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Abstract

In this thesis, we devise two different types of discrete-time stochastic models using
modified Pélya urn schemes. The first set of models concerns interacting contagion
networks constructed using two-color (red and black) finite memory Poélya urns in
which reinforcing balls are removed M time steps after being added (where M is the
“memory” of the urn). The urns interact in the sense that the probability of drawing a
red ball (which represents an infectious state or an opinion) for a given urn, not only
depends on the ratio of red balls in that urn but also on the ratio of red balls in other
urns in a network representing the interconnections, hence accounting for the effect of
spatial contagion. The finite memory reinforcement provides a diminishing effect of
past draws which represents curing of an infection in an epidemic spread model, or
lessening influence of a popular opinion in a social network. We examine the stochastic
properties of the underlying Markov draw process and construct a class of dynamical
systems to approximate the asymptotic marginal distributions. We also design a
consensus achieving connected network of agents via two-color finite memory Polya
urns. The interaction between urns is time-varying and is represented via “super-urns”
which combine for each node its own urn with its neighbouring urns. We obtain the

consensus value in terms of the network’s reinforcement parameters and memory.



In the second part of this thesis, we introduce a novel preferential attachment
model using the draw variables of a modified Polya urn with an expanding number
of colors, notably capable of modeling influential opinions (in terms of vertices of
high degree) as the graph evolves. Unlike the Barabasi-Albert model, the color-coded
vertices in conjunction with the time-varying reinforcing parameter in our model
allows for the vertices added (born) later in the process to potentially attain a high
degree in a way that is not captured by the former. We study the degree count of
the vertices in the graphs generated via our model by analyzing the draw vectors
of the underlying stochastic process. Furthermore, we compare our model with the

Barabéasi-Albert model via simulations.
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Chapter 1

Introduction

1.1 Motivation and Literature Review

Interacting urn networks are widely used in the field of applied mathematics, biology
and computer science to model spread of diseases |34, 35|, consensus dynamics [26],
image segmentation [12|, propagation of computer viruses in connected devices [18],
and social networks [58].

The first part of this thesis (Chapters 2 and 3) is concerned with networks of
two-color Polya urns. We are given a network of N urns, represented as a graph
with the urns as vertices and interconnections as edges. At time ¢t = 0, each urn is
composed of some red and some black balls, where different urns can have different
initial compositions, but no urn is empty. At each time instant ¢, a ball is chosen for
each urn with probability depending on the composition of the urn itself and of the
other urns in the network, and then additional (reinforcing) balls of the color just

drawn are added to the urn. Letting U;; denote the ratio of red balls in urn ¢ at time
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t, the draw variable Z,;, denoting the indicator function of a red ball chosen for urn i

at time ¢, is governed by

I w.p. f(Ul,t—la te 7UN,t—1)

0 W.D. 1— f(Ul,t—la e 7UN,t—1)

where “w.p.” stands for “with probability” and f : RV — (0,1) is a real-valued function
which accounts for interactions in the network of urns. The stochastic process {Z;;}°,
is commonly known as a reinforcement process generated by an urn model. Although
a variety of reinforcement processes are used to develop interacting networks, Polya
urns are the most commonly used urn models (there are a few examples based on other
interacting urn networks; e.g., see [38, 52| for interacting Friedman urn networks).
In the first part of this thesis, we devise a contagion model through an interacting
network of modified Pélya urns and study its stochastic properties. We further develop
a consensus achieving network of agents via our urns.

Various other models have been proposed in the literature to portray contagion
in networks using interacting Polya processes. In [34], the concept of “super urn” for
a network of Polya urns is utilized to model spatial contagion, where at every time
step and for each urn, a ball is drawn from its “super urn” formed by the collection of
the urn’s own balls and the ones of its neighbours. In [32, 35|, optimal curing and
initialization policies were investigated for the network contagion model of [34]. In [49],

the authors introduce a symmetric reinforcement scheme for interacting Pélya urn



CHAPTER 1. INTRODUCTION 3

network with (1.1) given by:

where a € [0, 1] is a fixed number and N is the number of Pdlya urns in the network.
An example of a more complicated interaction network is given in [16], where a finite
connected graph with each vertex equipped with a Poélya urn is considered and at
any given time ¢, only one of the two interacting urns receive balls with probability
proportional to a number of balls raised to some fixed power.

An important characteristic of most reinforcement processes generated via urn
models is that they are non-Markovian in the sense that the composition of each
urn at any given time affects its composition at every time instant thereafter. This
property is not realistic when modelling the spread of infection as one should account
for the possibility that infection is cured (or that the urn is removed, a possibility that
we do not consider here). In this thesis, we consider an interacting Polya urn network
where each urn has a finite memory, denoted by M > 1, in the sense that, at the time
instant ¢ > M, the reinforcing balls added at time t — M are removed from the urn
and hence have no effect on future draws; see Figure 1.1 for an illustration of this
finite memory reinforcement. This notion of a finite memory Poélya urn was introduced
in [1] (in the context of a single urn modeling error bursts in communication channels)
to account for the diminishing effect of past reinforcements on the urn process, which
is a realistic assumption when modelling contagion in a population. The resulting

network draw variables {Z;}7°, of the Polya urn with memory M forms a Markov
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chain of order M, see [1].

Figure 1.1: Finite memory Pdlya urn.

There are other examples in the literature where a Markovian version of the Poélya
process is studied. In [4], a rescaled Polya urn model with randomly fluctuating
conditional draw probability is considered. Another Markovian Pélya process is the
Polya-Lundberg process [48|, which was recently adapted in [15] to measure the
dynamics, among many other models such as [54], of the SARS-CoV-2 pandemic.

The techniques used in the analysis of a finite memory Poélya process are quite
different from the ones used for any general random reinforcement process. Standard
techniques used for the latter case include the method of moments [28|, Martingale
methods [31, 49|, stochastic approximations [21, 29, 41] and the embedding of re-
inforcement processes in continuous-time branching processes [8, 9, 37|. A detailed
discussion on these methods can be found in [5] and the survey [47].

Another interesting feature of Polya urns is that their reinforcement schemes
represent preferential attachment behavior in the sense that at each time step, we add
balls of a particular color with a probability proportional to the number of balls of that
color in the urn. This reinforcement of adding balls to the urn proportional to the ratio
of balls is commonly known as the “rich gets richer” phenomenon which in the context

of randomly growing graphs/networks refers to reinforcements that favor a high degree
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vertex to stay influential. Preferential attachment graphs have been widely studied
within the areas of statistical mechanics [33, 59|, network science [25], probability
theory [39, 50] and game theory [53|. One of the most popular models of a preferential
attachment graph is the so-called Barabasi-Albert model [14], which has since been
modified in a variety of ways [6, 42, 61]. Various other models have been devised
thereafter to generate preferential attachment graphs; for example in [17] the growth
of the random graph is competition based. Given a graph at a certain time step, the
new vertex attaches itself to an existing vertex which ends up minimizing a certain
cost function. For a vertex, this cost function depends on its centrality and distance
from the root ensuring that the vertices with higher degrees have lower cost functions.
In [40], a continuous-time equation governing the number of vertices with degree k is
formulated to study citation networks. In [27], a randomly growing graph algorithm
that combines the features of a geometric random graph and a preferential attachment
graph is analysed. In [22], properties of Wikipedia are studied by representing topics
as vertices and hyperlinks between them as edges. Several preferential attachment
hypergraphs (i.e., graphs in which an edge can join any number of vertices) generating
models have also been devised in the literature [10, 30, 36].

Our main objective in Chapter 4 is to introduce a new preferential attachment
graph generating algorithm using a modified Pélya urn model. Various versions of
Polya urns have been used to model preferential attachment graphs, for instance,
in [24] a generalized Polya urn process is used to devise a preferential graph generating
algorithm (refer to [23, 45] for a detailed description of this generalized Poélya urn
process). In [19], a preferential attachment type multi-graph (i.e., a graph that can

have more than one edge between a pair of vertices) is constructed using different
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variations of the Polya urn process which was used to study the spread of viruses
on the internet in [18]. More elaboration on the similarities between Pélya urns and
preferential attachment graphs is given in the survey [47].

The Barabéasi-Albert model is well known to exhibit a power law distribution as the
number of vertices becomes sufficiently large, given by p(k) ~ k=3, where p(k) is the
probability of randomly selecting a vertex with degree k in the network. Despite the
fact that this power law can be used to study various properties of the Barabasi-Albert
model such as the Hirsch index distribution and the clustering coefficient, see 2, 13, 20]
for definitions, the likelihood of vertices gaining new edges is solely determined by their
degree. This is not realistic, when modeling scenarios where newly added individuals
are accompanied with impactful ideas that can lead to rapid or disruptive influence,
regardless of their initially low degree.

Motivated by the above mentioned shortcomings of the Barabasi-Albert network,
we develop in Chapter 4 a preferential attachment graph generating algorithm in
which each vertex is uniquely identified with a color of an expanding color Pélya urn.
To address the concern about the degree being the only factor affecting the likelihood
of vertices forming new connections in the Barabasi-Albert algorithm, we introduce
a time-varying reinforcement parameter in our model which enables the vertices to
make more or fewer connections depending on their unique color association and the

time at which they were introduced in the network, i.e., their birth time.



CHAPTER 1. INTRODUCTION 7

1.2 Contributions and Organization of the Thesis

The rest of the thesis is organized as follows. In Chapter 2, we design and investigate
an interacting network of N two-color finite memory Polya urns to model the spread of
infection (commonly referred to as contagion) where each urn is associated to a node
(e.g., “individual”) in a general network (e.g., “population”) to delineate its “immunity”
level. Each Poélya urn in the network contains red and black balls which represent
units of “infection” and “healthiness” respectively. The reinforcement of drawing a ball
for each urn is mathematically formulated such that a weighted composition of other
urns in the network affects the drawing process, hence capturing interaction between
urns.

Unlike standard reinforcement processes, we are able to use Markovian properties
in our analysis as our model of interacting urns with finite memory M yields an Mth
order Markov draw process. However, one drawback of working with a memory-M
Markov chain over a network is that the size of its underlying transition probability
matrix grows exponentially with both M and the network size. To account for this
problem, after having introduced our interacting Pélya urn network and investigated
its properties in detail, we formulate a dynamical system to tractably approximate
its asymptotic behaviour. To obtain this dynamical system, we make the assumption
that for any given time ¢ > M, the joint probability distribution of draw processes
at times t — 1,--- ,t — M for any urn is approximately equal to the product of its
marginals. This type of approximation is referred to as a “mean-field approximation”
and is commonly used in the literature on compartmental models, such as the well-

known susceptible-infectious-susceptible (SIS) model |7, 11, 43, 44, 46, 60]. The key
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factor that distinguishes our treatment is the latitude provided by the consideration
of memory M > 1, in contrast to the SIS model which is based on a memory one
(M = 1) Markov chain. In particular, as our simulations, which are performed for
both non-homogeneous and homogeneous networks (of small-to-medium size), verify,
the nonlinear dynamical system that we obtain approximates the true (underlying)
Markov process with improved accuracy as we increase the memory order M. We
also characterize the equilibrium point of this dynamical system, when the nonlinear
dynamical system is approximated by its linear part (the latter approximation is exact
for the case with memory M = 1). More specifically, we show that when M = 1, the
(linear) dynamical system always admits a unique equilibrium (which can be exactly
determined); while for M > 1, we note that the linearized dynamical system has a
unique equilibrium when its governing (block) matrix has a spectral radius less than
unity. In summary, our results provide a novel mathematical framework for the study
of epidemics on networks in realistic scenarios where memory is a consideration. The
results of Chapter 2 were published in part in [56] and [57].

In Chapter 3, we devise a consensus achieving network using a finite memory Poélya
urn network which is somewhat similar to the one studied in Chapter 2, but different in
terms of having time-varying interaction dynamics among the urns. Given a connected
network G, we equip each agent with an urn, initially consisting of balls of two colors,
red and black. The “belief” of each urn (or individual) at a given time instant is the
probability that a red ball is chosen in the drawing process. The draw process utilizes
the spatial interconnections in G via the use of “super-urns” which are introduced in
[12, 34, 35]. At each time instant and for each urn (or individual), a ball is drawn

from its super-urn and returned back to the urn; then reinforcing balls of the color
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just drawn are added to the urn for a limited period of M future time instants, where
M denotes the memory of the urn. Additionally, and important for our objective of
the network reaching consensus, as of time t = M + 1, we remove the balls which were
present in the urns initially. The significance of removing initial conditions is that the
individuals forget about their inherent beliefs as of time ¢ > M + 1. We analyse our
network of finite memory Pélya urns and show that for a memory M, the vector of
draw variables forms a time-varying reducible Mth order Markov chain. We study
the structure of this Markov process and show that our network achieves consensus.
We also present an alternate method to show consensus for a homogeneous connected
network. In this method, we obtain a class of linear dynamical systems with time
delay which gives the probability of drawing a red ball from the super-urns at any
time t. We then obtain the consensus value of this connected homogeneous network
by studying the asymptotic properties of these delayed linear dynamical systems. The
results of Chapter 3 were published in part in [55].

In Chapter 4, we construct randomly growing undirected graphs using the draw
variables of a single modified Polya urn, with an expanding number of colors. The
Polya urn process is modified in the sense that at each time instant, not only is a
ball drawn and returned to the urn along with a number (potentially time-varying)
of reinforcing balls of the same color, but another ball of a new color is also added
to the urn. This new color corresponds to a new vertex which is added to the graph
at this time instant. More specifically, the network is generated by associating each
incoming vertex to the new color ball added after each draw and by attaching it to
the existing vertex represented by the draw color. The number of colors in the urn

grows without bound with the number of draws, and the generated network has a
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preferential attachment property as the vertices corresponding to dominant colors (i.e.,
colors in the urn with a large number of balls) are more likely to attract newly formed
vertices as their neighbors. The resulting preferential attachment growing graph is
thus constructed via a Poélya urn; this enables us to characterize the degree count of
individual vertices in the network through the draw variables of their corresponding
colors giving each vertex a unique identity which is absent in the Barabési-Albert
model. Indeed, the draw variables of the Polya urn capture the entire structure of the
graph generated and hence it is enough to study the behaviour of these draw variables
to understand the properties of the graph. Moreover, we use an extra time-varying
parameter to set the number of balls (not necessarily an integer) added to the Pdlya
urn to reinforce the color of the drawn ball at each time instant. The time-varying
nature of this parameter allows us for any given vertex to tweak the likelihood of
amplifying or dampening its degree growth depending on the time at which it was
introduced in the network; this feature can be used to regulate the dominance (in
terms of gaining edges) of high degree vertices over low degree ones in the generated
preferential attachment graph. Therefore, unlike the Barabasi-Albert algorithm, our
model can be used to generate random networks with a variety of degree distributions
other than power law distributions.

Finally, conclusions and future directions are presented in Chapter 5.



Chapter 2

Interacting Finite Memory Poélya

Networks

2.1 The Model

We consider a network of N finite memory two-color Polya urns, where each urn can
be associated to a node in an arbitrary network. At time ¢ = 0, urn ¢ contains R; red
balls and B; black balls, = 1,..., N. We denote the total number of balls in the ith
urn at time t = 0 by T, = R; + B;, and we assume that there is at least one red and
one black ball in each urn at time ¢t = 0, i.e., R; > 0 and B; > 0 for all 7. We also
let U;; denote the ratio of red balls in urn ¢ at time ¢, with its initial value (at time
t = 0) given by U; o = R;/T;.

We next define the reinforcement scheme, in the form of draw variables, Z;;,

associated with urn ¢ at time ¢ > 1, for our proposed interacting Pélya contagion

11
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network:

1 if a red ball is drawn for urn 7 at time ¢
Ziy = (2.1)

0 if a black ball is drawn for urn 7 at time ¢

where the process of drawing a ball for urn i is governed by a particular function of
the form (1.1), which is applied simultaneously to all urns. We denote the drawing
random vector at time ¢t by Z; = (Z14, Zayt,- -+, Zny). If a red ball (respectively, a
black ball) is drawn for urn 4, we add A, ;(¢) red balls (respectively, A, ;(¢) black balls)
to urn ¢. This scheme, which we refer to as the urn scheme, is often captured by a
matrix of the form:

Arit) 0 22)

0 Ay (1)

We assume throughout that A, ;(t) > 0 and A,;(t) >0forallie {1,--- N}, t>1
and that all the urns in the network have same memory (say M), where memory of
an urn is defined in Chapter 1 (see also Figure 2.1).

We start with defining an interaction matriz S to be an N x N row-stochastic
matrix with non-negative entries, i.e., each row in S sums to one. Entries of the
interaction matrix S are denoted by s;;, where 4,5 € {1,..., N}. The interaction
matrix S can also be thought of as a weighted adjacency matrix of a directed graph
with each vertex equipped with a memory M Poélya urn.

Having defined the interaction matrix, we can now explicitly specify the function f

used in the drawing mechanism (2.1). In particular, we set the probability of choosing
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/U

Figure 2.1: The interaction matrix S can also be thought of as a weighted adjacency
matrix of a directed graph with each vertex equipped with a Pélya urn.

a red ball from urn 7 at time t as follows:

1 w.p. Z SijUj,t—l
j=1

N
0 w.p. 1-— Z Sijijtfl.
j=1

Furthermore, as all draws occur simultaneously as illustrated in Figure 2.1, the draw
variables Z; ; and Z; ; are conditionally independent given all past draws in the network,

for any i # ¢’; hence at any time ¢,

N
P (Zigs- s Znal{Zubichs - AZwai) =TT P (ZollZubichs - AZwadidh) -
=1

(2.4)

Since each urn in the network has memory M, for each time instant ¢ > M + 1, the
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ratio of red balls in urn 7 is given by

_ R; + ZZ:thJrl Ari(k) Zig
T; + Z;:t—M-H(Ar,i(n)Zi,n + Api(n)(1 = Zin))

Uit (2.5)

almost surely.!For ease of notation, we define the following (normalized) initial and

reinforcement network parameters:

Pi = f7 0; = 1-— Tz” 5r,z(t) - Tz 9 5bz(t) - 1—’1 (26)
Substituting (2.6) in (2.5), we obtain
t
pi+ > 6ri(K)Zi
Ui, — : k=t—M+1 2.7)
L+ > (6ri(n)Zin + di(n)(1 = Zisn))
n=t—M+1

almost surely. We denote this contagion type network of finite memory Poélya urns
with fixed interaction matrix S by IPCN(M, N), where M denotes the memory of
urns in the network and N denotes the number of urns in the network. In the next

two sections, we discuss the analytic properties of this IPCN(M, N) system.

2.2 Markovian property of IPCN(M, N)

We now establish the Markov property of the network draw process {Z;}5°; in the

following proposition:

LAll identities involving random variables or vectors are (implicitly) understood to hold almost
surely.
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Proposition 2.1. For an IPCN(M, N) system, the stochastic process given by {Z;}32,

1s a time-varying Markov chain of order M.

Proof. Let a; = (a1, ,ayy) € {0,1}". Using (2.3) and by virtue of the conditional
independence of the draw variables Z;; and Z; , given all past draws in the network

for all 7 £ ¢/, we have for t > M that

P(Zt+1 :at+1|Zt =y, L= CL1)

||Ez H:z

P(Zit1 = Qg1 Ze = ag, -+, Z1 = @)

N
Q5 t+1 E 31] 7.t + 1 — a4 t+1 ]- - SijUj,t) .
Jj=1 Jj=1

M-

As a result, we have that

P(Zt+1 = at-i—l’Zt =y, , 4 = al)

t
N N Sij (pj +k % 15r,j(/€)aj,k)
—t—
= H <(2ai,t+1 E ; * + (1 - ai,t—i—l))

=1 =11+ > (6 j(n)aj, + 0 (n)(1—ajn))

n=t—M+1
= P[Zt+1 = at+1’Zt =y, LMl = Clth+1]- (2-8)
Hence the process {Z;}{2, is a time-varying Mth order Markov chain. O

In order to write the transition probabilities of this Markov chain, we define
W, = {Z, Zi11, -, Zesnm—1}. Since {Z;}9°, is an Mth order Markov chain, the
order of {W,}°, is 1. We use (2.8) to give a general formula for the entries of the

transition probability matrix Q") of the Markov process {W,}2°,, which has 2"~
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(M7
b

N N), of going from state

states. Note that the transition probability, ¢
a = ((an, a21, " - >aN1), Ty <a1M7 DNV P >aNM))

to state

b= ((b11,b21,- -+ ,bn1), -+ 5 (biag, bongs -+ s b))

in one time step is nonzero if and only if a;; = b;;_1) for i € {1,---, N} and

j€{2,---, M}, where a,b are binary NM tuples. If qé]y’N) is nonzero, it is given by

g™ =5 a (2.9)
where
( M
N (i + > 0pi(K)air)
1-— Z Sdi IV =1 if bdM =0
=1 14 Y (6ri(n)ain + 0pi(n) (1 — @)
n=1
gD = (2.10)
M
N (pi + > 6ri(k)air)
Z Sdi M =1 if bdM = 17
=1+ 3 (6ri(n)ain + 0pi(n) (1 — ain))
n=1

\

withd € {1,--- ,N}.
We next show that for time-invariant reinforcement parameters (i.e., A, ;(t) = A,;
and Ay ;(t) = Ay, for t > 1) the Markov chain {W,}°, is an irreducible and aperiodic

Markov chain.
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Lemma 2.2. For the IPCN(M, N) with time-invariant parameters, the transition

probability matriz QWMN) is irreducible and aperiodic.

Proof. Note that in (2.10), if we set M =1, 6,;(t) = d,; and & ;(t) = 0, for t > 1,
then it is possible to go from any state to any state in one time step with a positive
transition probability. Hence, the Markov chain is irreducible and aperiodic for memory
M = 1. For memory M > 1 with 6, ,(t) = 0,; and 6,,;(t) = o, for t > 1, to prove
irreducibility of the Markov chain, we show that given any two states, it is possible to
go from one state to another in finitely many time steps with a positive probability.
Let us fix two arbitrary states, a = ((a11,a21, - ,an1), -+, (@1, Gonr, - -+ ann)) and
b= ((b11,b21, - ,bn1),"** , (biar, banr, -+ ,bnar)). We next construct an M-step path

(which occurs with a positive probability) between states a and b.

e Suppose the Markov chain is in state W, = a at time t. At time t + 1, we go

from state a to state,

0
Wt+1 = CL( ) = (Zt+1 = (a12,G227 T ;CLNQ);

s Dem = (G1M>azM, T aaNM)aZt+M = (511,521, te 7bN1)>~

Since a;; = a(.?j?fl) fori e {1,2,--- N} and j € {2,3,---, M}, the transition

)

probability of going from state a to a(?) is nonzero and can be obtained using (2.9).

e At time t + 2 we go from state a(? to state a")

W, io = a(l) = (Zt+2 = (a13> T 7aN3)7 L M1 = (511, T 7bN1>7

Zovaria = (biz -+, ba) ).
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Following this pattern of adding one N-tuple from state b at each time step, we will
reach state b in M time steps. In summary, choosing any initial state, we can reach
any other state of the Markov chain in at most M steps. Hence, the Markov chain
is irreducible. Also, note that the period of the state with all zeros is one. Since all
the states of an irreducible Markov chain have the same period, we obtain that this

Markov chain is aperiodic. O]

Lemma 2.2 guarantees the existence of a unique stationary distribution for the
Markov process {W,}32, when the reinforcement parameters are time-invariant. How-
ever, since the transition probabilities for this Markov chain (given in (2.10)) are
complicated, we cannot analytically determine this unique stationary distribution
in general. But we can obtain asymptotic marginal distributions for homogeneous
system parameters (i.e., all parameters are identical and time-invariant across all
urns): R; = R, B; = B, A,;(t) = Ap,;(t) =Aforallie {1,--- N} and ¢ > 1. In this

(homogeneous) case, we have

where T'= R + B is the total number of balls in the urns. In the following example
and theorem, we illustrate the stochastic properties of the underlying Markov process

for a homogeneous IPCN(1, 2) system.

Example 2.3. Given a homogeneous IPCN(1, 2) system with interaction matrix

st 1—sn

S:

S91 1 — 591
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the stationary distribution m = [mgq, 701, 710, 711] for the Markov process {(Z;, Z;11)}

(transition probability matrix Q1)) is given by

2025 + 0% + (1 — 811 — 21 + 25115921) 00>

oo = (1 — 511 — S91 + 25118921)0% + 20 + 1
B po (1 +26)
o= (1 — s11 — So1 + 2811891)0%2 + 25 + 1
B po(1+26)
M0 (T = 51y — s + 2511521)02 + 20 + 1
= p(20 — 0 — 200 + (1 — 811 — So1 + 2511591)0% + 1)

(1 — 811 — S91 + 2811821)52 -+ 20 +1

It is easy to see that 7 = [mog, o1, T10, 711] satisfies the equation 7Q(?) = 7. We thus
have
[ ] hm P(Zl,t = 1) = T10 +7Tll = pP, hm P(ZQ’t = 1) = To1 +7T11 = p,
t—o0 t—o00
[ thrn P(Zl,t = 0) = Too + To1 = a,tlim P(Zgﬂg == O) = Too —|—7T10 = 0.
—00 —00

Also writing (2.7) for M = 1 and taking expectation both sides, we have for i = 1,2

that
p+0limE[Z;] p+6lim P(Z,;=1)
t—o0 ’ 1 -+ (5 1 + (5

Hence, irrespective of the used interaction matrix, the asymptotic marginal (one-
fold) distributions and urn compositions for the IPCN(1,2) system are the same as
for the single (memory one) Polya urn studied in [1]; this result is proved in general
in Theorem 2.4 below. We, however, next observe that the asymptotic 2-fold draw
distributions for the IPCN(1,2) urns do not match their counterparts for the single

Polya urn process of [1]. Indeed, the 2-fold (joint) distribution vector of the single-urn



CHAPTER 2. INTERACTING FINITE MEMORY POLYA NETWORKS 20

(stationary) Polya Markov chain in [1] is given by

2(2) _ olc+d) po po plp+9)
146 "14+6"146 149

For the homogeneous IPCN(1, 2) system, the joint probability P(Z;; = a1, Z1 441 = b1)

for urn 1 of the homogeneous IPCN(1, 2) system is given by

P(Ziy=a1, 21441 =) = Z P(Z1y = a1, Z1441 = b1, Zoy = ag, Zo 441 = o)
az,bae{0,1}

= Z P(Zl,t+1 = by, Zz,t+1 = b2’Z1,t = dai, Zzt = GQ)P(Zl,t = ai, Zz,t = (12)-
az,b2€{0,1}

Thus noting the conditional independence of Z ;11 and Zs 41 given (Zy 4, Zs;), and

using the IPCN(1,2) matrix Q2 along with the fact that

]}i}m P<th - a17Z2t - CLQ) = Tay,a2>

we obtain

) 1 — )
lim P(Z1+=0,Z1441 =0) = o(o+9) B o1 ( S11)

7T01(1 - 811)

Jim P(Z1 =0, 2y = 1) = 1+5 (1406)
1(1 - 511)

lim P(Z =1, 2100 = 0) = 5 + (1+0)

(p + 5) 7T01(1 — 811)(5
fm P(Za =1 2 = 1) = = = — 05y

which shows explicitly by how much the asymptotic 2-fold draw distribution for urn 1
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deviates from 7). Note that by setting s;; = 1, the error term o1 (1 — 511)d8/(1 + 6)
reduces to zero, making the two distributions match, as expected (since when s;; = 1,

urn 1 only interacts with itself). °

Note that it is much harder to derive in closed-form the stationary distribution
for the homogeneous IPCN(M, N) system with M > 1 and N > 2 but we have the

following asymptotic marginal probabilities for a homogeneous IPCN(M, N) system.

Theorem 2.4. For a homogeneous IPCN(M, N) system

lim P(Z;;=1)=p (2.11)

t—o00
for all urns i in the network.

Proof. Let ~; = tlim E[Z;4] for i € {1,2,--- ,N}. Using (2.10), we obtain
—00

ot X sa(My)d
14+ Mo

ford e {1,2,...,N}. Let 1y =[1,--- ,1]T and v = [y1,--- ,7n]T, where T denotes
transposition. Then,

(1+ M)y = ply + (M5)Sy

which gives

(L+ Mé)(y — pln) = (MS)S(y — pln).
Setting ¥ := v — ply in the above equation, we have that

G 1 MS
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Since the eigenvalues of S have absolute values less than or equal to one (as S is a

row-stochastic matrix), we obtain that

which implies that

vi=p V¥V ie{l,2--- N}
[

Unlike the homogeneous case, we cannot analytically obtain the asymptotic
marginal probabilities for general non-homogeneous IPCN(M, N) system. In the
next section, we construct a class of time-delayed dynamical systems using mean-field
approzimations to approximate the asymptotic marginal probabilities for the draw

variables of urns in IPCN(M, N) system with time-invariant reinforcement parameters.

2.3 Dynamical System Models

Throughout this section, we assume that A, ;(t) = A, ; and A, ;(t) = A, for all urns
ie{l,--- ,N}andt > 1, ie., the reinforcement parameters are time-invariant. Given
an IPCN(M, N) and an urn i, we denote the probability of making a red draw for
urn ¢ at time t by

P(t) := P(Zi, = 1).
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2.3.1 Exact Dynamical System for M =1

We first show that an IPCN(1, V) system can be exactly represented via a linear
dynamical system.

Recall from (2.7) and (2.8) with M = 1 that the conditional probability of drawing
a red ball from urn ¢ at time t for the case of time-invariant reinforcement parameters,
given all the draw variables at time t — 1, is as follows:

Sij(pj + 0rjZjt1)
1 1 -+ (57«7ij¢_1 + (]- - Zj,t—l)(sb,j

] =

P(Zi,t = 1|Z1,t717 Z2,t717 e JZN,tfl) =

<
Il

sij(pj + 0r;)
149,

Lt CLC Y P
7,t 1+1+(5b,j( 7.t 1)

NE

1

<.
Il

(5587 (1) Zj -1 + 558 (0)(1 = Zj4-1)]

WE

=1

<
Il

(2.12)

where
O (k) = RIS e {l,---,N}, ke{o1
51 () 1+k5r,j+(1_k)5b,j’ J {7 ) }7 {7 }

Now taking expectation with respect to (Zy -1, -+, Zns—1) on both sides of (2.12),

we get
N . .
Fi(t) = Y 187 (s Pi(t = 1) + 587 (0)(1 = Py(t = 1))]. (2.13)



CHAPTER 2. INTERACTING FINITE MEMORY POLYA NETWORKS 24

To this end, defining the vector P(t) as
P(t) = [Pl(t)a PQ(t>7 T JPN(t>]T7

we obtain the following dynamical system for the IPCN(1, N) network.

Theorem 2.5. For the IPCN(1, N) system, the infection vector satisfies the equation
P(t) = Jy1P(t—1) 4+ Cn; (2.14)
where Jy1 € RNV Cyy € RYX! are matrices with respective entries:

[JN,I]ixj = (1 + 5r,j) (1 + 5573-) —

_sij(pj +0r ) Siipj 5 (87(1) = 89 (0))

Mz

and CNl z><1

_ SijPj
1 +5b] gsljﬁ

Proof. Follows from (2.13). O

J=1

We next examine the equilibrium of this linear dynamical system.
Theorem 2.6. The linear dynamical system for the IPCN(1, N) system given by (2.14)

has a unique equilibrium point given by P* = (I — Jy1) *Cn1 and

lim P;(t) = P

i
t—o00

forallie{1,...,N}.

Proof. It is enough to show that the spectral radius of the matrix Jy ; is less than one;



CHAPTER 2. INTERACTING FINITE MEMORY POLYA NETWORKS 25

since the spectral radius is less than, or equal to, the row sum norm of the matrix, it is
enough to show that the row sum norm of Jy ; is strictly less than 1. Since 0 < p; <1
and 9, ;,0p; > 0 for all j € {1,2..., N}, we have

(pj + 0rj) pj

—1< - <1 2.15
(1+6,;) (146, ) (2.15)

Hence, the sum of absolute values of entries in ith row of the matrix Jy; satisfies

N N
(pj + 0rj) Pi
Sij = = < Sij = 1,
Z TA+6.5) (1468, ; /
which yields the result. O

As an illustration, we find the equilibrium of the linear dynamical system (2.14)

for a much simpler IPCN(1, N) system.

Corollary 2.7. Given an IPCN(1, N) system with S = I,

lim Py(¢) pill + 0ri)

_ . 2.16
t—00 1+ (Sb,i + pi(ér,'i - 6b,i) ( )

Proof. For an IPCN(1, N) system with S = I, we have that

N
P(Zl,tfl =Aay, - aZN,tfl = GN) = HP(ZJ,tfl = aj)-

J=1

In this case, since S = I and hence the draw variables of urns are independent of each

other. The asymptotic value of P;(t) for i € {1,--- N} is given by the equilibrium
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point of the linear dynamical system

P(t) = Jy1P(t—1) 4+ Cn;

which is given by P* € RY whose ith component is given by (2.16).

Another way to find this equilibrium point is to write the transition probability
matrix for a single urn using (2.8) and solving for stationary distribution to obtain
lim P;(t). The transition probability matrix for a single non-homogeneous urn i with

t—o00

time-invariant reinforcement parameters is given by

o + Op Pi
Q(l,l) _ 1+ 6b,i 1+ 51,71'
0; pi + 0ri

1+0,; 140,

On solving for the stationary distribution, [, 7]Q™"Y) = [my, m], we obtain that m

indeed equals the right-hand side of (2.16). O

We also illustrate Theorem 2.6 by examining the special homogeneous case. This

aligns with the result in Theorem 2.4.

Corollary 2.8. For a homogeneous IPCN(1, N) system, the equilibrium of (2.14) is

gwen by P* = ply, where 1y is vector of ones of size N.

Proof. By Theorem 2.6, the equilibrium P* is given by

P*=(I—Jx,) 'Cyna.
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Note that the row sums in (I — Jy 1) are given by s ie.,
(I —Jy1)ly = ! 1
vy =7l
Therefore,
T
-1 (7 _ -1 _
([ - JN,l) CN,l = ([ JN,l) (_1_%) (_1-%5) ﬁ = ply.

2.3.2 Approximating Dynamical Systems for M > 1

For IPCN(M, N) systems with M > 1, we resort to using mean-field approximations
for the construction of dynamical systems. We assume that for ¢ sufficiently large and
t > M, for each urn ¢, Z;;_1,---,Z;;— are approximately independent of each other;

i.e., at any given time instant ¢ > M (where ¢ is sufficiently large), we assume that

P(Zji1, Zji—2, 5 Zji-m) = H P(Zji—1), (2.17)
for all j € {1,2,---,N}. For the IPCN(M, N) system, we have from (2.8) that

P(Ziy =1(Zvt-1, s Z1g—m1), s (INp—1y s INt—nr1))

M
Sij(pj + Or kzl Zji—k)

N
_ Z _ ' (2.18)
I=L 1+ 30 (0rZjt—n + Ob (1 — Zji-n))

n=1
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Now, taking expectation with respect to

(Zii-1so s Zrpna)s s (ZNie1y oo ZNg-m1)
on both sides of (2.18) and using the linearity property of expectation, we obtain

M
N Sij(pj + 6r,j ]CZ Zj,t—k:)
=1

- _ (2.19)
j=1 L+ > (6rjZ50-n+ 00 (1 — Zjtn))
n=1

N M
Sii(p; + (57" i _1Qa
— § ]\.74(10] ) Zk—l k) P(Zj,t—l =ay,-
3=t B 1+ 30 (6 5an + 0p,i(1 — an))
n=1

.. Zj,th = aM)

where

By = {(a1, a2, -an) | ap € {0,1} for ke {l1,2,--- M}}. (2.20)

Now we use the mean-field approzimation (2.17) in (2.19) to obtain the following

class of approximating nonlinear dynamical systems

0D (P + 0r5 Dy W) [P Zr=ar) = (2.21)

M
=t Bar 14 37 (Oran + 065(1 — an)) =1
n=1

(arPj(t — k) + (1 = ap)(1 = Pi(t — k))).

N M

Z Sij(Pj + 0rj D pey k)
M

I=L By 14 0p D an + 0y (M —
n=1

Mz

a,) k=1

n=1
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For simplicity of notation, we write (2.21) in the following way:

—=

Pt~ Y (D 5B (vn))

By =1 k

(@ Pj(t = k) + (1 —ar)(1 = Pi(t = k) (2.22)

1

where

M
v =Y ay (2.23)
k=1

with a;, € {0,1} and k € {1,2,--- , M}, and

1 ‘|— ldryj + (M — l)5b,j’

](\]4)(l) ]6{177N}7l€{0717M}
We next give a useful rearranged form of (2.22). In particular, even though (2.22)
appears to be complicated, after some simplifications, the coefficients of the nonlinear

terms follow a binomial pattern. To give an idea of this binomial pattern, we will first

present a few examples and then give a proof of the formula for the rearranged form

of (2.22).

Example 2.9. We note that for the IPCN(2, 2) system, the approximating dynamical

system is given by
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Next, by expansion, we observe that for IPCN(3,2) system, the approximating dy-

namical system is given by

+ Z Pi(t = 1)Pi(t = 2) Pyt - 3)sy; (365(1) - 380(2) - 87 (0) + 65 (3))

where one can already observe the binomial pattern that we hinted at. .
We will now obtain a rearrangement of (2.22) for a general IPCN(M, N) system.

Theorem 2.10. For the IPCN(M, N) system with M > 1, the approximating dynam-

ical system (2.22) can be written as

B(t)%isijﬂﬁ)(o) (2.24)
3 [( (o (o)) )
where

HmM = {(d17d27"' 7dn)‘dz 6{17"' aM}7 dz <dj fOT Z<]7Z7j 6{17"' an}}
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Proof. We show that (2.24) is obtained by a rearrangement of (2.22).

The right-hand side of (2.22) is given by:

i [Z 5585 (vnr) IAj (akpj(t R4 (l—a)(l =P — k)))] ()

The constant term can be extracted from (2.25) by setting a; = (0,0,---,0) in By

for 1 < j < N and is given by
N
ey 1+ Mde

Now, fixing j € {1,2,--- , N}, we expand the term

> 5B (o) [ [(anPi(t — &) + (1 — ax)(1 = Py(t — k))). (2.26)

By

Note that the order of (2.26) is M. In order to get the nth degree term (1 <n < M
n (2.26)), we need to choose n corresponding P;(t — k)’s, where k € {1,2,--- , M}

from the product

=

(axP(t = k) + (1 — ar)(1 = P;(t — k)))

k=1

and the rest M — n chosen terms have to be 1. We then look at the coefficient of the
chosen nth order term. Note that the coefficients of the chosen P;(t — k)’s are either 1
or —1, depending on the tuple a;. Given a tuple a;, there are exactly vy, Pi(t —k)’s

with coefficients 1 and the rest n — vy of them have coefficient —1.
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Summing over all the possible coefficients of the nth degree term of (2.25) we get

O WD 3 BB

7... 7dn)
€Hn M

Finally, we can obtain the nth degree terms (1 < n < M) for the other N — 1 urns in

exactly the same way as above. O]

The analysis of the nonlinear dynamical systems given in (2.24) is clearly more
intricate than the one in the case with memory one, where the evaluations were
given by a linear dynamical system, namely (2.14). This being said, given that the
presence of nonlinearity is due to the product of probabilities, we can use a further

approximation by considering the leading linear terms.

Corollary 2.11. The linear part of the dynamical system (2.24) is given by
N N M ‘
PO~ D s 0+ 303 s (B570) - SO Rt =B @21)

Proof. Setting n =1 in (2.24) we obtain

22

N
E:Sm  (

+i( (é)sz-jﬁﬁ?mw<—1>2(1)sij55&><k>)( > pit-a)
= 30+ 0D s~ B OB )

—_
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Equation (2.27) gives an approximate linear dynamical system for the IPCN(M, N)

system. Furthermore, for M > 1 network of N urns, we define

P(t) :==[Pi(t), -, Py(t — M), Py(t),--+ , Py(t — M)---, Py(t),---, Px(t — M)]T.

Using (2.24) and dropping the nonlinear terms, we can write,

P(t) ~ JymP(t — 1)+ Cyu (2.28)

where, Jy i is a block matrix with N 2 blocks of size M x M.

JN,M(171) JN,M(172) JN,M(17N)
Inam(2,1)  Ivm(2,2) oo JInm(2,N)
Inv =
I (N, 1) Inm(N,2) - Jvn(N,N)
L = NMxNM

Here, the diagonal blocks of matrix, Jy as(7,7) are given by

MxM

sa(B(1) = BO0) -+ sa(B(1) — BL0)) | salB7 (1) — B (0))
Lov—1yx -1 Ov—1)x1

where I(p_1)x(m—1) is the identity matrix of size M — 1 and O¢y—1)x; is the column

vector of length M —1 with all entries zero. Similarly, the off-diagonal blocks Jx (7, 7)
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are given by

s (B9 (1) = B9 (0)) -+ sy(BD (1) — BD(0)) | si(B5 (1) — 8L (0))
Ovr—1)x(Mm—1) Ovr—1)x1

MxM

where, O(a7—1)x(m—1) is a matrix of size (M — 1) with all entries zero. Finally, Cy s is

a column matrix with N blocks each of size 1 x M given by

T

)

Mx1

The linear dynamical system (2.28) has a unique equilibrium which is given by
(I — Jyv) *Cnar- Even though we leave the examination of stability properties
of the nonlinear dynamical system (2.24) as a future direction, it is worth pointing
out that (2.28) asymptotically converges to the unique equilibrium if and only if the
spectral radius of Jy 5 is less than one. The possible dependency of this condition to
the interaction matrix and urn properties is also an interesting future direction. A

detailed discussion of other future directions is presented in Chapter 5.

2.4 Simulation Results

We provide a set of simulations® to illustrate our results. For this purpose, we
have considered four different setups which are aimed at demonstrating the impact
of memory, as well as initial urn compositions and reinforcement parameters. In

particular, for the first two networks with N = 10 (i.e., Figure 2.2 and Figure 2.3), we

2For a complete list of parameters used for generating all figures of this chapter, see the link:
https://www.dropbox.com/sh/19py25reaxnfoyn/A ABFdBp98J-9Jkd 7zzVITAQ9a7d1=0


https://www.dropbox.com/sh/19py25reaxnfoyn/AABFdBp98J-9Jkd7zzVfTAQ9a?dl=0
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use 0, values that are significantly larger than the d, values in Figure 2.2 and 4, values
significantly larger than 4, values in Figure 2.3. In Figure 2.4, we consider larger size
non-homogeneous networks with N = 100. We simulate the IPCN(M, N) system for
M = 1,2,3 and their corresponding approximating (nonlinear) dynamical systems
given by (2.24). We also simulate the linear approximation (2.27) of the nonlinear
dynamical system for each M = 2,3. Recall that for M = 1, the linear dynamical
system in (2.14) exactly characterizes the underlying Markov draw process. Finally,
in Figure 2.5, we simulate a homogeneous IPCN(M, N) system.

Throughout, for the given IPCN(M, N) system, we plot the average empirical sum

at time ¢, which is given by

1
Nizlft(l)

where

For each plot, the average empirical sum is computed 100 times and the mean value is
plotted against time. For the dynamical systems, we plot the average infection rate at

time ¢, which is given by

We first note from the simulations that for the network with M = 1, the linear

system in (2.14) matches the empirical sum of the draw process, as expected since in
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== M=1 linzar dynamical system
—— M=1 empirical sum

O - ————————
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= M=2 linear dynamical system
= = M=2 nonlinear dynamical system
= M=2 empirical sum

o 2(‘)0 4[50 660 Bdl] JOEJO

= M=3 linear dynamical system
= = M=3 nonlinear dynamical system
— M=3 empirical sum

Figure 2.2: Infection rate curves for non-homogeneous IPCN(M, N) systems with
N = 10 nodes and memory M = 1,2,3. At t = 0, each urn has a total of 25 balls.
The number of red balls in each urn at t = 0 is chosen randomly between range 5 to
23 so that p's lie in the range 0.2 to 0.92. Als are chosen randomly between range 60
to 70 and Ajs are randomly chosen between range 20 to 29. For simplicity, we set the
initial values P;(0), Pi(1),---, P,(M — 1) all equal to zero for all urns ¢ in the network.
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Figure 2.3: Infection rate curves for non-homogeneous IPCN(M, N) systems with
N =10 nodes and memory M = 1,2,3. At t = 0, the total number of balls in each
urn is 25. The number of red balls in each urn at time ¢ = 0 are chosen randomly
between the range 2 to 17 so that p's lie in the range 0.08 to 0.68. Als are chosen
randomly in the range 12 to 30. Ajs are chosen in the range 61 to 80. For simplicity,
we set the initial values P;(0), P;(1),--- , P;(M — 1) all equal to zero for all urns i.



CHAPTER 2. INTERACTING FINITE MEMORY POLYA NETWORKS 38

== M=1 linear dynamical system
= M=1 empirical sum

030

025

020

015

010

005

0.00

10

= M=2 linear dynamical system
== M=2 nonlinear dynamical system

08 —— M=2 empirical sum

06

04

02

0.0

10

= M=3 linear dynamical system
== M=3 nonlinear dynamical system

08 — M=3 empirical sum

06

04

02

0.0

o 100 200 300 400 500

Figure 2.4: Infection rate curves for non-homogeneous IPCN (M, N) Barabasi-Albert
systems [3] with V = 100 nodes and memory M = 1,2,3. At ¢t = 0, the total number
of balls in each urn is 25. The number of red balls in each urn at time ¢t = 0 are chosen
randomly between the range 1 to 10 so that p’s lie in the range 0.04 to 0.4. Als are
chosen randomly in the range 40 to 50. Ajs are chosen in the range 15 to 25. For
simplicity, we set the initial values P;(0), P;(1),---, P,(M — 1) all equal to zero for all
urns 1.
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Figure 2.5: Infection rate curves for homogeneous IPCN(M, N) systems with N = 10
nodes and memory M =1,2,3. We set p = 0.48, 9, = o, = 0.44 for all the urns in the
network. For simplicity, we set the initial values P;(0), P;(1),---, P,(M — 1) all equal
to zero for all urns 7.
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this case the linear system is exact.

We next observe that the nonlinear dynamical system (2.24) is always a good
approximation for the IPCN(M, N) system.

Note that in (2.24), the order of the approximating nonlinear dynamical system
is equal to the memory of the IPCN(M, N) system and therefore, when we drop
nonlinear terms from (2.24) to obtain the linear approximation (2.27), as we expect,
the approximation gets worse. For M > 1, we can see this worsening of linear
approximation in Figure 2.2 and Figure 2.4. However, in some exceptional cases,
the linear approximation performs well. An example of this behavior is presented in
Figure 2.3, where the linear approximations perform as well as the nonlinear ones.
An important aspect of these simulations is that the reinforcement parameters play a
major role in determining the asymptotic value of the probability of infection. For
example in Figure 2.2, since the J, parameters are significantly larger than the 9,
parameters (i.e., infection is much more likely than recovery), the asymptotic value
of the plots is higher (i.e., the urns tend towards having a larger composition of red
balls). Similarly in Figure 2.3, since the d;, values are significantly larger than the 4,
values, the asymptotic value of the plots are lower (i.e., the urns tend towards having
a larger proportion of black balls). Furthermore, the better performance of the linear
system observed in Figure 2.3 relative to Figure 2.2 and Figure 2.4 is attributed to
the fact that the constant term in the linear approximation (given by (2.27)) increases
when ¢, is increased and decreases when ¢, is increased. Depending on how large
d, is, the probability of infection as approximated by (2.27) can exceed 1 and hence
the linear approximation does not perform well for these cases. Whereas, no matter

how large ¢, gets, the probability of infection never gets smaller than 0 and hence the
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linear approximation performs comparatively better in this case.

Lastly, we observe from the simulations for the homogeneous IPCN(M, N) system
in Figure 2.5 that the empirical sum as well as the linear and nonlinear dynamical ap-
proximations converge to p irrespective of the memory of the system. This phenomenon

is indeed shown in Theorem 2.4 for any homogeneous IPCN(M, N) system.



Chapter 3

A Consensus Model based on Finite

Memory Poélya urns

In Chapter 2, we formulated a network of finite memory Poélya urns interacting via a
constant interaction matrix. In this chapter, we introduce a finite memory interacting
Polya urn process over a connected network which models consensus dynamics for
interacting individuals. More specifically, each urn (individual) in the network is
initially equipped with some red and black balls, whose proportions correspond to
the individual’s opinion (or belief) on a certain color. Unlike the previous chapter,
we consider the interactions between urns to be time dependent, for which we use
the concept of “super-urns” [12, 34, 35| to define the draw variables. As defined in
Chapter 1, for an undirected network of urns, a super-urn of an urn (say urn i) consists
of all the balls present in urn ¢ and its neighbouring urns. At each time ¢, a ball

is drawn from the super-urn of each urn ¢ simultaneously and we define the draw

42
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variables as follows:

1 if a red ball is drawn from the super urn of urn ¢
Zi,t - (31)

0 if a black ball is drawn from the super urn of urn 7.

We can write (3.1) in terms of coefficients of a time dependent interaction matrix

(similar to (2.3) in Chapter 2) as follows:

N
1 W.p. Z Sl‘j(t - 1)Uj,t—1
j=1

Ziﬂg == N (32)
0 Ww.p. 1-— Z Sij(t - 1)0}‘,15_17
j=1
such that
X
syt —1) = oyt

Z,]::l axXpi1

where a;; is the (7, 7)th entry of the adjacency matrix of the network and X, is
the total number of balls (red + black) in urn &k at time ¢. Note that, unlike the
IPCN(M, N) system which is established in Chapter 2, the interaction matrix is
time-varying here.

We also add an extra reinforcement to the urns of removing all the initial balls
(i.e., all balls which were present in the urns at time ¢ = 0) at time ¢t = M. This extra
removal of initial balls signifies that agents completely forget about their initial beliefs
at the Mth time step. Taking this extra reinforcement into account, the ratio of red

balls in urn ¢ at time ¢ (given by U, ;) as formulated in (2.5) in Chapter 2 is given by:

t—1
U@',t - —1 Ri a Zk:l Ar’i(_]j)Zi’k
Ti+ 3 0 Avi(n) Zi + 30,21 (1 = Dpi(n)) Zi

for t< M, (3.3)
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et Ari (k) Zi,

Ve =S —7 =1 A 7
Zn:t—M 7"7’i(n) i7n+2n:t—M bﬂ(n)(l_ i,”)

for t>M+1. (3.4)

almost surely. Furthermore, similar to the IPCN(M, N) system in Chapter 2, the
draw variables for this model are also conditionally independent given all the past
draws in the network. Defining Z; = (Z14, Zoy, -+ , Zn,) as the network wide draw

tuple, we arrive at the following result.

Lemma 3.1. The stochastic process {Z;}32, is a time-varying Mth order Markov

chain.

Proof. Let a; = (a1, ,ayy) € {0,1}". Using (3.4) and by virtue of the conditional

independence stated in (2.4) in Chapter 2, for ¢t > M + 1 we have that

P<Zt+1 = at-i—l’Zt =y, 4 = al) =

N ai,t—i—l( Z i Am’(@%’,k) + (1 - ai,t-i—l)( Z i Ab,j(k)(l - aj,kr))

JeN! k=t—M+1 jeN; k=t—=M+1
K 7

II :

i=1 Yoo > (Ari(n)aje + Api(n)(1—ajn))

i

(3.5)

where N; is the set of all neighbours of urn 4 and the urn 4 itself. As a result, we have

that for all t > M + 1,

P(Zt+1 = at+1|Zt =ay, -, 4= al):P(Zt-‘rl = at+1|Zt = Q¢ LMl = at—M+1)-

(3.6)

Hence the process {Z;}{2, is a time-varying Mth order Markov chain. O
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3.1 Consensus in General Networks

In this section, we obtain the consensus result for our connected network of finite
memory Poélya urns (which we denote by Gy). To begin with, we present the definition

of consensus among agents in an interconnected population.

Definition 3.2. If V represents a group of agents who can access beliefs of a limited
number of agents in V', prescribed by a graph G with vertex set V of size N, and
x;(t) € R represents the belief of agent i € V' at time t, then consensus is achieved
when

lim |z;(t) — z;(t)] =0

t—o00
foralli,j €V.

Setting Wy := (Zy, Zi41, -+, Zrim—1), Lemma 3.1 states that {W,}°, is a Markov
chain of order one. Note that for a network of size N and memory M, the Markov
chain {W,}°, has 2M% states. Before stating the next theorem, we define the
following;:

Recall that N; is the set of all neighbours of urn i and the urn 4 itself. We define

where ¢ > 1, and N,C(O) =N,
Note that in a connected network of urns Gy, for every urn i € {1,2,--- N},

there exists n > 1 such that

7
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We now use (3.7) to classify the states of the Markov chain {W;}$°, as either

absorbing or transient.

Theorem 3.3. The Markov chain {W}2, has two absorbing states which are state
0 with all entries zero and state 1 with all entries one. The remaining states are

transient, i.e., {W}32, is an absorbing Markov chain.

Proof. We denote a state of the Markov chain {W,}?°, by the following length-N M
tuple
a = ((@11, A2y, - - 7GN1), T, (GlM, Aoyt 7aNM))
where a € {0,1}. Let O (resp., 1) be the state for which a;; = 0 (resp., a;; = 1) for
allie{l,---,N}and j € {1,2,--- , M}. Using (3.5), we obtain that
N
P(Wy =0[W,=0)=[][P(Zi1 =0/W,=0)=1.

1=1

Similarly, P(Wyy; = 1|W; =1) = 1. Hence 0 and 1 are both absorbing states of the
Markov chain {W;}7°,. We now show that the remaining states of W, are transient.

It is enough to show that for any state b ¢ {0, 1}, there exists a time t, such that
P(W,, =0|W, =b) > 0. (3.8)

To show this, we construct a finite length path from state b to state 0 which occurs

with positive probability.

e Suppose the Markov chain is in state W, = b at time ¢, with

b= ((bir,bor, -+ ,bn1), -+, (baar, boar, - -+ byar))-
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Note that there exists a component b;; = 0 for some i € {1,2,--- , N} and

jed{l,2,--- ,M}.

o Let
b, = ((blllvb,ma o 7blN1)a ) (b/1M7b/2Ma U 7bINM))
be a state of the Markov chain {W,}°,

with by; = by forallk € {1,2,--- N} and j € {1,2,--- , M —1}. Also, by, =0
for all k € N; and by, = by for all k ¢ N;. We will now show that we can go

from state b to b in a single time step, i.e.,
P(Wt+1 = b/ |Wt = b) > 0

Note that

’ ’

P(Wy1 =b |W, =b) = P(Zsss = byags banss - 5 byr) | Wi =)

N
=[] P(Ziasrs = by s | Wi = D). (3.9)
k=1

At time t+ M —1, after making the draws and adding and removing corresponding
balls, the super urn of k € /\f; contains a black ball because Z; ;4 ;1 =b;; =0
for some j € {1,2,---, M}. At time ¢t + M, it is possible to draw a black ball

from the super urn of k£ with probability

P(Zyysnt = by = 0| Wy =b) > 0.
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For the super urn of k ¢ ./\/i/, at time t + M, it is possible to draw a ball which

was added to the urn k at time ¢t + M — 1 i.e.,
P(Zkﬂg_,_M = b/KM =brxum |Wt = b) > 0.

Hence each term of the product in (3.9) is strictly positive.

e If ' = 0, then we are done. Otherwise, at the next time step, i.e., at time
t+ M + 1, we draw a black ball from super urns of j € M(l) (it is possible to
draw a black ball from such a super urn because Zj 1y = 0 for all k € ./\/;') For
super urns of j ¢ /\/;(1), it is possible to draw a ball which was added to the urn

7 at time t + M.

e Repeating the above procedure, by the virtue of (3.7), we will eventually hit

(with positive probability) the state 0 at some time.
]

Using this structure of the Markov chain {W,}°,, we now obtain the consensus

result for our connected network Gy of finite memory Pélya urns.

Theorem 3.4. For a general connected network Gy,

lim P(Z;; =1)=lim P(Z;; =1) forall i,5€{1,2,---N}.

t—o00 t—o00

Proof. We denote the limiting distributions of the Markov chain {W,}$2, by II, where



CHAPTER 3. A CONSENSUS MODEL 49

the entries of II are denoted by 7y, ,...k,, With

I{Zj = (k1j7k2j7"' 7kNj> S {071}N for j € {172’ 7M}

The subscript k1ks - - - kjs denotes the state of the Markov chain. By Theorem 3.3, the
limiting distribution of {W;}?°, is given by Il = (1 —,0,---,0,7), 0 <7 < 1, where
first and the last states of the Markov chain are the absorbing states (corresponding
to states 0 and 1, respectively). Since {W;}{2, is a reducible Markov chain, there is
no unique limiting distribution. Also, the limiting distribution can vary depending on
Wi, i.e., the initial state of the Markov chain. The marginal limiting distribution for

an urn ¢ is given by:

lim P(Zy, =1) = > Mhkgeky =T 0= (3.10)
je{ig,-:},M}
Hence,
tlggo P(Z,=1)=n= tlggo P(Z;,=1)
for 7,5 € {1,---, N}, proving the claim. ]

In the proof of Theorem 3.4, we observe that the consensus value is given by 7w
which is the asymptotic belief of each individual in the network Gy.

Even though it is hard to analytically solve for 7 in terms of the initial state for a
general network, we can compute the consensus value, i.e. 7, for smaller networks.

One such example is presented next.

Example 3.5. Consider a complete network of 3 urns each with memory M = 1 and
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A () = Ap,i(t) =1 for i € {1,2,3} and ¢ > 1. For simplicity, we relabel the state

space as following:

{000} — 0; {001} — 1; {010} — 2; {100} — 3

{011} — 4; {101} — 5; {110} — 6; {111} — 7

We compute the transition probability matrix for the Markov chain {W,;}{°, using
(3.5) as follows:

8 4 4 4 2 2 2 1
27 27 27 27 27 27 27 27
8 4 4 4 2 2 2 1
27 27 27 27 27 27 27 27
8 4 4 4 2 2 2 1
27 27 27 2T 27 27 27 27
1 2 2 2 4 4 8

For a state 7, let ¢; o be the probability that the Markov chain starting in state ¢ will
eventually end up in state {000}. Similarly, let g; 7 be the probability that the Markov
chain starting in state ¢ will eventually end up in state {111}. Then by symmetry of

the Markov chain, we have

d1,0 = 42,0 = 43,0 and 44,0 = 45,0 = 46,0,
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q1,7 = 427 = Q37 and qa7 = 45,7 = q6,7-

Now, using the transition probability matrix we obtain the following equations:

B 1 n 6 + 12
6,0 = o7 27(11,0 27616,0
B 8 n 12 N 6
q1,0 = o7 27611,0 27%,0-

We further have

Gio+qr=1 and gso+gqe7r =1

Solving above equations yields

1
q1,7 3 n qe,7 3

which means that if the initial state of this Markov chain is 1, 2 or 3, then the consensus

1

value is 3,

and if the initial state of the Markov chain is 4,5 or 6, then the consensus

value is %

3.2 Consensus in Homogeneous Networks

In this section, we present an alternate approach to show consensus for homogeneous
connected networks by constructing a class of linear dynamical systems with time delay.
We further derive the exact consensus value obtained in such networks by examining
the asymptotic behaviour of these dynamical systems. By homogeneous here, we

mean that all reinforcement parameters are identical, i.e., A, ;(t) = Ap;(t) = A for all
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i€{l,2,--- N} and t > 1. However we allow the initial composition to be different
among the urns (i.e., even though the individuals update their beliefs with the same
reinforcement parameters, their initial beliefs can be different). Rewriting (3.5) with

the homogeneous conditions, we obtain that for ¢ > M + 1,

P(Ziy =12y 1, Zy—o,- -+ , Zs_pi1) = . —. (3.11)

where d; is the degree of urn 7 in the network Gy. Now, taking expectation of both

sides with respect to the random variables Z; 1, Z; o, - -+, Zy_pr41 in (3.11), we obtain

 ient Lo P(Zjn = 1)
B (1+d)M '

P(Ziy=1) (3.12)

We further define P;(t) := P(Z;; = 1), to write (3.12) as a discrete-time linear

dynamical system given by

B Zje/\f{ Zi;lth Pj(n)
B (1+d)M

Pi(t) (3.13)

In (3.13), Pi(t) depends on P;(t — 1), -, Pi(t — M) in a linear fashion, and therefore,
in the homogeneous case, we obtain a linear dynamical system with time delay. We

next write the dynamical system (3.13) in matrix form. Define

P(t) := (Py(t), -+, Pn(t)",

X o= (P(t),-++, Pt — M+ 1)
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Let

1
By .y = M(IN + D) (In + A),

where [ is the identity matrix of size N, D is a diagonal matrix for which ¢th diagonal
entry is d;, and A is the adjacency matrix of the connected network Gy. We hence

have the following linear dynamical system:

X = INnuXe—1m (3.14)
where ) i
By | By | By |-+ | Byou
In On On On
JN,M = Oy IN Oy cee Oy
On Oy cee Iy | Oy

is a stochastic block matrix of size NM x NM. It has M? blocks each of which is a
square matrix of size N. In the matrix Jy as, Iy is identity matrix of size N and Oy
is a square matrix of size N with all entries 0.

We next establish the asymptotic behaviour of the linear dynamical system with

time delay in (3.14).

Theorem 3.6. If Gy is a connected homogeneous network with memory M, then we

have that

lim Xy (i) =7 for i€{L,2,--- NM}, (3.15)
—00
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where
M ) N
(M —j5+1) :
T = -~ - 7 v1.,X i),
; 7 ; 1,i X, (2)

X (7) is the ith entry of the column vector Xy, and

v = ((Ul,la"' 7?}1,1\7)7"' 7(UM,17"' 7UM,N))

is the ly-normalized left eigenvector of the matriz Jy ay in (3.14) corresponding to eigen-
value X = 1. Moreover, (vi1,--- ,v1n) 15 a left eigenvector of By 1 also corresponding

to eigenvalue A = 1.

Proof. Since Gy is connected, By js is a primitive matrix. Since all the entries of
Jn,a are non-negative and all the blocks in the first row of Jy 5 are primitive, for
some positive integer k > 0, all the blocks of J ]’f, s Will be sum of positive powers of
By . Since, By is a primitive matrix, there exists h > k such that J, ]’\l, u has all
positive entries. Hence Jy 5/ is a primitive matrix. Since Jy as is a stochastic and a
primitive matrix, it is a transition probability matrix for an irreducible Markov chain

and the normalized left eigenvector of the matrix Jy »s, which we denote by
v={((vr,-,01Nn), (1, s UMN)),
is the unique stationary distribution for this Markov chain. We can write (3.14) as

t—M
Xt,M = JN,M XM,M
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Taking ¢ — oo in the above equation, we obtain
thm Xt,M = VNMXM,M (316)
—00

where the limit in X, js is taken entry wise and V), is a square matrix of size N M
with each row given by ¥ (e.g., see [51] for the asymptotic behaviour of irreducible
ergodic Markov chains).

The symmetry in the structure of the block matrix Jy p; makes it possible to find
a useful relationship between the entries of the left eigenvector of Jy s corresponding
to eigenvalue A = 1 in terms of the memory parameter M and the matrix By;.

The equation

vIny =0

yields the following recursive relations:

(vig, - viN)By + (v21,- - ,van) = (Vig, -+, U1N)
(vig, - viN)Byar + (v31, -+ ,v3n) = (V21, - ,U2N)
(v11, -+ ,vi,N) By + (Onas - o) = (U1, Uv—1,N)

which upon solving yields

(01,1, ce 7U1,N)BN,M = (U1,1, T 7UI,N)
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and
M—-7+1
Vi (M—j+ )vu,jzl,...,M,izl,...,N. (3.17)
M
We obtain (3.15) by substituting (3.17) in (3.16). O

3.3 Simulation Results

In this section, we present simulations to illustrate the consensus behaviour of our

network of urns.! In Figure 3.1, we define the empirical sum of urn ¢ at time ¢ as

1
I(i) = - Lin- 3.18
t(l) ; ; , ( )

For each time instant ¢, the empirical sum [;(7) for node i (i.e., urn or agent/individual
i) is computed 100 times and the arithmetic mean value is plotted against time.
We observe in Figure 3.1 that our network exhibits a consensus behaviour with the
empirical sum for all the urns eventually reaching the same value (we plot the empirical
sums for only 7 urns in Figure 3.1 for better visibility of the curves). In this figure,
the values of the A,’s and Ay’s are taken to be in the range 5 to 15.

We indeed remark that in the long run, the empirical beliefs of the urns (agents)
about the red colored balls align to a value of about 20%; i.e., the agents eventually
gravitate towards favoring the viewpoint represented by the black colored balls.

In Figure 3.2, we plot the trajectory of the delayed linear dynamical systems

'For a complete list of parameters used for generating all figures of this chapter, refer to the link:
https://www.dropbox.com/sh/ojvmeo79wbbdv3g/AAA50nqqo0TrCU7I0iteuzRGa?dl=0


https://www.dropbox.com/sh/ojvmeo79wbbdv3g/AAA5onqqo0TrCU7I0iteuzRGa?dl=0
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Figure 3.1: Empirical sum for first seven urns in a network with 10 urns with memory
M = 1. Initial ratio of red balls, A,’s and A,’s are all taken to be different. We
observe that asymptotically the empirical sum of all the network urns approach a
consensus value.
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Figure 3.2: A 15-node connected homogeneous network of finite memory Polya urns.
We have A =5 and even through the network is homogeneous, the initial ratio of red
balls are different for all the urns.
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obtained in (3.13) for different values of the memory parameter M which illustrates
the variation of the consensus value with memory for a connected homogeneous
network. As seen in Section 3.2, we can verify the consensus value of a homogeneous
connected network using Theorem 3.6 by computing the fixed points using (3.15). As
an illustration, in the 15-node network of Figure 3.2, we used the following vector of

initial ratio of red balls

p = (Ul,Oa Usp ..., U15,0>

= (0.16,0.08,0.12,0.04, 0.04, 0.04, 0.24, 0.04, 0.16,0.12, 0.24, 0.08, 0.16, 0.2, 0.12).

Also for M =1, letting v denote the normalized left eigenvector of the matrix Bys
corresponding to eigenvalue 1, we obtain (via computations carried up to the nearest

two digits) that
v = (0.04,0.04, 0.06,0.06,0.13,0.1,0.07,0.06, 0.06, 0.04, 0.04, 0.04,0.07,0.04, 0.04).

Then, using (3.15), the fixed point is given by (p,v) = 0.0988 (where (-,-) is the
standard inner product). This fixed point is the same as shown by the light blue curve
for M =1 in Figure 3.2 (the same behaviour is observed for M = 2,5 and 10); hence,

these simulations indeed verify Theorem 3.6.



Chapter 4

A Preferential Attachment Model

based on a Pdélya Urn

4.1 The Model

We construct a sequence of undirected graphs G;, where ¢t > 0 denotes the time index,
using a Polya reinforcement process. We start with Gy = (V4, &), where the initial
vertex and the edge set are respectively, Vo = {c;} and & = {(1,1)}, i.e., a self-loop
on vertex 1. At each time step ¢t > 1, a new vertex enters the graph and forms an edge
with an existing vertex. The latter vertex is selected according to the draw variable of

a Polya urn with an expanding number of colors as follows:

e At time t = 0, the Pélya urn consists of a single ball of color ¢;.

e At each time instant ¢ > 1, we draw a ball and return it to the urn along with
A; > 0 additional (reinforcing) balls of the same color. We also add a ball of a

new color ¢;1. We then introduce a new vertex to the graph G, ; (corresponding

29
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to the color ¢;y1) and connect it with the vertex whose color ball is drawn at
time t. This results in the newly formed graph G;. Note that at time ¢ = 0, the
urn consist of only one ¢; color ball. Hence, the draw variable at time t = 1 is

deterministic and corresponds to drawing a c¢; color ball.

At any given time instant ¢, we define the draw random vector

Z; = (Zl,ta Z2,t> T 7Zt,t)

of length t, where

1 it a ¢; color ball is drawn at time ¢
Zjy = for1<j<t. (4.1)

0 otherwise

The vector Z; is a standard unit vector for all time instances ¢t > 1, and since at time
t = 1 there is only ¢; color ball present in the urn, Z; = Z;; = 1. We denote the

“composition” of the Polya urn at any given time instant ¢ by the random vector

U, = (Ul,h U2,t> T Ut+1,t)>

where

I Number of balls of color ¢; in the urn at time ¢
gt =

)

4.2
Total number of balls in the urn at timet (42)

for 1 < j <t+ 1. In the following lemma, we express the vector U, in terms of the

draw variables.
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Lemma 4.1. Givent > 0, U, is given by

v=— (1+ZA Zlml+ZA ZQn,---,1+AtZt,t,1>. (4.3)

1+t+ZAk n=1
k=1

Proof. To compute the ratio in (4.2), recall that at time n = 0, we have one ball in the
urn (this ball is of color ¢;) and for each time instant n > 1, we add A, + 1 balls to
the urn (A, of the color drawn and 1 of the new color ¢,,1). Hence the total number
of balls in the urn at time ¢ is given by 14+ 3! _ (A, + 1).

To determine the number of balls of color ¢; in the urn after the ¢th draw, we note
that the first ¢; color ball is added to the urn at time j — 1. After that, at every time
instant n (where j < n <t) at which a ¢; color ball is drawn, we add A,, balls of ¢;
color to the urn. Hence, the number of balls of color ¢; in the urn at time ¢ is equal to

1+ Zi:j A, Z; . Therefore, the ratio of color ¢; balls in the urn at time ¢ in (4.2) is

given by:
1+ ALZin
Ujs = L - ofor1<j<t+41, (4.4)
L+t4+ > A
k=1
which yields (4.3). O

Remark 4.2. As expected, the sum of the components of Uy in (4.3) is one for all

t > 0. To see this we first note that, fort =0, Uy = U, o = 1. For any time t > 1, we
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have the following from (4.3):

t+1
1
Y Ujy=——"—(t+1) +ZA Zln+ZA Zom + -+ N Zyy)

T+t+ > A n=1
k=1

1 t ot
= (D + D) AuZi)
1+t+ZAk i=1 n=i
k=1

- ((t+1) +ZA ZZM (4.5)

1+t+ZAk

but since Zy; is a standard unit vector for all t > 1, the right-hand side of (4.5)

simplifies as follows:

t+1 1
> Ujy=——"(t+1) +ZA
j=1 1+t+ZAk

k=1

An illustration of our model is given in Figure 4.1 where we show a sample path
of the random vectors U; and Z;, for ¢t > 4 and with A; = 2. We further write the
conditional probabilities of the draw variables given the past. More specifically, for

1 <j <t using (4.4), we have that

P(Zt:ej,t|zt—17"' 721):P(Zj,t:1|zt—1>"' azl)

= P(a ¢; color ball is drawn at time ¢|Z;_1,Z;_o,--- ,Z1)
L+ 302 A Zn
=Ujy1 = — (4.6)

I+ (t—=1)+ > Ay
k=1



CHAPTER 4. A PREFERENTIAL ATTACHMENT MODEL 63
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Figure 4.1: We illustrate a sample path for constructing a preferential attachment
graph using an expanding color Pélya urn with A; = 2. For t = 0, the urn has only one
ball of color ¢;. This urn corresponds to Gy and Uy = Uy o = 1. For t = 1, the ¢; color
ball is drawn from and returned to the urn (i.e., Z; = Z;; = 1). Two additional ¢;
color balls are added to the urn along with a new ¢y color ball and so U; = (3/4,1/4).
For t = 2, a ¢y color ball is drawn from and returned to the urn (i.e., Zy = (0,1)). Two
additional ¢y color balls are added to the urn along with a new c3 color ball; hence
U, = (3/7,3/7,1/7). For t = 3, a ¢; color ball is drawn from and returned to the urn
(i.e., Z3 = (1,0,0)). Two additional ¢; color balls are added along with a new ¢, color
ball; thus Us = (5/10,3/10,1/10, 1/10).
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where e;, represents a standard unit vector of length ¢ whose jth component is 1.

Considering the case where j =t in (4.6), we obtain

1+S YA 7, 1
Ut,t—l = Znt_:; ) = 1 = P(Zt,t = 1)
k=1 k=1
and hence
1
P(Zt,t =1 | 2y 1,2y o, ,Zl) = P(Zt,t = 1) = T -1 A (4-7)
t+ > A

i.e., the conditional probability of drawing a ball of color ¢; at time t equals the

marginal probability of drawing a ball of color ¢; at time t. Similarly, we have that

t—1+300 A,
P(Zyy = 0|21, 2o, ,Z1) = P(Zy, = 0) = n=l 4.8
( Lt | t—1, Lg—2 1) ( tt ) t+22;11 Ak ( )

implying that Z;, is independent of the random vectors {Z;_1,Z;_o,--- ,Z;}. More
generally, we obtain the marginal probability for the random variable Z;; for any
1 < j <t by taking expectation on both sides in (4.6) with respect to the random

vectors Z;_1,Zy_o,- -+ , 727 as follows:

1+ AL P(Z, =1)

n=j
t+ > A

=1-P(Z;;=0), for 1<j<t. (4.9)

P(Zjy=1)=E(Uj-1) =

For j = t, the formula in (4.9) for P(Z;; = 1) reduces to (4.7), but for j < ¢, the

formula for P(Z;, = 1) is a recursive function of the marginal probabilities of past
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draw variables: P(Z;; =1),---,P(Z;,-1 = 1).

We further note that, for graph G;, the edge between the new vertex to one of the
existing vertices in G;_; is made using the realization of the draw vector Z;. Using (4.6),
we observe that the conditional probability P(Z; = e;¢|Z;_1,--- ,Z;) can be written
in terms of the draw variables Z; ;,---, Z;,—1. Hence, all the spatial information of
the graph G, is encoded in the sequence of random draw vectors {Zy,...,Z; 1,Z;}.

We illustrate this property in the following example, where we retrieve the graph G,

using {Zl, ZQ, Z3, Z4}

Example 4.3. Consider the following realizations for the random draw vectors Z,

ZQ, Zg and Z4 fOT all t Z 1:

Zl = 1a Z2 = (1a0)7

Zs; =(0,1,0), Z,=(0,1,0,0).

By construction, the graph Gy consists of only one vertexr ¢y with a self-loop. Since
we start with only one ball of color ¢ in the urn, the random variable Z, = 1 1is
deterministic and results in an edge drawn between the ¢y vertex and the new incoming
vertex cy. Fort =2, since Zy = (1,0), the new incoming vertex cs is connected to cy.
Similarly for t = 3, the new vertex c4 1s connected to co and finally, for t = 4, using

the value of Z4, we connect cs to co. Hence, the graph G4 is as shown in Figure 4.2.
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Figure 4.2: An illustration of how the sequence of draw vectors {Z, = (0,1,0,0),Z3 =
(0,1,0),Zs = (1,0),Z; = 1} determines Gj.

4.2 Analysing the degree count of the vertices in G;

The goal of this section is to establish a formula for the probability distribution of
degree count of a fixed vertex in the preferential attachment graph constructed via
our modified Polya process until time ¢ (including time t). We obtain this formula by
writing the degree of a fixed vertex at time ¢ in terms of the total number of balls of
color corresponding to this vertex drawn until time ¢. To this end, let random variable
N, count the number of draws of color ¢; from the urn until time ¢ (including time ¢).
Since by construction, for a fixed color ¢;, at any time ¢ > j — 1 the degree of vertex
c¢; at time ¢, denoted by d;;, is one more than the number of times a ¢; color ball is
drawn from the urn until time ¢; the additional one here is due to the fact that at

each time instant, the new vertex which is added has degree one. Therefore,
djs =1+ N,, foralll1<j<t+1,

where Nyy1: = 0. Also, note that the first time a color ¢; ball can be drawn is at

time 7. In the following theorem, we establish an analytical expression for the marginal
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probability of random variable N ;.

Theorem 4.4. Fizt > 1. For a color c;, 1 < j <t, we have that

P(Nj, =k) =
(4.10)
1(+Sa,) 11 (e-nr S a)
Z a= b=1 p:tjiplg{zl,-. ik} _ 1=1,l¢{iq1 ip} fOT’ 1 S ]{,’ S t o ] + 1
(i1 ~~,z‘k)€A§fl)€ n=j—1 <(n+1)+m2:l Am)
11 (o-0+'s a)
tp—:lj l:n for k = O?
(04 3 An)
\ n=j—1 m=1
where
0 {(Zl,lg,,lk)|1:?,1<22<<Zk§t} fOszl
{(i1,d9, -+ yig) | J < in <dg <--- <ip <t} for1<j <t

Proof. Note that the set A;t,l defined in (4.11) gives all possible ways in which &

elements can be chosen from a set of £ — j + 1 consecutive integers. In the context of

our model, this set represents all possible k& length tuples of time instants such that a

color ¢; ball is drawn at each of these time instants. For j = 1, the first draw at ¢t =1

is deterministic and hence i; = 1 for j =1 as given in (4.11). For 1 <k <t —j+1,

we have the following:
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)

P(N;, = k)

= Z P<Zj,j = 07 e 7Zj,i171 = 07 Zj,il = 17 Zj,i1+1 = 07 T Zj,i2*1 = OJ
(i1, i) €AY
Z] == 1,

ik

Zj,i2 = 17 Zj,’i2+1 = 07 e 7Zj,l'371 = 07 Zj,’ig = 17 e 7Zj,ik71 = 07

Zj,ik--i-l = 07 te 7Zj,t = 0)

= > [P(Z=01Z;;=0,-+ , Zji 1 =0,Zji, =1, Zjiy 11 =0, ,
(i1, in) €AY

Ziis1=0,Zji, =1, Zji01 =0, Zjis1=0,Zj3, =1, -+, 25,1 =0,

Zj,ik. = 17 Zj,ik-i-l = 07 o 7Zj,t—1 = O)P<Z],] = 07 e 7Zj,i1—1 = Oa Z],i1 - 17
Ziiny1 =0, Zji1=0,255, =1, 254,11 = 0,254,010 =0, Zj,, = 1,

° 7Zj17’k_1 - 07 Z.]vzk - ]., Zj,Zk+1 - 07 A ,ijt_l - O)]. (4.12)

By substituting (4.6) in the conditional probability expressions in (4.12), we obtain

the following;:

P(Zji - O|Z],] - 0, ct ,Zj7i1_1 - O, Zj7i1 - 1, Zj,il“rl - 0, ce e ,Zj72‘2_1 - 0, Zj7i2 - 1,

Ziigt1 =0, Zjiz1=0,Z55, =1, Zji1=0,Zj5, =1, Zj 5,11 =0,

: 7Zj,t—1 = O)

t—1
14+ > AZ;,

n=j

t—1
t+ > An,

m=1

—1—
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k
I+ Z Aiz
—1_ I=1
o t—1
t+ > A,
m=1
t—1
(t—1)+ > A
1=1,1¢{i1, i}
= S (4.13)
t+ > A,
m=1

Now, substituting the conditional probability expression obtained in (4.13) in (4.12),

yields

((t_1)+21 1,l¢{i1, }Al>
t+ 30 A,

P(Zj’j - O, e 7Zj,i1—1 - 0,

(i1, i) EAL)
Zjﬂ:1 =1, Zj,i1+1 =0, 7Zj7i2—1 =0, Zj,iz =1, Zj,i2+1 =0, 7Zj,i3—1 =0, Zj,is =1,

,Zj}ikfl - O Z] iy 17 Zj7ik+1 — O, e 7Zj,t71 - 0) (414)

Similar to (4.12) and (4.14), we continue to recursively write the joint probability as
a product of conditional and marginal probabilities and substitute the expressions for

the conditional probability using (4.13) as follows:

t—2
(t—l +Zl 1,1¢{i1,~ }Al><(t_2)+2l 1,0¢{i1,- }AZ>P(Z—O
— =) 13 T
o) t+> A, t=1+>.24An

4

j?

i1—1 — 0 Z]’Ll 17Zj,i1+1 = 07 o 7Zj,i271 = O Zj 9 T 17Zj,i2+l = 07

7Zj,i3—1 = 07 Zj,ig - 1a e 7Zj,ik—1 = Oa Zjﬂk = 17 Zj,ik—i-l = Oa e 7Zj,t—2 - 0)
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_ Z [((t—l)JFZz 11¢ {1, }A)<<t—2)+21 1i¢ (i, }Al>
= i—1 i—2
e imeAl) t4+> 1 A t=1+> " A,
Zk+Zl 1l§é{z1 zk}A 1+Zk_1 i Zk—2+23k121¢{11 }Al
Zk+1—|—2 Zk—l—zzk 1A k—l—i—zlk QA

7 o . 1—1—2
i1+ D 1ll¢{11 i} Az)( 14 Zk 2 A A, )(z =243k 11l¢{21 i) A
Zk 1 — 1 + Zlk 12 A

i+ 1HYE A, i 1+Z”“1A

. i1—2
. 21_2+Zl111¢{11 }Al
Zl_’_Z%:iAm 1—1—’—2“ 2A

) j + Zg:l,lgé{h,"' ik} Al -1+ Zl Lig{ir, ik} Al
JHI+Y A J+Y LA

k a—1 i1—2
LA, z
| |t_11_[a_1< Zb_l n b>ﬁ ( | | (ll lezll o Al))

Zk)€A<t) n:jfl((n + 1) Zm:l m) Je{in, ik}
J,k

(ily"w l1=5—1
i2—2 ! i3—2 !
l ’ A I ° A -
OCED DIREN) Q1 (U50 SPRINY)
2=11 3=12
VRS SAIIES) [ (8 1 ACED s
) k l=1,l¢{’i1,---,ik}l 'k+1 l:Ll%{il"'Wik}l
le=1k_1 lk+1:Zk

H L2000 A) H peipdfin iy (P — 1) + Zl NPT A TAY)
2. -
Hfz:lj—l((n + 1)+ >0 An)

(41,02, ,ik)eA§f,l

Therefore, (4.10) holds for 1 < k <t — j + 1. We determine P(N;; = 0) as follows:

P(Nj;=0)=P(Z;;=0,Z;j4+1=0,--+ ,Zj;-1=0,Z;, = 0)

B

H P(Z;n=0|Z;;=0,Z;;41 =0, , Zin_1 = 0).

n=j+1

(4.15)
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Now, using (4.6) for the conditional probabilities in (4.15) we obtain

P(Nj,t=0>:<1—+><1— lj ><1—+>
J+ > A, JH1+ > A, t+ > A,

J
m—

m=1 m=1
t

H((p—1)+§Az)

p=j

t

(n+1)+ anlAm)'

n=j—1
Hence (4.10) holds for k = 0. O

The analytic formula obtained in (4.10) is quite involved when the reinforcement
parameter A; is time-varying. For the special case of A; = A for all t > 1, Theorem

4.4 reduces to the following corollary.

Corollary 4.5. Fizt > 1. For a color c;, 1 < j <t and Ay = A for allt > 1, the

marginal probability for N;; is given by:

P(Njﬂg - k?) ==
(4.16)
( k t k
I (+@-na) 11 ((p—1)(A+1)—Al§11(iz§p—1))
- SLCCH - for1<k<t—j+1
(i17i27"'7ik)eA§fI)€ n:l;lfl ((A-‘rl)'ﬂri-l)

1T (60— D(A+1)
= Jor k =0,
M (a+1nt1)

\ n=j—1

where the set Aﬁt,)g is defined in (4.11) and 1(&) is the indicator function of the event £.
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Since the first time instant at which a ¢; color ball can be drawn from the Polya
urn is at time j, the total number of draws of a ¢; color ball till time ¢ can be at most

t — 7 + 1. Therefore,

t—j+1 t—j+1
Y Pljy=k+1)= > PNyu=k =1,
k=0 k=0

which implies that P(N,; = k) is a probability mass function on the support set
{0,1,--- ,t —j+1}. We next verify that P(N;; = k) obtained in (4.16) does indeed
sum up to one (over k ranging from zero to ¢ — j + 1) and is hence a legitimate
probability mass function. For simplicity, we focus on the case with A; = A; the proof
for the general case follows along similar lines. To this end, we write the set .Agt,l as

the following disjoint union:

Agfl)c:{@l’i%"' 7ik) |]§'Ll <i2<"'<ik§t}
_ At=1) (t)
=Aj UBjk (4.17)

where 5’]('2 = {0, ik, t) [ <dy <o <y <t —1}. Note that

Theorem 4.6. Fixt > 1. For a colorc;, 1 < j <t and Ay = A forallt > 1, we
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have that
t—j+1
Y PN, =k)=1. (4.19)

Proof. We write the left-hand side of (4.19) using (4.16):

[[-;(p— (A +1)
T (A+n+1)

t

Mu+a-08) T (- DG+1)- AT 1 <p-1)

p=3,p¢ {31, ix }
IT-, . (A+1n+1)

kz_fz

( .A(t)
(4.20)
Therefore, showing that (4.19) holds is equivalent to showing that:
t
[[Te-v@a+1) +
p=j
t—j+1 i
Z 2. <Ha (1+( a—1>A> H (p=DA+1)-A) 16 Sp—l)))
G %)GA% =7,p&{ir, ik} I=1
t—1
=[] «(a+1)n+1). (4.21)
n=j5—1

We prove (4.21) by induction on t — 5 +1 > 1.
Base Case: t —j+ 1 =1 or t = j. For this case, the left-hand side of (4.21) is the
following;:

J

[Ir-v@a+1

p=J
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+Z(H (14 (a—1)A) f[ (p—1)(A+1) - Agml<p—1>

A(a) P=34,pF#j

=(j—-1D(A+1)+1

which, upon simplification and noting that the set A(J {j}, equals the right-hand
side of (4.21) fort —j+1=1.

Induction Step: We now show the induction step: assuming that (4.21) is true for

t —j+1=s, we show that it holds for t — j + 1 = s + 1. We thus assume that the

following holds:

[T (-v@~+1)
+Z > (H 1+ @-1a) I ((p—l)(A—i—l)—AZ]l(ilSp—l)))
k= 1A<J+S D ta=l p=7p¢{i1, ik} =1
:]f[ (A+1n+1). (4.22)

We next show the induction step using (4.22), by starting from the right-hand side:

j+s—1 Jts—2
[T a+n+n=(A+1)6s+i-D+1) J] (A+Dn+1)
Jj+s—1
WAarD)(s+i—1)+1) H (p—1)(A+1)
s o k j+s—1
Y (A4 (s+i-1)+1) Y (H 1+ @-1A) I] ((p-1)(A+1)
k=1 A(J+s 1) Na=1 p=34,p¢{i1, ir}

— A 1 gp—1)))
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RN (A+1)(s+j—1)—Ak+Ak+1) > (H(1+(a—1)A)

k=1 a1\ a=1
Al

—~
=

J+s—1 k

[[((r-D@a+1)-a> 16 <p- 1)))
p=7,p&{i1, ix} I=1
J+s jts—1
+[Ie-n@a+n + Jl -1+
QH(p—l)(AJrl) + ﬁ(p—l)(A+1)

+i((A+ J(s+75—1)— Z(H (14 (a—1A

A<J+ 1) Na=1

H (p—DA+1)—A> 1 @l<p_1)))
p=7,p¢{i1, ik} =1
s k Jj+s—1
+Y (Ak+1) ) (H(1+(a—1)A) I (p-1(a+1)
k=1 A;{;S*U a=1 p=7,p¢{i1, i}
—AZH(@Z §p—1))>
“MMe-va+y + J[e-v@a+y
s k J+s k
+Z Z 1+ @-1a) ] ((p—l)(AJrl)—AZ]L(izSp—l)))

p=3,p¢{i1, ir}

N
Il
A

<a 1
s (k+1 j+s—1

1+ @-1A) I] (p-1(A+1) -

>
Mw

1(i; <p— 1)))

k=1 g0\ a=1 p=j,p¢{i1, ix} =1
=[[e-va+1) + J]e-D@Aa+1)

P=j p=J

s k Jj+s k

Z(H 1+ @-1a) IT (v 1)(A+1)—A21(il§p—l))>

k=1 A;J:'S—l) a=1 = jp¢{7,1 Zk} =1

75
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s+1 k Jj+s—1 k—1
+§: 2:([11+-a—1 A) r[(@—ﬂxA+1y—A M@gp—nb
k=2 Ay,jff” a=1 p=J,p¢{i1, ip_1} =1
j+s Jj+s—1
TIe-va+1 + J[@e-v@a+y
p=J p=J
k J+s k
+§: 2:([11+-a—1 )II(@-&XA+¢y—A§:Mn§p—nD
k= IA(J+S 1) Na=1 p=74,p¢{i1, yir} =1
s+1 k J+s k—1
+§:§:< (1+ (a—1)A) II (p—D(A+1)—-A Mugp—nD
k=2 glite) a= 1 p=3,p@{i1, ik_1,5+s} I=1
J+s Jj+s—1
2TIe-va+y + [ -+
p=J p=J
1 J+s 1
+ E:(Illﬁ—a—DA)II(@—JXA+&f—A§:Mh§p—UD
A§?+S 1) Na=1 p=74,p¢{i1} =1
s k J+s k
+§:§:(Ill+—a—1 A) I ((p=1(Aa+1) A§:1u<p—1)
k=2 A;J:*s) a=1 p=34,p&{i1, ik} =1
s+1
+ H(l +(a—1
a=1
( )j+s s+1 k J+s
=[[r-DAa+1) ZZ(H 1+ @=-1A) JT (p-1(A+1)
p=7j k=1 g0ke) N a=1 p=7.p¢{i, ik}

_A§jmngp—n0.

In the above set of equations, we obtain (a) by substituting (4.22) in the left-hand

side of (a). In (b), we add and subtract Ak to the term ((A+1)(s+j5—1)+1) and

split the summation across the terms (A +1)(s+j — 1) — Ak) and (Ak+1) in (c).

In (d), we absorb the terms ((Ak+1)(s+j — 1) — Ak) and (Ak+ 1) into the product.

We replace k by k — 1 in the fourth term on the left-hand side of (e). We obtain the
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fourth term on the right-hand side of (f) using (4.18). On the right-hand side of (g),

the second term can be written as follows:

J+s—1
II e-Da+1
p=J
1 Jjts 0
:Z(H(l—i—(a—l)A)H(( AZ]lzl<p—1>
g Nasl p=i:pg(j+s) =1

which is merged with the third term on the right-hand side of (g) to obtain the k =1
term on the right-hand side of (h). Similarly, for the terms for k = 2 to k = s, we
merge both of the terms on the right-hand side of (f) using (4.17) to obtain the fourth
term on the right-hand side of (g). The last term on the right-hand side of (g) is
evaluation of the fourth term on the right-hand side of (f) at kK = s+ 1. Finally (h) is
obtained by writing all the terms under one summation. Hence the proof follows from

induction on t — j + 1. O

4.3 Simulation Results

In this section, we present a comparative study! between our model and the Barabasi-

Albert model in terms of following three features:

e Structural differences in small-sized graphs;
e Degree distributions of the graphs obtained;

e Expected birth time of vertices with a fixed degree.

'For details about the simulations of this chapter, refer to the following link:
https://drive.google.com/drive/folders/1u0mz4B6RQOhRmuu_CTfb02jJ03B1SyEl?usp=
share_link


https://drive.google.com/drive/folders/1uOmz4B6RQ0hRmuu_CTfb02jJ03B1SyEl?usp=share_link
https://drive.google.com/drive/folders/1uOmz4B6RQ0hRmuu_CTfb02jJ03B1SyEl?usp=share_link
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We first illustrate the structural differences between the graphs generated by our
model and the Barabasi-Albert model. In the next set of simulations, we compare the
degree distribution of both models by plotting the probability of randomly choosing
a k degree vertex versus k (on a log — log scale) for a graph generated until a fixed
time instant. We give the degree distribution of graphs generated for 5000 time steps
(averaged over 250 simulations) via the standard Barabasi-Albert model and our model
with different choices of the reinforcement parameter A; and discuss the similarities
and differences obtained in the degree distributions. In the third set of simulations,
we compare both models in terms of vertices expected birth time versus degree, which

we define as follows.

Definition 4.7. Given a random network/graph generated until time t, we define the
vertices expected birth time for a fixed degree k, where 1 < k <t, as the conditional
expectation of all the times when the vertices which have degree k at termination time t
were introduced, given the draw vectors until time t. It is denoted by by(k) and is given
by the following expression:

b(k) = E[Zt (j - 1)1((Zij Zin=1)=k)|Z1, 2o, % (4.23)

Jj=1

where Zy, 2o, - -+ ,Z; are the draw vectors of the Pdlya urn. Note that we write (j — 1)
in (4.23) because the vertez j is introduced in the network/graph at time j — 1.
In the experiments, we determine the empirical version of (4.23), which we call

the average birth time and denote it by by(k) for degree k and termination time t.
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It 1s given by

b(k) = = . (4.24)

In Figure 4.3, two 15-vertex networks are depicted, one generated by our model
(on the left-hand side) and the other by the Barabési-Albert model (on the right-hand
side). We make two observations: First, in contrast with the Barabési-Albert model, in
our model all vertices are labelled by distinct colors. This one-to-one correspondence
between vertices and colors encodes all the information of the generated graph in the
draw vectors of the underlying Poélya urn. Second, the maximum degree achieved
is higher in the left-hand side network generated via our model (which achieves a
maximum degree of 11 compared to 6 in the right-hand side Barabéasi-Albert network).
This happens along one sample path due to the choice of reinforcement parameter
(here Ay =5 for all £ > 1) in our model which allows for an already selected vertex to
be chosen with a higher probability than in the case of the Barabasi-Albert model
where the vertices are chosen proportional to their degree.

In Figures 4.4 and 4.5, we plot the degree distribution (averaged over 250 simula-
tions) of networks generated for four different choices of A;: 1,1In(¢), f(), g(t), where
the functions f(¢) and g¢(t) are defined in (4.25). We observe the deviation of the
degree distribution of the graphs generated via our model for the above mentioned
choices of A, from the degree distribution of the Barabési-Albert network which follows
the relation p(k) ~ k=3, where p(k) is the probability of randomly choosing a vertex

of degree k in the network. As observed in Figure 4.4 (a), the slopes of the degree
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Figure 4.3: On the left-hand side is a 15-vertex network generated via the the draws
from a Polya urn with expanding colors and A; = 5 for all £ > 1 and on the right-hand
side is a network with 15 vertices generated via Barabési-Albert model. For our model,
unlike the Barabasi-Albert model, each vertex is represented by a distinct color which
corresponds to a color type of balls in the Polya urn at that time instant. Furthermore,
the extra reinforcement parameter A; in our model provides versatility in the level
of preferential attachment. The parameter A; = 5 in our model enables the central
vertex of the graph on the left-hand side to obtain a higher degree (11 in this case) as

compared to the right-hand side Barabasi-Albert network in which the highest degree
achieved is 6.

distribution plots for the Barabési-Albert model and our model with A; = 1 are very
similar and hence the networks generated via our model for A; = 1 are expected
to show a degree distribution corresponding to p(k) ~ k=2. The similarity between

the Barabasi-Albert algorithm and our model with A; = 1 can be represented in the

following way:

P(incoming vertex at time ¢ connects to vertex corresponding to color ¢;)

= ratio of ¢; color balls in the expanding color Pélya urn at time ¢ — 1

_degree of vertex corresponding to color ¢; in graph G;

sum of degrees in graph G, 1

= P(incoming vertex connects to the vertex added at time j — 1

in a standard Barabasi-Albert network).
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Figure 4.4: Degree distributions of networks generated until time 5000 (averaged
over 250 simulations) for the Barabasi-Albert model and our model with A; = 1 and
Ay =In(t). In (a) the degree distributions of both models are nearly identical. While,
in (b) the degree distributions are quite different.

Hence in the case when A; = 1, the mechanisms of both models for iteratively
constructing new vertices and edges are equivalent. However the initialization of our
model is different from the Barabési-Albert model. In our model, the initial graph
has only one vertex with a self-loop, whereas in the Barabasi-Albert model, the initial
graph can potentially have more than one vertex equipped with an edge set and no
self-loops. Even though the initialization of both models are different, the equivalent
procedures for adding new vertices and edges between our model with A; = 1 and the
standard Barabasi-Albert model ensure that the generated graphs via both models will
show similar properties for sufficiently large t. However, it is difficult to analytically
solve for the degree distribution and other properties of our model as its reinforcement
dynamics is much more involved than the Barabasi-Albert model.

In Figure 4.4 (b), we observe that the degree distribution of our model with

A, = In(t) significantly differs from the degree distribution of Barabasi-Albert model.
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The former has a lower probability of obtaining lower degree vertices (degree range
10° — 10') as compared to the latter but has a slightly higher probability of gaining
moderate degree vertices (degree range 50 — 150). Additionally, the maximum degree
attained in the case of A; = In(¢) for our model in Figure 4.4 is much higher (~ 103

as compared to only 200 in Barabéasi-Albert network).

10" . 10"

«  Our Model (for & = f{t)) E = Our Model (for 4 = g(t))
« Barabasi-Albert Model « Barabasi-Albert Model
107 10-*
= 1072 = 10 . e
o, ..
1072 K 1073 % Y
-\;‘k‘ i
107 10t 10° 107 10t 107 108
k k
(a) Ap = f(t) (b) A¢ = g(t)

Figure 4.5: Degree distribution of the Barabasi-Albert model and our model generated
for two different choices of A, (a) Ay = f(t) and (b) A; = g(t), where f(¢) and
g(t) are defined in (4.25). Both plots are averaged over 250 simulations, where each
simulation is a generation of a 5000-vertex graph.

In Figure 4.5, we present two more cases in which the degree distributions differ
substantially between our model and the Barabasi-Albert model. More specifically,

we generate networks via our model for A; being an increasing step function f(¢) and
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a decreasing continuous function g(t) given by:

10 for 0 <t <1000
(1 for 0 <t < 1000 10° for 1000 < ¢ < 2000
f()=1410 for 1000 <t < 2500 9(t) =45 for 2000 < ¢ < 3000
| 100 for 2500 < ¢ < 5000, 15x10° for 3000 < ¢ < 4000
375 for 4000 < ¢ < 5000.

(4.25)

We remark from Figure 4.5 that the maximum degree attained in both networks
(generated via A, = f(t) and A, = ¢(t)) is higher than in the Barabasi-Albert network.
Furthermore, there are more moderate degree nodes (with degree 10* —10?) in the case
of Ay = f(t) and less moderate degree nodes in the case of A; = ¢(t) when compared
to the Barabasi-Albert network.

In the next set of simulations, we compare (4.24) for our network generated
with Ay, = 1,1In(t), f(¢) and g(t) and the Barabasi-Albert network. Figure 4.6(a)
demonstrates that in both the Barabasi-Albert model and our model for A, = 1
vertices of the same degree are born at similar times. The stark similarities between
the Barabasi-Albert model and our model for A; = 1 in Figures 4.4 and 4.6 strongly
suggest that both models generate networks with very similar structures; however a
rigorous analytic study is required to confirm if our model with A; = 1 is stochastically
equivalent to the standard Barabasi-Albert model. In Figure 4.6(b), we observe
that for our model with A; = In(¢), the network shows slightly more connectivity

in the vertices which are born at similar times as compared to the Barabési-Albert
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Figure 4.6: Vertices average birth time versus degree for our model using (a) A, = 1;
(b) A; =1n(t); (¢) Ay = f(t) and (d) A; = g(t) (where the functions f(t) and g(t)
are given in (4.25)) and for the Barabasi-Albert network. All networks are generated
for 5000 time steps and the average of 250 such networks is plotted.
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network. This effect of same age vertices showing more connectivity when compared
to Barabasi-Albert networks is much more amplified when our model uses A(t) = f()
as shown in Figure 4.6(c). Both cases provide a much richer algorithm for generating
real-life networks in which the “rich gets richer” phenomenon needs to be dampened as
it allows the more recently born vertices to get more connectivity. In contrast, Figure
4.6(d) shows an amplification of the “rich gets richer” phenomenon when compared to
the Barabasi-Albert model as the first two richest vertices achieve a significantly higher
degree (around 3500) compared to all other vertices. The rest of the vertices have very
similar connectivity as that of the Barabéasi-Albert network. The choice A; = g(t) of
the reinforcement parameter in our model provides an algorithm to generate graphs
which are spatially similar to the Barabasi-Albert network but demonstrate a higher

effect of preferential attachment.
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Conclusion

5.1 Thesis Summary

In the first part of this thesis, we devised an interacting network of two-color finite
memory Polya urns. We formulated two types of interaction among the urns; using a
fixed (time-invariant) stochastic matrix and through (time-variant) “super-urns” which
consist of all the balls of the urn and its neighbours. In particular, in Chapter 2, we
presented a network of two-color finite memory Poélya urns interacting via a fixed
stochastic interaction matrix. We showed that the underlying Markov process is
irreducible and aperiodic when the reinforcement parameters are time-invariant and
hence has a unique stationary distribution. We also derived the exact asymptotic
marginal infection distribution for the homogeneous case, i.e., when all the urns have
identical initial conditions and reinforcement parameters. For the non-homogeneous
interacting Polya contagion network with time-invariant reinforcement parameters,

we constructed dynamical systems to evaluate the network’s infection propagation.

36
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We showed that when memory M = 1, the probability of infection can be exactly
represented by a linear dynamical system which has a unique equilibrium point
to which the solution asymptotically converges. For memory M > 1, we used
mean-field approximations to construct an approximating dynamical system which
is nonlinear in general; we obtained a linearization of this dynamical system and
characterize its equilibrium. We provided simulations comparing the corresponding
linear and approximating nonlinear dynamical systems with the original stochastic
process. Notably, we demonstrated that the approximating nonlinear dynamical
system performs well for all tested values of memory and network size.

In Chapter 3, we demonstrated that a connected network of finite memory Poélya
urns interacting through “super-urns” can be used to model opinion dynamics in a
social network. Using the properties of the underlying reducible Markov process, we
proposed a provably correct consensus dynamics using this model. For the case with
homogeneous reinforcement parameters across individuals, we provided a delayed
dynamical system that can be used to study the asymptotic properties of this model
and determine explicitly the consensus value.

In the second part of this thesis (Chapter 4), we formulated an algorithm for
generating preferential attachment graphs using a modified Pélya urn with expanding
colors and a time-varying reinforcement parameter A;. The network obtained is
similar to the Barabasi-Albert network for the case A; = 1 and gains a significant
amount of versatility when A; is a time-varying function. We analysed the draw
vectors of the underlying stochastic process and derived the probability distribution of
a random variable counting the draws of a particular color of this Polya process. This

random variable can be written in terms of the degree of the vertex in the constructed
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preferential attachment network corresponding to this color. We provided simulation
evidence for the structural similarities between our model and the Barabéasi-Albert
network for A; = 1 and also justified the richness and versatility of our model for

general A;.

5.2 Future Work

In this section, we discuss possible directions for future research.

(1) For the IPCN(M, N) system presented in Chapter 2, the underlying Markov
process of the M-length draw vectors is irreducible and aperiodic (see Lemma 2.2)
when the reinforcement parameters are time-invariant. Even though, it may not
be feasible to obtain a closed form formula for the unique stationary distribution
for the general non-homogeneous case, one might be able to solve for the
stationary distribution in some simpler cases such as the one presented in
Example 2.3 for a homogeneous IPCN(2, 2) system. Furthermore, using (2.11)
and setting the stationary distribution of the Markov chain {W,}°, for a
homogeneous IPCN(M, N) as II, where the entries of IT are denoted by gk, .-k,

with k; = (ki , koj, -+, knj) € {0,1}Y for j € {1,2,---, M}, we obtain

lim P(Z, =1) = > Thakgeka = p- (5.1)
ki]’=1
je{1,2,- ,M}

M.N) — I, where the entries of the transition probability

One can analyse T1Q!
matrix QM) are given in (2.9), in conjunction with (5.1) to solve for the

stationary distribution of {W,}22, for some homogeneous cases.
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(2)

An interesting future direction for the IPCN(M, N) system which is developed
in Chapter 2 is to consider time-varying interactions between urns. While we do
analyse one form of time-varying interaction matrix devised via the concept of
“super-urns” defined in |34] to formulate a consensus achieving interacting network
of urns in Chapter 3, additional work is required to study the stochastic properties
of a network of urns with general time-varying interactions. Furthermore, it is
much more challenging to construct a class of dynamical systems for IPCN (M, N)
system with time-varying interactions as carried in Section 2.3 of Chapter 2

using mean-field approximations.

Another useful future direction which we have not explored in this thesis is to

set different memories for different Polya urns in the interacting networks.

A realistic extension for our model in Chapter 4 is to consider removal of edges
after some time to account for the fading away of popularity of an idea after
some time in a social network. An effective way to add this feature to our model
is to equip the Poélya urn (via which the graph is constructed) with a finite
memory as in [1]. The removal of balls from the urns can be used to setup
removal of edges from the corresponding graph. However, it is problematic to
use a time-invariant memory for the urn because the removal of every edge
after a fixed amount of time will result in the graph not growing. One way of
addressing this concern would be to consider a time-varying memory for the
urn, such that the removal of the edges due to finite memory is slower than the
addition of edges and hence the resultant graph grows with time. For instance,

we can set the memory of the urn as [In(¢)], i.e., a ball is removed from the urn
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[In(t)] steps after its addition to the urn.

Finally, the preferential attachment graph of Chapter 4 relies on the draw
variables of a Polya urn with a number of colors that grows without bound as
time goes to infinity. Another possible extension of this model is to use an L-color
Pélya urn instead to formulate the graph generating algorithm, where L is a fized
number of colors. One way in which we can setup this algorithm is as follows:
At time ¢ = 0, the Po6lya urn consists of balls of L colors. Correspondingly, we
have an initial graph Gy with L vertices (each vertex corresponding to a unique
color of the urn) and degree of each vertex equals the number of balls of its
corresponding color in the urn. At each time instant ¢ > 1, we draw a ball
and return it to the urn along with A; > 0 balls of the same color. We then
introduce a vertex to the graph G, 1 (corresponding to the color drawn) and
connect it with the existing vertex of the color drawn which has the maximum
degree among all the vertices of that color. This results in the newly formed

graph G,.

In contrast to our original model in which each vertex of the graph is uniquely
represented by a color in the urn, in this extension, the vertices are grouped into
N categories (each represented by a color of the urn). Each category is given an
initial influence factor in terms of the initial (at time ¢ = 0) number of balls of
its color in the urn. The use of a finite number L of colors (unlike the growing
number of colors used in Chapter 4) for generating a preferential attachment
graph may facilitate the exact analysis of the asymptotic behavior of the graph’s

degree distribution.
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