutual information maximization with latency codes to achieve unsupervised
representation learning with considerable success [15].

A new least squares loss function that simplifies down to the Pearson x? divergence

was examined in [55]. It was shown through experiments that the resulting least
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squares GANs (LSGANSs) are more stable than DCGANs. The promising results
of LSGANs and the fact that the Pearson-Vajda |x|* divergence of order k > 1
generalizes the Pearson x? divergence is one motivation for this thesis.

The use of the Rényi divergence in the context of GANs is sparse. Rényi used
the simplest set of postulates that characterize Shannon’s entropy and introduced
his own entropy and divergence measures (parameterized by its order «) that gener-
alize the Shannon entropy and the KL divergence, respectively [69]. Moreover, the
original Jensen-Rényi divergence [36] as well as the identically named divergence [45]
used in this paper are non-f-divergence generalizations of the Jensen-Shannon di-
vergence. Traditionally, Rényi’s entropy and divergence have had applications in a
wide range of problems, including lossless data compression [13], [16], [66], hypothesis
testing [20], [4], error probability [11], and guessing [6], [82]. Recently, the Rényi di-
vergence and its variants (including Sibson’s mutual information) were used to bound
the generalization error in learning algorithms [26], and to analyze deep neural net-
works (DNNs) [85], variational inference [51], Bayesian neural networks [50], and
generalized learning vector quantization [58]. However, there does not exist prior
work on generalizing Jensen-Shannon divergence GANs loss functions that are not in

the family of f-divergences. This provides another motivation for this work.

1.2 Contributions

The novel contributions of this thesis are described in what follows. We revisit LS-
GANs by considering a more general parameterized classes of loss functions that
include the original LSGANSs’ generator loss function as a special case. More specif-

ically, we introduce least kth-order GANs (LkGANs) by considering the kth-order
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absolute error loss function for the generator (k > 1). We prove that minimizing this
loss function is equivalent to minimizing the kth-order Pearson-Vajda divergence [61],
which recovers the Pearson y? divergence examined in [55] when k = 2. The LkGANSs’
generator loss function also preserves the theoretical minimum of LSGANs’ genera-
tor loss function, which is achieved when the generator’s distribution is equal to
the true distribution. LkGANs are implemented and compared with LSGANs on the
MNIST [47] and CelebA [53] datasets using the DCGAN and StyleGAN architectures.
Experimentally, LkGANs are shown to outperform LSGANSs in terms of generated im-
age quality, as measured by the Fréchet inception distance (FID) score [37], and the
rate at which they converge to meaningful results. LEGANs are also observed to
reduce the problem of mode collapse during training.

We also revisit the original GAN’s generator optimization problem by considering
more general parameterized classes of loss functions that subsume the original func-
tion as a special case. An important objective is to identify generalized loss functions
that can be analytically minimized under an (unconstrained) optimal discriminator,
with the minimum theoretically achieved when the generator’s distribution is the true
dataset distribution. To this end, we consider a new GAN’s generator loss function
expressed in terms of the negative sum of two Rényi cross-entropy functionals of order
a, where o > 0 and « # 1. We show that minimizing this a-parameterized loss func-
tion under an optimal discriminator results in the minimization of the Jensen-Rényi
divergence [45], which is a natural extension of the Jensen-Shannon divergence as
it uses the Rényi divergence instead of the Kullback-Leibler (KL) divergence in its

expression. Note that this Jensen-Rényi divergence measure, which reduces to the
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Jensen-Shannon divergence as o approaches 1, differs from an earlier namesake mea-
sure introduced in [36], [35] and defined using the Rényi entropy. We also prove that
our generator loss function of order o converges to the original GAN loss function
in [32] when a@ — 1. Previously, researchers generalized the GANs loss function using
the f-divergence measure [19] [63]. However as the Jensen-Rényi divergence is not
itself an f-divergence, it can be interpreted as a non-f-divergence generalization of
the Jensen-Shannon divergence. We call the resulting network RényiGANs.

Finally, we implement the newly proposed RényiGAN loss function using the DC-
GAN and StyleGAN architectures [41]. Our experiments use the MNIST [47] and
CelebA [53] datasets and provide comparisons with the baseline DCGAN and Style-
GAN systems. Experiments show that the Rényi-centric GAN systems perform as
well as, or better, than their baseline counterparts in terms of visual quality of the
generated images (as measured by the FID score), particularly when spanning «
over a range of values as it helps the avoidance of local minimums. We show that
employing L; normalization with the Rényi generator loss function confers greater
stability, quicker convergence, and better FID scores for both RényiGANs and DC-
GANs. Consistent stability and slightly improved FID scores are also noted when
comparing RényiStyleGAN with StyleGAN. We finally compare these GAN systems
with the simplified gradient penalty [57], showing that the Rényi-type systems pro-
vide substantial reductions in computational training time vis-a-vis the baselines, for

similar levels of FID. !

LOur codes and results can be found in https://github.com/renyigan-lkgan?tab=repositories.
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1.3 Outline

We introduce the preliminary background on information-theoretic measures and
neural networks in Chapter 2. In Chapter 3, we describe the original GAN sys-
tems, including recent papers that improve the design of these networks by altering
the GANs loss function, such as LSGANs and InfoGANs. In Chapter 4, we ana-
lyze LEGANSs, which generalize LSGAN’s generator loss function, and we provide
experimental results comparing LEGANs with LSGANs. In Chapter 5, we present
theoretical results of RényiGANs, which generalize GANs, and show experimental
results comparing RényiGANs with DCGANs and StyleGANs. Finally, we provide

conclusions in Chapter 6.



Chapter 2

Preliminaries on information measures and neural

networks

We provide background material on information measures and neural networks. We
use the (R, B(R), 1) measure space, where B(R) is the Borel o-algebra on R and pu is
the Lebesgue measure. We also use the short-form [, fdu := [ _ f(x)du(z), where
f : R — R is a measurable function. Throughout, we use A to denote a random

variable, a to denote a matrix, and a to denote a vector.

2.1 Information measures

We describe entropy, divergence, mutual information, and cross-entropy measures
used in this work. More details on the properties of these quantities can be found in

the texts [3], [17], [21], and [87].

2.1.1 Entropies

Entropy measures the uncertainty of the outcome of an experiment that is modelled

by a random variable. Shannon puts forth a set of postulates that models entropy and



2.1. INFORMATION MEASURES 9

provided a simple and elegant formula. We first present the definitions of Shannon

entropy [76].

Definition 1 The Shannon entropy of a discrete random variable X with proba-

bility mass function px and finite alphabet (or range) X C Z is defined as

==Y px(x)log(px(x)). (2.1)

reX

Definition 2 The differential Shannon entropy of a continuous random variable

Y with probability density function fy and support Sy C R is defined as

hMfy)=— [ Jfylog(fy)du. (2.2)

Sy

Several researchers refined Shannon’s original postulates. Using a new set of postu-

lates, Rényi created a generalization of Shannon entropy [69].

Definition 3 For o > 0, a # 1, the Rényi entropy of order o of a discrete
random variable X with probability mass function px and finite alphabet X C 7Z is
defined as

H,(px) =

1 ! ~log (Z px(a)a) | (2.3)

aceX

Definition 4 [81] For o > 0, a # 1, the differential Rényi entropy of order o

of a continuous random variable Y with probability density function fy and support
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Sy C R is

half) = 1 log ( /S ) f%du> . (2.4)

2.1.2 Divergences

Divergence measures are used to quantify the dissimilarity between distributions. We
first present the definitions of the Kullback-Leiber divergence, Jensen-Rényi diver-

gence, and the Pearson-Vajda divergences.

Definition 5 [/6] The Kullback-Letibler divergence between two distributions

functions p and q with the same support or finite alphabet is defined as

KLl =, (s 2. 25)

Note that when we say distributions functions, we mean that the definition works for
probability mass functions p and ¢ and probability density functions p and q.

The KL-divergence can be generalized via the Rényi divergence.

Definition 6 [81] Given a > 0, « # 1, the Rényi divergence of order o between
two probability mass functions p and q with the same finite alphabet X C 7Z is defined

as

Da(pllg) = L og (Zp“(m)ql‘“(x))- (2.6)

a—1
zeX
Note that D,(p|lq) > 0 with equality if and only if p = ¢, see [81].

Definition 7 [81] For « > 0, o # 1 and two probability density functions p and q,
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the differential Rényi divergence of order o with common support R C R is

defined as

Da(plla) = — i T log (/Rpaql‘“du) . (2.7)

Similarly, D, (p|lg) > 0 with equality if and only if p = ¢ almost everywhere (a.e.),

see [81]. Furthermore, the Rényi divergence reduces to the KL-divergence as o — 1.

Theorem 1 [81] For two distribution functions p and q, assume D, (pl||q) < oo for

some v > 1. Then we have that

lim Da(pllg) = KL(pllg)- (2.8)

For simplicity of analysis, we assume in what follows the finiteness of D, (-||-) for some
v > 1 so that (2.8) holds. Being a function of an f-divergence, useful properties and
bounds on the Rényi divergence can be elucidated from the study of f-divergences,
see [75] and related references.

We next describe the Pearson-Vajda divergence, which is itself an f-divergence

61].

Definition 8 The Pearson-Vajda divergence of order k, denoted by |x|*(p|lq),
between two probability density functions p and q with common support R C R, where
k> 1, is given by

q—pl*
x[*(pllg) == R‘p’“‘l dp. (2.9)

Note that |x|*(p|lg) > 0 with equality if and only if p = ¢ (a.e.). Also when k = 2,
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Ix|¥(-]|-) reduces to the Pearson y? divergence measure.

Definition 9 [61] For two probability density functions p and q with common support

R C R, the Pearson x? divergence between p and q is defined as

X*(pllg) = /R (q;fpydu. (2.10)

We now describe the definition of Jensen Shannon divergence, which is the mixture

of two KL-divergences.

Definition 10 [52] The Jensen-Shannon divergence between two distribution
functions p and q is given by

1 p+q 1 pP+q

Replacing the KL-divergences with Rényi divergences gives a natural extension of
the Jensen-Shannon divergence, which we call Jensen-Rényi divergence. This Jensen-
Rényi divergence was recently introduced in [45] for discrete distributions and studied
in the context of generalized (Rényi-type) f-divergences. It differs from the identically
named divergence studied in [36] and [35], an earlier extension of the Jensen-Shannon
divergence consisting of the difference between the Rényi entropy of a mixture of
multiple probability distributions and the mixture of the Rényi entropies of the indi-
vidual distributions. Other recent (but different) extensions of the Jensen-Shannon

divergence can be found in [59] and the references therein.
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Definition 11 The Jensen-Rényi divergence of order o between two probabil-

ity distributions p and q, where a > 0, o #£ 1, is given by

1 + 1 +
JRa(plle) = 5Da (pH%) +3Da (qHz%) : (2.12)

By the non-negativity of the Rényi divergence, it follows that JR.(p|l¢) > 0 with
equality if and only if p = ¢ (a.e.). Finally, since lim,_,; D, (p||q¢) = KL(p||q), we have
that

lim JRa(pllg) = JSD(pllq)- (2.13)

2.1.3 Mutual informations

Shannon mutual information between two random variables X and Y measures the
amount of information that Y contains about X (or, symmetrically, that X contains

about Y). We present the definition of the Shannon mutual information.

Definition 12 [76/ The Shannon mutual information between two random
variables X and Y, with joint distribution function pxy and marginal distribution

functions px and py, is defined as

I(px;py) == KL(px, v ||[pxpy)- (2.14)

Note that X and Y are independent random variables if and only if I(px; py) = 0.
Arimoto, Csiszér, and Sibson have generalized Shannon’s mutual information (e.g.,

see [82]). We present Arimoto’s generalization below.
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Definition 13 [7] For a > 0, a # 1, the Arimoto-Rényi mutual information
of order o between two random variables X and Y, with joint distribution function

pxy and marginal distribution functions px and py, is defined as

Ia(px;py) == Ha(px) — Ha(pxpv), (2.15)

where

Hirxw) = 12 1ox (B (v (1401 ). (2.16)

where || flla = (fg fedp)a is the ac-norm for some measurable function f.

2.1.4 Cross-entropies

Shannon cross-entropy is a measure of the dissimilarity between two probability mass
functions or probability density functions p and ¢, and is closely related to KL(p||q).
Indeed, like the KL divergence, it measures the difference between conducting an
experiment using an approximate distribution function ¢ when the true distribution
is p.

Definition 14 The Shannon cross-entropy between two probability mass func-

tions p and q with common finite alphabet X C 7Z is defined as

Zp ) log(q (2.17)

rzeX

Note that H(p;q) = KL(p|lq) + H(p) > H(p). Thus H(p;q) = H(p) if and only

if p=gq.
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Definition 15 [60] If p and q are two probability density functions with common
support R C R, then the differential Shannon cross-entropy between p and q is

defined as

h(p; q) = —/Rplog(q)du- (2.18)

Similarly h(p;q) = h(p) if and only if p = ¢ (a.e.).
Similar to entropy and divergences, Shannon cross-entropy can be generalized

using the Rényi cross-entropy.

Definition 16 [80] The Rényi cross-entropy of order o between two probability
mass functions p and q with common finite alphabet X C Z, where o > 0, a # 1, is

given by

Ha(pia) = 1 i - log (ZM%)Q"”(@")) : (2.19)

We next introduce an analogous definition of Rényi cross-entropy between two prob-

ability density functions.

Definition 17 The differential Rényi cross-entropy of order o between two
probability density functions p and q with common support R C R, where a > 0,

a # 1, is given by

ha(piq) = L log (/qua‘ldu)- (2.20)

l1—«a

Note that h,(p;q) reduces to h,(p), when p = ¢ (a.e.). Under some finiteness condi-

tions, lim, 1 ha(p; q) = h(p; q), as we show in the next theorem.
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Theorem 2 Let p and q be two probability density functions with common support

R CR. If h(p;q) < oo, then
lim ha(ps q) = h(p; q).
, 1
Moreover, if A]l}p <m) < 00, then

13;111 ha(p; q) = h(p; q).

The proof of the theorem requires the following result, which we recall from [81].

Lemma 1 For any x > %,

(z —1) <1+1_T$> <log(z) <z — 1.

Proof of Theorem 2 Working in the measure space (R, B(R), i), where B(R) is

the Borel g-algebra and p is the Lebesgue measure on R, we first note that by setting

to= E (q(A)*) = / pg®tdu

we have that lim,|; z, = 1. Also, Lemma 1 yields that

|
lim 128 (%) _
all T, —1
We then can write
limho(pyq) = lim ;——log ()
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To — 110g(xa>

To—1
et

if and only if lim,; exists. We next show the existence of this limit and verify

that it is indeed equal to h(p;q). Consider

. o —1 . pxqg*t—p
lim = lim —_
all 1 — all Jr l—«

du.

In order to invoke the monotone convergence theorem, we prove that the integrand

is non-decreasing and bounded below as o | 1. Noting that

dpxgt—p _ pg* (11— (a—1)log(q)) —p

dae 1-a (a—1)2 ’

it is enough to show that

pg* (1= (a—1)log(q)) —p < 0.

Indeed, we have

plg® (1 +1log(g" ™) —1] < plg* ' (1+¢"*—1)—1] (2.21)
= p[l —1]
_—

where (2.21) holds since log(z) < x — 1, for x > 0. We next show that the integrand
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is bounded from below. The lower bound can be obtained by letting o — co:

% a—1 _
lim P24 —P _
a—00 1—«

Hence, by the monotone convergence theorem, we have that

X a—1 _ % a—1 _
T X Al / i P P,
all Jp l—a Rr ol 1—-a

Finally, by L’Hopital’s rule, we obtain that

R 1

= h(p;q).

Next, we shall prove taking « T 1. For a < 1, z, = AE (q(A)*1) < oo by the

~p

fact that x, is non-increasing in o > 0 and by the assumption that A]E <@) < 00.
~p

Hence, limy4; 4 = 1. Using Lemma 1, we can apply the same steps as above with

the alteration of the following argument. Consider

a_l a—1 _
lim < — lim [ PL__TPy
ol 1 — otl Jy 1 —a

We know that the integrand is non-increasing in @ > 0. To use the monotone con-

vergence theorem, we need to show that the integrand is bounded above. Note that

. pXg*t—p
lim 2~ 8 _
a—0 1 — «

|
i

[\
Q.I'BQ I3
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Since we assumed AE (ﬁ) < 00, we have that £ < oo (a.e.). As a result, the
~p

integrand is bounded above (a.e.). Following the same steps as in the previous part,

we conclude that

10%1 ha(p;q) = h(p; q),

finishing the proof. [ |
We next show that the differential Rényi cross-entropy is monotonically decreasing

ina>0,a#l.

Theorem 3 Let p and q be two probability density functions with common support

R CR. Then for a >0, a # 1, ho(p; q) is monotonically decreasing in «.

Proof We first consider

d, . d/1 -
whepa) = (1_alog(/72pq du))

— 1 1 / a—ld + 1 1 d / a—ld
= Goapioel ) pet [~ a [opgiduda patdn )

We next consider

d . ) qa—l—e—l _ qa—l
— 7 d = 1 —]d
8 (o) = ()

) (g -1
= 1] a-l du.
im | pa ( - )u

In order to apply the monotone convergence theorem, we prove the integrand is

decreasing in € € (0,1) as € | 0 and is bounded above. Note that

dg -1 _ 1+4¢(elog(q) —1)

de ¢ €2 ’
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hence, it is enough to show that
1+ ¢“(elog(q) — 1) = 0.

Indeed, we have

1+¢(log(q) —1) > 144 (1 — % — 1) (2.22)

= 0,

where (2.22) holds since 1—2 < log(x), for all 2 > 0. We now show that the integrand

is bounded above by letting ¢ — 1:

€

lim
e—1 €

=q—1<o0.

Hence by the monotone convergence theorem we have

. a—1 qE_l . a—1 q6_1
= | .
i [ ()= [t (£ ) o

By L’Hopital’s rule, we obtain that

d B o
o (/ pq” 1du> =/pq "log(q)dp.
o \Jr R

Thus we have that

d 1 1 1
— ha(prq) = ———1 a-1q 21 1og(q)d
1g alp50) =) 8 (/qu M) + 1_aprqaldM/qu og(q)du
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_ Jrpg®(ha(p;q) +log(q))dp
(1= a) (Jppg*~'dp)
We next consider two cases, a < 1 and o > 1. For a < 1, we consider
1 - log(q¢' ™)
o(p;q) +1 = 1 *7d
ha(p; q) + log(q) 1_aog(/72pq =
_ log(q"™ Jrpg®dp)
-«
-« afld -1
_ ¢ Jrpa®'du | (2.23)
-«
where (2.23) holds since log(z) < x — 1, for all x > 0. We thus have
d, ) < Jrpa® (" [rpg® dp — 1)dp
da 77— (1 - a)? ([ pg*tdp)
Jrpa®tdp — [ pg*'dp
(1= ) (Jzpg>~'dp)
= 0.
Finally, for a > 1, we consider
log(q' ™ [ pq*~'dp)
ha(p;q) +log(q) = 1%@
11—« a—ld -1
S 4 Jrpa®'du | (2.24)
1l -«

where (2.24) holds since — log(xz) > —(z — 1), for all > 0. Thus, we have

d pg* (¢ ™" [ pg®~'dp — 1)dp
—ha(prq) < Jr ( QIR — )
da (1 =) (Jrpa*'dp)

= 0,
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which finishes the proof. |

The above definition of differential Rényi cross-entropy can be extended (assuming
the integral exists) by only requiring ¢ to be a non-negative function (such as a
non-normalized density function); in this case we call the resulting measure as the
(differential) Rényi cross-entropy functional and denote it by H,(p; ¢). Similarly, we

henceforth denote the Shannon cross-entropy functional by H(p; q).

2.2 Neural networks

Modelled after the human brain, neural networks are functions that consist of super-
positions of activation functions and affine linear transformations. In this section, we
present the basic definitions of neural networks and a widely used gradient descent

optimization technique called Adaptive Moment Estimation (Adam) [42].

2.2.1 Propagation equations

We follow the treatment provided in [31] unless otherwise stated. Let X C R be the

space of input signals and Y C R be the space of output signals. We denote

C'X,Y) = {f:X = Y: fis continuous.},
C"(X)Y) := {f:X—=Y:fis n-times continuously differentiable},
where n € N.

Definition 18 [/8/ An activation function o : X — Y is a function that is

continuous (a.e.).
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Examples of common activation functions are the Rectified Linear Unit (ReLU)

0, ifzx<O,
ReLU(z) =

x, if x>0,

the Leaky Rectified Linear Unit (LeakyReLU) with parameter a € R.q [31],

x, if x>0,
LeakyReLU, (x) = (2.25)

ar, ifr <0,

o(r) = tanh(z), and o(z) = ——. Often o(x) = tanh(z) and o(z) = are

1
1+e—= 1+e—=

referred to as sigmoid functions, sigmoidal functions [22], or squashing functions [38].

We primarily use ReLU, LeakyReLU, tanh(z), and ; +i*$ as our activation functions

in this thesis.

Definition 19 A neuron is a function f : X" x R" xR — Y such that for an input,

x = (r1,...,7,) € X", weight vector w = (wy,...,w,) € R", and bias b € R,

flx,w,b) = o (i Tpwy + b) , (2.26)

where 0 : X — Y s an activation function.

Figure 2.1 is a representation of a neuron. It can be shown that neurons can approx-
imate any C'(X",Y) function [48].

Neural networks consist of neurons arranged in layers, which correspond to su-
perpositions of activation functions and affine linear transforms, see Figure 2.2. Let

X™ be the input space and Y™ be the output space of the neural network. Suppose



2.2. NEURAL NETWORKS 24

1 w;

Ty —22 y = o(z1w; + Taws + z3w3 + b)
w3

T3

Figure 2.1: A neuron.

Figure 2.2: A neural network with three layers that maps (21, g, x3) — (Y1, Y2, Y3, Y4)-

a neural network has k layers, where first layer is the input layer and the kth layer is
the output layer. We denote /; € N as the number of neurons in layer j € {1,...,k}.

Note that [; = n and I, = m.

Definition 20 We call w9 € Rb xRb-1 the weight matriz of layer j and bY) € Rb

the bias vector of layer j, where j € {2,... k}.

Note that we define w,(ljz € R as the weight of the connection from the hAth neuron

, T
from the (j — 1)th layer to the ith neuron in the jth layer. Hence w\) = [wﬁfz}h .

Similarly b,gj) € R is the bias associated with the ith neuron in the jth layer. The
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function o : RY — RY applies an identical activation function, 0@ : R — R,
component-wise, ie., oW (ar,...,a;) = (6V(a1),...,09(q;)), where q; € R, for
ie{l,...,;}.

Definition 21 A neural network with k layers is a function fg : X — Y™ of

the form
fo(zx) = o® (W(k)a(kfl)(w(kfl)(_ L o® (‘,‘,(2)9c + b(2))) + b(kfl)) + b(’“)), (2.27)

where € = (z1,...,2,) € X" is the input and @ = (w®, ... wk® b® bk js

called the tuple of parameters (or parameters for short) of the neural network.

For a fixed x € X", we let a ) be the activation of the ith neuron in layer

Jj€{1,...,k} defined it recursively as follows:

, ;, if j =1,
o = (2.28)

o) (St wdlal ™V w0}, ifje 2, k)

where i € {1,...[;}. Equivalently, in vector form,

. . : x, if j =1,
o) = (a(lj),...,ozl(J)) = (2.29)

oD (whal-D b)), ifje{2,... k},

where a¥) € R%. Note that we denote y; 1= ozgk) and y :={y1,...,yn} € Y™

We denote

lj—

Zw,gg b, (2.30)
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where ¢ € {1,...1;} is the neuron in layer j € {2,...,k}. Equivalently, in vector

form,

S0 .= W(j)a(j_l)—l—b(j), (2_31)

where 2 € Rb.

When constructing a neural network, the weights and the biases are the parame-
ters that can be fine tuned to optimize the neural network. There are several tasks
that a neural network can perform, such as classification, regression, or density esti-
mation [31]. The two main types of learning algorithms for neural networks to achieve
their task are supervised and unsupervised learning.

Supervised learning algorithms learn features of a dataset that contains a desired
output for a given input from the dataset. For example, the MNIST dataset contains
handwritten numerical images with labels indicating the value for each image [47].

As such, we can train a neural network to classify handwritten numerical images.

Definition 22 Let a € Y™ be the destred output for some given input x € X".

We call (a,x) the training data.

To train the neural network, we need to define a loss function to measure how well a

neural network is performing.

Definition 23 The loss function is defined as a continuous function V : Y™ X
Y™ — R, which measures the difference between the desired output a and the actual

output fo(x), where fo : X* — Y™ is a neural network. That is (a, fo(x)) —

V(a, fo(x)).
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Note that in the literature, loss functions are also known as cost, objective, or value
functions. Loss functions do not need to be a metric on Y. Examples of common

loss functions are the square error

V(ia,y) = lla -yl

or the Shannon cross-entropy functional

Via,y) =H(a;y) = — (Z a;n(y;) +(1—a;)In(1— yz)) )

if a is a probability mass function and y; € (0,1), ¢ € {1,...,m}, where y = fo(x) is
the actual output of a neural network, fg, with k layers, for some given training data
(a,z) € Y™ x X"

Unsupervised learning algorithms learn features of an unlabelled dataset. This
can be done by learning the underlying distribution of the dataset, either explicitly
or implicitly. A popular unsupervised learning algorithm is generative adversarial
networks (GANs). It contains a generator neural network, whose task is to gener-
ate data that mimics some unlabelled dataset, and a discriminator neural network,
whose task is to distinguish real and fake data. As such the generator’s loss function
measures whether the generator manages to fool the discriminator into labelling real
and fake data as the same value. GANs, which are the subject of this thesis, will be

described in detail in the next chapter.
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2.2.2 Backpropagation equations

Backpropagation equations were first introduced by Rumelhart, Hinton, and Williams
in their seminal 1986 paper [72]. The aim of backpropagation equations is to find
{i—;) so that we can minimize the loss function over the parameters of the
neural network that we can control.

Theorem 4 [72] [31] [62] Let fo : X™ — Y™ be a neural network with k layers,
l; € N be the number of neurons in layer j € {1,...k}, and x € X". Let y =
(Y1, -+ Ym) = fo(x) € Y™ be the actual output. Then backpropagation equations of

the neural network fg are

oV ov

ov oV ;i1

oG (j)aﬁj ! (2.33)
Owy; 0z,

where i € {1,...,1;} is the neuron in layer j € {2,...,k}, and where h € {1...,l;_1}

1s the neuron in layer 7 — 1. Furthermore,

av () y
oV 8_yi0 (Zl ) ) Zf] = ka
0 | (2.34)
Z; i i+1) 7 1 cp o
i B STARE) (ZZ@) , dfjef2. . k—1},
D

Proof We first prove (2.32) and (2.33). For neuron ¢ € {1,...,[;} in layer j €

2,... k),

v av ¥ eV
(

0:0 v =0 oY’

(2

(2.35)
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(J)
where (2.35) is due to the chain rule, and < (]) = 1 from (2.30). For neuron h €

{1,...1;} in the jth layer and neuron ¢ € {1,...1;_;} in the (j — 1)th layer, we have

that
oV bV 92
PO Zaz(n PG (2:36)
h,i p=1 Y<p h,i

L
= Za% a(‘ ZwmpffmlﬂLb( :

p=1 0z 3“’}1],2
where (2.36) is due to the chain rule and product rule. Moreover,

(3-1)

o
(9 Zw ]1)—|—b(J _ ah , 'p 2,
hyi 0, otherwise.
Thus,
ov vV -y
ow'/) 927
We next relate agc) to 8‘/ , where ¢ € {1,...,l;} is the neuron in the output layer.

By the fact that y; = a( ) for neuron i € {1,...,l;} in the output layer, we have

that

Ay, a <Z§k)) , ifp=1,

i 0, otherwise,
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where p € {1,...1;}. Thus,
av 0 av
Z y(i) (z(k)> : (2.37)
p 0z, i
where (2.37) is due to the chain rule and product rule.
We next relate = (7) for neuron ¢ € {1,...,1;} inlayer j € {2,...,k—1} to (7+1),
where p € {1,...,l;11} is the neuron in layer j + 1. Firstly,
Lj
er()j+1) _ w}(g;l)aglj) + b;j+1)
h=1
Lj
_ ng;rl)a <Z}(LJ)> . b}(}jﬂ)
h=
+1
SOy ()
0.0~ U 7))
Hence,
Lt
oV oV 9z
- (2.38)
azi(]) ;: p]+1) Oz (J
Lt
— J+1) " ,G)
- Z ]+1) (Zl ) )
where (2.38) is due to the chain rule and product rule. |

2.2.3 Gradient descent algorithm: Adam optimization

Simply applying gradients to the weights and biases in a neural network does not

guarantee that it will converge to its local optimum, let alone its global optimum.

Indeed, there are no gradient descent algorithms that guarantee that a non-convex
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function whose parameters lie on a non-convex space, such as a neural network, will
converge to a local or global optimum. Moreover, loss functions have randomness due
to the fact that they are evaluated using different subsamples of data. Random noise
is also commonly added in network architectures, such as in StyleGANs [41], which
contribute to the randomness of loss functions. For such loss functions, stochastic
gradient descent (SGD) algorithms are useful.

One such popular SGD algorithm is called Adaptive Moment Estimation (Adam).
Related to RMSProp and AdaGrad [24] [31] [42], Adam uses first order gradients,
initialization bias correction, and adaptive learning rates by calculating the first and
second moments of the gradients. We include the algorithm below (see Algorithm 1).

Let (Xy,...,Xr) C X be random samples taken independently from some proba-
bility distribution p defined on X, where 7" € N is the time horizon. The distribution
p can be a uniform distribution if X is a countable finite set or a Gaussian distribution
if X C R. Recall that an estimator $ : X — R for an unknown parameter ¢ is called
unbiased if E(¢(Xy, ..., Xr)) = ¢ [70].

Let ((a1,x1),. .., (ar,x7)) C Y™ xX" be the tuple of training data. Let V(a, fo(x))
be the loss function, where fg : X" — Y™ is a neural network with k layers. Note
the goal is to find 6* = argming E(V (a, fo(x))), where the randomness arises from
randomly sampling the training data, or random noise added to it. Let V(ay, fo(x:))
be the realizations of the objective function at each time step t € {1,...,T}.

Using the definitions of m;, ¥;, and g; from the Adam algorithm, we next show
that m,; and v, are unbiased estimators of the gradient’s, g;, first and second moments

provided some condition on g;.
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Algorithm 1 Overview of Adam algorithm

Initialize 6, by randomly sampling a probability distribution, step-size a € Ry,
first moment vector mgy = 0, second moment vector vy = 0, exponential decay
rates (1, B2 € [0,1), and timestep ¢ = 0.
while t € {0,...T} do

t=t+1,

g: = VeV (ay, fo,_, (1)),

m; = f1-my_1+(1-51)- g,

v =y v+ (1 — o) '91527

A

m, = 1’?—5’5{, bias corrected estimate of E(gy),

U = %4, bias corrected estimate of E(g?),
2
0, =0, | —a- 2 where € is chosen close to the zero vector and has positive
t t Viite’
entries. !
end while

Theorem 5 IfE(g;) = a and E(g?) = b for allt € {1,...,T}, then E(m,) = a and

E(v;) = b, where a and b are constant vectors.

Proof It is direct to determine that m, = (1 — 3)Y.._, Bi'g; and v, = (1 —

Ba) 2221 Béfigf by recursion.

We prove that E(m;) = a; the other proof is identical.

1= B .,
E(m,) = E<1_—§125{_291>

1 =1
1-— Bl d t—i
= E(g,
e D
=1
= a, (2.39)

I'Note that % in the algorithm above denotes the element wise division of two vectors @ and b of
the same size.
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where (2.39) is due to the finite geometric series. |

The recommended values of the Adam algorithm are @ = 0.001, g, = 0.9, By =
0.999, and € = (1078,...,107®). Although the Adam algorithm is commonly used, it
does not guarantee that @, will converge to a global optimal 6*. In fact, researchers
proved that there exists an online convex optimization problem where the Adam
algorithm fails to converge to an optimal solution [68]; selecting 8; and [2 to vary

with time is suggested as a remedy.

2.2.4 Convolutional neural networks

In computer vision, convolving kernels (or also known as filters, masks, templates, or
windows) onto images can give information about the spacial dependencies between
pixels [29]. The concept of filtering descends directly from Fourier transforms for
signal processing [29]. Kernels can sharpen images, increase their contrast, reduce
noise, and detect edges of objects and features in the image [29]. The same theory can
be applied to neural networks that take images as their inputs. Instead of flattening
out the images, we can apply kernels and train the neural network to pick out spacial
features and patterns, which in practice improves the accuracy of these networks [31].

We provide the definitions of images, kernels, and convolutions below, which can

be found in Chapter 3 of [29] and Chapter 9 of [31].

Definition 24 An image x of size m X n X p is p matrices of size m X n, where
p € N is the number of channels, where pizel at (i,j) in channel k refers to the

location (i, j, k) in the image x, and where x(i, j, k) is the pizel value at (i,7) in
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channel k. That is

y { x(0,0,p) x(0,n = .17_p>.
x(0,0,1) ... x(0,n—1,1) x(1,n—1,p)
x = x(1,0,1) oo x(Ln—1,1) : (2.40)
: ' : x(m—1,n—1,p)
x(m—1,0,1) ... x(m—1,n—1,1)

Note that we use the shorthand pizel (i, 7, k) to refer to the pixel (7,7) in channel
k. Often pixels values are x(7,7,k) € {0,...,255}, where pixel value x(7,j,k) = 0
is the darkest pixel value, and x(i, j, k) = 255 is the brightest. Note henceforth, we
assume that x(i,j,k) € R. A black and white image has only one channel, p = 1.
A coloured image usually has three channels, p = 3, which are red, blue, and green
(RBG) [29] [31].

Note that a kernel k of size » X t X w is defined similarly to images, however,
pixels of the kernel are called coefficients, and the coefficients value can be real
numbers [29]. Furthermore, we shall assume that w = p, that is the kernel has the
same number of channels as the image it is convolved with.

We next define the linear convolutional operation.

Definition 25 Let x be an input image that is of size m xn X p and let k be a kernel
of sizer X t X p. A linear convolutional operation in a single channel k,

k *x, on some pizel (i,j, k), where k € {1,...,p}, is defined as

ko x(i, k) =Y > x(i —u,j — v, k)k(u, v, k), (2.41)

u€lr] ve(t]
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where [a] :=={0,...,a — 1} for some a € N. The linear convolutional operation

over all channels is defined as

k *x(i,7) : Zk*xzy, : (2.42)

Note that k*x(7, j) € R. For the sake of brevity, linear convolutional operations will
be referred to as convolutions. Henceforth, we will also be using square images of size
n X n X p, and square kernels of size r x r X p.

To apply convolutions on the pixels near the edge of the input image, the image
is padded with zeros (also called zero-padding). If the image is not zero-padded,
then the network shrinks quickly or we have to use small kernels, which limits the
network’s expressive power [31]. However, zero-padding lowers the values of pixels on
the edge, which in practical terms makes the border pixels darker than they are [29].

One way to combat this is to use cyclic convolutional operation, which is defined as

k *x(i, 7) :zpzz ZX i —wu (mod r),7 — v (mod r), k)k(u, v, k).
k=1 uelr] velr]
This is equivalent to padding the image with pixels from the opposite edge of the
image [40] [29]. Another padding technique is to interpolate the pixel values beyond
the image size [29]. Let ¢t € Zs>o be the number of pixels padding the image in each
direction of the image. We then write the convolution between kernel k and image
x with padding ¢ € Zs as k %, x(4,7). For example, if ¢ = 1, the kernel is size
3 x 3 x 1, and the image is size 5 X 5 X 1, then the image is padded with one pixel in
each direction to ensure that convoluting on the edge pixels, such as pixel (0,0, 1), is

possible, as shown in Figure 2.3 below.
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Figure 2.3: Padding a 5 x 5 x 1 image with ¢ = 1. The white pixels are the padding
added to the image. The image is represented by the blue pixels.

Convolutions can be applied to certain pixels rather than every pixel in the image.
This is called downsampling [31], which is a common practice to reduce computing
time. If downsampling is periodic, it is called strides. We provide the definition of a

convoluted image and the equations of strides below.

Definition 26 The convoluted tmage y resulting from convoluting an input image
x of size n X n X p with kernel k of size r X r X p, padding t, and stride s € N is

defined as

y = [k *t X(iaj)]ixs,jxs' (243)

We rewrite the right-hand expression in (2.43) as

k*S,tX = [k *t X(iaj)]ixs,jxs' (244)

For an n x n X p input image x, kernel k of size r X r X p, convoluted with x with

stride s € N, and padding of size t € N, the output image y is size m x m x 1 [25],
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where
2t —
m = {uJ ) (2.45)

Note that if the input image x is convoluted with k kernels (kg,..., k), then the
convoluted image y is size m x m x k. By abuse of notation, we write y = k *,; X,
where k = (ky,...,kg) is the tuple of kernels. The value of the padding ¢, strides s,

and kernels’ dimensions r can increase the size of the output image, as shown below.

Example 6 Assume that an input of a convolutional layer is an image of size 5x5x 1.
Let us assume that the padding is t = 2, there are 3 kernels of size 3 x 3 x 1, and the

stride is s = 1. Then according to (2.45), we have

{n—FZt—TJ
m o= |2
s

— 542.2-3+1

= T.

Hence, the resultant image is 7 X 7 x 3; see Figure 2.J.

We next define a convolutional neural network with k layers. Let X C R" xR" xRP
be the input space of images of size n x n x p. Let [; be the number of kernels in layer

J, sj be the stride in layer j, and t; be the padding in layer j, where j € {2,...,k}.
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Figure 2.4: A visual representation of Example 6. The dark blue pixels are the pixels
of the input image. The light blue and dark blue pixels are the pixels that the kernels
are convoluted with.

We recursively define the activated image in layer j € {1,... k} as

, X, if j =1
al) .= (2.46)

o'(j)(k(j) *sj,t ali=l 4 b(j))o if j€{2,....k},

where x € X is the input image, and k) = (kgj ). ,kl(j )) is the tuple of kernels
of size r; x r; x l;_ in layer j, where [; = p. The bias, bU), in layer j is of size
m; X m; x l;, where m; is predicted by (2.45). After convoluting with k@ and adding
the bias to each pixel, o) applies an identical activation function on each pixel.
Note that convolutional neural networks have an extra stage called the pooling
stage, which summarises the statistics of the outputs in some neighbourhood of pixels
(such as max pooling) [31]. Since this thesis focuses on deep convolutional GANs,

pooling will not be used [67].

Definition 27 Let X C R" x R™ x RP be the space of n X n x p images and Y C

R™ x R™ x R* be the output space. A convolutional neural network with k
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layers is a function fo : X — Y of the form
otV @ (kP x,,, x +bP) 4 bk, (2.47)

where x € X is the input image, kI = (kgj), e ,kl(j)) 18 the tuple of kernels in layer
4, bYW is the bias in layer j, 8 = (k... k® b® . . b®) is tuple of kernels and
biases, called the parameters of the convolutional neural network, and o) is

the activation function that is applied to every pizel in the resulting convolved image.

Note that convolutions are equivalent to multiplying the input by a Toeplitz or cyclic
matrix [40] [31]. Since convolutions can be rewritten as multiplying the input with
a Toeplitz or cyclic matrix, the backpropagation equations of convolutional neural
networks are identical to neural networks. Convolutional neural networks are superior
to regular neural networks because of parameter sharing [31]. This reduces memory
overhead and improves the efficiency of training. Moreover, it allows the neural

network to learn the spacial dependencies between pixels of images.
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Chapter 3

Generative adversarial networks

Generative adversarial networks (GANs) were introduced in [32]. GANs use two
neural networks, one discriminator and one generator neural network in a min-max
zero-sum game. The generator neural network creates fake data (also sometimes
referred to as generated data) while the discriminator distinguishes fake from real
data. The aim of the generator is to mimic the real data as close as possible and to
fool the discriminator. Hence implicitly, the generator neural network tries to learn
the underlying distribution of the real data.

We provide the definitions of generator and discriminator neural networks below.
We will be working in the context of image generation. Let X C R™ x R™ x R3 be
the set of n x n x 3 coloured images, where (X, B(X), ¢t) is a measure space over the
space of images, B(X) is the Borel o-algebra, and p is the Lebesgue measure. Let
A C X be the set of images that we want to mimic. This can be the set of landscapes
images, handwritten numbers images, or images of celebrity faces. The elements of

A are referred to as real images.

Definition 28 Let (Z,B(Z2), 1) be a measure space, where Z C R3. A generator
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neural network is a neural network

gB(ZaB(Z)’M) - (X,B(X),M),

whose task is to generate images x € X such that the discriminator (defined below)
declares that x € A, where A is the set of real images and @ is the parameters of the

generator neural network.

Note that the images that the generator creates are called fake images. Fake images

are also sometimes referred to as generated images.

Definition 29 A discriminator neural network is a neural network

Dg - (X,M,,u) - ([07 1]7183([()? 1])7:“)7

whose task is to classify real and fake images, where 0 is the parameters of the dis-

criminator neural network.

We will write the shorthand g := g¢ and D := Dy.

We next provide details of the GANs loss functions. Let px : X — [0,1] be
the probability density function of real images. Let pz : Z — [0, 1] be the density
function from which the generative neural network draws samples. This is usually a
multivariate Gaussian random variable. Let p, : X — [0, 1] be the probability density

function of images that the generator neural network produces.

Definition 30 The GANs loss function is defined as

V(g, D) = —H(px; D) — H(pz; 1 — Do g), (3.1)
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where D o g denotes the functional composition.

The discriminator and generator neural networks play a min-max game

min max V (g, D) = min max ( E [log(D(A))] + BE [log(1 — D(g(B)))]) . (3.2)

g D g D A~px ~pz

Intuitively, the discriminator tries to label real images as 1 and fake images as 0,
whereas the generator tries to induce the discriminator to label fake images as 1.
We next provide a proof of the solution to the min-max loss function (3.2). Note

this result is derived in [32], but we provide a detailed proof here.

Proposition 7 Consider the optimization problem (3.2). Then

* _ px (%) 0e
D*(x) = p—x(x) i (a.e.), (3.3)

where D* := argmaxpV (g, D). Furthermore, if D = D*, then

V(D" 9) = 2JSD(px|lpg) — 210g(2)

Z -2 10g(2),

with equality if and only if p, = px (a.e.).

Proof We have that

Vig,D) = E flog(D(A))]+ E [log(1—- D(g(B)))]

A~px B~pz

- /prlog[p]dm/zpzlog[l—D(g)]du
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Note, we have

/pz(c) log[1 — D(g(c))de =

= V(9. D) =

pg(x)log[l — D(x)]dx

—

px log[D] + py log[l — D]dpu.

As a result,

d .
@V(D 9) = 16%1 pr

Next we show (3.4) can be upper and lower bounded by [ 2 + £=du. Indeed, we

have that
o [Pxlog(+5)  p log (145 )dﬂ _ [
@ Jy D(1+5)—1 1-D(1+:5)—-1 xD 1-D

as log(y) <y —1for all y > 0.
Also,

(1+ 1—6D) —1

| D p, (1-D 1-D
. D T2 ) qus.
= T/ <e)(1 D—i—e) 1—D( ; )(1 1—D+e) H3-5)

[ 208 ks ),
D —1
px
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1 1
= 1 —_— — |d 3.6
o XpX<D+e>+p9<1—D+e) a (3.6)
x| Py
. D 1-D

dp,

where (3.5) is because log(y) > 1 — i for all y > 0. We can exchange the limit with
the integral in (3.6) because of the monotone convergence theorem. This is because

1 1
D+e and 1-D+e

are monotonically increasing as € | 0 and are bounded below by 0.

Hence,

d px Pg
— V(D — £X
ap” (P9 . D 1-D

du (3.7)

If 2X + Lo = 0 (a.e.), then J5V(D, g)|p—p+ = 0. Solving for D*, we get D* = —PX

1-D* PxX+Pg
(a.e.). Furthermore D* is the maximum as
d PX ., Pg g4, — lim/l Px _Px, Py Pg )4
an)yp 1-D" T &)fe\Dre D 1-Dte 1-D)°N
—1 —1
= i du (3.8
i | oo Y a-proa- )WY
Px pg
= —= - ——d
x D (1-Dp "
< 0.

Using the same argument as for (3.6) and the monotone convergence theorem, we can
exchange the limit with the integral in (3.8).

Next, note that min, maxp V (g, D) = min, V (g, D*).

V(ig: D) = E [log(D*(A))]+ E [log(1—D"(9(B)))]

A~px ~pz

= E [log(D*(A))]+ E [log(l1 - D*(C))]

A~px Cr~pg
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bl )] e )
e G o -
= —log(4) + /X (px log (pQX*f ;)) (pg o (pxip;g))

= —log(4) + 2(JSD(px||pg)).

where JSD(px||py) is the Jensen-Shannon Divergence, which is minimized when p, =
rx (a.e.). [

GANSs are notoriously hard to train; e.g., see [34] [83] [84] [18] [8]. They suffer
from a myriad of problems such as mode collapse, which is the generator producing
only one image and hence the discriminator is perfectly able to tell apart real from
fake images [8] [9]. Several modifications have been made to GANs to improve their
training stability and the quality of their generated images. For example, DCGANSs
use convolutional neural networks for the generator and discriminator to improve the
quality of generated images [67], or LSGANSs try to improve training stability [55].
StyleGANSs alter the generator’s network architecture to create highly realistic images
by mapping the input into an intermediate latent space from which different features

of the images can be controlled, such as eye colour or age for images of faces [41].

3.1 Gradient penalties

A commonly used method of improving the training stability of GANs is gradient
penalties [34] [71]. Inspired by Wasserstein GANs [9], researchers proposed altering
the Wasserstein GANSs’ loss function to encourage the discriminator to be Lipschitz

[34]. Recall that the discriminator neural network D : X — [0, 1], where X C R, is
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called Lipschitz if for all x;, x2 € X |D(x1) — D(x2)| < ¢||x1 — X2||F, where ¢ > 0

and ||al|r = \/Z”k a(i, j, k)? is the Frobenius norm of some image a € X [31].
Experimentally, adding a gradient penalty to the discriminator’s loss function for
Wasserstein GANs confers faster convergence and better quality image generation [34].
The use of a gradient penalty was further extended to a larger class of GANs loss
functions and researchers proved that incorporating a gradient penalty is equivalent to
adding noise to the inputs of the discriminator during its training [71]. The gradient

penalty proposed by [71] was further simplified by [57].

Definition 31 [57] The simplified gradient penalty is defined as

&AEX (“VxD(X)‘x:AHi> 7 (3.9)

where v > 0.

Note that in our simulations, we use 4 = 5 as recommended by [57]. Adding the sim-
plified gradient penalty to the discriminator penalizes the discriminator for creating
gradients for real data [57]. It improves the training of GANs; however it leads to a
considerable increase in training time [57]. Applying the logit functional [31], given
by logit(p) = log <ﬁ> for p € (0,1), to the discriminator’s output is preferred as its

gradients are easier to implement and are more robust [71].

3.2 Least squares GANs (LSGANSs)

To improve the training issues of GANs and the generated image quality, a novel loss
function was proposed which simplifies down to the Pearson y? divergence rather than

the original Jensen-Shannon divergence [55], [56]. The work was motivated by the



3.2. LEAST SQUARES GANS (LSGANS) 47

fact that for the original GANs’ loss function, the gradient updates of the generator
vanish if the discriminator labels the generated images as real images, even if the
generated images do not mimic the real images well. As training continues and the
discriminator is perfectly able to tell apart fake images from real images, then the
generator cannot improve the quality of fake images as its gradients vanish. Hence the
discriminator wins the zero-sum game. Instead, by using least squares loss function,
the gradients of the generator do not vanish for samples that lie far from the true
distribution [55], [56]. As such, LSGANS tend to provide better training stability and
generated image quality than GANs. A rigorous proof of this fact is not provided in
the original LSGANs paper, however, experiments show that LSGANs have better
training stability than GANs [55], [56].

Definition 32 The LSGANs loss functions are defined as

Vo(D.g) = 3,E [(D(A) =B+ 3 E [(D((B)—a)f]  (3.10)
VDo) = LE (D) =2+ E [(De®B) -2 (1)

where D is the discriminator neural network, g is the generator neural network, «,
B, v € R are constants, Vp(D, g) is the discriminator’s loss function, and V,(D, g) is

the generator’s loss function.

The LSGANSs optimization problems are

minVp(D.g) = min> E [(D(A)~ 8+ E ((D(9(B)) ~a)] (3.12)

minVy(D.g) = min E [(D(A) =)+ _E [(D(9(B)) =7)*.  (3.13)

g A~px Brpz
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We provide solutions to the LSGANs optimization problems. Note that this result

is presented in [55] and [56].

Theorem 8 Let (X, B(X), i) be the measure space of nxnx3 images and (Z,B(Z), i)
the measure space where Z C R3"*. Consider the optimization problem (3.12) for
training the discriminator neural network D : X — [0, 1] and (3.13) for the generator

neural network. Then

D* = ap, + Apx (a.e.), (3.14)
pg +pX

where D* = argminy, Vp(D, g). If D = D* and a — = 2(y — ), then

Vy(D*,9) = (v—B)’X*(px + pyll2py)

0

v

with equality if and only if p, = px (a.e.) or vy = f.
Proof Note that

d d1 1
HVolD9) = 155 [ (D= 87+ 5 [ pa(Dlo) - aan

We have that [, pz(D(g) — @)*dp = [ pg(D — )*dp. Hence,

d
d_DVD(Dag) =

T

px(D — B)dpu+ /X py(D — a)2du

X10X(D — B)? 4+ pg(D — a)?dp

px(D+e—B)? —px(D — B)?
€

| = N = N =
\

L8 §l=§l=

T
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py(D+e—a)? —py(D — a)?

+ . du
o1 2De + €2 — 2f¢ 2De + €2 — 2ae

= lim- [ px + Py dp
—02 Jx € €

_ €
= lim </ px(D — ) + py(D — a)dp + —/px +pgdﬂ>
e—0 X 2 X

= /pr(D—ﬁHpg(D—a)du-

Note that if px (D* — 8) + py(D* — a) = 0 (a.e.), then ;5 Vp(D*, g) = 0, for some D*.

Solving px (D* — ) + py(D* — a) = 0 for D*, we get

apg +/6pX (ae)
pg +pX

D* =

Furthermore, D* minimizes Vp (D, g), as

d . d
V000 = 55 [ x(D=8)+p,(D = )
~ lim pX(D+6—5)—(D—5)+pg(D+€—a)—(D—Oé)dH
e—0 Jx € €
= /px+pgdu
X
> 0.

Now consider V,(D*, g):

V,(D*9) = E [(D(A) =)+ E [(D"(9(B))—7)"]

A~px B~pz

= /pr(D* —)%dp+ /sz(D*(g) —7)%dp
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Note that [, py(D* —v)*dpu = [ pz(D*(g9) —~v)*dp. Hence

V(D" g) = /pr(D* —7)%dp+ /ng(D* — y)dp

_ apy + Bpx )2 (ongJrﬁpX_ )2
/xpx<pg+px ! +/ng vt )W
_ /((a—v)pﬁ(ﬁ—'y)px)?d
= [
X pX+pg
_ /((5—7)(%{ +0,) + (@ = B)py)’ |
X pX+pg

1.

Since o — = 2(y — f3), then

= (v = 8)*X*(px + pyl12py).

which is minimized when px +p, = 2p,, equivalently p, = px (a.e.), or wheny = 3. B

3.3 InfoGANs

Researchers started to experiment using tools from information theory to try to con-
trol features of generated GAN images, the result of which was a 2016 paper in-
troducing InfoGANs [15]. The main idea of InfoGANSs is to deconstruct the input
noise random variable of the generator into latent codes and Gaussian incompressible
noise. These latent codes represent the important features of the data distribution,
for example, for handwritten numbers from the MNIST dataset [47], these codes rep-
resent the thickness of the numbers, the angle at which they were written at, and the

generated number.
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Let pz : R37° P [0,1] be a probability density function corresponding to a
multivariate Gaussian random variable Z. Let YW C RP be the space of latent codes.
It is also referred to as the latent space. Let W be a random variable of latent
codes, which is independent from Z, with probability density function pw. Let g :
R3* — X be the InfoGANs generator neural network. By an abuse of notation, we

let g = g(Z, W).

Definition 33 The InfoGANs loss function is defined as

V(g; D) = | E [log(D(A))]+ E T[log(l—D(g(B)))] = Allpw;p,) (3.15)

~pxX Brpz w

where A > 0, and I(pw;py) is the Shannon mutual information as defined in Defini-

tion 12.

Similar to GANs, InfoGANs’ generator and discriminator play a min-max game

minmax V' (g, D)
g D

= minmax E [log(D(A))]+ E [log(1— D(g(B)))] — M(pw;py)(3.16)

g D A~px B~pz w

Note that the mutual information does not depend on the discriminator. Thus we
have that D* = pxp—fpg (a.e.) and the InfoGANSs optimization problem simplifies to
min, 2JSD(px||p,) —log(4) — AL(pw; pg). This optimization problem is maximizing the
mutual information, I(pw;p,). Hence InfoGANs try to ensure that the information
in their latent codes are not lost in the generation process.

Since, it is hard to determine pw/y, which arises from I(pw; p,), it is simpler to use

an auxiliary distribution, gwjy, which can be implemented using a neural network [15].
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That is the gw|, neural network is tasked to predict the latent code W based on the

generated image g(Z, W).

Definition 34 The revised InfoGANs loss function is defined as

V(g, D)= E [log(D(A))]+  E flog(1—D(g(B)))]—ALi(g,q)  (3.17)

~px B~pz w

here A 0, Litg.a) = B (B lon(aw,(BIAN]) + Hlpw), and aw is

B~pw ANpg\W('
an auziliary probability density function that approzimates pwiy.

The optimization problem for InfoGANs thus becomes

minminmax V(g, D) = minminmax E [log(D(A))]
¢ g9 D ¢ 9 D A~px

+ E [log(1—D(g(B)))] —AL:i(g,9) (3.18)

B~pzw

Note that L;(g, ¢) is a lower bound of the mutual information I(pw;p,).

Theorem 9 [15] For a generator neural network g(Z, W), where Z is a Gaussian
random variable and W is the latent codes random variable, where Z and W are

independent, we have that

Li(g,9) < Lpw;py)- (3.19)

As qw|y converges to pwig, the lower bound becomes tight [15]. Since L;(g,q) does
not depend on D, we have that D* = mp—_’:}% (a.e.), and hence the revised InfoGANs
optimization problem becomes min, ming, 2JSD(px||p,) —log(4) — AL(g,q). Thus the

revised InfoGANs optimization problem tries to maximize L;(g, q), which is easier to

implement than the mutual information I(pw;p,).
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3.4 Fréchet inception distance: measuring image quality

Several metrics are used to measure generated image quality. These include likelihood
estimation, kernel density estimates (KDEs), the inception score [74], and the Fréchet
inception distance (FID) score [37]. Other metrics can be found in [86]. KDEs
(also known as Parzen window estimates) were commonly used to evaluate image
quality; however, it was discovered that they may favour generative models that
produce low quality images and low log-likelihood results and as such KDEs should
be avoided [78]. Moreover, high likelihood does not necessarily correspond to better
quality images [78]. Hence, these metrics are not an accurate measure of generated
images visual fidelity to the real images. Currently, in the GAN literature, the most
common metrics are the FID score and the inception score [86].

The inception score uses a pretrained neural network called the inception network
(Inception Network version 3) [77] that classifies images from the ImageNet dataset
[23] [73]. The inception score correlates well with human judgement. We provide the

definition of the inception score below.

Definition 35 [74] Let J : R¥? x R?% x R3 — R pe the Inception Network that
classifies images of size 299 x 299 x 3 into 1000 different categories. For a GAN with

generator g with fake probability density function py, the inception score is

IS(p,) = Earpg [KL(ps (W1 A)lIp7 ())] (3.20)

where py(yla) is the probability that a given image a belongs to a category y €

{1,...,1000} as predicted by the inception network J, and pz(y) = [ peps(y|-)dp.
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A large inception score means that ps(yla) has low entropy and the average cross-
entropy between ps(yla) and ps(y) across all generated images a is high. In other
words, a large inception score implies more realistic generated images and a greater
variety of images. To accurately calculate the inception score, at least 50,000 gener-
ated images are recommended [74].

The inception score does not compare p, with the true distribution px. Hence it
could be the case that the true distribution px has a lower inception score than the
generated images [10]. In other words, it is possible that the generator is producing a
large variety of images that look realistic to the inception network but the images of
px are not of a large variety. For example, px is the distribution of moving van images,
which is only one category of the Inception network. As such, a high inception score
is not desirable. Moreover, if we use a dataset that is not classified by the inception
network, such as the MNIST dataset, then the inception score does not provide a
proper measurement of the quality of images it produces [10].

Instead, it is common practice to use Fréchet inception distance (FID) score [37].

We provide the definition below.

Definition 36 [37] Let J : R* x R?*%? x R3 — R'% pe the Inception Network
that classifies images of size 299 x 299 x 3 into 1000 different categories. For a GAN
with generator g with fake probability density function p, and true distribution px,

the Fréchet inception distance score is

FID(py, px) 1= |ty — pxc |3+ Tr (2, + 2x = 2(5,5x)} ) (3.21)
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where 1y = E (J(A)) is the mean vector of length 1000, and

An~py

%=L, (

is the covariance matriz of size 1000 x 1000, where p7(y|a) is the probability that a

ps(klA) — s (p7(kB))

~Dpg

palla) - E G B)| )]

~pg

given image a belongs to a category y € {1,...,1000} as predicted by the network J.

Similarly, we define (ux,>x) for px.

At least 10,000 samples of real and fake images are needed to estimate (p,,>,)
and (ux,>x) [37]. Similar to the inception score, the FID score categorizes real
and fake images into 1000 categorizes using the inception network. Note that the
distribution of the inception network’s output for real and fake images is assumed to
be a multivariate Gaussian distribution. The FID score is simply the Wasserstein-2
distance between two multivariate Gaussian distributions [37]. In comparison, the

KL-divergence between the two multivariate Gaussian distributions is given by [28§]

1 det X B
KL(px|lp,) = 5 (log (det 21) +Tr(§]glzx))

+= [(1x = 1g) S, (1x — pg) — 1000] .

(NN

However, the KL-divergence is more difficult to calculate than the Wassertein-2 dis-
tance since it requires finding the inverse of the covariance matrix ¥,.

The FID score is better than the inception score because it directly compares the
real and fake images. It is shown to be more consistent than the inception score
in detecting Gaussian blur, Gaussian noise, implanted black rectangles, and swirled

images [37]. Moreover, the FID score is shown to be sensitive to mode collapse [54].
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Chapter 4

Least kth-order GANs (LkGANsS)

4.1 Theoretical results

Motivated by generalizing LSGANs, we employ the Pearson-Vajda divergence of order
k, |x|¥, which generalizes the Pearson x? divergence. We provide the least kth-order

GANs (LEGANS) loss functions below.

Definition 37 The Least kth-order GANs loss functions, k > 1, are defined

as

1 1

Vo(D,g) = 5,E [(D(A)- 8]+ 5 E [(D®)-af] (1)
ViglD.g) = \E (IDA)-11)+ E (De®) -1, @

where D is the discriminator neural network, g is the generator neural network, o, 3,
v € [0, 1] are constants, Vp(D, g) is the discriminator’s loss function, and Vi, 4(D, g)

is the generator’s loss function.
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Note that when & = 2, we have that the LkGANs’ generator’s loss function is the

LSGANs generator’s loss function, i.e., Va4(D,g) = V,(D,g). The LEGANs opti-

mization problems are

minVp(D.g) = mins E [(D(A) -3 +5 E [(D(g(B)) - )] (4.3

D 2A~px 2Br~pz

minVi,(D.g) = min E (ID(A)=71") + E (ID(g(B)~7).  (14)

We next provide solutions to the optimization problems above.

Theorem 10 Let k > 1, (X,B(X),u) be the measure space of n X n X 3 images,
and (Z,B(Z), ) the measure space where Z C R . Consider the optimization
problem (4.3) for training the discriminator neural network D : X — [0,1] and (4.4)

for the generator neural network. Then

Oépg‘i_ﬂpx ( )

D* = a.e.), (4.5)
pg +pX

where D* = argminy, Vp(D, g). If D = D* and a — = 2(y — ), then

Vig(D* ) = |7 — B*xI"(px + pyl|2py)

> 0,

with equality if and only if p, = px (a.e.) or vy = f.
Proof The proof that the solution of (4.3) is D* = —O‘iﬁfix (a.e.) is analogous to

the one in Theorem 8. Note, we have that

E (|[D*(g(B))—~*) = E (|D*(B)—~l").

B~pz Br~pg
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Hence,
Vio(D'9) = |E (ID'(A)=1]") + E (ID"(B) ="

A~px
k
o) a8,
(0 —7)py + (B —7)px

k
= Px du+/p
/X pg+pX X g

_ /|04— + (8 — 7)px| du

pg+pX>kl
[(a+B—=8—=7)p, + (8 — v)px|
pg+pX)k1
_ /’O‘_ )pg + (B — l)(fx‘i‘pg)’ dp.
pg+pX)

ap,(B) + fpx(B) _|*
,B) +px(B)

(= 7)py + (B —v)px .
Py +pX

apy(A) + Bpx(A)
pyo(A) + px(A)

dp

Since o — = 2(y — ), we have that

\ 2py — (px + py)|"
Vio(D".g) = |yl [ 2o pxtpaly
x  (pg +px)

= |y = BI*IxI*(px + pyll2py), (4.6)

which is minimized when px +p, = 2p,, equivalently px = p, (a.e.), or when vy = 3. B

LEGANSs confer an extra degree of freedom provide by virtue of the parameter
k > 1. Moreover the underlying global equilibrium point of LtGANSs is the same as
LSGANSs, that is the minimum is theoretically achieved when the generator’s distri-

bution is the true distribution.
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4.2 Experiments

4.2.1 Methods

For experiments, the 28 x 28 x 1 MNIST [47] and the 64 x 64 x 3 CelebA [53] datasets
were used to test the new LEGANSs loss functions. For comparison, LSGANs were also
implemented. The architectures of the generator and discriminator neural networks
were kept constant while testing on each dataset; see Section A.1 in the Appendix
for details. The FID score was used to evaluate the quality of the generated images
and to compare the rate at which the new networks converged to their optimal FID
scores.

For the MNIST dataset, several versions of LkGANs were implemented with dif-
ferent «, 8, and  parameters. Version 1 has a = 0.6, § = 0.4, and v = 0.5. Version 2
has « =1, =0, and 7 = 0.5. Version 3 has a =0, § =1, and v = 1, which are the
same parameters used in [55]. We also tested & = 0, § = 1, and v = 0.5, which are
the parameters used in [56], however, we observed that it performed similar to Ver-
sion 2. As such, we did not include the results in the thesis. We label such LkGANs
as LEGAN-v1-k, LkGAN-v2-k, and LEGAN-v3-k. See Algorithm 2 in Section A.2 for
more details. The range of tested k values were k € {1,1.2,1.4,...,3}.

A variant of LkGANs was also tested where the k parameter alters every epoch
between 1 and 3 with increments of 0.1. See Algorithm 3 in A.2 for more details.
Switching the k parameter every epoch changes the shape of the generator’s loss
function and does not affect the global minimum, which occurs when pg- = p, for all
k > 1. If there exists a generator such that p, # p, for some k£ > 1, the generator is
a local minimum of Vj ,(D, g), and it is not a local minimum for some k" > 1, then

altering k every epoch creates gradients at previous local minimums. We label this
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LkGAN as LEGAN—[1, 3].

For the MNIST dataset, seeds 123, 5005, 1600, 199621, 60677, 20435, 15859,
33764, 79878, 36123 were used for trials 1 to 10, respectively. For the SGD algorithm,
the Adam optimizer with a learning rate of aagem = 2 x 1074, 81 = 0.5, By = 0.999,
and € = 1 x 1077 was used for the networks as recommended by [67]. The batch size
was chosen to be 100 for the 60,000 MNIST images. The networks were trained on
the MNIST dataset for a total number of 100 epochs, or 6 million images.

For CelebA, seeds 1000, 2000, and 3000 were chosen for trials 1, 2, and 3 re-
spectively. The publicly available StyleGAN code from [41] was modified to test the
LEGANS loss functions. We refer to this as LkStyleGANs. LkStyleGANs were im-
plemented for k € {1,2,3}. We refer to LkStyleGANs when k = 2 as LSStyleGANS.

Three variants of LkStyleGANs with differing o, 3, and v parameters were also
tested. Version 1 has a = 0.6, 5 = 0.4, and v = 0.5. We denote this by L&StyleGAN-
vl. Version 2 has a = 1, § = 0, and v = 0.5. We denote this by LkStyleGAN-v2.
Version 3 has a = 0, § = 1, and v = 1, which are the parameters tested in [55]. We
denote this by LkStyleGAN-v3. LkStyleGANs with and without simplified gradient
penalties were also implemented. We denote LkStyleGANs with simplified gradient
penalties as LkStyleGAN-GP.

The original StyleGANSs architectural defaults were left in place for the L&StyleGANs.
The batch size was chosen to be 128. Unlike the original StyleGANs, which changes
the resolution of its generated images during training, the resolution of the generated
images for LEStyleGANs was fixed at 64 x 64 x 3 throughout training. As recom-
mended by the original StyleGANs paper, the Adam optimizer with a learning rate of
Qadam = 0.001, B; = 0.0, B2 = 0.99 and € = 10~® was used as the SGD algorithm [41].
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The LEStyleGANs were trained for 25 million images or roughly 120 epochs.
One NVIDIA GP100 GPU and two Intel Xeon 2.6 GHz E7 — 8867 v3 CPUs were
used for training LEGANs and LSGANs on the MNIST and the CelebA datasets.
Note we say that a network has training stability if it converges to meaningful

results (i.e., the networks do not suffer from mode collapse).

4.2.2 Results

MNIST

A total of ten trials were run while controlling the random seeds in each trial. For each
trial and each epoch, the FID scores were calculated. The Inception network was not
used to categorize the images and to calculate the FID scores because the Inception
network is not trained to recognize MNIST images. Instead the raw generated and
real images were used to calculate the FID scores with the assumption that the
distribution of raw generated images and the distribution of raw real images can be
approximated using a multivariate Gaussian distribution.

The lowest FID score over 100 epochs in a single trial is called the best FID score.
We present the best FID scores for all ten trials for Version 1 in Table A.3, Version 2
in Table A.4, and Version 3 in Table A.5 in the Appendix. We present the average and
variance of the best FID scores over the ten trials and the epochs when they occur in
Table 4.1. We highlight the best performing LEGAN based on the average best FID
scores it achieves during training for Versions 1, 2, and 3. Since LiGAN-v2 generated
meaningful results for certain trials, we also present the average and variance of the
best FID scores when this occurs in Table 4.2

We present the plots of the average FID score of the best performing LEGAN
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versus epochs for each version in Figure 4.1 and its LSGAN counterpart. The average
was calculated over ten trials. We also present the plots of FID scores over epochs of
the best performing LEGAN for all versions for three select trials in Figure 4.2 and
its LSGAN counterpart. Figure 4.3 shows sample images for each trial generated by
the best performing LEGAN on average over all ten trials for all three versions and

its LSGAN counterpart.
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Table 4.1: LEGANs experiments on the MNIST dataset: the average and variance of
the best FID scores and the average and variance of the epoch this occurs taken over
ten trials.

Average Best FID

best FID scores Average epoch Epoch variance
score variance
LkGAN-v1-1.0 3.17 1.91 x1072 21.50 13.65
LkGAN-v1-1.2 3.15 8.26 x 1073 26.40 90.04
LKGAN-v1-1.4 3.28 4.08 x1072 24.70 54.61
LkGAN-v1-1.6 3.13 2.03 x1072 28.40 52.64
LkGAN-v1-1.8 3.23 2.62 x1072 22.50 19.05
LEGAN-v1-2.2 3.51 2.91 x1072 27.90 138.69
LkGAN-v1-2.4 3.59 7.17 x1072 23.30 43.61
LkGAN-v1-2.6 3.76 7.57 x1072 28.50 118.05
LKGAN-v1-2.8 3.99 8.60 x1072 26.50 65.39
LKGAN-v1-3.0 4.13 4.15 x1072 23.40 54.24
LkGAN-v1-[1, 3] 3.47 5.75 x1072 22.70 16.61
LSGAN-v1 3.34 1.42 x1072 26.90 57.69
LEGAN-v2-1.0 30.77 771.14 56.80 1310.16
LEGAN-v2-1.2 36.38 743.57 73.40 1049.24
LKGAN-v2-1.4 58.6 1.78 x1072 73.4 1575.24
LkGAN-v2-1.6 41.99 647.38 67.80 1504.16
LkGAN-v2-1.8 58.65 3.98 x10~% 99.00 0.00
LkGAN-v2-2.2 58.65 9.74 x1072%6 99.00 0.00
LKGAN-v2-2.4 58.62 5.74 x1073 91.00 560.20
LEGAN-v2-2.6 58.65 4.32 x1072%6 98.80 0.16
LkGAN-v2-2.8 58.65 1.20 x10~26 98.40 0.44
LEGAN-v2-3.0 58.65 7.48 x 10727 97.90 1.49
LkGAN-v2-[1, 3] 36.49 736.76 72.2 1093.96

LSGAN-v2 58.65 5.20x10717 91.40 519.84
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Table 4.1: LEGANs experiments on the MNIST dataset: the average and variance of
the best FID scores and the average and variance of the epoch this occurs taken over
ten trials.

Average Best FID

best FID scores Average epoch Epoch variance
score variance
LkGAN-v3-1.0 58.65 3.09 x10~22 99.0 0.0
LkGAN-v3-1.2 58.65 1.49 x10~22 99.0 0.0
LKGAN-v3-1.4 58.65 7.92 x10723 99.0 0.0
LkGAN-v3-1.6 58.65 4.58 x107% 99.0 0.0
LEGAN-v3-1.8 58.65 2.63 x10723 99.0 0.0
LEGAN-v3-2.2 58.65 9.29 x10~24 99.0 0.0
LkGAN-v3-2.4 58.65 6.02 x10~% 99.0 0.0
LKGAN-v3-2.6 58.65 3.85 x10~%4 99.0 0.0
LEGAN-v3-2.8 58.65 2.76 x10724 99.0 0.0
LkGAN-v3-3.0 58.65 1.69 x 1024 99.0 0.0
LkGAN-v3-[1, 3] 58.65 1.69 x 10724 99.0 0.0
LSGAN-v3 58.65 1.61 x10=% 99.0 0.0

Table 4.2: The average and variance best FID scores for LiGAN-v2 that generated
meaningful images and the average and variance of the epoch when this occurs.

Average Best FID

best FID scores Average epoch Epoch variance
score variance
LkGAN-v2-1.0 3.00 1.47 x1072 35.40 55.44
LEGAN-v2-1.2 2.99 8.60 x1073 35.00 165.50
LEGAN-v2-1.6 3.13 518 x 1073 27.00 2.67

LkGAN-v2-[1, 3] 3.24 4.80 x1072 32.00 41.50
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Figure 4.1: Evolution of the average FID scores throughout training for LKGANS.
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CelebA

Due to a significant increase in the computing time for LkStyleGANSs, only a limited
number of trials were tested. LkStyleGANs with and without the simplified gradient
penalty were tested over three trials while controlling the seed in each trial. The
addition of the simplified gradient penalty significantly increased training time. Hence
only Version 2 of LkStyleGAN-GP was tested for k = {1,2,3}. The FID scores were
calculated every 80,000 images. The lowest FID score over the 25 million images is
referred to as the "best FID scores” and is presented for each trial in Table 4.3. The
average and variance of best FID scores taken over the three trails are presented in
Table 4.4.

We present the plots of the average FID scores taken over the three trials versus
epochs in Figure 4.4. We also present the plots of the best performing LkStyleGAN
for all three versions with and without gradient penalty for all three trials in Figure
4.5. We present sample generated images of the best performing LkStyleGANs and
LSStyleGANs for each trial in Figures 4.6, 4.7, and 4.8.
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Table 4.3: LkStyleGANs experiments on the CelebA dataset: the best FID score over

each run seen over three trials.

Trial 1 Trial 2 Trial 3

LkStyleGAN-v1-1.0 26.56  24.89  29.38
LkStyleGAN-v1-3.0 188.11 260.69 224.68
LSStyleGAN-v1 109.35 121.69 9291
LEStyleGAN-v2-1.0 40.57  96.56  39.02
LEStyleGAN-v2-3.0 266.61 230.39 219.48
LSStyleGAN-v2 128.96 136.18  88.26
LkStyleGAN-v3-1.0 1711 1232 27.07
LkStyleGAN-v3-3.0 82.43  34.73  T71.25
LSStyleGAN-v3 11.10 1748  32.80
LEStyleGAN-v2-1.0-GP  4.33 4.21 4.39

LEStyleGAN-v2-3.0-GP  4.76 4.69 4.33

LSStyleGAN-v2-GP 4.07 4.52 4.66
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Table 4.4: LkStyleGANs experiments on the CelebA dataset: the average and vari-
ance of the best FID score and the average and variance epoch this occurs taken over

three trials.

Average
best FID Best F.ID Average Epoch
score variance epoch variance
score

LkStyleGAN-v1-1.0 26.94 3.43 20.10 0.00
LEkStyleGAN-v1-3.0 224.49 877.99 26.79 154.36
LSStyleGAN-v1 107.98 138.98 14.73 14.36
LkStyleGAN-v2-1.0 58.72 716.46 10.71 3.59
LAStyleGAN-v2-3.0 238.83 405.79 56.27 904.61
LSStyleGAN-v2 117.80 444.99 14.73 154.36
LkStyleGAN-v3-1.0 18.83 37.75 56.26 2358.60
LEkStyleGAN-v3-3.0 62.80 415.01 28.13 172.32
LSStyleGAN-v3 20.46 82.89 79.04 25.12
LkStyleGAN-v2- _3 _2
1.0-GP 4.31 5.60 x 10 124.73 3.64 x 10
é’;StyleGAN'VQ'?"O' 4.59 3.54 1072 123.26 3.59
LSStyleGAN-v2-GP 4.42 6.34 x1072 124.87 3.64 x 1072
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(h)
FID score 4.33.

Figure 4.6: Sample generated images of the best performing LkStyleGANs for each
version and their LSStyleGANs counterparts for trial 1.
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(b) LkStyleGAN-v1-1.0: FID score 24.89.

(a) LSStyleGAN-v1: FID score 121.69.

(d) LkStyleGAN-v2-1.0: FID score 96.56.

(c) LSStyleGAN-v2: FID score 136.18.
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e) LSStyleGAN—vS: FID score 17.48.

(f) LkStyleGAN-v3-1.0: FID score 12.32.

(h) LkStyleGAN-v2-1.0-GP:

FID score 4.21.

(g) LSStyleGAN-v2-GP: FID score 4.52.

Figure 4.7: Sample generated images of the best performing LkStyleGANs for each

version and their LSStyleGANs counterparts for trial 2.
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Figure 4.8: Sample generated images of the best performing LiStyleGANs for each

version and their LSStyleGANs counterparts for trial 3.
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4.2.3 Discussion
MNIST

When k£ < 2, LiGANs-v1 outperformed LSGANs-v1 in terms of the generated image
quality and the rate at which they converged to their best FID scores. On average,
most LEGANs-v1 converged to their best FID scores in fewer epochs than LSGAN-v1.
However, as training continued, both LSGAN-v1 and LEGAN-v1 FID scores worsened
over time when they did converge to meaningful results. This could be because the
LEGANS loss functions may produce gradients for generated images that are close to
real images for a poorly behaving discriminator, which incorrectly creates gradients
for fake images that are close to real images. We hypothesize that this problem can
be ameliorated by the use of the simplified gradient penalty, which penalizes the
discriminator if it creates non-zero gradient updates for real images. Increasing k > 2
has an adverse effect on the generated images’ quality. Changing k every epoch has
no appreciable effects on the generated image quality. For a single trial, LkGANs
took 11.16 minutes to train on one GPU.

For Version 2, LSGAN was unstable during training and suffered from mode col-
lapse in all ten trials. In contrast, LEGAN-v2-1.0 converged five out of ten trials,
LkGAN-v2-1.2 and LkGAN-v2-[1, 3] converged four out of ten trials, and LkGAN-v2-
1.6 converged three out of ten trials. Table 4.2 shows that LGAN-v2-1.2 performed
the best when it did converge.

The choice of a, 3, and ~ parameters has a great effect on the quality of the
generated images and training stability. Comparing the average best FID scores

of LEGANs in Version 1 and Version 2 in Tables 4.1 and 4.2 reveals the fact that
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Version 1 improved training stability at the expense of image quality. Indeed, LkGAN-
v1 exhibited training stability for all ten trials for each LEGAN tested. In contrast,
the best performing LEGAN-v2 was LkGAN-v2-1.0, which exhibited training stability
five out of the ten trials. We recall from Equation (4.6) that Vi ,(D*, g) = |y —
B Ix|¥(px + pgll2ps). We note that |y — | scales the gradients of the generator’s
updates and hence we hypothesize that the closer this term is to 0, the less the effect
the generator’s loss function has on the updates of the generator’s parameters and
hence it dampens extreme fluctuations in the gradient updates.

However, when setting |y — 5|* = 0, which corresponds to Version 3, we observed
that LkGANs and LSGAN were not stable during training. This could be due to the
fact that the parameters, «, 3, and v, do not satisfy Theorem 10. Another reason is
if the discriminator converges to its global optimum, then the generator is unable to
improve the quality of its images when |y — 8|* = 0. Hence the discriminator is able
to perfectly tell apart real data from fake data. It could also imply that the network
architecture parameters, such as the discriminator’s learning rate, must be fine tuned
for LkGANs-v3 and LSGAN-v3 to converge to meaningful results.

Further mathematical analysis and experiments are needed. It would be useful
to experiment with different network architectures, different learning rates for the
generator’s and discriminator’s Adam optimizer, and a different optimizer, such as
RMSProp. Determining the best choice of parameters «, 5, and v, which allows
LkGANSs to converge and outperform LSGANS for these different network architecture
parameters, is necessary. It also would be useful to analyze and implement LAGANs

where |y — §|* changes during training.
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CelebA

For the CelebA dataset, the choice of £ = 1 produced the best performing L&StyleGAN.
In contrast, LSStyleGANs and LkStyleGANs-3.0 suffered from mode collapse in all
three trials for both Verions 1 and 2; see Figures 4.6a, 4.7a, 4.8a, 4.6¢, 4.7c, and 4.8c
for the evidence of mode collapse for LSStyleGAN-v1 and LSStyleGAN-v2. For Ver-
sion 3, LSStyleGAN converged to meaningful results, however, as training continued,
it suffered from mode collapse.

Similarly, LkStyleGAN-v1-1.0 and LkStyleGAN-v3-1.0 converged to meaningful
results in most trials and suffered from mode collapse as training continued. The
exception to this is trial 2 of LkStyleGAN-v3-1.0, which exhibited training stability;
see Figure 4.5f. Note that, LkStyleGAN-v2-1.0 only converged in the two out of
three trials. It supports the fact that the choice of «a, 3, and v parameters have a
great effect on the networks’ convergent behaviour. However, contrary to the MNIST
experiments, LkStyleGAN-v1-1.0 generated image quality was superior to that of the
generated images of convergent LkStyleGAN-v2-1.0.

Furthermore, LkStyleGAN-v3-1.0 and LSStyleGAN-v3 converged to meaningful
results and outperformed the other versions. This implies that the conditions provided
by Theorem 10 do not need to be satisfied for certain network architectures. It
supports the hypothesis that the best choice of the «, 3, and v parameters differs for
different network architecture parameters.

Without the simplified gradient penalty, these networks took 87.87 hours to train
for one trial on one GPU. The addition of the simplified gradient penalty increased
training time to 106.35 hours, an increase of 21%. However, the simplified gradient

penalty improved the quality of generated images throughout training, as seen in
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Figures 4.5h and 4.5g. This confirms our hypothesis that the discriminator creates
gradients despite the fact that the generated images are close to real images. The
average FID scores increased as k increased, consistent with the previous experiments;
see Figure 4.4d.

In summary, the choice of the «, 3, and ~ parameters has a significant effect
on training stability and quality of generated images, and the best choice of these
parameters differs for different network architectures. However, when LkGANs, k = 1,
do converge, they consistently improved the quality of generated images in terms of
FID scores, converged to their optimal FID score quicker, and improved training
stability compared to their counterpart, LSGANs. Furthermore, they give rise to

interesting theoretical problems and experiments for future research.
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Chapter 5

RényiGANs

5.1 Theoretical results

Motivated by generalizing the original GANs, we employ the (differential) Rényi cross-
entropy loss functional and Jensen-Rényi divergence of parameter a > 0, a # 1, which
generalizes the Shannon cross-entropy functional and Jensen-Shannon divergence. We

present the RényiGANSs loss functions below.
Definition 38 The RényiGANs loss functions of parameter o, where a > 0,

a # 1, are defined as

Vp(D,g) = —H(px;D)—H(pz;1—Dog) (5.1)

VOC,Q(Dvg) = _Hoc(pX; D) - ,Ha(pZ; 1-Do 9)7 (52)

where o denotes functional composition.

Note that for RényiGANs, Vp(D, g) = V(D, g), where V (D, g) is the original GANs

loss function as defined in (3.1).
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The RényiGANSs optimization problems are

max Vp(D,g) = max(=H(px; D) = H(pz;1 - Dog)) (5.3)

min Vo (D,9) = min(—Ha(px: D) — Ha(pz; 1 = Doyg)), (5.4)

The RényiGANs’ generator tries to induce the discriminator to classify the fake im-
ages as 1 by minimizing the negative sum of the two Rényi cross-entropy functionals
Ho(px, D) and Ha(pz,1 — D o g), hence generalizing the original GANs loss func-
tion by employing a richer a-parameterized class of information functionals. We next
present a result that shows that as a« — 1, we recover the original GANSs loss function,

V(D, g). The proof is an immediate consequence of Theorem 2.

Theorem 11 IfV(D, g) < oo, then
limVae(D,g) = V(D,g). (5.5)

Moreover, if A]E (#> < oo and BIE <+> < 00 then

~PpX

limVog(D,g) = VI(D,g). (5.6)

If the discriminator converges to the optimal discriminator, we show analytically
that for any o > 0, a # 1, the optimal generator induces a probability distribu-
tion that perfectly mimics the true dataset distribution, as in GANs. This result is

formalized as follows.

Theorem 12 Leta > 0, o # 1, (X, B(X), ) be the measure space of nxnx3 images,

and (Z,B(Z), ) the measure space where Z C R . Consider the optimization
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problem (5.3) for training the discriminator neural network D : X — [0,1] and (5.4)

for the generator neural network. Then

px
D* = a.e.), 5.7
X (o) (1)

where D* = argmax,Vp(D,g). If D = D*, then

Vag(D*,g9) = 2JRq (px|lpg) — 210g(2)

2 _210g<2)7

with equality if and only if p, = px (a.e.).

Proof The proof that the solution to (5.3) is given by D* = px /(px+p,) is analogous

to the one in Theorem 7. We have that

Hence,

VaslD%g) = —ptos (B [(0°(4)"]) +

- « i 1 log (AEX
2py(B) o 910
(i) D 2logl?)

1
1 E
+a —1 o8 <B~pg
1 1
9 [ﬁDa (px 1%) +1p, <pg 1%)} ~2log(2)

= 2JRq (px|lpg) — 2log(2),

g (=, [0~ D" ()"

(tim) )
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which is minimized when p, = px (a.e.). |

This theorem implies that the introduction of the new loss function does not alter
the underlying global equilibrium point of RényiGANs when compared to the classi-
cal GANs (which use a Shannon-centric loss function), namely that the minimum is
theoretically achieved when the generator’s distribution is the true dataset distribu-
tion. Using the above Rényi-centric loss function allows control of the shape of the

generator’s loss function via the o parameter.

5.2 Experiments

5.2.1 Methods

The 28 x 28 x 1 MNIST [47] and 64 x 64 x 1 CelebA [53] datasets were used to test
the RényiGANSs loss functions. The FID scores were used to evaluate the quality of
the generated images and to compare the rate at which the new networks converge
to their optimal scores. The structure of the generator and discriminator neural
networks were kept constant when testing on each dataset; see A.1 for further details.
For comparison, the classical GANs loss functions were also tested on the MNIST
dataset.

We denote RényiGAN-a as RényiGANs that use a fixed value value of a dur-
ing training; see Algorithm 4. For the MNIST dataset, in addition to implementing
RényiGAN-«, RényiGANs were tested while altering « for every epoch of the simula-
tion. This changes the shape of the loss function of the generator. However, changing
a does not affect the global minimum as for all & > 0, the global minimum is realized

when px = p,. Assuming that a generator p, # px is realized such that it is not a
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local minimum of V,,(D, g) for all @ > 0, then changing « every epoch creates non-
zero gradients at previous local minimums, hence helping the algorithm overcome the
problem of getting stuck in local minimums. We denote this as RényiGAN-[51, (s,
with the a value starting at v = ; and ranging over the interval [, 8s]; see Algo-
rithm 5.

One goal was to examine whether the new generalized loss functions have appre-
ciable benefits over the classical GANs loss function and whether it provides better
training stability. It is known that deep convolutional GANs (DCGANSs) exhibit sta-
bility issues which motivate us to investigate modifications to the loss functions in-
volving the addition of the L; norm. Specifically, those stability issues arise when the
GANSs generator tries to minimize its cost function to —oo by labelling D(g(z)) =1
for all fake images g(z). In the early stages of the simulations, if the discriminator
does not successfully converge to its optimal value and the generator is able to induce
the discriminator to label poorly generated images as 1, then in later epochs, once
the discriminator converges to its optimal value and is able to tell apart real and fake
images perfectly, the generator’s loss function produces no gradients. In other words,
the optimal discriminator does not allow the generator to improve the quality of fake
images which leads to the discriminator winning problem. A similar argument was
noted in [9]. Thus to remedy the stability problem, a modified RényiGANs’ genera-
tor’s loss function was tested by taking the L; norm of its deviation from —2log(2),
its theoretically minimal value predicted by Theorem 12; this yields the following

minimization problem for the generator network:

min|V, ,(D, g) — (—2log2) (5.8)
g9
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Using the L; norm ensures that the generator’s loss function does not try to label
its images as 1, but rather tries to label them as 1/2. Hence in the early training
stages, if the generator converges to images that are labelled 1/2 by the discriminator,
then in the later stages, if the discriminator converges to its theoretical optimal value
(given in Theorem 12), the generator’s loss function has non-zero gradient updates
and is only able to label fake images as 1/2 when p, = px. Note that the altered loss
function in (5.8) translates into composing the LiGAN error function using £ = 1 and
v = —log(2) (see Chapter 4) with the RényiGAN loss function. Indeed, the improved
stability property of LtGANs (particularly when & = 1) is the main motivation
for using this L; normalization. We denote the resulting scheme under (5.8) by
RényiGAN-L;.

The RényiGANs and classical GANs loss functions were also tested with and
without the addition of simplified gradient penalties. We denote this as RényiGAN-
GP and DCGAN-GP.

In summary, four version evaluations were considered with six different loss func-
tions within each version. Version 1 has RényiGAN-0.5, RényiGAN-3.0, RényiGAN-
[0,0.9], RényiGAN-|0, 3.0], RényiGAN-[1.1,4], and DCGAN. Version 2 has the six
original loss functions with L; normalization, Version 3 has gradient penalty, and
Version 4 has gradient penalty and L; normalization incorporated in the loss func-
tions.

For the MNIST dataset, seeds 123, 5005, 1600, 199621, 60677, 20435, 15859,
33764, 79878, 36123 were used for trials 1 to 10, respectively. Tables A.1 and A.2 in
the Appendix detail the generator’s and discriminator’s architecture used for testing

the loss functions on MNIST. For the SGD algorithm, the Adam optimizer with a
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learning rate of aagem = 2 X 1074, 81 = 0.5, By = 0.999, and € = 1 x 107 was used
for the networks as recommended by [67]. The batch size was chosen to be 100 for
the 60,000 MNIST images. The networks were trained on the MNIST dataset for a
total number of 250 epochs, or 15 million images.

For CelebA, seeds 1000, 2000, and 3000 were chosen for trials 1, 2, and 3 re-
spectively. For comparison, the original StyleGAN with the classical GANs loss
function was implemented. The publicly available StyleGAN code from [41] was
modified to test the RényiGANs loss functions. We refer to this as RényiStyleGANS.
RényiStyleGANs were implemented for a € {3.0,9.0}. RényiStyleGANs and Style-
GANs with and without the simplified gradient penalty was also tested. We denote
this as RényiStyleGAN-GP and StyleGAN-GP.

The original StyleGAN architectural defaults were left in place for RényiStyle GANs.
The batch size was chosen to be 128. Unlike the original StyleGAN, which changes the
resolution of its generated images during training, the resolution of the generated im-
ages for RényiStyleGANs and was fixed at 64 x 64 x 3 throughout training. Similarly,
the StyleGANs that were used to compare RényiStyleGANs have a fixed generated
images resolution of 64 x 64 x 3. As recommended by the original StyleGANs paper,
the Adam optimizer with a learning rate of @44, = 0.001, 81 = 0.0, B3 = 0.99 and
€ = 107® was used as the SGD algorithm. The RényiStyleGANs were trained for 25
million images or roughly 120 epochs.

One NVIDIA GP100 GPU and two Intel Xeon 2.6 GHz E7 — 8867 v3 CPUs were
used for training RényiGANs and DCGANSs, and four NVIDIA V 100 GPUs were
used for training RényiStyleGANs and StyleGANs.
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5.2.2 Results
MNIST

As in Chapter 4, a total of ten trials were run while controlling the random seed in
each trial. We did not use the Inception network to calculate the FID scores because
it is not trained on classifying handwritten MNIST images. Instead, the FID scores
were calculated using the raw real and fake images. The distribution of raw real and
fake images was assumed to be a multivariate Gaussian distribution.

The best FID score is the lowest FID score over 250 epochs. The average and
variance of all ten best FID scores, and the average and variance of the epoch when
the best FID score is achieved are presented the results in Table 5.1. The table of best
FID scores for all trials (Table A.6) is in the Appendix. A few variants of RényiGANs
converged to meaningful results. These networks’ results are presented in Table 5.2.

The plots of average FID score of the best performing RényiGAN versus epochs
for each version are presented in in Figure 5.1 and its DCGAN counterpart. The
average was calculated over ten trials. Also presented are the plots of FID scores
over epochs of each version’s DCGANs and the best performing RényiGAN for three
selected trials in Figure 5.2. We show sample images for each trial generated by the
best performing RényiGAN according to Table 5.1 in Figure 5.3. We also present the

generated images produced by DCGANSs in Figure 5.3.
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Table 5.1: RényiGANs experiments on the MNIST dataset: the average and variance
of the best FID scores and the average and variance of the epoch this occurs taken
over ten trials.

Average Best FID

best FID scores Average Epoch
. epoch variance
score variance

RényiGAN-0.5 58.70 1.16 x107° 27.80 81.56
RényiGAN-3.0 52.99 292.71 32.70 92.21
RényiGAN-[0, 0.9] 58.60 8.21 x1073 25.80 149.56
RényiGAN-|0, 3] 41.59 693.61 95.40 9096.64
RényiGAN-[1.1, 4] 58.83 8.18 x1073 41.00 48.67

DCGAN 59.061 2.01 x 10728 13.00 0.80
RényiGAN-0.5-L, 2.21 7.57 x1073 37.40 160.04
RényiGAN-3.0-L, 1.80 2.95 x1073 86.80 4611.16
RényiGAN-[0,0.9]-L, 2.16 6.36 x1073 38.10 242.89
RényiGAN-|0, 3]-L, 1.77 4.90 x1073 36.10 36.80
RényiGAN-[1.1,4]-L, 1.81 3.18 x 1073 141.80 7326.96
DCGAN-L, 1.93 3.83 x1073 52.30 2605.61
RényiGAN-GP-0.5 1.37 4.36 x1073 215.40 606.64
RényiGAN-GP-3.0 1.36 2.51 x1073 209.10 751.09
RényiGAN-GP-[0,0.9] 1.36 2.74 x1073 222.80 423.96
RényiGAN-GP-[0, 3] 1.41 3.09 x1073 201.90 1209.69
RényiGAN-GP-[1.1, 4] 1.36 4.35 x1073 201.70 1144.81
DCGAN-GP 1.36 1.45 x 1073 225.20 342.56
RényiGAN-GP-0.5-L 1.18 2.95 x 1073 212.50 624.45
RényiGAN-GP-3.0-L,; 1.17 3.62 x 1073 221.70 609.61
RényiGAN-GP-[0,0.9]-14 1.19 3.61 x1073 212.20 1425.36
RényiGAN-GP-[0, 3]-14 1.22 6.33 x1073 224.10 1075.09
RényiGAN-GP-[1.1,4]-14 1.20 3.46 x1073 209.20 1326.36

DCGAN-GP-L, 1.18 1.58 x1073 200.50 1263.05
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Table 5.2: The average and variance best FID scores for RényiGANs that generated
meaningful images and the average and variance of the epoch when this occurs.

Average Best FID

best FID scores Average epoch Epoch variance
score variance
RényiGAN-3.0 1.66 0.00 60.00 0.00
RényiGAN-[0,3] 1.36 3.81 x1073 240.00 6.00
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Figure 5.1: Evolution of the average FID scores throughout training for RényiGANs.
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Figure 5.2: Plots of the FID scores versus epochs for the best performing RényiGAN
for each version and its DCGAN counterparts for a selection of three trials.
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(h) RényiGAN-GP-3.0-L; sample images.

Figure 5.3: Sample generated images of the best performing RényiGAN in terms of
FID scores for each version and its DCGAN counterpart.
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CelebA

Only three trials were run for a few select a values for RényiStyleGANs due to
the significant increase in computing time. RényiStyleGANs with and without the
simplified gradient penalty were also tested over three trials while controlling the
seed in each trial. Only RényiStyleGAN-3.0-GP was tested because the addition of
the simplified gradient penalties increased computing time. The FID scores were
calculated every 80,000 images. The best FID scores refers to the lowest FID score
during the networks’ training. The best FID scores for each trial are presented in
Table 5.3. The average and variance of best FID scores taken over the three trails
are presented in Table 5.4.

We present the plots of the average FID scores taken over the three trials versus
epochs in Figure 5.4. We also present the plots of the best performing RényiStyleGAN
with and without gradient penalty for all three trials in Figure 5.5. We present
sample generated images of the best performing RényiStyleGAN and StyleGAN in
Figures 5.6, 5.7, and 5.8.

Table 5.3: RényiStyleGANs experiments on the CelebA dataset: the best FID over
each run seen over three trials.

Trial 1 Trial 2 Trial 3

RényiStyleGAN-3.0 9.67  9.60 10.14
RényiStyleGAN-9.0 11.22 833  11.59
StyleGAN 1620 970 17.90

RényiStyleGAN-3.0-GP  3.91 3.92 3.82
StyleGAN-GP 4.06 3.90 3.85
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Table 5.4: RényiStyleGANs experiments on the CelebA dataset: the average and
variance of the best FID score and the average and variance this occurs taken over
three trials.

Average
best FID Best F.ID Average Epoch
score variance epoch variance
score
RényiStyleGAN-3.0 9.80 5.93 x 102 112.54 75.38
RényiStyleGAN-9.0 10.38 2.12 115.22 111.28
StyleGAN 14.60 12.48 93.78 477.53
RényiStyleGAN- 3
3.0-GP 3.88 1.84 x 10 122.05 4.35
StyleGAN-GP 3.92 9.06 x1073 119.37 58.94
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Figure 5.4: Evolution of average FID scores throughout training for RényiStyleGANs.
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(b) RényiStyleGAN-3.0: FID score 9.67.

(a) StyleGAN: FID score 16.20.

(d) RényiStyleGAN-3.0-GP:

FID score 3.91.

(¢) StyleGAN-GP: FID score 4.06.

Figure 5.6: Sample generated images of the best performing RényiStyleGANs for each

version and their StyleGANs counterparts for trial 1.
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(b) RényiStyleGAN-3.0: FID score 9.60.

(a) StyleGAN: FID score 9.70.

W@ &.‘9&
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(d) RényiStyleGAN-3.0-GP:

FID score 3.92.

(c) StyleGAN—GP: FID score 3.90.

Figure 5.7: Sample generated images of the best performing RényiStyleGANs for each

version and their StyleGANs counterparts for trial 2.
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(d)
FID score 3.82.

Figure 5.8: Sample generated images of the best performing RényiStyleGANs for each
version and their StyleGANs counterparts for trial 3.
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5.2.3 Discussion
MNIST

The DCGAN baseline exhibits unstable training as was expected and the addition of
the Rényi loss is able to ameliorate convergence but has similar instabilities. More
specifically, RényiGAN-[0, 3] converged in three out of ten trials, achieving an average
best FID scores of 1.36, while DCGAN experienced mode collapse in all ten trials.
This FID score is comparable to that of applying simplified gradient penalty to the
network. Note that these networks took an average time of 42.33 minutes to train for
one trial.

Applying the L; normalization drastically improved the convergence of all net-
works with no computational overhead. In fact, on average over 250 epochs and 10
trials, adding L; normalization on average decreased the training time for one trial
to 41.79 minutes, which is a decrease of 1.27%. This is expected as the L; normaliza-
tion is similar to the LkGANSs generator loss function when k£ = 1 and v = —log(2),
which, as we have shown through experiments, improves training stability. Using L,
normalization also has the added benefit of networks converging to an optimal FID
value in fewer epochs than any other convergent networks across all versions. We
note that RényiGAN-[0, 3]-L, outperforms all other loss functions in Version 2 and it
is sufficient to train it within 50 epochs. The development of a rigorous mathematical
theory that describes this phenomenon is an interesting future direction to better
understand the dynamics of GANSs.

In Version 3, RényiGAN-GP-[1.1, 4] performs among the best compared to other
RényiGAN-GP variants, with an identical performance to DCGAN-GP. Moreover, on

average it converges to its best FID score in fewer epochs than DCGAN-GP. Note,
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however, that the use of gradient penalty increases the average computation time
to 47.54 minutes for a single trial, an increase of 12.30% compared to Version 1. The
best performing network in terms of FID score is RényiGAN-GP-3.0-L4, seen in the
Version 4 results of Table 5.1. Note that RényiGAN-GP-0.5-L;, RényiGAN-GP-3.0-
Ly, RényiGAN-GP-[0,0.9]-L;, and DCGAN-GP-L; exhibit quite similar FID scores as
the difference of 0.02 FID score has no perceivable qualitative effect on the generated
images. However, on average, DCGAN-GP-L; converges to its optimal FID score in
fewer epochs than its counterparts. On average, these networks with gradient penalty
and L, normalization took 47.17 minutes to train for a single trial, which is a slight
decrease in computational time compared to applying simplified gradient penalties
only.

In summary, the extra degree of freedom provided by the o parameter yields a
variety of new loss functions and algorithmic designs that gives equivalent or bet-
ter FID scores in fewer epochs when using either L; normalization or the simplified
gradient penalty. Note that a difference of 0.20 FID score has no noticeable quali-
tative difference in MNIST generated images. In the first version, DCGAN-L; and
RényiGAN-[0, 3]-L;’s generated images are qualitatively similar. Correspondingly,
there is no discernible difference between Versions 2 and 3. The perceivable disparity
in quality is between the first and the second versions, which has a difference in FID
score of 0.41; see Figure 5.3. Moreover, the meaning of FID scores diminishes after
a certain threshold when the generated images are realistic. It is useful to conduct
experiments to determine these thresholds for commonly used datasets. Hence, the
greatest advantage of RényiGANs when applied to MNIST is its ability to converge

to realistic and diverse generated images quicker than DCGANS in most versions.
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CelebA

For CelebA, we observed that RényiStyleGANs (with o > 1) outperform StyleGANs
in terms of FID scores, with setting a = 3.0 achieving the best average FID score.
However, further investigation on the best range of values of « for RényiStyleGANs
is necessary.

Comparing the performance of RényiStyleGAN in Figure 5.5b to StyleGAN in
Figure 5.5a reveals that RényiStyleGAN performs consistently and does not display
the erratic unstable behaviour of regular StyleGANs. This is also observed in Fig-
ure 5.4a. One explanation for the difference in performance dynamics is that the
Rényi loss dampens the loss of each individual sample in the batch, reducing the
effect of samples that may be given spurious gradient directions. Combined with our
use of the Adam optimizer to keep track of the gradient variance, the overall effect
that dampening has on the entire objective function is normalized out, while still
maintaining the benefit of dampening individual samples from the generator. Addi-
tionally, as we close the gap between StyleGANs with and without gradient penalty,
one benefit of not needing gradient penalty is the significant reduction in computa-
tion time: RényiStyleGAN-3.0 takes 25.63 hours without gradient penalty and 31.8
hours with gradient penalty, yielding a 24% increase in computation time when us-
ing gradient penalty. Lastly, both RényiStyleGAN-GP and StyleGAN-GP perform

identically; see also Figures 5.4b, 5.5¢, and 5.5d.
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Chapter 6

Conclusion

In this thesis, we introduced two new generator loss functions. Motivated by gen-
eralizing LSGANs, we introduced LEGANs, which were analyzed and implemented.
We showed that the theoretical minimum when solving the generator optimization
problem for LEGANSs is achieved when the generator’s distribution is equal to the
true distribution of data. Using experiments on MNIST and CelebA datasets, the
new LEGANSs loss functions conferred greater training stability and better generated
image quality than LSGANs. Experiments also revealed new theoretical and experi-
mental research directions, such as analyzing the effects of the «, £, and v parameters
on LEGANs performance. It would also be useful to understand the interplay between
the optimal choice of network architectures and parameters and different choices of
k, a, B, and v parameters.

A GANSs generator loss function based on Rényi cross-entropy measures of order «
(v > 0 and o # 1) was next proposed, analyzed and implemented. It was shown that
the classical GANs analytical minimax result expressed in terms of minimizing the
Jensen-Shannon divergence between the generator and the unconstrained discrimina-

tor distributions can be generalized for any « in terms of the broader Jensen-Rényi
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divergence, with the original GANs loss function provably recovered in the limit of
« approaching 1. We demonstrated via experiments on MNIST and CelebA datasets
that the proposed loss function yields performance improvements over the original
GANSs loss function in terms of the quality of the generated images and training sta-
bility. In particular, RényiGANs used with L; normalization does not need gradient
penalty to reduce the GAN mode collapse problem. Furthermore, RényiStyleGANs
provide more robust convergence dynamics than StyleGANs and can dispose of us-
ing gradient penalty without affecting image fidelity while requiring considerably less
training time. Finally, we note that the Rényi-centric approach studied in this work
can be judiciously adopted to other deep learning neural network architectures. For
future research, it would be useful to examine the effects of the a parameter on the
optimal choice of network architectures and parameters.

Future directions of applications include applying these networks on different
datasets, such as high-dimensional genomic data. For future work, InfoGANSs can also
be generalized by using the Arimoto-Rényi mutual information of order «, (o > 0 and
a # 1) and deriving a Rényi-centric lower bound, which recovers the L;(g,q) lower

bound as a special case. Another direction for research is to generalize Wasserstein

GANSs.
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Appendix A

Experiments

A.1 Neural network architectures

The StyleGAN architecture were taken directly from [41]. The architectures for the
MNIST dataset are detailed below in Tables A.1 and A.2. We used the architecture
guidelines provided by [67] and the GANs tutorial in [1]. We shorten some of the
common terms used to describe the layers of the networks. A fully connected layer
in a neural network is denoted by FC, while we have used upconv. to denote a
convolution layer that is specifically padded to increase the dimensions of its input
image. The bias in each upconv. layer was not used in an effort to reduce the amount
of parameters and the computational training time. The parameters of the neural
networks were initialized by sampling a Gaussian random variable with mean 0 and

standard deviation 0.01.
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Table A.1: The generator’s architecture for MNIST dataset.

GENERATOR

INPUT MULTIVARIATE (GAUSSIAN NOISE VECTOR OF SIZE 784 WITH MEAN 0O
AND A COVARIANCE MATRIX THAT IS THE IDENTITY MATRIX OF SIZE 784 X 784.
FC 1O 12,544 NEURONS.
RESHAPE INTO 7 X 7 X 256 IMAGE.
5 x 5 UPCONV. 128 LEAKYRELU, BATCHNORM.
5 X 5 UPCONV. 64 LEAKYRELU, STRIDE 2, BATCHNORM.

5 X 5 UPCONV. 1 CHANNEL, tanh ACTIVATION.

Table A.2: The discriminator’s architecture for MNIST dataset.

DISCRIMINATOR

INPUT 28 X 28 X 1 GREY IMAGE.

5 x5 CcoNV. 64 LEAKYRELU, STRIDE 2, BATCHNORM,
DROPOUT 0.3.

5 x5 coNv. 128 LEAKYRELU, STRIDE 2, BATCHNORM,
DROPOUT 0.3.

FC TO ONE oUTPUT ACTIVATION.

_ 1
) Tfe <
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A.2 Algorithms

We present the algorithms for LkGANs below. For the MNIST dataset, the constants
of the algorithms are n = 250 epochs or 15 million images and batch size m = 100.
For the CelebA dataset, the constants of the algorithms are n = 125 epochs or 25

million images and the batch size m = 126.

Algorithm 2 Overview of LkGAN-v1-k and LkGAN-v2-k algorithms with and with-
out the simplified gradient penalty.

Initialize neural networks.

Fix number of epochs n.

fori=0to n—1do
Sample batch size of m noise samples {z1, ..., z,,} from noise prior pz
Sample batch size of m examples {x1,...,X,,} from the true distribution px
Update the discriminator by descending its gradient without the simplified

gradient penalty:

m

Vs (% > |5(D0x) - 8+ 5(Dlate) - a)QD ,

or with the simplified gradient penalty:

m

Va (i ) E(D(xi) B+ 5(Dlg(z) - a)?]

910 (2 )

1 — D(x)

1 m
+5 %;

X=X;

Update the generator by descending its gradient:

Vo (% > ID(glz0) - W) ,

end for
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Algorithm 3 Overview of LkGAN-v1-[1, 3] and LkGAN-v2-[1, 3] algorithms

Initialize neural networks.
Fix generator’s loss function shape, ky = 1, flag = True and number of epochs
n.
fort=0to n—1do
if flag then
if £, = 3 then
flag = False
end if
else
if k; = 1 then
flag = T'rue
end if
end if
Sample batch size of m noise samples {z1, ..., z,,} from noise prior pz
Sample batch size of m examples {x1,...,x,,} from the true distribution px
Update the discriminator by descending its gradient:

Vs (i > |5(D0x) - 8+ 5(Dlale) - a)ZD .

m <
=1
ki
)

We next present the algorithms for RényiGANs. For the MNIST dataset, the

Update the generator by descending its gradient:

Vo (%Z ID(g(=)

end for

constants of the algorithms are n = 100 epochs or 6 million images and batch size
m = 100. For the CelebA dataset, the constants of the algorithms are n = 125 epochs

or 25 million images and the batch size m = 126.
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Algorithm 4 Overview of RényiGAN-«, RényiGAN-a-L4, and RényiGAN-GP-a-L,
algorithms

Initialize neural networks.

Fix number of epochs n.

fori=0to n—1do
Sample batch size of m noise samples {z1, ..., z,,} from noise prior pz
Sample batch size of m examples {x1,...,X,,} from the true distribution px
Update the discriminator by descending its stochastic gradient without the

simplified gradient penalty:

m

V(=23 [l D) + log(1 — Dlg()] ).

=1

or with the simplified gradient penalty:

V§< - % > [log D(x;) +log(1 — D(g(=1)))]

wae(:25)|[)):

and update the generator by descending its stochastic gradient without L; nor-

malization:
or with L; normalization:

aifogl(%i )

1 m
+5 E;

X=X;

Vo
o —

Vo +log(2)|,

end for
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Algorithm 5 Overview of RényiGAN-[31, 5], RényiGAN-[5y, Bo]-L1, and
RényiGAN-GP-[f, fs]-L; algorithms

Initialize neural networks.
Fix generator’s loss function shape, oy = x, flag = T'rue and number of epochs
n.
fort=0to n—1do
if flag then
o; = oy + 0.1
if o; = [ then
flag = False
end if
if a; = 1.0 then
a; = 1.1
end if
else
Q; = O — 0.1
if a; = 51 then
flag = T'rue
end if
if o; = 1.0 then
o; = 0.9
end if
end if
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Sample batch size of m noise samples {z1, ..., z,,} from noise prior pz

Sample batch size of m examples {x1,...,X,,} from the true distribution px

Update the discriminator by descending its stochastic gradient without the
simplified gradient penalty:

m

Va( = 23 [1og D)+ log(1 ~ Dlg(z)] ).

=1

or with the simplified gradient penalty:

Vé;( — % Z [log D(x;) + log(1 — D(g(z:)))]

5 %Z:: Vxlos (1?<—5€X)> = : )

without L; normalization:

Voa i 1 log [ (% Z[l - D(Q(Zi))]a_l> ] ;

or with L; normalization:

v (o)

Vo

end for
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A.3 MNIST results

Table A.3: LkGANs-v1 experiments on the MNIST dataset: the best FID over each
run seen over ten trials.

Trial number 1 2 3 4 5 6 7 8 9 10
LkGAN-v1-1.0 3.17 324 296 3.38 3.12 3.12 3.19 3.17 3.38 295
LkGAN-v1-1.2 3.22 3.11 297 3.1 3.08 3.18 3.18 3.34 3.12 3.16
LkGAN-v1-1.4 331 3.37 322 3.19 3.13 3.01 3.2 358 3.08 3.67
LkGAN-v1-1.6 298 3.17 3.27 321 3.14 333 3.13 3.26 2.89 293
LkGAN-v1-1.8 3.15 3.02 3.02 341 325 328 3.02 344 3.3 342
LkGAN-v1-2.2 348 3.36 3.62 354 348 3.76 3.45 3.80 3.41 3.20
LkGAN-v1-2.4 345 3.84 4.02 348 330 3.64 3.06 3.81 3.57 3.72
LkGAN-v1-2.6 3.70 4.35 3.78 3.72 3.30 3.92 3.60 4.03 3.65 3.53
LkGAN-v1-2.8 4.05 4.16 3.7 453 3.55 387 4.23 3.69 3.82 4.25
LkGAN-v1-3.0 4.54 4.04 392 4.14 431 397 392 437 395 4.13

LkGAN-v1-[1,3] 341 3.16 3.89 3.44 3.06 3.71 3.56 3.34 3.68 343
LSGAN-v1 3.58 324 321 334 328 354 335 33 334 321
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