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Abstract

The idea of ‘probabilistic distances’ (also called divergences), which in some sense as-
sess how ‘close’ two probability distributions are from one another, has been widely
employed in probability, statistics, information theory, and related fields. Of particular
importance due to their generality and applicability are the Rényi divergence measures.
While the closely related concept of Rényi entropy of a probability distribution has been
studied extensively, and closed-form expressions for the most common univariate and
multivariate continuous distributions have been obtained and compiled [57, 45, 62],
the literature currently lacks the corresponding compilation for continuous Rényi di-
vergences. The present thesis addresses this issue for the analytically tractable cases.
Closed-form expressions for Kullback-Leibler divergences are also derived and com-
piled, as they can be seen as an extension by continuity of the Rényi divergences. Ad-
ditionally, we establish a connection between Rényi divergence and the variance of the
log-likelihood ratio of two distributions, which extends the work of Song [57] on the
relation between Rényi entropy and the log-likelihood function, and which becomes
practically useful in light of the Rényi divergence expressions we have derived. Lastly,

we consider the Rényi divergence rate between two stationary Gaussian processes.
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Chapter 1

Introduction

In this chapter we give an overview of important measures of information and in-
troduce the concept of probabilistic distances'. In Section 1.1 we provide a general
overview of these notions, while the Rényi and Kullback-Leibler divergences are dis-
cussed in more detail in Section 1.2. Finally, a description of the main results of the
present work as well as a literature review of the relevant topics are given in Sec-

tion 1.3.

1.1 Probability Distances and Measures of Information

Claude Shannon’s 1948 paper ‘A Mathematical Theory of Communication’ [56] intro-
duced a powerful mathematical framework to quantify our intuitive notion of informa-
tion, laying the foundations for the field of information theory and originating a major
revolution in communications and related fields. The power of the paradigm intro-

duced by Shannon is reflected in the two results known as the Source Coding Theorem

!Also called statistical distances, probabilistic divergences, or divergence measures.

1
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and the Channel Coding Theorem.

With the Source Coding Theorem, Shannon demonstrated that all discrete alphabet
random processes possess an irreducible complexity below which a signal cannot be
compressed without loss of information; such amount of complexity is known as the
source’s entropy. In the case of a discrete distribution with probability mass function
(pmf) p(x) over an alphabet &, the entropy is defined as

H(p) = — Y p(x)logp(x) = —E, [logp(x)] .

XEX

For a continuous distribution with a density f (x) one considers the differential entropy

h(f) = —J fOOInf(x)dx =—E; [Inf(x)] ,
x

but unlike in the discrete case, the entropy (i.e.,. the irreducible complexity of the
source) is not given by the differential entropy. However, other operational interpreta-
tions similar to those holding in the discrete case do extend to differential entropy.

Shannon’s axiomatic derivation of the entropy functional as a measure of infor-
mation was ensued by the introduction of a myriad of other information measures
following a similar approach, where the specific axioms to be introduced would have
some commonality with Shannon’s but would be motivated within sometimes very spe-
cialized settings [30]. A survey of axiomatic characterizations of information measures
can be found for example in [18, 2].

In the same way that entropy-like functionals have been widely investigated as
measures of the amount of information intrinsic to a given probability distribution,

it is natural to investigate similarly defined functionals which allow one to somehow

2For example, in the context of the Asymptotic Equipartition Property, the differential entropy also
provides bounds for the size of a typical sets, A(E”). See for example [15] for a discussion of this idea as
well as a more detailed introduction to the coding theorems, in particular the Channel Coding Theorem
which we omit here for brevity.
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quantify how much information is shared between two probability distributions. The
extent of this shared information may also be seen as providing a certain measure of
how ‘close™ two distributions are from one-another. As pointed out by Liese and Vajda
[40], the origins of these ideas go back to the early 1900s literature in the works of
Pearson [47] and Hellinger [31], although research in this area became much more
prolific after the publication of Shannon’s 1948 paper.

Motivated by Shannon’s notion of mutual information [56], Kullback and Leibler
[38] introduced the information measure now known as the Kullback-Leibler Diver-
gence (KLD) within the context of hypothesis testing. The authors consider two proba-
bility spaces (%, .o/, u;), i = 1,2, such that u; = u," and A a probability measure such
that A = {u;,u,}.° Denote the corresponding Radon-Nikodym derivatives by f;(x),
and let H; be the hypothesis that an observation x came from u,. Kullback and Leibler

define the mean information for discrimination between H, and H, per observation from
uy° as

f1(x)
f2(x)

3It is worth noting that although the terms distance and even sometimes metric are used within
this context in the literature, these functionals do not generally satisfy all the properties required of
a mathematical metric; in particular, symmetry is often not met. For example, according to [20], the
general requirements for a probabilistic distance is that it be ‘positive, zero if the values of the two
functions coincide, and correlated to their absolute difference’.

I(u, 3Mz)=Jf1(X)108 dA(x),

4Given two measures u and v over the same o —algebra .¢f, v is said to be absolutely continuous with
respect to u (or equivalently u dominates v) if VA € ., u(A) = 0 = v(A) = 0, and this is denoted by
u>v. Whenever u > v and v > u this is denoted by u =v.

°It is worth noting that these requirements vary slightly from the modern definition given in the
literature (e.g. [34]), which we provide in Section 1.2.

®This original nomenclature now replaced by the more concise ‘Kullback-Leibler divergence’, and the
notation usually replaced by D(f;||f;) or H(u4, U5). Also, although the word between is generally used,
this divergence is directed and not symmetric, so that it would be more correct to say ‘the divergence

from f to fy.
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and it is shown to generalize Shannon’s original notion of mutual information.
Further generalization came about in the 1961 work of Rényi [53], who introduced

an indexed family of generalized information and divergence measures akin to the

Shannon entropy and Kullback-Leibler divergence. Originally considering discrete

probability distributions, Rényi introduced the entropy of order a of a distribution

P =1{py,...,p,} as

1 n
H. (P)= 1 al
o(P)=T—1log (kZpk)
and for two discrete distributions P and Q, ‘the information of order a obtained if the

distribution P is replaced by the distribution Q7 by

L(PIQ) = ——1 " pagla 0 and 1
«(PlQ) = 108 ;pqu ,a>0 and a#1.
An important property of this family of information measures is that [53]
lirr%Ha(P) =H(P), and lirr% I,(PIQ)=I(P:Q).

It is worth pointing out that, prior to Rényi’s paper, Chernoff introduced another mea-
sure of divergence which he derived by considering a certain class of hypothesis tests
in his 1952 work [14]. His approach was similar as that of Kullback and Leibler in
defining the information divergence. When considering two probabilities measures u;

and u; the measure of divergence used by Chernoff was

D =—log [Ogggl J[fi(x)ﬂfj(xnl—f dv} ,

where f; and f; are the Radon-Nykodim derivatives of u; and u; with respect to a

dominating measure v. Some of the literature (e.g. [8, 52, 20]) identifies the Chernoff

’This is now known as the Rényi divergence of order a, and it is usually denoted by D,(P||Q). We
introduce the general definition for general probability spaces in Section 1.2.
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distance as an indexed family of divergences

Dc(fillf; ) = —lnf £ ) dv (),
x

where for a particular choice of A the above is called the Chernoff distance of order A.
As a special case, the Bhattacharyya distance, Dy(f;||f;), (also known as Bhattacharyya

coefficient, p) [9] is given by

DB(fi”fj) :Dc(finj;A =1/2).

Chernoff divergences are used in statistics, artificial intelligence, pattern recognition,
and related fields (see for example [4, 20, 52]). We note that a definiton of Rényi
divergence for general probability spaces (see Section 1.2) establishes the following

relationship

D(fillf;; @) = (1 = a)D,(fillf;), a<€(0,1),

so that up to scaling the two divergences are measuring the same amount of ‘informa-
tion’ between any two densities f; and f;.

Yet a higher level of generalization in the area of probabilistic divergences was
achieved by the work of Csiszar [16] (and independently also Ali and Silvey [5]),
who introduced the notion of f —divergences of probability distributions, a framework
which encompasses a vast number of information measures used currently in the lit-
erature, including the Kullback divergence, and also divergences which are one-to-one
functions of Rényi divergences. Liese and Vajda [40, 59, 41] have studied this formal-
ism and its applications extensively. We omit a discussion of f —divergences here as it

is not immediately relevant to the results of this work.
To this day a vast number of probability distance measures have been investigated

[2, 6, 8, 42, 20, 24]. In Table 1.1 we present a brief sample of the most common
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probablistic distances, in particular those expressed as integrals of the corresponding
densities. For more comprehensive overviews see the references above. We denote by
X; the support of f;(x), i.e., X; := {x : fi(x) # 0}. Note that the Hellinger distance
in [24] is listed as Jeffreys-Matusita distance in [52, 20], and even different still are
what Liese and Vajda [41] identify as the Hellinger divergences. Also, some authors
(including Rényi [53]) restrict a to be a positive real number (not equal to one) in
the definition of the Rényi information measures as a result of information theoretical

considerations, although the definition can be extended mathematically to a € R [40].

Table 1.1: Probabilistic Divergences.

Divergence Name Mathematical Definition
Bhattacharyya Dg(fillf)) = — an fi(a) fi(x) dx
X;
Chernoff De(flIfy) = —an [ () dx, A€(0,1)
X;
(fi(x) = f;(x))?
2 o FAIF) = S d
X Dl (fl”f]) JXiUXj f](x) X

1/2
Jeffreys-Matusita D, (fillf;) = |:J (\/fi(x) — \/fj(x))2 dx:|
X;

fi'(x) dx

Kullback-Liebler Dx(fillf)) = Li fi(x)In 5,0

1/r
Generalized Matusita Dy (fl|f;) = {J ‘fi(x)l/r —fj(x)l/r{r dx:| ,r>0
X;

1
Rényi D.(fillf)) = -1 lnf fiG)* () % dx , a e RY\ {1}
Xi
Varational VI =f £.GO — G0l dx .
X,UX;

A natural question is whether probabilistic distances can be generalized to stochas-

tic processes. This leads to the consideration of information measure rates. For example,



CHAPTER 1. INTRODUCTION 7

given a process X = {X;},cy over a discrete alphabet &, the limit
1
H(X)=lim —H(X,,...,X,,)
n—oo N

is defined as the entropy rate (or just entropy) of X, whenever it exists. For station-
ary processes, the entropy rate always exists [15]. The same idea can be applied to
other information measures, such as the Kullback divergence or the Rényi information

measures. We provide a more extensive discussion of this topic in Chapter 4.

1.2 Rényi and Kullback Divergence

In this section we give the general definitions of Rényi entropy and Rényi divergence,
Shannon differential entropy, and the Kullback-Leibler divergence, and we also present
some of the mathematical properties of the divergence measures.

Throughout this section, let (Z,.«/) be a measurable space and P and Q be two
probability measures on .« with densities p and q relative to a o —finite dominating
measure u (i.e., p < u and q < w). In all of the above we use the conventions
p*qt*=0if p=q=0, x/0 = oo for x > 0, and 0In0 = 0In(0/0) = 0, which are
justified by continuity arguments. Also, from here onwards we denote the nonnegative

real numbers by R,

1.2.1 Shannon Entropy and Kullback-Leibler Divergence

This material can be found for example in chapter 1 of [34].
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Definition 1.2.1. If P corresponds to a continuous probability distribution over R" with

density p(x), the differential (Shannon) entropy of P, denoted h(P)? is defined by

h(P)=—J p(x)logp(x)dx .

Definition 1.2.2. The Kullback-Leibler Divergence (KLD) between P and Q, denoted
D(P||Q) (or equivalently the Kullback-Leibler divergence between p and g, denoted
D(pl|q)) is defined by

D(P[lQ) = J p(X)ln@ du(x) .

e q(x)
Sometimes the literature refers to D(P||Q) as the relative entropy of Q with respect
to P. Since D(pl|q) is finite only when supp p € supp q, D(p||q) is sometimes written

as

D(pllq) = [y )M ES du(x) P<Q

00 otherwise .

Proposition 1.2.3. D(P||Q) > 0 and equality holds iff P = Q.

This follows from the inequality —Inx > 1 — x ,Vx > 0 where equality hold iff

x = 1. Then we have

D(P|IQ) = f pn 2 4y
o q(x)
_ f p(x) [—m@} du(x)zf p(x) [1—M} du(x) =0,
% p(x) e p(x)

with equality iff p(x) = q(x) u—almost everywhere.

8Sometimes called the continuous entropy of P, and also denoted as h(p), or h(X) if X is the continu-
ous random vector having distribution P.
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Remark 1.2.4. If p(x) has finite differential entropy, then

D(P[IQ) =J

x

p(x)Inp(x)du(x) —J p(x)Ing(x)du(x) = —h(P) — E, [Ing(X)] .

If A ={A,,..,A,} is a partition on &, then relative entropy associated with A is
defined as
P(A)
QA)
Theorem 1.2.5. Let & be the set of all finite partitions of X. Then

DA(PIIQ) =Y _P(A)log
i=1

D(PlIQ) = sup DA(PlIQ) .

Theorem 1.2.6. D(P||Q) is convex in the pair (P,Q), and for any fixed Q, D(P||Q) is

strictly convex in P.

1.2.2 Rényi Information Measures

This material can be found in [53, 60, 41].

Definition 1.2.7. For a € R"\ {1}’ the Rényi entropy of order a of P, denoted h,(P)'°
is defined by

h,(P) =

T an p(x)*du(x) .
0 X

Definition 1.2.8. For a € R* \ {1} the Rényi divergence of order a between P and Q,
denoted D,(P||Q) (or equivalently the Rényi divergence of order a between p and g,

denoted D,(pl|q)) is defined by

D,(PlIQ)=

1
- an p(x)q(x) du(x) .
x

a—

?See comment at the end of Section 1.1 regarding the domain for a in the definition of the Rényi
information measures.
10 Equivalently the Rényi entropy of order a of p, denoted h,(p).
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By continuity and the following proposition the definition can be extended to a = 1

and a =0:

Proposition 1.2.9.
Do(PlIQ) : = im D, (filIf;) = —logQ(p > 0).,
Dy(PIIQ) : = limD,(P[Q) = D(PIIQ) -

Proposition 1.2.10. (Data Processing Inequality) Let % be a o —subalgebra of .o/'' and

denote by Py, and Qy; the restrictions of P and Q to X.. Then
D,(PzllQs) = D, (P[IQ) .
Corollary 1.2.11. If we set 2 = {0, '} then Py, = Qy, and we obtain
D,(PllQ) =0,
and D,(P||Q) = 0 < p = q, u—almost surely.

Just like the Kullback-Leibler divergence, the Rényi divergence can be approximated

arbitrarily closely by the corresponding divergence over finite partitions.
Theorem 1.2.12. Let & be the set of all finite partitions of X. Then
D,(P[|Q) = sup D, (P, |IQx,) ,
AePp
where %, is the o—algebra generated by a finite partition A.

Another important property of Rényi divergence is additivity in the following sense.

YA subset of .o/ which is itself a o —algebra.
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Proposition 1.2.13. For i = 1,...,n let (X;, .«/;) be a measurable space, P; and Q; be two

probability measures on X;, and denote the product measure'® on X; X X, X .... X X, by

n
[ [P.. Then

i=1

D, (l_n[Pi li[Qi) = ZnDa(piHQi) .
i=1 i=1 i=1

Proposition 1.2.14. (Continuity) D,(P||Q) is continuous in a on

A={a:0<a<1orD,(P||Q) < oo}.

Proposition 1.2.15. (Joint Convexity) For a € [0,1], D,(P||Q) is convex in the pair
(BQ).

While joint convexity is limited to a € [0, 1], the following holds for general a > 0:
Proposition 1.2.16. (Convexity in Q) For all positive a, D,(P||Q) is convex in Q.

Remark 1.2.17. The integral

H,(RQ) = f p(x)*q(x)""*du(x), >0

x

is usually known as the Hellinger integral of order a. Also, the power divergence [60] or
Hellinger divergence [41] is defined as

%a(Pa Q) -1

HL(PIIQ) = ==

a>0,a#1.

Since

exp ((a —1)D,(PlIQ)) — 1

exp ((a ~ DDL(PIIQ)) = #,(RQ) < H,(PlIQ)= —

2

H, is a strictly increasing function of D, for a >0 ,a # 1, and also D, =0 <> H, =0.

12The unique measure P on the product o —algebra generated by {E; x E, X ... X E, : E; € .¢/} satisfying
P(E; X ... X E,) = P;(E;) X ... x P,(E,).
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A more complete study of the mathematical properties of Rényi divergences is be-

yond the scope of this work. See [60, 53] and also [40] for a more in depth treatment.

1.2.3 Rényi Divergence for Natural Exponential Families

In Chapter 2 of their 1987 book Convex Statistical Distances [40], Liese and Vajda derive
a closed-form expression for the Rényi divergence between two members of a canon-
ical exponential family, which is presented below. Note that their definition of Rényi
divergence, here denoted by R,(f;||f;), differs by a factor of a from the one considered
in this work, i.e., D,(f||f;) = aR,(fi||f;)-

Consider a natural exponential family (see Definition A.2.2) of probability measures
P, on R" having densities p, = Lexp(fl:, T(x)), and natural parameter space ©

C(7)
(Definition A.2.3).

Proposition 1.2.18. Let D(7) =InC(%). For every 7;,7; € © the limit
1
A(T,7;) = h?ga [aD(%)) + (1 — a)D(;) — D(az; + (1 - a)7;) |
exists in [0, 00].
Proof. See [40]. ]

Theorem 1.2.19. Let P, be an exponential family with natural parameters where ©;,T; €

©, having corresponding densities f; and f;. Then R,(f:||f;) is given by the following cases:

1. Ifa¢{0,1} and a7; +(1—a)7; €O

Claz; +(1—a)7;)
(@—1)  C(z)*Clz,)*

R = -
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2. Ifag{0,1} and at; + (1 —a)7; ¢ ©
R, (fillfj) =+00.
3. Ifa=0
R,(fillf)) = A%y, 75)
4. Ifa=1
R (fillfj) = Al7j,74)
with A(7;,7;) defined as in Proposition 1.2.18
Proof. See [40]. m

Using this result we arrive at the corresponding expression for D, (f;||f;), which we

write in a form that facilitates the comparison to the expressions from Appendix B:

Corollary 1.2.20. Let 7;,7; € © be the parameter vectors for two densities f; and f; of a

given exponential family. For a € R\ {0, 1} such that az; + (1 —a)7; €6,
C(7;) 1 Claz; +(1—a)7;)

+ n
C(z;)) a-—1 C(7:)

D,(fillf;) =1In

Proof.

Da(fi”fj) = aRa(P'z:i”Pﬂ:j)
1 (C(a*c,-—l—(l—a)’cj))
= In
a—1 C(Ti)ac(fj)l_a

_ 1 ln([cx;g}“”<xacr+(1—ayn))

a—1 C(7;) C(7;)
_1 C(t;) 1 Clat; +(1—a)7;)
k) Tao C(7:)
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1.2.4 Applications of Rényi Divergence

As pointed out by Harremoés [30], Rényi entropies and divergences are particularly

important as they possess an operational definition in the following sense

An operational definition of a quantity means that the quantity is the natu-
ral way to answer a natural question and that the quantity can be estimated

by feasible methods combined with a reasonable number of computations.

The operational definition of Rényi divergence given in [30] is that it ‘measures how
much a probabilistic mixture of two codes can be compressed’. This follows the ob-
servation that for any two codelength functions x; and «, for compact codes'® with

corresponding probability measures P, and P,, and a € (0, 1)
(1—a)k; +ax, —aD;_o(P, || P,)

is a codelength function of a compact code.

Another important operational definition of Rényi divergence was given by Csiszar
[17] in terms of generalized cutoff rates related to the error exponent in hypothesis
testing for identically distributed independent observations. A generalization of this
result was presented by Alajaji et al. [3] by considering hypothesis testing for general
sources with memory.

Additional applications of Rényi divergences include the derivation of a family of
test statistics for the hypothesis that the coefficients of variation of k normal popula-
tions are equal [46], as well as their use in problems of classification, indexing and

retrieval, for example [32].

13Codes for which Kraft’s inequality is met as equality.
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We close this section by pointing out an operational definition of Rényi entropy in
the context of lossless source coding, which was established by Campbell in his 1965
work [12]. Considering an alphabet of D symbols, the author introduces L(t), the
code length of order t, defined as L(t) = t *log, (X, p;D'™), where t > 0, p; is the
probability of the ith symbol, and n; is the length of code sequence for the ith symbol

in an uniquely decipherable code. The following theorem is then established:

Let a = (1+t)~!. By encoding sufficiently long sequences of input symbols,
it is possible to make the average code length of order t per input symbol
as close to H, as desired. It is not possible to find a uniquely decipherable

code whose average length of order ¢ is less than H,.

For t = 0 (a = 1) the above becomes the standard source-coding theorem since H,,

becomes the Shannon entropy and L, becomes the (standard) average code length.

1.3 The Results of this Work

1.3.1 Rényi Divergence Expressions for Continuous Distributions

The applicability of Rényi entropy and Rényi divergence (either directly or via its rela-
tionship to the Chernoff and Bhattacharyya distance, and the Hellinger and Kullback-
Leibler divergences), as well as the fact that they possess an operational definition in
the sense given above, suggests the importance of establishing their general mathemati-
cal properties as well as having a compilation of readily available analytical expressions
for commonly used distributions. The mathematical properties of the Rényi informa-
tion measures have been studied both directly [53, 60], and indirectly as part of the

f -divergence formalism [16, 40, 59, 41].
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Closed-form formulas for differential Shannon and Rényi entropies for several uni-
variate continuous distributions are presented in the work by Song [57]. The author
also introduces an ‘intrinsic loglikelihood-based distribution measure’, ¥, derived from
the Rényi entropy, which we consider in detail in Chapter 3. Song’s work was followed
by [45] where the differential Shannon and Rényi entropy, as well as Song’s intrinsic
measure for 26 continuous univariate distribution families are presented. The same au-
thors then expanded these results for several multivariate families in [62]. Differential
entropy formulas for several continuous distributions can also be found in [15].

An initial review suggested that the literature was significantly less prolific for the
case of Rényi divergences, and even for the case of Kullback Divergences, with only a
few isolated results presented in separate works: The Rényi and Kullback-Leibler Diver-
gence (KLD) between two univariate Pareto distributions is presented in [7]; the work
[49] presents the KLD for two multivariate normal densities as well as for two univari-
ate Gamma densities; in [58] the KLD between two univariate normal densities is also
presented and numerical integration is used to estimate the KLD between a Gamma
distribution and two approximating models with lognormal and normal distributions;
finally the Rényi divergence for multivariate Dirichlet distributions (via the Chernoff
distance expression) can also be found in [52], while the KLD is given [48].

Following these findings, one of the main objectives of this work was the computa-
tion and compilation of closed-form Rényi (and Kullback) divergences for a wide range
of continuous probability distributions. Since most of the applications revolve around
two distributions of the same family, this was the focus of the calculations as well.

However, an expression for the Rényi divergence between two multivariate Gaussian
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distributions was found in'* [33] (which itself cited [10] and [40]), soon after this ex-
pression (as well as all other results presented in Appendix B) had been independently
derived. The work [40] of Liese and Vajda contains the closed-form expression for the
Rényi divergence for exponential families presented in Section 1.2.3. While not all of
the original derivations are covered by their result, most of what we obtained here
can in fact be derived from this expression. In Chapter 2 we show that applying the
expression given in [40] to the canonical parametrization of the exponential families
yields expressions in agreement with what we obtained originally. Some expressions
for Rényi divergences and/or Kullback divergences for the distributions not covered by
their result are also presented in Chapter 2, namely the Rényi and Kullback divergence
for general univariate Laplacian, general univariate Pareto, Cramér, and uniform distri-
butions, as well as the Kullback divergence for general univariate Gumbel and Weibull
densities. Other commonly used distributions were also originally considered but the
computations appeared to be analytically intractable. For a given distribution having
m parameters, the integrals involved in the divergence calculations carry 2m different
parameters (excluding a itself), which is the main source of difficulty in these calcula-
tions when compared to differential and Rényi entropies; many of the natural variable
transformations or reparametrizations involved in the latter fail in the former.

None of the works presenting Kullback-Leibler or Rényi divergences mentioned
above make reference to the work of Liese and Vajda on divergences, while similar work
by Vajda and Darbellay [19] on differential entropy for exponential families is cited in
some of the works compiling the corresponding expressions. Providing an organized

readily available compilation of Rényi and Kullback divergences is still something the

4Later on also the work [32] was found to contain this expression as well.



CHAPTER 1. INTRODUCTION 18

literature would benefit from, especially since the work of Liese and Vajda on Rényi di-
vergences seems to be largely unknown. A summary table with all the collected results

is presented in Section 2.4.

1.3.2 Rényi Information Spectrum and Rényi Divergence

Spectrum

As mentioned above, Song [57] introduced the information measure Y, called ‘the in-
trinsic loglikelihood-based distribution measure’, which relates the derivative of Rényi
divergence with respect to the parameter a to the variance of the log-likelihood func-
tion of the distribution. Following Song’s approach we show that the variance of the
log-likelihood ratio between two densities can be similarly derived from an analytic for-
mula of their Rényi divergence of order a. Both results are discussed in Chapter 3. This
connection between Rényi divergence and the loglikelihood ratio becomes practically

useful in light of the Rényi divergence expressions presented in Section 2.4.

1.3.3 Rényi Divergence Rate between two Stationary

Gaussian Sources

The study of information rates and the computation of expressions for special processes
has been considered in the literature. Shannon proved that the entropy rate exists
for stationary processes in [56]. Kolmogorov derived the differential entropy rate for
stationary Gaussian sources in [37], which can also be found in p. 417 of [15] and
p. 76 of [34]. The Rényi entropy and Rényi divergence rate for time-invariant, finite-

alphabet Markov sources was obtained by Rached et. al in [50]. In [25], Golshani and
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Pasha derive the entropy rate for stationary Gaussian processes, using a definition of
conditional Rényi entropy [26], which is based on the axioms of Jizba and Arimitsu
[35], and which they show to be more suitable than the definition of conditional Rényi
entropy found in [11]. The case of Kullback-Leibler divergence rate for stationary
Gaussian processes is considered in [61], and can also be found in p. 81 of [34]. Prior
to discovering the work of Vajda [40], the literature review did not reveal any work
on the Rényi divergence rate for stationary Gaussian sources. Having a closed-form
expression for the Rényi divergence between two multivariate Gaussian distributions,
it was natural to investigate this problem, and we arrived at the result presented in
Chapter 4. The expression is obtained using the theory of Toeplitz Forms developed
in [29], and presented in [28]. Following the work of Liese and Vajda led also to the
discovery of Vajda’s [59] book ‘Theory of Statistical Inference and Information’, where

the expression of the Rényi divergence rate is presented in p. 239%°.

15This result is largely unknown/unreferenced in the literature, just like the expression for Rényi
divergence for exponential families in [40].



Chapter 2

Kullback and Renyi Divergences for

Continuous Distributions

In this chapter we consider commonly used families of continuous distributions and
present Rényi and Kullback divergence expressions between two members of a given
family. The expressions for distributions belonging to exponential families are com-
puted using the result obtained by Liese and Vajda [40] introduced in Section 1.2.3,
and are shown to be in agreement with the original derivations presented in Ap-
pendix B. Note that that our original expressions assumed a € R* \ {1} while Liese
and Vajda assumed the more general domain a € R\ {0, 1}.

Definitions as well as many properties of the continuous distributions considered
here can be found in any standard continuous distribution references, for example

[36]. The distribution referred to as Cramér is cited in Song [57] !.

! Correspondence with the author indicated that he gave it this name due to the fact it appears to
have first been considered by Cramér.

20
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2.1 Some words on notation

Throughout the calculations below terms of the form ax + (1 — a)y occur very fre-
quently. When considering an expression for D,(f;||f;) we use the notation 6, :=
af; + (1 — a)b;, where 6; and 6, are parameters of the given family of densities, and
the order corresponds naturally to the direction of the divergence D,(f;[|f;). In the
cases where the order is reversed we will write 67 = a6, + (1 — a)6,. This notation
is followed for both scalar and vector-valued parameters, in the latter case with the
standard component-wise addition and scalar multiplication. The following properties

are used in the calculations below.

Remark 2.1.1. Let 6;, 0, ¢;, ¢; be scalar parameters. For fixed constants c;, c;, ky, k,

(k10 +c1)y + (kad +¢3)y = k104 + ko +(c1 +¢3) 5

andif 6,,0. #0

Y]

2.2 Exponential Families

For clarity we restate the result from Corollary 1.2.20 which is used to obtain the

expressions in this section: Given an exponential family in R" satisfying

1
&Mﬁjchfmﬂnﬂﬂﬂw&h

with natural parameter space ©, then for 7, = a7; + (1 —a)7; € © and a ¢ {0, 1},

C(7;) 1 C(7,)

DL(fllF)=ln s+ g
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2.2.1 Univariate Gamma Distributions

Throughout this section let f; and f; be two univariate Gamma densities:

xki—le—x/Oi

Qk'—(k) ki,9i>0;X€R+.
i Tk

filx) =

where I'(x) is the Gamma Function introduced in Section A.3.1. Let

T, =, &) = (—g,ki — 1) , and T(x) = (x,lnx)T.

1

We can rewrite the density in terms of its canonical parametrization:

1
— (74, T(x))
(x) = e s
fito) C(7;)

where

r(E+1)
(= )E

Leta € R\ {0,1}. If T, € ©, then by Corollary 1.2.20 we have

c(r)= =0T (k) .

_Cr) 1 C(,)
D,(fillf;) =In C(z;) a-1 ! C(7;)

_m(ﬂé+n@wﬁ“)+1.m(mg+nomfﬂ)
T\ (PTTEA+D ) a—1 0 (-0 )8t T(E+D) )

Reverting to the original parametrization we note that

1 0F
€a+1:(€+1)a:ka and—na:(_n)a:(_) — Va

where we have made use of Remark 2.1.1. Then

k.

r(k)6;’ 1 r'(k,) (6,0,
Da(flll.f]) n l_,(ki)eiki + a—1 n ((Qi)ka Qikir(ki)

In the notation of the original derivation k, = k, and 6, = 6., so that the expression

above is the same as that obtained in Proposition B.1.6. Finally, note that 7, € © <
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ky,(1/0), > 0 and (1/0), > 0 & 6> > 0, and so the constraints for finiteness also
agree with those of Proposition B.1.6. The special cases of exponential and y? densities,
as well as the expressions for the case a = 1 (Kullback-Leibler divergence), are both

included in Section B.1 so we omit them here.

2.2.2 Univariate Chi Distributions

Throughout this section let f; and f; be two univariate Chi densities

21—kl—/2xki—1e—x2/2ai2

(%)

filx) =

,0,>0,keN; x>0.
Let
1 T
T, =(n,E) = (—— k~—1) and T(x) = (x%,Inx)T
i N> Si 202’ i ’ ’ :
1

We can rewrite the density in terms of its canonical parametrization:

1
C(%;)

(T (X))

filx) =

>

where

§it1Y o(&;-1)/2
(22— ) 2% k.
C(’Ui): ( 2 ) =T (_l) o.fizki/Z—l .

(—2n,)E+1/2 2
Leta € R\ {0,1}. If 7, € ©, then by Corollary 1.2.20 we have

C(7;) 1 1 C(7y)
Clz) a—1"c(e)

r (ﬂ) 2ETV2 (g YEt1/2

D,(fillf;) =In

2

=1
n (—2n )& T (&) g2
Eqtl —D/2 .
s 1 " r (T) 2(5 )/ (_2,'71_)(514-1)/2
a—1 (=20 )2 (S) - |
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Next we revert to the original parametrization. Using Remark 2.1.1 it follows that

E+1=(E+1),=k Sl _Ka
a - a— Na » 2 - 2 >
and
1 (0.2)*
—2 = —2 = _ = -_‘a.
/r)a ( n)a (Gz)a 0_120_12 )
hence

T (k]/z) O.;(jzkj/Z—l

D,(fillfj))=In
! I (k;/2) ofi2ki/2=1
; 0202\ p(k,/2)2k/2
a—1 (0%); ) T (k/2) o221

1 (k;/2
—1In G;Iﬂ(—l/) +1|:(kj_ki)+
0T (ki/2) 2

RN “ Tk,/2)
a—1 (o2); o T (k;/2)

ka_ki:|
In2
a—1

Observe that

k, — k; 1
kj—kit —— = —— [(a—1)(k; — k) + ak; + (1 — a)k; —k;| =0
Thus,
aj.‘fr (k;/2) 1 oio? “ r(k,/2)
Da(fi“fj):ln k: + 1 2% k;
o' T (k;/2) a-1 (o), o' T (k;/2)

In the notation of the original derivation k, = k, and o, = (0?)!, so that the ex-
pression above is the same as that obtained in Proposition B.2.6. Finally, note that

T, €0 & k,,(1/(0?)), > 0and (1/0?), > 0 & (0?); > 0, and so the constraints
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for finiteness also agree with those of Proposition B.2.6. The special cases of half-
normal, Rayleigh, and Maxwell-Boltzmann densities, as well as the expressions for the
case aa = 1 (Kullback-Leibler divergence), are included in Section B.2 so we omit them

here.

2.2.3 Dirichlet Distributions

Throughout this section let f; and f; be two Dirichlet densities of order n: *

fi(xiai) xlk ;aiERHJ;xERnanZJHENJ
B(a )l_[ k

where x = (xy, ..., X,,) satisfies Zxk =1,a;,=(a;,...a; ), q >0,
k=1
and B(y) is the multinomial beta function defined in Definition A.3.10.
Let 7; = (a; — 1,...,a, — 1)" and T(x) = (Inxy,...,Inx,)". We can rewrite the

density in terms of its canonical parametrization:

1( )= —— e (T T(x) ,
f c:( ¢
where

C(7;) =B(%; +(1,1,...,1)") =B(a,) .

Leta € R\ {0,1}. If 7, € ©, then by Corollary 1.2.20 we have

Cc(7;) 1 C(’c) 1B(aj) 1 1B(aa)

_ J
D il =l s+ e ey T sy T e o1 M By

In the notation of the derivation given in Section B.3.2, b, = b, and a, = a,, so that

the expression above is the same as that obtained in Proposition B.3.6. Note also that

21t should be noted that the dimension of the underlying space is not n, but n — 1, as the distribution
n

is over the hyperplane specified by the constraint Y. x; = 1.
k=1
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T, € © & Yk q, b, > 0, so that the finiteness constraints are also in agreement.
As mentioned in Section B.3.2, this result is in agreement with the Chernoff distance
between two Dirichlet distributions derived in [52]. The special case of the Beta distri-
butions as well as the expressions for the case a = 1 (Kullback-Leibler divergence), are
included in Section B.3 so we omit them here.

Also, the work [48] presents the KLD expression between two Dirichlet distribu-
tions. In our notation,
F(ajk)
r(aik)

I'(a, d
DI = log 1 3 +3log
jt

+Z [0, — ;] [¥(a;) —¥(a)] .

where

Qa
=
N——
—=
—
~
Q
=
—

d
r .
r( lt) (kXZ:l k=1
F( ) Zl = log . -
“t r (glajk) I!:[ll“(alk)
lo Bla;)
~ **B(ay

hence

d d
D(fi||fj)=1ogB( )+Z {w(alk) w(Z )]

k=1 k=1

Taking a; = (a;, b;) and a; = (a;, b;) we can see this agrees with the expression we

have for the KLD of Beta distributions given in Section B.3.
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2.2.4 Multivariate Gaussian Distributions

Throughout this section let f; and f; be two multivariate normal densities over R":

1

T ) S ey n
(2%)"/2|Zi|1/2e 2 , x €R",

filx) =

where u, € R", %; is a symmetric positive-definite matrix, and (.)" denotes transposi-
tion.

Obtaining an expression for the Rényi divergence between two multivariate normal
densities has already been considered in the literature, for example [10, 32]. The work

[10]? presents the following expression:

1
Ra(fill f) = 5 (s — ) (o + (1 — a)T) " (i — )
1 %, + (1 - )]
T2a(a-1) B

Note that in [10] R,(f;||f;) is denoted as B(i,j). In what follows we show that the
Rényi divergence expression presented in Section B.4 is in agreement with the result

above. The expression we obtained in Proposition B.4.10 is

D _ 11 |2j| 1 1 1 Fa)
a(fi”fj)_ 2 n 1= + 2(a—1) n (|A||21|) B 2(a—1)"

withA=ax ' +(1 - a)Z]]._l and

F(a):= [a,u,;ZIi_lm +(1- a)u;.Z;luj}

_ [aZi_lu,i +(1- a)ZI]._luj:| At [aZ}i_lui +(1- a)zj—ly,j] .

As we noted prior to introducing Corollary 1.2.20, the definitions of D, and R, differ

3This was the first explicit formula that we discovered in the literature, which obtains the result for
R,(fillf;); hence the discussion below.
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by a factor of a*, i.e.,
1
R, (fllg)= mlnf f(x)*g(x) " *du(x) .
x

In order to compare the expressions for D, (f;||f;) and R,(f;||f;) we consider aR,,(f;||f;).

Examining the resulting logarithmic term we have

1 laZ; + (1 — a)%] 1 D R DI L bl
— n = n
2(a—1) 1211 2(a=1)  |aZ;+(1-a)%
1. 1% 1 %]

=—In + n .
2 15 2(a-1) |aZ;+(1-a)%

SinceA=a%; '+ (1 - a)ZJ._l, we can write

and
|2j| _ |Zj| _ 1
laZ; +(1-a)%;| Bl A% °

so that the logarithmic terms for both expressions are in agreement. Examining the last
term of aR,, it remains to show that
F(a)=a(l - a) [(u — ) (aZ; + (1 - ) (4 — )]
=a(l—a) | (u—w)B (4 — )] -
Note that

Fla)=u [aZi_l —a’z AT Z]l._l] W

[ (1 - @n - (1 - )Pt 2;1} u,

- u :a(l —a)z AT Z]]._l} w;

- _a(1 — a)ZI]._lA_l 2;1} W

*The definition of Rényi divergence as given by R, is also used in other, more recent, works in the
statistical literature, e.g. [46].
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which in turn can be written as
Fla)=a(1-a) [ (s —w)B™ (1 — )]
—a(l—a) [,UJ;B_l,u,i —i-u,;.B‘lu,j}
+u [an - a?n AT |
+ 1 [(1 ~ g - (1- a)zzj—lA—lzj—l} W,
since
B=%AY; =S A%, & B = AT N =0t AT
Collecting like terms,
Fla)=a(l—a) [(u— ) B (u — )]
+u (oD —o?B AT —a(1—- )BT | g
+ K [(1 — a)ZJ._l —(1- 01)22].—1,4—12].—1 —a(l- a)B_l} u; .
Finally observe that
aZ ' —a’T'ATE T —a(l—a)B 7!
=aXATA- T ATIE T —a(l - )T AT
=aX A7} [A— aZ - (1- a)Z]]._l]
=aX 'AT [A-A]
=0.
Similarly;,
(1- a)Zj_l -(1- a)ZZ}j_lA_lzj_l —a(l—a)B™!
=(1-a)5;'a™ [A ~(1-a)z - aZ]i_l]

=0.
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Thus

Fla)=a(l—a) [(u = )B (s — )] , and aR.(fillf;) = Du(filIf;) -

We also showed in Proposition B.4.10 that above expression for the Rényi divergence
is valid only when A is positive definite, which for a € (0,1) is always the case given
the positive-definiteness of %; and %;. When A is not positive-definite D,(f;[|f;) =
+00. Moreover, we derive expressions for the Kullback-Leibler divergence D(f;||f;) and
demonstrate that the expression for D, (f;||f;) does indeed approach D(f;||f;) as a — 1.
We also consider the special cases of the Rényi divergence between two univariate
Gaussian densities and the zero-mean, unit-variance bivariate case. We present these

results as a remark below with the full derivation included in Section B.4:

Remark 2.2.1. Special Cases of D,(f;||f;):

1. The Kullback Leibler divergence between f; and f; is

= .
D(fIf;) = [l nir e (572 + (- m) Zjl(uf—uj)—n} :

2. For n =1 D,(fi||f;) reduces to

Da(fillf;) = in +2( )ln(aaf-i-(l—a)aiz)

1 a(u; — .uj)z
2a07+(1-a)o? ’

and D(f;||f;) reduces to

O

1

DUfillf) = —2 [ui =P+ 02— 0] + 12,
J
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3. For two zero-mean, unit-variance, bivariate Gaussian densities f; and f; with
correlation coefficients p; and p;,

1 (1-p; 1 1—(ap;+(1-a)p,)?
Da(lef])_Eln(l—plz)_Z(a—l)ln( (1_p]2) ) .

Proof. See Proposition B.4.8, Proposition B.4.4 and Proposition B.4.3,

and Section B.4.3, respectively. O

2.2.5 Univariate Gumbel Distributions with Fixed Scale Parameter

Like Weibull distributions, a general family of univariate Gumbel distributions cannot
be written as an exponential family, but we can again consider a special case, namely

two densities f; and f; with fixed scale parameter §; = 3; = 3:

filx) = ﬁ—le—(x—ui)/ﬁ exp (_e—(x—ui)/ﬁ)
= le */Peti/B exp (—e_x/ﬁe“i/ﬁ) , WER, B>0;x€R.

Let 7; = n; = —e*/F and T(x) = T(x) = e /. If we consider a measure v on X
whose density with respect to the Lebesgue measure is h(x) = T(x)/3 we can rewrite
the density above relative to v in the canonical parametrization (see Definition A.2.2

and the discussion preceding it):

) = g™
where
1
(=1 /P
Leta € R\ {0,1}. If T, € ©, then by Corollary 1.2.20 we have

_ . C(7)) 1 C(Tq) -, 1 -,
D,(fillf;) =In ey Ta iy o (—m) +—In (_m)

C(7;)= = e W/P
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where the natural parameter space is in this case © = {n < 0}. Reverting to the original

parametrization,

e—.U«j/ﬁ 1 e“i/ﬁ
Dy(fillf;) =1In o—ti/B R In aeti/P + (1 — a)et/P

w; — ‘u] 1 eHi/ﬁ
= + In 5
B a—1 aeti/B 4+ (1 — a)ew/P

for aet/P + (1 — a)e™’F > 0.

2.2.6 Univariate Laplace Distributions with Location Parameter Equal

to Zero

We consider the special case of two Laplace densities with location parameter 6 = 0.

Throughout this section let f; and f; be two such densities:

L
fi(x)zge I/ 2 A;>0; xeR.

L

Let 7; =m; = —1/A; and T(x) = T(x) = |x|. We can rewrite the density in terms of its

canonical parametrization:

1
() — (7, T(x))

where
2
C(Tl) == 22.1 .
Let a € R\ {0, 1}. If 7, € ©, then by Corollary 1.2.20 we have

C(7; 1 C . 1 _
(7;) In (Ta)zln&+ 1
Clzi) a—-1 C(%;) n; a—1 mn,

D,(fillf;) =1In
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Since

_ 1 _ A’;
fla = (_i)a‘_m

then reverting to the original parametrization,

L BV LTS YRS B
Ml =gt oy =y e

We derive the Rényi divergence expression for general Laplacian distributions in
Section 2.3.1, and we show in Remark 2.3.7 that it reduces to the above expression

When 01' B 9] == 0.

2.2.7 Univariate Pareto Distributions with Fixed Scale Parameter

We consider the special case of two Pareto densities with equal scale parameter m.

Throughout this section let f; and f; be two such densities:

—(a;+1)

fi(x) =am®x , a;,m>0;x>m.

Let 7; =m; = —(a; + 1) and T(x) = T(x) = Inx. We can rewrite the density in terms

of its canonical parametrization:

1
— (7:,T(x))
(x)= —— s
6= gese

where
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Leta € R\ {0,1}. If 7, € ©, then by Corollary 1.2.20 we have

B C’(T]) 1 C(Ta)
Dlfillf)=In =S+ o7 e

mh* —(n;+1) 1 m’ ™ —(n; +1)
=In + In
—(n;+1) mnt? a=1 [-(n,+1) m"*!

=1n |:m(nj—m)ni + 1:| 4 1 In {m(na—m)ni_ﬂ]
1

’I’]]+1 a— T’a+1
a1 l+1 ]. l+].
= ’r)]-—ni+n 1 lnm+lnn + ln?7 .
-1 n+1 a—-1 n,+1
But since
B +na—m_(a—l)(m—m)+na—m
M= Ty T a—1
a—1
=a_1[(m—m)+(m—m)]=0,
then

n+1 1  nm+1
Dy (fillf)=In + In :
n+1 a—1" n,+1

Reverting to the original parametrization,

a;
In—,
a—1 a

D(fllf) =In =" +
a;

a

noting that n,+1=(n+1), = (—a), = —a,. In the notation of the original derivation
a, = a,, so that the expression above is the same as that obtained in Proposition B.5.4.
As before, the constraints for finiteness also agree with those of Proposition B.5.4. As

mentioned in Section B.5, this result is in agreement with that derived in [7].

2.2.8 Univariate Weibull Distributions with Fixed Shape Parameter

While a general family of univariate Weibull distributions cannot be written as an ex-

ponential family, we can consider the special case of Weibull densities f;, f; with fixed
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shape parameter k; = k; = k:
filx) = kli_kxk_le_(x/’lf)k , k,A;>0;x eR* .

Let T; =mn; = —Ai_k and T(x) = T(x) = x*. If we consider a measure v on X whose

k=1 we can rewrite the

density with respect to the Lebesgue measure is h(x) = kx
density above relative to v in the canonical parametrization (see Definition A.2.2 and

the discussion preceding it):

1
: — (74, T(x))
fi(x) CON ,

where
1 1

— — _ 1k
e B

Leta € R\ {0,1}. If 7, € ©, then by Corollary 1.2.20 we have

LG 1 Cr) - ! — i
D,(fillf})) =In CH +——7ln c(t,) =In (—nj) e (—"fla) '

Reverting to the original parametrization we note that

1 (AR
TN T AR )T Ak
a i ]

Then

D,(flIf)=1n (ﬁ)k+ IR
e A a—1 (Ak)z'

In the notation of the original derivation A, = (Ak)z, so that the expression above is
the same as that obtained in Proposition B.6.1. Finally, note that

T, €O & (1/25), > 0 & (A*); > 0, and so the constraints for finiteness also agree

with those of Proposition B.6.1.
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2.3 Other Distributions

2.3.1 Rényi and Kullback Divergence for General Univariate

Laplace Distributions
Throughout this section let f; and f; be two univariate Laplace densities

1 —lx—6;1/2;
fi(x)zge i A;>0; 8,€R; xeER.

1
Proposition 2.3.1.

A 16, — 6]
i p=16:=6;1/2, i Yj
E; [Inf;] = [mzx + +—)Lj } :

J

Proof.

A 2.

J J

E; [Inf;] = [ In22; — lX_le} :—1n2/1j—iEf[_ [Ix—6)] .

Consider E. [|X -0, |] . LetY =X —0,. Then Y has a zero-mean Laplacian distribution®
and Ej. [|X — 9j|:| = E;, [|Y — ©]], where © = 6, — 6,. Then

Efy[|Y—@|]=f ¥ — @I—e /iy

1
:f CE y)—e Iy1/2; dy_i_f (y _@)ﬁe_b’l/lidy.

Considering © > 0 we can write the above as

J(G y)—e 'y'“ldy+2j (- @)—e Ydy .

Note that

1
f (© —y)ge"y'“fdy =E,(0-Y)=0-E/[Y]=6
R i

>Since the Laplacian family is closed under this transformation and also here we are taking X to have
mean 6;.
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and

OO 1 1 * y—0
—@)—e Y *idy = —),e”®M Ydw , withw =
J@ (y )Zlie y=3he 0 we "dw , with w 1

i >

since the last integral can be interpreted as a Gamma pdf with k = 2 and 6 = 1 over

its support. Thus, for © >0
E,[|[Y —O|]]=0+ 1%,
Similarly, considering ® < 0 we can write

Iyl/lldy_‘_J (y @)—e Iyl/lldy

_2J (©— y)—ey/k dy+[(y @) e~ lkigy
:)Liee/kf we WdW—@
0
=2, -0 .
Putting the two cases together we find
E, [|Y —©]] = O]+ Ae1OV%
= |61 - le +7Ll-e_|9i_9j|/7ti ,
and so
1
Ey [Inf;] = —In22, - P [1X - 6l]
J
1
=—In24; - —E/ [|[Y - ©]]

Jj

6, - 6,1 2,

v Ty T 166/
2 Ta°

J J
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Corollary 2.3.2. The differential entropy of f; is
h(fl) - IHZAie .

Proof. Setting i = j in Proposition 2.3.1 we have

A 0, — 0,
hUQ:—@jmﬂ]=m2M+i%*WmMHJJK—J:m2La
O
Proposition 2.3.3. The Kullback-Liebler divergence between f; and f; is
A 16,—0.] A
D(FlIf)=1n— 4+ 1 4 ZLo-16i=6il/% _ 1
(llF) =I5+ =5+ e
Proof. Using Proposition 2.3.1 and Remark 1.2.4 we have
D(fl”f]) =E [Inf;]— E [lnfj]
A 0, — 0.
=—In2Ae+ mz%+w"ifW”WM+L——Jl
AJ‘ AJ’
A A |6, — 6:]
—n—L 4 ZLelO=6l/a 4 78 T 1
nki + Aje + Py
O

Proposition 2.3.4. Let a € R™\ {1}. Then the Rényi divergence between f; and f; is given

by the following three cases

1. If a = ay := A;/(A; + A;) then

Wil =Ing+ =7 % A\ L+ A H16 -6, )

l J J

2. Ifa#A;//(A;+ 1)) and aA; + (1 — a)A; > 0 then

D miy Ly My
a(fi”fj)— nx‘i‘a_l n az)(,?—(l—a)zkiz

1

p— n Y exp y A, €xp 2, .
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D, (fillf;) = +o0..

Proof. We have

1 a 1 1-a
arl-a _ | _— —(a/A)lx=6;1 | _— —(1—a)/Ai|x—6;|
fés; _(2&.) ¢ (2%) ¢ s

a—1
(A]) 1 [(@/2)]x=6;1+(1—a)/A;1x—6;]]

= — — e

) 2

.

Let 6,, = max{6;, 0;} and 6,, = min{0;, 6;}. Then

-
[:= | e [@/alx=6i+0-0/2x=61] g,
JR
[ Om
— ea(x—ei)/ki+(1—a)(x—9j)/lj dx
J—o0
[ a(x - 6)) (1-a)(x—6))
+J exp —ngn(ej —-0,)+ ™ z sgn(0; — 6;) | dx
O i j
o0
+ e—[a(x—ei)/Ai'i‘(l—a)(X—Qj)/lj] dx .
Jo,
Note that,
O Om
Il ::f ea(x—Qi)/li+(1—a)(x—0j)/lj dx = e—GOJ e?tox dx
where
ar. 0, + (1 —a)A0; al; +(1—a)i;
0o — 4 ! 5 and )('0 == ! 5
AiA; AiA;
hence
00 ifA, <0,
I, =
exp (1,0, — 6
P (%0 = 60) if 1,>0.
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Similarly,
L6 A=) =6, OO if 4 =0,
— A0
Ouy eXP(o OM) if 4> 0,
Ao
Since
alt;+ (1 —a)A; a0, +(1—a)A 0.
A0 — 0 = — 0 — —— —
ar;(0,, —6,)+ (1 —a)A,(6,,— 6;)
AiA;
and
ari (6, —0,)+ (1 —a)r(6,, —0O;
OO—AOGM:— ](M ) ( ) (M ])'

A

Then for 6, = 6,, we have

exp (1g6,, — 6,) + exp (6, — A,0),)

(1—a)(6, - 9]') _a(ej —6;)
= exp s + exp —
] i

((1—a)(9i—9]~)) (a(Gi—Oj))
= exp s + exp >

J

while for 6; = 6,, we have

exp (A0, — 6,) +exp (6, — Ao0y,)

— exp (a(Qj - 91‘)) ©exp ( (1—a)(0; - 9;))
B A - A

J

_exp (—a(Gi - 9;)) texp ( (1-a)(6, - Gj))
B Py - 2; ’

J

which together imply that

exp (A6,, — 0,) +exp (6 — A,0))
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Thus, for A, > 0, we have

A0, —6,) + 6, — A, 0
Il+I3:eXp( 0Ym O)AeXP( 0 0 M)
0

= Aty ex —alei_9j| + ex —(1—a)|9i_9j|
T+ (- [T Y P Py '

_alx—6) (1—a)(x—6;)

i Aj
a(x—0,) (1-a)(x—06;)

Om
= J exp [ngn(& —0,)— 0 sgn(6; — Gj)] dx

gn(6; — 0,) +

J

sgn(6; — Qi)) dx

i j
a(x — 6,) ﬂ—aXx—@q)
— ™ dx

i j

sgn(6; — 0,) |:

where

ar.0,+ (a—1)A,0. . oA+ (a—1A
iVi iYj j i
d A=
A, - P

L

0=

and so

I, = exp (—sgn(@i — Qj)é)
exp (sgn(@i — ej)ieM) — exp (sgn(@i — Oj)QNLQm) 5

sgn(6; — Gj)i 70
(O = 6,) =0
exp (sgn(@i — Gj)(iGM - é)) — exp gsgn(Gi - 9]')(19,,1 — é)) P40
— sgn(6; — 6,)A
|6; — 6;] exp (—sgn(@i — Oj)é) A=0

with the obvious assumption of 6; # 6.
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e Consider first the case A = 0. Note that

- A
).:0<:>akj+(a—1)ﬂ,izo<:>a:ao::m,
i J

and we see that A = 0 occurs only for a € (0,1) since A;,A; > 0. Thus A=0=>

Ao > 0 (being in this case the convex combination of two positive numbers) and

all of I, 1, and I; assume finite values. Hence
I :J e_[a/li|X—9i|+(l—a)/lj|x_gj|] dx
R

:I].+I3+IZ

= My ex —alei_ejl +ex —(l—a)lei_ejl
Tan+(A-an |OF 2, P Y

J

+16; — ;] exp (—sgn(@i - Qj)é) .

Since
i 1 )LJ'
= = — =
TR YT
é:a%Q+W—D%@: 1[&%&_k%@}:&—%
AA, Ak (Mt Ay A+ A A+A
At Q- = Ah 2
M e T A Mt
and
a 1 . 1—a
A At A Ap
we have
= exp _Ai+7tj +16; — 0;|exp | —sgn(6; — j)li-l-lj

16; — 6]

J
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Finally,

D, (fillf;)

L b frfrldx
a,—1 g

ag—1
v A L[ - T@orro-ei+a-ao/2,1x-6/1] g
22 Ju

=In—--——1n 27, P gy [Ai+2;+16,— 6]

i j
A A A+ A; 24,
=In— n .
e If A #0and A, > 0 then
_exp (sgn(@i — Gj)(iQM — é)) — exp (sgn(@i — ej)(iem — é))

1

2

sgn(6; — Gj)i
Since
_ akj(eM —0,)+ (a— 1A, (60y — 9]')
B Al
and
~ . ari(0,—6,)+ (a—1)A,(6,, —0;
16, — g = 0D+ (@= DA, = 6)

A

then by considering the two cases 6, = 6, and 6, = 6, as before we see that

2= 5 exp %, exp Y .

43
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Thus

I:Il+13+12

1 6; — 6]
:A—O[exp(—a Py )+exp( 1—a) )]
-I-l[exp(—(l_a)le |) exp (—al@ J)]
A A

]

1%~ 6 [1 1}+ (1 )lei_j| [1+1}
=exp| —a —— = exp| —(1—a —+ =,
p A’i A'O A p A’] A’O )L
where
1 +1—ML i 1 N 1
Ao A ij_a?uj+(1—a)7ti ad;+(a—1)A,
Aa 20A7;
= A azka.—(l—a)zkiz
2222 g
a’2A? = (1 —a)?A? A
and

11 [ ea-an
- (1—a)zkf—a27tjz.

22— (1—aPA2 2,

Hence

2225 « ([ (-2l6-6]\ 1-a (-al6 -0
22— (1 -al2Z |2 " Py T LT :
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Finally,

D (fIIfJ

J fafl 2 dyx
1
— nl | = | e [@ax=6il+(1-a)/2;lx=6;l] g5
a—1 Ai 22 )

_IAJ+1 I
A -1 22,

may o by
B Z -1 azk? —(1—a)*A?
1

N (2 (1—a)l6; — 6, 1-a —al6;, — 6;|
a—1 1 Aiexp A’j Aj =xP 7(,1- |

o If A, <0 then I; = I; = 00, and since this case can only happen for a > 1 (given

J fiafjl_a dX = 00
R

A; and Aj are positive numbers), then

1
Da(fi”fj): a—1 In

Remark 2.3.5.

lim D (fllf;) = DUlf;) -

Proof. Note that the term

7L~7tz. a 1 )|9i—9]-| (1-a) 16; — 6]
22— —al2Z |2 " YT A P\ T

1

approaches 1 as a — 1. Grouping the second and third logarithms in the expression

for D, above we see this attains an indeterminate limit. Applying 'Hospital’s rule we
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can rewrite the limit as

lim
all

_2aA§ +2(1 - a)A? . g'(a)
azka. —(1-a2?  gla) |’

where

(a)'—gex —(1—a)|9i_9j| —(l_a)ex —a|9i_9j|
B3 P e A P py

and

o) = a )|9i_9j| 1 +a|9i—91|
g'(a)=-exp a » y 2k,

] A

16, _Gjl) [ 1 —a)|9i—91|}
+ :

+ exp (—a Fy e vy

J

Then, with @ — 1 we have g(a) — 1/, and

ST T TP py

L 4

Finally,

. Aj
loggllDa(fillfj) =In % 2
16

L 1+|9i—9j|+1 i — 05
R M W 2,

Ao 16,-6] 2, 6, — 0,
=1n—1+g+—exp(—| ]|)—1

A A A A

A ] ] 4

as given by Proposition 2.3.3.
Proposition 2.3.6. D, (f;||f;) is continuous at a = A;/(A; + A;).

Proof. Let ay = A;/(A; + A;). Since

A A AEA

1

)

46
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we see that both the terms

@ex —(1—a)|9i_9j| —(1_a0)ex —-a lei_ejl
2, p 0 Py Py p 0 2;

J J

and a%? — (1 — a)*A? approach 0 as a — a,, the limit

o a
amvay a’A? = (1—a)?A?

J J

-gex _(1_a)|9i_9j| —(1_a)ex _a|9i_6j|
2, P 2, 2, P 2;

has an indeterminate form. Applying 'Hospital’s this limit becomes

| 2i22g/(a)
lim 3 5| >
a-ao | 2045 + 2(1 - a)A;

where

g(a) =exp a Iy Y A,

J

LR Y R
P 2, 2, A, ’

]

(defining g(a) as in the proof of Remark 2.3.5). But

lim ¢'(a) ( |9i_9j|)(1+1)|:1+|9i_9j|
mgla)=exp| — - -— -
a—ag A’i + A’] A’i A A’i + )(,]

J

= em(———JJ[&+%+M—@ﬂ

A A+ A
and
L A A2
(}LI’BO akj + (1 - Cl)),i = ZW = 2A’i)’j .

l J

)

|

2

)

47
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Thus,

N
amvgy a’A? = (1 —a)?A?

6,-61\ (- 6,6
(o (om0t S5 (o5

i =0 3 42110 —0
_Zkiljlik.eXp _Ai-i-lj [ it A +16, - j|]
1

J
16; - 6
= o exp (— vy [Ai+2;+16,-6,1] .

1

Finally, by the continuity of the logarithm on (0, co),

lim D, (£1f)

:ln&+ ! ln(iexp (—|9i_9j|) [7&-+7&»+|9»—9»|])
A ag—1 \ 22, Ai+ A A
zlnﬁ_ki—kkjln( 1 exp(_|9i_9j|) [A-+A-+|9-—9-I])
A A 22, Ai+A; b b
:lnﬁ+|9i_9j|+li+kjln( 22 )

A; A A Ai+A+16,-6; )7

which was indeed the value we obtained for D,(f;||f;) when a = A4;/(4; + A;) in Case

1 of Proposition 2.3.4, as expected from the continuity of D,. ]

Remark 2.3.7. 1f we set 6; = 6, = 0 in Proposition 2.3.4 we obtain

DL(IIF) =Tn 2 4 ——1 M b—n| o
AR ey M @) a1 & A

NN

2 1 XJLJZ. ad; —(1—-a),
=In—+ In

A a—1 a’A? — (1 —a)?A? Ak
ok A
_nki OL—1n ad;+(1—a)r,
4 A N 1 A
I P R
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since A, := al;+(1—a)A; (see Section 2.1), which is consistent with the result derived

in Section 2.2.6 using the expression for exponential Families.

2.3.2 Rényi and Kullback Divergence for Cramér Distributions

We consider here the distributions identified by Song [57] as Cramér®. Let f; and f; be

two Cramér densities:

0.
S = oq ey %% xS
Proposition 2.3.8.
| 0; 26, | 0; 0. %0
n—-— _ n— 1 i J
E;[Inf;] = 62 6,—6. 6

Proof.
9}' 91’
E [Inf]=E; In— - 2In(1+ 6;X]) | = In—- —2Ej, [In(1+6,1x])] ,

where

0;In(1 + 6;|x|) J 0;In(1 + 6;x)
dx = _
R+

E; [In(L+ 61X D] :J 2(1 + 6,]x])? (1+ 6;x)?

R

If 6; = 6, = 0 then

0,In(1+ 6,x)
—zdx: We_WdW:].,
Rt (1 + le) Rt

we w = In(1 + 0x), and the above corresponds to the integration of an exponenetial

pdf over its support. Now let 6; # 6,. Then

6;1n(1 + 6,x) “In(a(u—-1)+1)
———dx =
e (14 6x)? . u?

du, a=0;/6;, u=1+6,x

[e9]

u(au —a+ 1)du} ’

1

= |:—11n(au—a+1)+aJ
u

6See footnote 1 in Chapter 2
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where we have used integration by parts. The first term vanishes at both limits and for

the second term we can use the partial fraction decomposition

1 _ 1 1 a
ulau—a+1) 1—al\u au—a+1)"

6;In(1+ 6,x) a *r1 a
= ———— | du
e (1+06;x)? l1-a), \u au—a+1
a u 00
= In
1—a au—a+1/1

a u
_ [nm In (—) _o}
1—a [u>x au—a-+1

Then

where 'Hospital’s rule has been used to evaluate the limit. Thus

91'
EglInf] =In— - 2E; [In(1 + 6,1x])]

md 2% 0% e s
_ HE_Qi—Gj ne—j if 0, # 0;
0 .
2

Corollary 2.3.9. The differential entropy of f; is
h(f;) = 2—In% .
2
Proof.

h =—F.(1 — 191' 2] =9 191‘
(fi)——fi(nfi)——(na_ )_ -
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Proposition 2.3.10. The Kullback-Liebler divergence from f; to f; is

+6 6
—0. "o

i J J

0
DUl =

Proof. Using Proposition 2.3.8 and Remark 1.2.4 we have

D(fl”f]) =E; [Inf;]— E; [lnfj]

-2 27 6-0, 0
L2000, 6
“'Te-e ) "2
“0-0, 6
0
Remark 2.3.11. Note that

. . (9i+9j)1ng—; e+ o
gim DUl = Jim | —5 =5, 2| =dim |~ tIng | 7250

as expected.

Proposition 2.3.12. Let a € R* \ {1}. Then the Rényi divergence between f; and f; is

given by the following cases

1. Ifa=1/2 then

6, 6, 6;
Dl/Z(finj):lna‘i'zln In— | .
j

0,—6, 6

2. Ifa#1/2 then

5 _ 0, L 0, ) 0,\*"
a(fi||fj)—n5j+a_1n 2a—1)(6,— 6,) - a .
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Proof.
Fofl-a = 0; ’ % -
A 21+ 00xD? ] [ 2(1+ 6;1x])?
_— nanl—-a 1 1
—Yi'Y; 2(1+9i|x|)2a (1+9j|x|)2—2a
- Qi a—1 91'
= Qj 2(1+9i|x|)2a(1+9j|x|)2_2a .
Now
0, d
20T+ B P(L + xl 2

0.

1

=2 d
fw 2(1+ 0,0 )2%(1 + O, )2 2

[e's) 1 2a 1 2—-2a
= (2] ([————— du, u=1+0x,a=0./6
J1 (u) (1+a(u—1)) wod +0ix, a=6,/6

0 2-2a
% 1
=| v —-—-— vidv, v=-—
J1 v(il—a)+a u

1
:J [v(1-— a)+a:|2“_2 dv .
0

52

Since we exclude the case @ = 1 the exponent in the integrand above is nonzero.

Suppose a = 1/2. Then

1 1 1
2a—2 _
L[V(l—a)+a] dV—fo —V(l_a)+adv

= L In(v(1—a)+a)
1—a

1

0
Ina
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Thus
Dl/z(finj)
o ()" o)
e n - Tea X
a—1 0, 2 2(1+ 6;|x[)**(1 + 6;]x[)*~2 a=1/2
Y
_HQJ- n Gi—Gjnej .
Ifa#1/2
1 1 1
[v(1—a)+al** *dv= VA -a)+ay
L (1-a)(2a—1) 0
1
_ 1— 2a—1
(1-a)2a—-1) [ : ]
2a—1
(2a—1)(6;, — 6;) 0 ,
and

5 _ 0, L 0, . 0,\*"
a(fi||fj)—n5j+a_1n @a—16,-6) |~ o :

Remark 2.3.13.

lim D, (fillf;) = DCfillf;) -
Proof. Since the term

91- L i 201
(2a —1)(6; — 9]') 0;

approaches 1 as a — 1, we see that the second term in D,(f;||f;) is of indeterminate

form. Applying 'Hospitals rule

. 0, .
lggDa(fi”fj) =In— +1;gl [—

2 g'(a)
0, ’

2a—1 g(a)
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where
2a-1 2a—1
J / J 9]
gla):=1—-| = ,and so g'(a)=-2 o In—
Then
. g'(a) 6, 6, 9 6; 0;
1 —Iln<L=2 In —
ant g(a) 0.—0,0, 6, 6,-6, 0°
and

lim D —1@ 2 % 1@ 2
o fillf)) = ngj‘i‘ o_0 Mg~

t J J

= na T@] —

J
640 6
~6,-6,6,

J J

which is the expression for D(f;||f;) obtained in Proposition 2.3.10, as expected.

Remark 2.3.14. The Rényi divergence is continuous at a = 1/2.

Proof. For a =1/2 the term

Gi 9]' 2a—1
y [

is of indeterminate form. We proceed to evaluate the limit with I’'Hospital’s rule:

0. 0. 2a—1
lim . 1— (2
a—>1/2 (2(1 - 1)(91 - QJ) Gi
_ 0; lim g'(a)
N 0, — Gj a—1/2 2

G 26,
“6-0| 20

54

]
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with g(a) defined as in Remark 2.3.13. Thus by the continuity of the logarithm function

0, 6,—06, 0

J i J J

. 0; 0; 0;
11r11}2Da(fi||fj)=1n—+21n In— |,

which is indeed the value of D ,(f;||f;) given in Proposition 2.3.12. O

2.3.3 Rényi and Kullback Divergence for General Univariate Pareto

Distributions

In this section we take f; and f; to be two Pareto densities with generally different

supports:

filx) = aim?ix_(aiﬂ) , a;,m;>0;x>m;.

Proposition 2.3.15. The Kullback-Leibler Divergence berween f; and f; is

a;
m; a, a;,—a;
In (—l) +In—++ - :
m; a; a;

J J

if m; = my, and oo otherwise.

Proof. If m; < m; then D(f;||f;) = oo by the definition of the KLD. Suppose from now

on that m; > m;. We have

E; [lnfj] =E; [ln (ajm?j) —(a; + 1)lnX] =In (ajm;lj) —(a; +1)E; [InX] .
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Now
Efi [InX] = J aim?ix—(a&l) Inxdx
1 [e ] 1 o0
= aim?i —— x %lnyx + — J X_(ai+1)dx
4 m; 4 m;
amim “lnm, 1~
— i i + = aimilx—(ai+1)dx
a; a; m;
=lnm;+—.
i
Thus
a; 1
E; [lnfj] =In (ajmjl) —(a;+1) [lnmi + =
1
m;\ 9 a; a;+1
=ln(—J) +In-L - - ,
m; m; a;
and

D(fz”f]) =Ey, [Inf;]— E [lnfj]

m; (a;+1) m;\ Y a;
=—|(ln—+ —|In{—] +In—
a; a; m; m;

1

@
m; \ "’ a; a;—aq

=In| — +In—+ .
m; a; a;

Next consider we the Rényi divergence.

a:

1

aﬁ—l}



CHAPTER 2. CONTINUOUS KULLBACK AND RENYI DIVERGENCES

57

Proposition 2.3.16. Let a, = aq; + (1 — a)a; and M = max{m;,m;}. The Rényi diver-

gence between f; and f; is

m a; 1 a;m;"
In +In—+ In for a €(0,1)

aj; _ a
mjf a a—1 a,M%

a;
m; \ "’ a; 1 a;
Da(fi”fj):{ll’l(—) +In—+ In— a>1,m>m; anda, >0

a; a—1 a,

00 otherwise

Proof. Note that if a > 1 then the integral

J fiafjl_adx

is co (and also D,(f;||f;)) for m; < m;. Also, for a <1 the integrand is nonzero only if

x > max{mi,mj} := M. Let’s suppose that a > 1 and m; > m;. Now

a:

a;

a—1
_ (. a a _(q. l1-a i . (1-a)a; _
fiafjl a_ I:aim?lx (al+1)] I:ajmjjx (a]+1):| — (_) aim?almj a1 ’

where a, = aa; + (1 — a)a;. If a, <0 then

ffi“ff_adx:Af xtldx =00, (A>0)

m;

X >m;

and since nonpositive a, only occurs for a > 1 we have D,(f;||f;) = oo as well. Now, if



CHAPTER 2. CONTINUOUS KULLBACK AND RENYI DIVERGENCES 58

a, > 0 then
-1 0
arl-a a; aq; (1-a)g; a,—1
f; f dx — a;m; 'm; x% dx
a -
a—1 00
a; o (1—-a)a; a; _
= (_) mf‘alml J—a(x aam?axaa 1dx
a; agm;” J .
a—1
_ & aa;—a, _(1-a)g; &
= m; mj
Clj a,
a—1
_ & (a—l)ajm(l—a)aj&
= ; j
a]- a,
a—1 (a—1)q;
(ai ) (ml) .
a]- mj a,

Then

m, \ a; 1 a;
D (fillf)=In|{— | +In—+ In— .
m; a a—1 a,

Note that setting m; = m; we get the earlier result for equal supports given in Sec-
tion 2.2.7. Lastly, consider the case a € (0, 1). In this case a, is automatically positive,

and we have

where M = max{m;, m;}. Hence

D, (fillf;) =
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which agrees with the above result for m; > m;. In summary we have

a; a;
I R L
- +1ln— n

% a a—-1" aM%’

J

In

ae(0,1)
m

M = max{m;, m;}

a—1 a, 7

D, (fillf;) = 5
In (

m; \ "’ a; 1 a;
—1) +In—+ In— a>1,m>m;, anda, >0

00 otherwise

Remark 2.3.17. To verify that we do obtain D(f;||f;) as a T 1 observe that for M = m;,
the expression for D, (f;||f;) is the same for all a > 0 (a # 1). Then, by 'Hospitals rule,

1 a 4~
lim In—=
alla—1 a a

a

Moreover, note that for m; < mj,

a; a;
. qmy’ m;
lim —=|—] <1,
atl a,m.* m;

hence

2.3.4 Rényi and Kullback Divergence for Uniform Distributions

We consider two uniform densities f; and f;

1
fi: a,ai<x<bi.

i i
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Proposition 2.3.18. The Kullback-Leibler divergence between f; and f; is

D —1 4
(fi”fj)_ nbi_ai .

for (a;,b;) € (a;,b;), and oo otherwise.

Proof. Assume that (a;, b;) S (a;, b;) since, by definition, the KLD is co otherwise. Then

a.
D(fllf;) = Ey, [ln(fi/ff):l =In bJ. —aJ )

i i

]

Proposition 2.3.19. Let b,, = min{b;,b;} and a,, = max{a;,a;}. Then the Rényi di-

J ™

vergnce between f; and f; is

( b; —aq; 1 b, —ay
1nb-—a~+a—1ln b —a ac(0,1), b, >ay
_ b;—a;
Dy(llf) = { 1n = a>1,(a,b) < (a,b).
\oo otherwise

Proof. We calculate the Rényi divergence using the same line of argument as in the

Pareto case. For a € (0,1) we need to look at two cases. If b,, = min{b,,b.} < a), =

J

max{a;,a;}, then

inafjl—adx =0 ,

hence

D,(fillf;) =

a —

1 arl-a
1ln ff; fdx=o00.



CHAPTER 2. CONTINUOUS KULLBACK AND RENYI DIVERGENCES 61

Suppose then that b,, > a,,. In this case,

L TR A B
a .1—ad — d
Jfl i JaM (bi—ai) (bj—aj) 3
. b] - Cl] ol bm - aM
- bi - ai bi - al' ’
For a > 1 the integral above is finite only when (a;, b;) € (a;, b j)7. In this case
bi 1 a 1 l1-a
a .1—ad — d
ffl i fa (bi—ai) (bj_aj) *
bj _ aj a—1
- bi - al’ ’

b;—a; 1 b, —
(ln I T4 In — G

bj—a;, a—1  b,—aq; ’

Thus,

a<c(0,1), b, >ay

bm = min{bi» b]} > Ay = max{ai:aj} s

Da(fi”fj):< b: —a:

a>1,(a;b;) C(aj;,b;).

| otherwise

]

Remark 2.3.20. Note that D,(f||f;) = D(fllf;) for @ > 1. To verify that D,(f:[|f;)
approaches D(f;||f;) as a T 1, note first that (a;, b;) C (a;,b;) & ay = q; and b, = b;,
in which case the expression for a € (0,1) is the same as D(f;||f;). Suppose then that
(a;, b;) # (ay,, b,,). If b,, > a,, then

0 bn—ay b;—gq 1
< < =1,
bl'_ai bi_ai

7Inclusion here is strict since it is tacitly assumed that (a;, b;) # (aj, b))
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hence
lim D, (£1f;) = o0 ;

and if b,, < ay, then D,(f;[|f;) = oo for all a € (0, 1). Thus the limit is verified.

2.3.5 Kullback-Liebler Divergence for General Univariate

Gumbel Distributions

It is possible to derive the Kullback-Leibler divergence (Rényi divergence for a = 1)
without the assumption of a fixed 8 value made in Section 2.2.5. Throughout this

section let f; and f; be two Gumbel densities

filx) = ﬁi_le_(x_“i)/ﬁi exp (—e—(x—ui)/ﬁi)

= ﬁi_lwie_wi , W= e~ (x=ui/Bi wER, B;>0;xeR.

Proposition 2.3.21.

ui—u; B e [ Bi
E. |Inf.|=—InpB; + ——y—e(“J Sy (—+1) .
5 [1nf] ’ B; B; B

Proof.
E; [Inf;] =E; [~Inf;+InW; - W]
=—Inf;+E;, [Inw;] —E; [W;] .
Let r > —f3;/f;. Then

Ej,

i [W)r] :f ﬁi_lwi(x)e_wi(x)wj(xy dx .
R

Note that

wi(x)=e WP = x = —B.Inw, + u; = dx = _h dw
w

i

i



CHAPTER 2. CONTINUOUS KULLBACK AND RENYI DIVERGENCES

and

w; = e~ (x—u)/B;

— exp (_ [—/51‘ Inw; + y; —Mj] )

B;

= exp (gl nw; + Mj[;‘ui)
j j

Wfﬁi/ﬁf) e(.U«j—Mi)/ﬁj .

Also, x — 0o = w; — 0 and x — —00 = w; — oo since f3; > 0. Thus

0
o0

w;

= er(uj_ui)/ﬁjf e—wiwfrﬁi/ﬁj) dw,
Rt

— o u/ByT (ﬁ n 1) .
B;

v [ B
Efi [VVJ:I = eWi—1)/BiT ([5_ +1 .

J

Then,

Also,

E; [lnw;] = %Eﬁ_ (W] y

:% |:er(.uj—ui)//5j1" (rﬁ—ﬁl-i-l):|
- [erwj—ui)/ﬁj (Mjﬁjul (ﬁ_ﬁjl+1) o ([sl

B;
[5] —|— [5]1" (D
Ui — W _ Bi

/D’j ﬁ—jY s

)

) dw;

B
B

).
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where y is the Euler-Mascheroni constant introduced in Section A.3.1. Finally,

E, [1nfj] =—InB;+E, [lnwj] ~E; [W]]

:—1nﬁ+ __')/_e(“] Mz)/ﬁ]]_" (_+1) .
’ ﬁj ﬁj /5]'

Corollary 2.3.22. The differential entropy of f; is
h(f)=Ing;+y+1.

Proof. Setting i = j in Proposition 2.3.21 we have

h(f)=—E; [Inf;] = - [—mﬁi + “i[;i“i = %y — e(HH/BiT (% + 1”

=Ing;+y+TI(2)

=Inp+y+1.

Proposition 2.3.23. The Kullback-Liebler divergence between f; and f; is

D(fl”fj)—hlZ (g—:—l) _|_e(.U«j_Mi)/ﬁj1" (ﬁ_j+1) -1.

Proof. Using Proposition 2.3.21 and Remark 1.2.4 we have

D(fl”.f]) =E; [Inf;] - E; [lnfj]

= — [lnﬁi+y+1]

Zj +y (%_1) +e(.U«j—Mi)/ﬁjl" (%4_1) —1.
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Remark 2.3.24. If we consider the expression for D,(f;[|f;) in the case 3; = B; = B,
which we derived in Section 2.2.5, then we find

ui/B _ oui/B ui/B _ ouil/B
¢ ¢’ T ewm_1,

EE% Da(fillf;) = _(1112} aetil/f 4+ (1 — a)et/P - eti/ B

where we have used 'Hospital’s rule to evaluate the indeterminate limit. As expected,

this is also the expression obtained by setting 3; = 8; = 8 in the Proposition 2.3.23.

2.3.6 Kullback-Liebler Divergence for General Univariate

Weibull Distributions

It is possible to derive the Kullback-Leibler divergence (Rényi divergence for a = 1)
without the assumption of a fixed k value made in Section 2.2.8. Throughout this

section let f; and f; be two univariate Weibull densities
filx) = kil;kixki_le_(x/li)ki , kA >0;x eRT .

Proposition 2.3.25.

k; |
E; [Inf;] Z(kj—l)ln%+ln%— (kj—l)kli— (%) r (1+%) :

J J

Proof.

B, [Inf;] = E, ln(kj%k])+(’<f‘1)mx‘(7j) ]

=In (k;4;) + (k; = 1) By [Inx] = 2,V E;, [X4] .
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Let r > —k;. Then

i

E; [X"] :J x" kiki_kixkf_le_("/lf)kidx
]R+

Also

d d
EEfi[X]:E{EX } = E[X"InX] .

Thus

d
E[XInX]= — £ [X']
r=0

a1+ )+ L (141
g T ) T k.

r'(1)
k.

1

r=0

=T(1) InA, +

¥
k,’

1

== 11‘17Ll -

where y is the Euler-Mascheroni constant introduced in Definition A.3.3 and by

Proposition A.3.4, I'(1) = —y. Thus,
B, [nf,] =10 (k,2;9) + (k= 1) B, [InX] - 4, E;, [x*]
=In (k;A,") + (k- 1) (m/xi - kl) -2 (1 + %)

A

k; .
zlnkj—kjlnxj+(kj—1)1n/xi—(&—1)%-(A—f) r(1+?{>
k; : k.
J
= (k; —1)1n—+1n (k —1)k ( j) (Hk_i) ,
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Corollary 2.3.26. The differential entropy of f; is

h(f) =1 Ai+ P
fi_nk‘ k. Y

1

Proof. Setting i = j in Proposition 2.3.25 we have

h(f,) = —E; [Inf;]
7(,1- ki A’i k; ki
ke mgeni -Gt () r(g)

k; Y
-

i i

=1 Ai+ ] +1.
% k)7

L A

Proposition 2.3.27. The Kullback-Liebler divergence between f; and f; is

5 (k2 N\ k—k (A kfr LRY
(fillf;) =1n k| 7 + K + % +k_i —-1.

Proof. Using Proposition 2.3.25 and Remark 1.2.4 we have

D(fz”f]) =E [Inf;] - Ef»[lnfj]

nk——(k —1)——1

l

[(k]—l)ln—‘Hn (k_l)k (,)kj (HZH

ki ki—1—k;+1 k11A llkjr1
o ) Frkim 1ok D G- Din g+ 2 *
A
A

|2

]

=n(
(5[] )ortte (3) e (1) o

67
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2.4 Tables for Continuous Rényi and Kullback
Divergences

We summarize the results of this chapter in Table 2.2 and Table 2.3, where we present
the expressions for Rényi and Kullback divergences, respectively. The densities asso-
ciated with the distributions are given in Table 2.1. The table of Rényi divergences
includes a finiteness constraint for which the given expression is valid. For all other
cases (and a > 0), D,(f||f;) = co. In the cases where the closed-form expression
is a piece-wise function the conditions for each case are presented alongside the cor-
responding formula, and it is implied that for all other cases D,(f;||f;) = oo. The
expressions for the Rényi divergence of Laplace and Cramer distributions are still con-
tinuous at a = 4;/(4; + ;) and a = 1/2, respectively (as shown in the corresponding
sections of this work).

One important property of Rényi divergence is that D, (T(X)||T(Y)) = D (X]||Y)
for any invertible transformation T. This follows from the more general data process
inequality (see [60]). For example, the Rényi divergence between two lognormal den-
sities is the same as that between two normal densities, hence the absence of the former

in the tables.

Table 2.1: Continuous Distributions

Name Density Restrictions
xa—l(l _ x)b—l
Beta B(a.b) a,b>0; xe(0,1)
a,
21—k/2xk—le—x2/202
Chi oc>0,keN; x>0

o' (3)
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Name Density Restrictions
% 24/21(d /2) ’
C < 0 6>0 R
ramér —_— >0; xe
2(1+ 9|x|)?
1 & .
Dirichlet — | | x acR? q >0,d>2;
zolil k
X € Rd, Zxk =1
Exponential Ae x A>0; x>0
G X le 0, k>0 0
amma _ c>0,k>0; x>
0k (k)

Multivariate Gaussian

o3/ ET (e —p)

@ry Iz

neR";x e R"

2 symmetric positive definite

Univariate Gaussian

o~ (x—u)*/20?

oc>0,ueR;xeR

V2mo?
e—%x’é_lx 0
Special Bivariate — pe(-1,1),¢=
_ /2 J >
21(1 - p?) o 1
Gaussian x € R?
= (x—i)/B p—e TP
Gumbel eER, f>0;xeR
ﬁ M
2 2 2 2)
Half-Normal —e X%/ c>0; x>0
o
1 —|x=01/2
Laplace ﬁe X A>0,0€eR; xeR
x2
2 x%e 2?2

Maxwell-Boltzmann

T o3

oc>0; x>0

69
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Name Density Restrictions
Pareto am®x (et a,m>0;x>m
: X omx?/20?)
Rayleigh —e o>0; x>0
o
. 1
Uniform 5 a<x<b
—a
Weibull kA ke 2> 0; x eRY

Table 2.2: Rényi Divergences for Continuous Distributions

70

Name D, (fillf;) Finiteness

Condition

B(aj, b;) 1 B(ay, by)
n In
B(a;,b;) a—-1 B(a;by)
a, = aa; +(1—a)aj, by =ab; + (1 — a)b;

Beta

Ay, by >0

oy T(k;/2)

oS (k;/2)

1 [ T/2) (oio] fal?
n

a=1"\ of'T(ki/2) \ (0?);

(02)”; = aof +(1- a)a?, ke = ak; + (1 — a)k;

Chi In

+

(02)>0,ky>0

r(d;/2) 1 r(d,/2)
27 m(l"(di/Z))+a—1ln(r(di/2)) de>0

d, = ad; + (1 —a)d;
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Name Dy (f;llf;) Finiteness
Condition
Cramér Fora=1/2
oo G
Po, T 6 =6, o
Fora #1/2
2a—1
ORI CIS O
0 T a—1 | T (60— 0)2a-1)
B(a;) 1 B(a,)
Dirichlet In — 1 Z 0 Vk
irichle nB(ai)+a—1 n(B(ai)) aq, >
a, =aa; +(1-a)a;
E tial Inlq 1 _p 2 Ag >0
xponentia n R n 7 o
Ay =0adi+(1—a)i;
r(k))6,’
Gamma In -
INGH
1 (k) [ 6:6;)"
+ In| — " 6, >0and k, >0
a=1"\0fT(k) \ 6a
0, =ab;+(1-a)o;, k,=ak; +(1—a)k;
Multivariate a , 2
o (b = 1) (2" (bt — 1)
Gaussian

1 e
2a—1) T

(Z) =axj+(1-a)x;

az 4+ (1- a)Z]j_l

positive definite
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Name Dy (f;llf;) Finiteness
Condition
Univariate o; 1 o? 1 a(u; — u;)?
In—L+ In 21* + - 12*1 (02)Z>0
Gaussian oi 2a-1) G 2 (0%,
2y _ o 2 2
(o), = ao; + (1-a)o;
Special )
11 (1_Pj) 1 | (1—(p2)2) oz<I>l._1+(1—Ot)<I’j_1
Bivariate -ln 5 |~ n 2
2 1- P; 2((1 - 1) (1 - p]) positive definite
Gaussian
py,=ap;j+(1—a)p;
Gumbel

Fixed Scale

Wi —‘uJ 1 e.ui/ﬁ i
B Tl (en 7). (7)o >0

(Bi = Bj)
(el-"i/ﬁ)a = qeti/P 4+ (1 — a)et/P
Half-Normal lnﬁ + ! In ( 012. )1/2 (02 >0
o a—-1 |\ (%) *
(02)2 = aaf +(1- OL)Gi2
Laplace For a =2;/(A; + A;)

2 |9i—9]-|+xi+/1]~1 ( 22 )

1 =
T T 2 A+ 2 +16;,— ;]

j j
Fora # 4;/(A;+2;) and aA; + (1 —a)A; >0
A1 ( 222 g(a)

In—L +
azljz. —(1-a)*2?

1
A‘i a—ln

1—a 91—9 1-— —a9i—9‘
where g(a) = gexp (—( ) ]l) — ¢ exp (M)

Y A; 2] A
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Name Dy (f;llf;) Finiteness
Condition
Maxwell o; 1 U? 3/2
3ln—+ In v (02)Z>0
Boltzmann o; a-l Ca
2y _ o 2 2
(o), = ao; + (1-a)o;
Pareto For a €(0,1)
a; a;
m;' a; 1 a;m,;"
In—( +In—+ In ,
ij a a—-1 a,M%
M = max{m;, m;}
For a>1,m; > mj, and a, = aq; + (1 —a)a; >0
m; 4 a; 1 a;
In{ — +In—+ In—
m; a a—-1 a4
Rayleigh om 4L % (02) >0
aylei — >
ylelg noi a—1" (o) 7 a
(o2), = aaj? +(1-a)o?
Uniform For a €(0,1) and
b,, = min{b;, b;} > ay = max{a;, a;}
b;—a; 1 b, —a
In—t 1 2m M ,
bi —a; a—1 bi —Qq;
For a>1, (a;, b;) € (aj, b))
b;—a;
In—t
bi —a;
Weibull
m( Ll 1 @i AR >0
i n|— | + n >
Fixed Shape A, a—1 (Ak)z (A%,

(ki = kj)

(Ak)j; = a),f + (]_ — G)Af
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Table 2.3: Kullback Divergences for Continuous Distributions

Name D(fillf;)
B(aj, b;)
Beta In ———+(q;)(q; — a;) +(b;)(b; — b;)
B(a;, b;)
+[a;+ b; — (a; + b)) ] (a; + b;)
1 i T'(k;/2) k;
hi —(k;/2 1 2 _ g2
Chi Zw(kl/ )(k k)+ n[(ai) I(k,/2) +20]2 (0'1 o])
rd;/2) d;—d;
9 j i~ 49 9
Cramé 0;+0; o 9
ramér 5,— 6, n )
B(a]) d d
Dirichlet lo + i (a;)— a;
8 30 ; . Plag) — 1P ; .
Exponential lnﬁ + ;T
P FRRENYY
k.
0, — 0, r(k;)6)
Gamma ( ]) k; +1n ! Jk + (ki - kj) (In6; + (k)
GJ r(ki)eil
Multivariate 1 ( hafl ) 1 /
—(In=L+u (=) |+ | (w—w) =7 (- w) —n
Gaussian 2 %l ( ! 1) 2 [( ]) ’ ( ]) ]
Univariate 1 o
—[(ul ,u1)2+a —o]+ln—
Gaussian 201 i
Special )
1. (1-p7\ pP7-pjpi
Bivariate =In 5 |+ 3
1-p; 1—p].
Gaussian
General

Gumbel

[3] & — (Hj—Hi)/ﬁj (& ) —
/51 (/5] 1)+e r /3]'+1 1

74



CHAPTER 2. CONTINUOUS KULLBACK AND RENYI DIVERGENCES 75

Name D(fillf;)
o\ 9i-0]
Half-Normal In (—) + 5
o; 20].
| | A 16, =061 A o — 0.1/
Laplace nk—i+l—j+k—jexp(—| i — 61/ i)—l
Maxwell | (oj) 3(0? - 012-)
3In| -2 )|+ ———2
2
Boltzmann i 2075
m; \ "’ a  4—4q
Pareto Inf—|] +In—+ , form; > m; and oo otherwise.
mJ Clj a;
) j o;—0o
Rayleigh 2In (—) + 52
! J
b; —
Uniform In 5 for (a;, b;) € (aj, b;) and oo otherwise.
i Y
General (ki [Ajj|ki) k]-—ki (Ai)ki ( kj)
In| |2 +y +Z2) r{1+2])-1
Weibull ki [ A ki Aj ki




Chapter 3

Rényi Divergence and the

Log-likelihood Ratio

3.1 Rényi entropy and the log-likelihood function

In his 2001 paper [57] Song established the following connection between the variance
of the log-likelihood function and the differential Rényi entropy of order a, h,, which
we present in the proposition below. We provide a proof with additional steps and

more detail than as it was originally presented by Song.

Proposition 3.1.1. Let f be a probability density, then

d 1
lim —h,(f) = 3 Var(In f (X)) ,

a—lda

assuming the integrals involved are well-defined and differentiation operations are legiti-

mate.
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Proof. For a € R*\ {1}, let

F(a) :=Jf(x)a dx .

Sufficient conditions to exchange differentiation and integration in this context are pro-
vided for example by Theorem A.1.4. We suppose that the differentiability assumptions

carry over up to the nth derivative for some n > 2. Then

an _ an ad B . | nd
da” (“)—fdanfm x= | f400) (Inf(x))" dx .

Also,

(lxiir%F(a):Jf(x)dxz 1, and

n

d
lim —— F(a) = | f(x) (Inf(x))" dx =E; [(Inf(X))"],

where the continuity follows from the stronger assumptions on differentiability. For

a €RT\ {1},

d, _d 1 o LAF
ot = 2o [T inF@] = oo | A - @F@ s + k@)

1—a

and as a — 1 this becomes an indeterminate limit. Note that

21— wF@ 22 4 1nF
= [0 3 v @)

=(1-a) [(—1)10(01)—2 (d—F)z +F(a)_1ﬂi| — F(a)—ld—F +F—1(a)d—F
da da? da da

_(dF\? . d*F
=(1-a) |:(—1)F(a) 2 (@) +F(a) 1@}
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Hence, by ’'Hospital’s rule,

. dh iy (1-a) NF ()2 dF \? ; _d%F
i g a0 =lim 5 | R (g ) @ g

_ 1 l -2 dF ’ -1 d_2F
= _Ealil} (=1)F(a) (@) +F(a) da?
1
=—5 (=E¢[Inf (0P + E[(n f ())°])
1
= —EVar(lnf(X)) .
O

When taking h, as a function of a, Song [57] calls this function the spectrum of

Rényi information.

3.2 Rényi divergence and the log-likelihood ratio

Motivated by the result above, we derive a similar expression involving the Rényi di-

vergence and the log-likelihood ratio between two densities f; and f;.

Proposition 3.2.1. Let f; and f; be two probability densities such that the integral defini-
tion of D,(f; || f;) can be differentiated n times with respect to a (n = 2) by interchanging

differentiation and integration, then

d 1 £00
&E@Da(fi”fj) = Evarfi lnfj(X) .

Proof. The proof follows the same approach as above. If one considers the integral

G(a) :=ffi(X)“fjl_“(X)dx
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for a € R* \ {1}, then under the differentiability assumptions

_G(a)_ffl(x)afl *[In fi(x) = In f(x) dX‘Jf(x)O‘f1 RGP
fi(x)
and similarly
dn — a —a fi(x) "
da" ffz(x) fjl In (m) dx ,
hence
im - Gla) = fX)Y'
lim 2o G =Ej, [(lnfj(x)) } :
The expression
4 p = nG(o) = — Netay196@
T DulAI) = 3o 7 6@ = = | (@~ 6@ L2 ~n6(a)]

becomes an indeterminate limit as @ — 1, since G(a) — 1. Evaluating it with

I'Hospital’s rule yields

_d , (dG(a) 1d
L= tm [-ve@ (242 s o & o
1 HEONT £.00
=—| — In—=
2( 7| (50 | { (1) D

1 £00)
—2M ( fJ(X))

]

As an example we consider the case where f; and f; are two univariate Gaussian

densities. From Proposition B.4.4 we see that

2dD _d 1 1 sz_ apg
da a(fi||fj)—£ (a—l)n o, +U_o
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where g = ac} + (1 — a)o} and po = (; — ;)% hence

2 2
dog 2 2 1 2 . d (ay (u; _Hj) o;
— =0%—07, limo,=07, and lim — = .
da i T j a—lda \ o of

Thus

Oy

lim — 1 =1i
alil} da (a - 1) i O‘IE’I% (a - 1)2

(a—1) (Ldﬂ)z_iﬂ 4 Ldog

oy da oy da oy da

— |y
pat 2a—1)

(%)
=_ > ,
2 o;

where we have used I'Hospital’s rule to evaluate the limit and the fact that

2

Thus, by Proposition 3.2.1

(X d
var, (m I )) ~21im - p,(71f)

fiX)
d 1 o? au
a1 da |:(a—1) n(ao) * 00i|

2
. 1 O-]? - 01'2 n (Mi - ‘uj)zaiz
2 012. ot '




Chapter 4

Rényi Divergence Rate for Stationary

Gaussian Processes

In this chapter we consider information measure rates for Stationary Gaussian pro-
cesses, in particular differential entropy rate, Rényi entropy rate, Kullback divergence

rate, and Rényi divergence rate.

4.1 Toeplitz Matrices and Toeplitz Forms

We first introduce some results from the theory of Toeplitz matrices, which constitutes

the main tool used in the calculation.
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A Toeplitz matrix is an n X n matrix T, = [Tkj] S.t. Tyj = Tyoqjoq = by, 1€,

\

O t_l t_z cee t_(n_l)
t, to t,
ty, t; o

\ thoq to j

A lot of applications in signal analysis and information theory assume the covari-
ance matrix of the given process is Toeplitz, and that it has a constant mean function
[28]. These processes are called weakly stationary. For Toeplitz covariance matrices,
the autocorrelation function satisfies K (k, j) = Ky(k — j).

Let f(x) be a real-valued function in L,(—m, ) with Fourier series

o0

FGY~ Y ™,

n=—oo

where

1 ("
c, = —J e "™ f(x)dx .
2n )

Then the Hermitian form

n
Tn = E Ci_juiuj )
i,j=0

is called the (finite) Toeplitz form associated with f(x). The asymptotic properties
of the eigenvalues of Hermitian Toeplitz forms have been studied by Grenander and
Szego [29].

Note that

. 1 27:—' 1 27 .
= %L F(Q)e ** dx = ﬁﬁ) fF()e**dx =c_,
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since f is real. Thus the Toeplitz form above can be represented by an (n+1) x (n+1)
Toeplitz matrix with coefficients c;_; via T (u) = u’Au. To emphasize the relationship to
the function f, T, is denoted as T,(f).

A very important property of Toeplitz forms is the following theorem regarding the
asymptotic distribution of eigenvalues, which can be found in Chapter 5, p.65 of [29].

Denote the eigenvalues of T,(f), by T(I"), Tg”), v Ti’fl. Then the following holds

Theorem 4.1.1. Let f(A) be a real-valued function in L,(—m, ), and denote by m and
M the essential lower and upper bound of f, respectively, and assume that m and M are
finite. If F(7) is any continuous function defined on [m, M ], we have

(n) (n) (n) b
i D) HF(520) + o F (0 =if FLF]dA.
n—00 n+1 27

—T

4.2 Differential Entropy Rate for Gaussian Processes

The results of [29] can be used to evaluate limits of Toeplitz covariance matrix determi-
nants, which becomes specially useful in the context of information rates for stationary

Gaussian processes. The following specialized version is given by Gray [28]:

Theorem 4.2.1. Let T,(f) be a sequence of Hermitian Toeplitz matrices with absolutely

summable entries such that In f (1) is Riemann integrable and f(A) = m; > 0. Then

27
lim (det (T,(f)))"" = exp (%f lnf()t)dk) :
0

which is equivalent to

1

. 1 2n
r}l_)rgogln (det (T, (f))) = %L Inf(A)dA .
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While a complete development of these results is beyond the scope of this work, we
note that the main idea linking the two results is that for Hermitian matrices T, we can
always express the determinant as the product of the eigenvalues 1; of T,, and so
n n
In|T,|=1n (l_[’ri) = Z Int; .
i=1 i=1
Using the above result, Gray shows how to arrive at the differential entropy rate
for Gaussian processes, a result originally obtained by Kolmogorov [37]. Consider a
stationary zero mean Gaussian process {X"} determined by its mean autocorrelation

function oy ; = 0_; =E [Xka] , that is

2, 1 (7 .
f(k)zgoakel“, al:ﬁjo Fe ™ da .

For a fixed n the pdf of X" = (X3, ..,X,) is

exp (—%x’Z};lx)
m)VAz, |2

pxn(x) =

where %, is the n X n covariance matrix with entries o_;. Since the process is station-
ary, the determinant |%,| is Toeplitz, and so

. 1 1 2
lim —In|X%, | = — Inf(A)dA .
0

n—oo 1 27

Using the the expression for differential entropy derived in Corollary B.4.7 we then

have

1 171 1 1 1 (%
lim —h(X") = lim — | = In(2nwe)"+ =In|Z,| | = =In(27me) + — Inf(A)dA .
n—oo n n—ocon | 2 2 2 41 0

This expression was originally derive by Kolmogorov [37] and can also be found in

p. 417 of [15], and in p. 76 of [34].
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4.3 Divergence Rate for Stationary Gaussian Processes

A similar expression for the Kullback-Leibler divergence between two stationary Gaus-
sian processes can be derived. We present below the expression given in p. 81 of [34].

The problem has also been considered in [61].

Theorem 4.3.1. Let X = {X,:n€ Z} and Y = {Y,, : n € Z} be purely nondeterminis-
tic stationary Gaussian processes with spectral densities f and g, respectively. Then the

relative entropy rate (Kullback divergence rate) is given by

£ £
Hf5)= 4nf (g(x) 1-ln @)“’

provided that at least one of the following conditions is satisfied:
a) f(A)/g(A) is bounded.
b) g(A)>a>0,VYAe[-n,n],and f € L*[—m, 7]

Proof. See [34]. ]

4.4 Rényi Entropy Rate for Stationary
Gaussian Processes

In [25], Golshani and Pasha derive the entropy rate for stationary Gaussian processes,
starting from the following definition of conditional Rényi entropy between two con-
tinuous random variables X and Y having joint density f (x,y):

oo FoGe, y)dxdy
S f(x)*dx

h(Y|X)— al , a>0, a#1.
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The above definition, based on the axioms of Jizba and Arimitsu [35], is studied by
Golshani et. al in [26] and it is shown to be more suitable than the definition of
conditional Rényi entropy found in [11]. Considering a stationary process X = {X,},.c7,

they show that the Rényi entropy rate, EQ(X ), exists and can be found via
h,(X) = 1im Fro (XX 1, s X2)
which is used to arrive at the following theorem:

Theorem 4.4.1. For a stationary Gaussian process, the rate of Rényi entropy is equal to
_ 1 21 (7
h,(X)=—=In2nas1 + — InZmf(A)dA .
2 4 )

It is worth noting that while the Rényi information measures for distributions ap-
proach their Shannon counterparts as a T 1, this does not in general hold for infor-
mation rates. The work [3] provides some counterexamples to this. However, in this

particular case, we can see that since

Ina

lim =1,
a1l —1

the Rényi entropy rate approaches the differential entropy rate as a — 1. As shown

below, this convergence is also seen for Rényi divergences.

4.5 Rényi Divergence Rate for Stationary
Gaussian Processes

We now consider the Rényi divergence rate between two zero-mean stationary Gaus-

sian processes X = {X; : k € N} and Y = {Y; : k € N}, so that for a given n the vectors
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X" =(X4,...,X,) and Y" = (Y3, ..., Y,) have multivariate normal densities with covari-
ance matrices Xy» and Xy.. Assume X and Y have power spectral densities f(A) and

g(A), respectively; i.e.,

[e.¢]

. I .
FQY= D] ree™, rk=—f FQ)e*da,
2z J,

and,
00 1 27
A) = Le™ 1, =— e~k d
g)= 2 L™ zﬂfo g()e da,
where f(A) and g(A) are assumed to have finite essential lower and upper bounds.
For a € (0,1) define h(1) := ag(A) + (1 —a)f (A) and s, := al, + (1 — a)ry. Then the
Fourier series
N N N
Z s =a Z Le™ +(1-a) Z r,em™t
n=—N n=—N n=—N

converges to h(A) as N — oo, where the kind of convergence is inherited via the trian-
gle inequality from the convergence of the individual series involving r,, and [,, whether

it is meant as point-wise, uniform, in L?, or in any other metric. Thus,

o0 27

. 1 .
h(A)= D] s.e™, 5= o h(A)e P d, .
n=-—o00 0

Note also that since Xy» and X,. are Toeplitz matrices, so is the matrix defined as

S, := aXy: + (1 — a)Xyn. We are interested in finding the limit

1 1 aXiyn + (1 — o)Xy
lim —D,(X"||Y") = —lim — n| Y (_ ol
nmeen n—oo 2(a—1)n X |17 [ By |

1 ) 1
TR | n (In|S| = (1 — a)In|Zx| — aln|Sya]) |

!We perform the calculation using the significantly simpler expression for the Rényi divergence be-
tween two multivariate Gaussian distributions given in Section 2.2.4, as opposed to the originally derived
(and equivalent) expression from Section B.4. Also, since we are considering zero-mean processes, one
of the terms vanishes and we are left with the expression above.



CHAPTER 4. RENYI DIVERGENCE RATE FOR STATIONARY GAUSSIAN PROCESSES88

where aX,; + (1 — @)%, is a positive-definite matrix so that the expression for
D,(X™|Y™) remains valid. Note also that all the determinants in the right hand side
are Toeplitz, and h(A) satisfies the required assumptions of Theorem 4.1.1. Hence the
limit in question can be computed as follows:
1
lim =D, (X"||Y™)
n—oo N

1 1 1
—_— hm ln|S|—(1—a)lirn—lnlzxnl—alim—ln|2yn|
2(1 - a) n—oo n n—oo N

1 1 2n
m [ f 1nh(/1)d/1——J1 f(k)dl——flng(l)dk]

J, = (o)
dA
47'5(1 —a) FO g

_ J | (ag(x)m—a)f(x))
= n = da
4ﬂ(1—a) 0 F g

We can rearrange this result as

1 1 271
D,(XI[|Y) = M —a) {ﬁjo In(ag(A)+(1—-a)f(1))dA

(1— a) J - J }
f(A)dA — — Ing(A)dA

_ 1 g
__2((1—1) —J In 1— +ami|f(l))

(1-a) (7 | J }
- nf(A)dr—— | Ing(r)da
27T J

o g\ a [T g
BEPTCEEY _J G f(x))_%J_ i m‘“}

Proposition 8.29 in Vajda’s book [59] asserts that if f and g are bounded above by

a positive constant, then there exists € > 0 such that for every —e < a < 1+ ¢, the

Rényi divergence rate is given by the above expression®. The parameter a in their case

2Strictly speaking, their expression is in terms of R, so there is the a factor discrepancy we have
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is allowed to take on negative values, and the constraint above ensures that positive-
definiteness is maintained for the original expression of D(X"||Y™") to hold [59]. The
proof is also based on Theorem 4.1.1 from [29].
As a very special case we may consider zero-mean stationary Gauss-Markov pro-
cesses X and Y with equal time constant 3! and power spectral densities
20%8
/32 — 22 ?

20%8
[32_3’2’

and fy(4) =

fx(k) =

where 3 > . Then

afy(D)+1 - a)fy(A) 2B (a0} +(1-a)oy) (/52 - AZ) e (/52 - AZ)“
T ) B2 — A2 2028 202

2 2
_aoy+ (1-a)og

(0 ()"

and

27
i~ ;f . (ag(k) +1(_1 - a)f(l)) i
4n(l-a) J, f)“gA)*

1 ao? +(1—a)o?

T () (2

mentioned before.
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As a final remark, note that if the integral expression above is continuously differen-

tiable in a by exchanging integration and differentiation, then

lim D,(X"||Y"™)
a—1

L, 1 JZ“ (agm +(1- a)f(x))
=lim——— | In ay o ) 4
a=147n(1—a) J, fA)"g(d)

1 (> d
=—— | lim— [In(ag(Q)+ (1 - )f () +(a= DInf(A) ~ alng(®)] d2
0

__ 1 fz”hm[ g =)
o el Lag)+(1-a)f (W)
1 (Tg)—fR) . F)

= 1

), s e

1 T rf) f(A)
T _n(@‘l‘lnﬁ)‘“’

+Inf(L) - lng(k)} da

dA

where the limit was evaluated using 'Hospital’s rule. This last expression corresponds
to the Kullback divergence rate given in Theorem 4.3.1. In Table 4.1 we present the

information rate expressions for stationary processes considered in this chapter.

Table 4.1: Information Rates for Stationary Gaussian Processes

Information Measure Rate

27

1 1
Differential Entropy > In(2me) + an J Inf(A)dA
T

0

1 1 (7
Rényi Entropy > In2waa1 + an f InZf(A)dA
T —7
1 (" rf(a A
Kullback Divergence — (JL) —1—-1In M) dA
an J_ \&(A) g(d)

27
Rényi Divergence ; J In (ag(?t) +1(_1 — a)f(l)) dA
4n(l1—a) J, FA) “g(A)"




Chapter 5

Conclusion

In this thesis we derived closed-form expressions for Rényi and Kullback-Leibler di-
vergences for several commonly used continuous distributions, and presented these
results in a summarized form in Table 2.2 and Table 2.3. We demonstrated that the
expressions corresponding to Exponential Families are in agreement with the results
obtained by Liese and Vajda [40]. This compilation constitutes a useful addition to
the literature, given that these measures are widely used in statistical and information
theoretical applications, possess operational definitions in the sense of [30], and are re-
lated in simple manner to other probabilistic distances like the Chernoff and Hellinger
divergences'

We also established a connection between the log-likelihood ratio between two dis-
tributions and their Rényi divergence, extending the work of Song [57], who consider
the log-likelihood function and its relation to Rényi entopy. Given the compilation for
Rényi divergence expressions we have provided, this result also becomes practically

relevant.

!As given by Liese and Vajda [41] and introduced in Chapter 1.
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Lastly, we investigated information rates for stationary Gaussian Sources, and de-
rived an expression for the Rényi divergence rate using the asymptotic theory of Toeplitz
matrices presented in [29] and [28]. This result was also shown to be in agreement
with a later discovered expression presented in [59].

Natural extensions of this work are the expansion of the compilation with additional
univariate and multivariate distributions, as well as considering information rates for
more general Gaussian processes, beginning with the consideration on nonzero mean

stationary Gaussian processes.
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Appendix A

Miscellaneous Background Results

A.1 Some Integration Results

Standard references for this material include for example [22] and [55].

Theorem A.1.1. Dominated Convergence Theorem: Let {f,} be a sequence in L'(u) such
that f, — f and there exists a nonnegative g € L'(u) such that |f,| < g for all n. Then

f € LY(u) and

Jf du(x) = lim andu(X) :
Theorem A.1.2. Let f be a bounded real-valued function on [a, b].

1. If f is Riemann integrable, then f is Lebesgue integrable on [a, b] and
b
J f(x)dx = fx)du(x) .
a [a,b]

2. f is Riemann integrable iff {x € [a.b] : f(x) is discontinuous at x} has Lebesgue

measure zero.
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Remark A.1.3. (See page 56 in [22]) If f is Riemann integrable on [0, b] for all b > 0
and Lebesgue integrable on [0, c0) then
b
fdu= lim J flx)dx
[0,00) b= Jg
by the dominated convergence theorem. In particular, this observation allows us to use
standard Riemann improper integration tests for Lebesgue integrals of positive, a.s.

Riemann integrable functions.

The following theorem (2.27 in [22]) provides conditions to exchange the order of
integration and differentiation, a method we employ in several instances throughout

the calculations of this work.

Theorem A.1.4. Suppose f : X X [a,b] > C (—co<a<b<oo)and f(-,t): X - Cis

integrable for each t € [a, b]. Let

F(t)=J f G, t)dulx) .

1. Suppose there exists g € L'(u) such that |f (x,t)| < g(x) for all x, t. If
tlintl f(x,t)=f(x,ty) for every x, then thr? F(t) = F(ty); in particular if f (-, x) is
—lo —lo

continuous for each x, then F is continuous.

G,
2. Lete >0andV = (t,—€,to+€) € [a,b]'. Suppose % exists and there is
0

o
a g € LY(u) such that a—{(x, t)] < g(x)forall x e X andt € V. Then F is

differentiable at t, and

: of
F'(t)) = J 5¢ X to)du(x) .

1This part was adapted to obtain diffetentiability at a particular point t, as opposed to the whole interval.
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A.2 Exponential Families

This material is based mainly on [39]. Let X be an n-dimensional Euclidean space and

let 8 be the Borel algebra on X.

Definition A.2.1. Let u be a o—finite measure on %8. A family of distributions P,
is said to be an exponential family if the corresponding probability densities p, with

respect to u are of the form

k
po(x) =K(8)exp [ZQj(e))Tj(x)} h(x)
j=1

where 0 is parameter vector and T;(x ) and Q(6) are real-valued measurable functions.

As seen above, in an exponential family the probability densities are of the form

Po(x) = go(T(x))h(x),

hence by the factorization criterion® the vector T(x) is a k—dimensional sufficient
statistic for a sample (X4, ...,X,,) drawn from the corresponding distribution.

The parametrization in Definition A.2.1 can be turned into the natural parametriza-
tion by replacing the original measure u by a new measure v, so as to include the factor
of h(x) and taking the functions Q;(6) — 7; as the new parameters; i.e., h(x) is the

density of v with respect to u,

dv_h()
du X

and
k
J K(8)exp [ Qj(e)Tj(x)} rGe)dp(x)

J
k

1
= JA C(ﬂ;) exp [Z TjTj(X):| d’V(X) D

j=1

2For a discussion of statistical sufficiency see for example [39, 13].
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where 7 = (74,...,7,) and C(7)® is a normalization factor. Hence the definition below

Definition A.2.2. A family of distributions P, is a natural exponential family if it is an
exponential family (as defined in Definition A.2.1) with respect to a measure v on X
where the corresponding densities have the form

dp, 1 K
v TP {Z TJTJ(X)}

Jj=1

1
=) exp(7, T(x)) ,

where (-,-) denotes the standard inner product in RF.

Definition A.2.3. The set © = {7 € R¥ : C(7) < oo} is called the natural parameter

space.

A.3 Special Functions

These results can be found in standard Mathematical Methods and Special Functions
literature, such as [1, 54, 51]. For brevity we include here only the definitions and
results that are immediately relevant to this work and leave out many of the interesting

properties of these functions.

A.3.1 Gamma Function

There are several equivalent definitions of the Gamma function, but we consider only

the integral representation.

3The density above written in this form to be consistent with the notation of the rest of this work.



APPENDIX A. MISCELLANEOUS BACKGROUND RESULTS

Definition A.3.1. The Gamma Function is defined as the integral:
I'(x) =f t*le7tdt, x>0.
0
Proposition A.3.2.
e Forr>0,I'(r+1)=rI(r).
e Special Values:

() T(1)=1.
(2) T(n)=(n—1)! forneN;

(3 I(1/2)=vm

Definition A.3.3. The Euler-Mascheroni constant, y is defined as

n 1
y = lim (Z £ log(n)) ~ 0.5772 .

k=1

Proposition A.3.4. T'(1)=—y.

A.3.2 The Digamma Function
Definition A.3.5. The Digamma function v(z) is defined as
d
YP(z)=— InT'(z).
dz

Remark A.3.6.

r

— L r =T L[ e g
llJ(X)—an (X)—F(x)—mjo t* e 'Int dt .
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A.3.3 The Beta Function
Definition A.3.7. The Beta function is defined by

1
B(x,y)= J t*M1—-t)tdt, x,y>0.

0
The general integral is sometimes referred to as the Beta integral.

Remark A.3.8. For real x, y < 0, we can see the Beta integral becomes +o0, by the limit

comparison test for integrals (see for example [21]).

An important and useful identity relating the Gamma and Beta functions is the

following result:

Proposition A.3.9. For x,y > 0,

TOr()

B(X:J’)— l—.(x+y) .

Definition A.3.10. The above result can be used to define the Beta function for a vector

argument x = (x,...X,)

l_n[F(Xk)

k=1

Remark A.3.11. Using Proposition A.3.9 we can express the partial derivatives of B(x, y)

B(x) = x;>0,i=1,..n.

in terms of the Digamma function and the Beta function itself:

7 0 T()I'(y)
ax PY)= 50 T(x+y)
—T(y) 'OT(x+y) —TO)M(x +y)
- I'2(x +y)

_Tre) (I'x)  r'x+y)
CT(x4+y) | T(x) T(x+y)

=B(x,y) [Y(x) = plx+y)] ,
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and by symmetry,

o -
M (x,y)=[Y)—YPlx+y)] .

A.3.4 Signum Function

Definition A.3.12. The signum function, denoted, sgn(x), is defined by

sgn(x)=10 x=0

x
Remark A.3.13. For nonzero x, sgn(x) = —

x|’

A.4 Some Results from Matrix Algebra
and Matrix Calculus

Many of results presented here can be found in standard linear algebra references such
as [23], so we omit the proofs for such standard results here. The material on matrix

derivatives can be found for example in [43, 44, 27].

A.4.1 Matrix Algebra

Definition A.4.1. An n X n real symmetric matrix A is said to be positive definite if

x’Ax > 0 for all nonzero vectors x € R", where (.)" denotes transposition.

Proposition A.4.2. Two important properties of positive-definite matrices:
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e A matrix A is positive-definite iff all of its eigenvalues are positive.
e A positive-definite matrix is invertible and its inverse is also positive definite.

Proposition A.4.3. Let A and B be two invertible n X n matrices and define a matrix C as
C=aA+(1—a)B, a€R.
Then

(1) If A and B are symmetric so is C.

(2) If A and B are positive-definite and a € (0, 1), then C is also positive-definite and

hence invertible as well.

Proof. The first claim is obvious. Let x € R", x # 0, a € (0,1) and A and B be positive-

definite. Then

x'Cx =ax’Ax +(1—a)x'Bx >0,

since all the terms are positive; which is also clear geometrically since this is just the

convex combination of the two positive numbers x’Ax and x'Bx. O

Proposition A.4.4. Let x,b € R" be n-dimensional column vectors, ¢ be a scalar, and let

A be an invertible, symmetric, n X n matrix. Then

x'Ax —2x'b+c=(x —v)Alx —v)+d,

where

v=A"'b and d=c—bA'b.
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Proof. Since A is invertible, we can write
x'Ax —x'b—b'x+c=(x'-b'A)A(x—A'D) —bA'b+c.
By the symmetry of A we have
(A'b) =b' (a) =bat,
and so
(x-ba)=(x'=(a"b)") = (x—4'b)".
Thus

x'Ax —x'b—b'x +c= (x —A—lb)'A (x—A7'b) —b'A b+

Remark A.4.5. For n =1 this is just the method of ‘completing the square’.

Definition A.4.6. A matrix A is orthogonally equivalent to another matrix B if there

exists an orthogonal matrix P s.t. B = PAP’

Theorem A.4.7. Let A be a real n X n matrix. Then A is symmetric iff A is orthogonally

equivalent to a real diagonal matrix.

Remark A.4.8. Given a real symmetric matrix, the diagonal matrix above consists of the

eigenvalues of A and the orthogonal matrix is constructed from the eigenvectors of A.

A.4.2 Matrix Calculus

Throughout this section, all matrices considered, unless otherwise specified, are as-

sumed to have entries which are differentiable functions of a parameter a.



APPENDIX A. MISCELLANEOUS BACKGROUND RESULTS 103

Definition A.4.9. Let M be the matrix [M;;] = [M(a);;]. Then the derivative of M

with respect to a is the matrix given by

dM - dM(a)l-j
da |;° da

Proposition A.4.10. Some differentiation results:

(1) Given two constant matrices Aand B, let C = f(a)A+ g(a)B, where f(a) and g(a)
are differentiable. Then

dc _df

—_— B.
da da +da

(2) If Aand B are of conforming dimensions then

d (AB) = dAB +AdB
da ~ da da
(3) If B'AB is a well defined product, then
d (B'AB) = dB/AB + B’ dAB—|—BAdB
a da da da
(4) If Ais invertible, then
A _ adA
da da '

Proof. (1) is obvious; for (2) observe that

{—( ] {ZAM k]} =Z ZA

(3) follows by applying the product rule twice; finally, we see that the (4) holds since

dBk]

_dldaat dAA da™t  dA dA
" da da da da da da
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Proposition A.4.11. If A is an invertible matrix, then

AA_ o (484
da : da )’

Proof. See [43]. ]



Appendix B

Original Derivations for Exponential

Families

This chapter contains the original calculations for the Rényi divergence expressions
presented in Chapter 2, which are there derived in the framework of the results from
[40]. The integration calculations presented in this chapter make use of the following

techniques:

1. Single-variable integration techniques such as substitution and the method of

integration by parts.

2. Reparametrization of some of the integrals so as to express the integrand as a
known probability distribution scaled by some factor. Thus, if f (x) can be written
as f(x) = K(0)g(x) where g(x) is a pdf over a suport € R" and 0 is a

parameter vector, then

J f(x)dx =K(0).
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3. Applying integral representations of special functions, in particular the Gamma

and related functions.

As mentioned in Section 1.2 we follow the convention 0ln0 = 0, which is justified
by continuity. Lastly, observe that these original calculations were not originally per-
formed using the (6), notation we introduced in Chapter 2, and instead there appear
parameters denoted as 6, which sometimes are equal to 6, but sometimes are equal
to 6. However, as we show in the each section of Chapter 2, the parameters are in

agreement in all the derivations.

B.1 Gamma Distributions

Throughout this section let f; and f; be two univariate Gamma densities

in—le—x/ei

filx) = ki, 6, >0; x eR* .

0 T(k;)

where I'(x) is the Gamma function.

Proposition B.1.1.

0:k;
0, °

J

By [nf,] == (67Tk)) + (k; = 1) [In6, + (k)] -

where 1 (x) is the Digamma function.

Proof.

E; [Inf;] =E; [—m (effr(kj)) + (k;—1)Inx — ‘2—?
J

=—In (Gf"r(kj)) - (kj — 1) E; [InX] - %Eﬂ (X1 .
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For r > —k;
xki—le—x/Ql-
E; [X"] :f x" ———dx
! ar ONT(K)
r ki+ in+r—1 —x/6;
:9ir ( r) ki+r ° dX
P(k)  Jgs 057 T(k; +1)
. rl—'(ki + r)
ot Tk)

107

since the integrand corresponds to a reparametrized Gamma density with k; — k; + .

Hence

Mkit1) _ k)

EXI=00y =% o) Ok

i oo

i

where we have used the recursive relation for the Gamma function given in

Proposition A.3.2. Consider now E; [InX]:

ki—le—x/ei

X
E,[lnX]zf Inx——— dx
g v ONT(k)

:J ln(eiJ’)MGi dy,

RY 0, T'(k;)

( where y = x/0;, and 0, > 0= y € R")
1

Tk Sy

1
nOIr(k)+——| Inyyled
r'(k,) ric) ). 07 Y
I'(k,)
r(k,)

=In6; +(k),

[In6, +Iny] yX e dy

:1n0i+
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where we have used Remark A.3.6. Then

E; [Inf;] =—1In (effr(kj)) + (k;—1) E;, [InX] - O%_Efi [X]

k: Qiki
=—n (6/'T(k) ) + (k; = 1) [0, + (k)] — - -
j
O
Corollary B.1.2. The differential entropy of f; is
Proof. Setting i = j in Proposition B.1.1 we have
h(f) = —E; [Inf;]
K Ok
=— | -In(6°T(k)) + (k; — 1) [In6; + (k)] — 0
=—[—k;In6; —InT(k;) + (k; — 1) In 6, + (k; — 1) (k) — k; ]
O

Proposition B.1.3. The Kullback-Liebler divergence between f; and f; is

k

_(6:—6 r'(k;)6;’
D(fi”fj)_( 0. )ki‘i‘ln l"(ki)eiki

J

+ (ki —k;) (In6; + (k) -
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Proof. Using Proposition B.1.1 and Remark 1.2.4 we have
D(fillf;) = Ez[Inf;] — E; [Inf;]
== [In6, + (k) + (1 — k) (k) + k]
k.
— [—m (ejlr(kj)) + (k;—1)

6;
— K, [9——1] +In6, [1-k;—1] +In

r(k;)
I'(k;)

+1p(k) [1 -k +k —1] +k;In

0, — 0, r'(k;)
( r'(k;)

k;)

ki —k;In6; +1In

+1p(k) [k —k;] +k;In6

r(k + (k) [k —k; ]

6. — 0. (k)0
:( B )kt FEkJ;QJki + (ki = k) (n6; + k)

J i),

Corollary B.1.4. Let g; and g; be two exponential densities
fi:kie_kix, A’l>0; X>0,

then the Kullback-Leibler divergence between g; and g; is
i A] - A’i
PR

] L

D(gillg;)) =In
Proof. Note that the exponential densities g; and g; are obtained from the Gamma
densities by setting 6, =1/A, and k, =1, n =1, j. Then

1 1
PR r(DA; A=A A,
D(g;llg;) = - +In (r(1)a) JA_ +lnx.

— ; j

R
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Corollary B.1.5. Let h; and h; be two x> densities
5 dil2=1,=x/2

hh=—— deN; xeR".
{7 9di/2r(d,/2)

Then the Kullback-Leibler divergence between g; and g; is

o(d,/2) d-
rd/2 2

d;
D(h;||h;) =In P(d;/2) .

Proof. Note that the y? densities g; and g; are obtained from the Gamma densities by

setting 6, =2 and k, =d,,/2, n =1, j. Then

r(d,/2) 2
rd,/2) d,

—d;
N +——(di/2).

D(h||h;) = In (Mz@—dm) + (di _ dj) (In2 +(d;/2))

Proposition B.1.6. For a € R" \ {1} let k, = ak; + (1 — a)k; and

0 = a0; + (1 — a)b;. Then the Rényi divergence between f; and f; is given by

r(k))6;’ 1 (ko) (Gi‘)j)k°
Dy (fillf;) =1 1
a(flllf]) n F(ki)eiki + a—1 n (Gikir(ki) 90

for ky > 0,60, >0, and

D, (fillf;) = 400

otherwise.
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Proof. We have
1-a
cki=1=x/6; @ ki=1p=x/6;
05T (k,) 6. T(k;)
—ak; Hkj(a—1)
= xkoleTE ° Gj 1
a —a
I'(k)*T'(k;)
ki(1—a) pkjla—=1) H—k;
ko—1,~% 0 91' 0
T(k)* T (k)T (k;)
a—1

k.
o 1
r'(k;)6 05T (k)

fiafjl_a — |:

where

1 ab;+(1-a)f; 6
ko= ak;,+(1—a)k;, = = —2 (1-a) 0

'3 QiGj 91‘91 )
e If k, > 0and 6, > 0, then
J fiafjl_a dX
]R+
kj a—1
_ [ o1, I'(k;)0; 1
i (k)6 0T (k,)

a—1
k

(100 ) Tzt f X"‘le%d
= X
\F(ki)eik" ) 05T (k) Jar EFT (ko)

a—1

(F(kj)efj \ r(ko)gko
\F(ki)eik" ) 0°T(k;)

111



APPENDIX B. ORIGINAL DERIVATIONS FOR EXPONENTIAL FAMILIES 112

since the integrand is Gamma density with parameters k, and £. Then

D(fillf)=——In| ff " dx
R+
kj a—1
_ 1 n r(kj)ej T (ko)E"
a—1 r'(k)o; 0T (k,)
k:
[Tk 1 [(ky)E¥
=In = |+ In|{ ————
| T(k)O ) a=1 7\ 6fT(k)

( r(k)6; 1 k) (6,6,

=In — |+ In| — .
\r(ki)e)i : a—1 6, T (k) \ b

Note that for a € (0, 1) we always have k, > 0 and 6, > 0 given the positivity of

ki,k;,0; and 6;.
e If 6, <0 then (1/£) <0 ' Then

J fEf dx =AJ xfoleKxdyx | K,A>0
Rt Rt

>A| xb7l=oo,
]R+

for all real values of k.
e If 6, > 0 but k, < 0 then

-
J fi“fjl_“dx =A xkole=%lx dyx | A, >0
R* JR*

(
=A, | y*ledy, A,>0
JR*

rl

>A, | yRTlevdy .

Jo

'Here we use the parentheses to emphasize that 1/& is just the symbol defined above as opposed
to the reciprocal of some £ € R, so that it can in fact equal 0. When (1/&) # 0 then &, defined as its
reciprocal, is indeed a real number.
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Since e™” — 1 as y — 0, then
1

1
J ykle™¥dy = 0o, since J yPdy = 00
0 0

for p < —1. Finally, since nonpositive k, and 6, only occur for a > 1 we have

1
a—1

D.(fllf) = ——1n J fafi-tdx = +oo

for these cases.

Corollary B.1.7. Let g; and g; be two exponential densities
g =Ae M A >0; xeRT.

For a € R* \ {1}, let Ay = aA; + (1 — @)A,. Then the Rényi divergence between g; and g;

is given by
1 A

A
D.(¢.|lg.)=In— In —
a(gl”g)) nk-+a—1 nA«O

J

for A, > 0, and
Da(gngj) = +00
otherwise.

Proof. Setting 6, =1/A, and k, =1, n =1, j we have
6o
0,06,

so that k, > 0, and 6, > 0 < A, > 0. Then it follows from Proposition B.1.6 that

D.(gllg) =In (r(mi) L (“(”l)

ko=ak;+(1-—a)k;=1, Ay=ar+(1—-a)A;=

iy In 2
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Corollary B.1.8. Let h; and h; be two y* densities
5 di/2=1p=x/2
hy=—————, d,eN; xeR".
'T 20P1(d,/2)
For a € R™\ {1}, let dy = ad; + (1 — a)d,. Then the Rényi divergence between h; and h;

is given by

D, (hylI;) = 1n(

r(d,/2) 1 (T(d/2)
fd/2 ) Ta-1 (r(di/Z))'

for d, > 0 and
D,(h;||h;) = +o0
otherwise.

Proof. Setting 6, =2 and k, =d,;/2, n =1, j, we have

do

kozaki+(1—a)kj=z, Op=a2+(1—-a)2=2,

so that k, > 0 < d, > 0, and 6, > 0. Then by Proposition B.1.6

~ l—-(dj/z)zdj/Z 1 I'(dy/2) 2do/2
Dalhillh;) =1n (F(di 27 ) a1 22

(T2 1 r(d,/2)
=In (r(di/z)) el (r(di/z))

+ln2 g d+d0—di
2 \7 Tt g—1 )

But

d —d + -
a—-1 a-1

J

[(a—1)(d; —d)+ (ad;+ (1 - a)d;) —d;| =0.

Thus,

Da(hinhj):ln(”df/z)) Pl (L2

r(d,/2) —1 "\ T(d/2)
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Remark B.1.9.

lim D, (fillf;) = D{fllf;) -

Proof.

r(k;6;’ 1 (ko) (6:6;)"
limD,(f]|f) =In | + lim In !
all J l“(kl-)Giki all a—1 QikiF(ki) 6o

Note that
lim k, = lim (ak;+ (1 —a)k;) =k;, and
lim 6, = lim (a6; + (1 - a)6;) = 6,
so that the second limit is of indeterminate form. Applying ’'Hospital’s rule

, 1 (k) (Q@)“
lim In
ol |a—1 eikir(ki) 6o

d
=lim — [InT(ko) + ko In(6,6,) — ko In 6, |

all da

_ i | 2o le(k)+1(96) Ing, | — <0d%
T | da \dig V) TIEE) T ) Ty g

. 0,6, ko
= 101}‘[11 (ki = k;) | ¥(ko) +1n 0, - 9_0(91' - 6;)

ki
= (k; — kj) (Tp(kl) +1In 91’) - 5(91 —-6,)
j

:( 19. j)ki+(ki_kj)(¢(ki)+ln9i) .

J

Hence,

k.
r(k;)6,’

) 0, — 6,
logrllDa(fi”fj) =In l"(ki)Qiki + ( 0. ) ki + (k; — kj) (’l‘/)(kl) +In 91‘)

J

which equals the expression for D(f;||f;) given in Proposition B.1.3, as expected.

]
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B.2 Chi Distributions

Throughout this section let f; and f; be two Chi densities

21—kl-/2xki—le—x2/2crl.2

filx) = — ,0,>0, k;eN; x eR" .
o' ()
Proposition B.2.1.
ki—1
1 V2o, o?
E; [Inf;] = S0 = D(k/2) +In | ——F~ | - 202ki .
o, T (j) j

Proof.

X2 K [k
E; [Inf;] =E; (1=k;/2)In2+(k; = DInX = = —~In{ 0T | =
J

116

— (kD2 —In| T (Y k. — 1E, [InX] — ——E, [x2
=(1-k;/2)ln2—1In 0; o + (k; — DEg, [In ]_ﬁﬁ-[ ]

Let r > —k;. Note that

21—ki/2xkl——1e—x2/20i2

Efi [Xr] = JR+ x" kll_, (&) dx
_ 2r/2 O_rl" (ki-i-r) J~ 21 (k; +r)/2 ki+r—1 —X2/2U
i ]"( ) k+r (ki;r)

o (k—i—r
_( ) l"( )

dx

since the last integrand corresponds to a reparametrized Chi density with k; — k; +r >

0. Then
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where we have used the recursion relation for the Gamma function (Proposition A.3.2).

Also,

d
E; [InX]= —E; [ X'
fi[n ] dr fi[ ]

)]

r=0 2
(2'20,) In(2"0;) T (%7) + (2%0) ' (%) 3
r(3)

== (1&) [m (2"%¢,) T (%) +1 (%) ﬂ

2

=5 [In (207) + (k2]

r=0

Finally,

E; [Inf;] =(1-k;/2)In2~1n (affr (%))

1 2
+ (k; — DE;, [InX] - 27?1;}[ [x?]

=(1-k;/2)In2—1In (ajll" (E))
2

+(k; — 1)% [In (202) +9(k,/2)] - z(zzki

J

— %(kj - Dy(k;/2) + (k; — 1Ino;

+1H2 |:§(k]—1)+(1—k]/2):| —Fki—ln ijl" E
J

ERERNCS

+£ln2— 2O_?ki—ln o,'T B

1 V2007 | o2
o (3) 4
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Corollary B.2.2. The differential entropy of f; is

_ 1 ol (%) k;
h(fi)—i(l_ki)w (ki/2) +1n |: /3 :| +E'
Proof. Setting i = j in Proposition B.2.1 we have
1 V201!
h(f;) =—E; [Infi] =~ |:£(ki —Dy(k;/2)+In |:O':.<il—' (%)i| -

(A
= %(1 — k) (ki/2) +1n [M] +—

Proposition B.2.3. The Kullback-Liebler divergence between f; and f; is

O; T'(k;/2)

1 AN\ (k. /2 k;
D(fllf) = 59 (k/2) (k= k;) +1In [(0—) i )} e Gl
J

Proof. Using Proposition B.2.1 and Remark 1.2.4 we have

D(fl“f]) = Efi[lnfi] —E; [hlfj]

1 ol (%) ] k;
=_ {5(1 — k)Y (k;/2) +1n { 75 +E}

1 V2o | o2
- E(kj —1Y(k;/2) +1n ey | T zggki
O'j r (;) ) Jj

1 o \“Tk/2)| K
:Ew(ki/z)(ki_l—i-l—kj) —1In |:(O_—) m +E ( :

J

1

1 o\ I'(k;/2) k; )
= Ezp(ki/Z) (ki — kj) +In [(;) r(ki/z)] + 207 (ai — 0

—t_1
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Remark B.2.4. For k; = k,, = k, we have

D(f;(x;k, O'i)”fj(X; k, Uj))

1 o \*T(k/2) k
= S (k/2) (k=) +1n K;) r(k/z)} 202 (02-0?)

o\ , 90
=k |In (—) + 3 .
o; 20].

Corollary B.2.5. Special Cases:

1. Let h; and h; be two half-normal densities

X

_2

2e i N

hi: — 5 UI>O;X€R .
T O;

Then the Kullback-Leibler divergence between h; and h; is

2

o\, 90

2
; ZO'J.

2. Let r; and r; be two Rayleigh densities

x _xX

2
r=-—e ¥, 0;>0; x€R".
(O

1

Then the Kullback-Leibler divergence between r; and r; is

o\, 90
D(ri||r;) =2In (—) + 3
o o

i J

3. Let m; and m; be two Maxwell-Boltzmann densities

m; =14/ — —, 0;>0; xeR".

Then the Kullback-Leibler divergence between m; and m; is
3(0? - 0}3)

2
20].

of
D(my|lm;)=3In| — | +
o

i
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Proof.

1. The half-normal densities h; and h; are obtained from the Chi densities by setting
k,=1,n=1i,j:

X2 Xz

ek = 1) 21712y 11 27 2e 7
ar@ Ve

where I'(1/2) = /.

2. The Rayleigh densities r; and r; are obtained from the Chi densities by setting
k,=2,n=1,j:

21-2/2y2-1 207y <2
filx;k;=1)= = 207
2 (2 2
o;T (E) o;

3. The Maxwell-Boltzmann densities m; and m; are obtained from the Chi densities
by setting k, =3, n=1,j:

x2 x2

foek =1) 2173/2x31g 2t [ x2e P
X5 K = = 3 3 — -
o (3) T

where I'(3/2) =T'(1+1/2) = ;T(1/2) = ; /7.

The corresponding expressions follow from substituting the values k = 1,2,3 in the

expression given in Remark B.2.4. O]

Proposition B.2.6. For a € R*\ {1} let 0y = ao? + (1 — a)o? and

ko = ak; + (1 — a)k; . Then the Rényi divergence between f; and f; is given by

byt | DT 1 (0?0?)’“’/2 rlk/2)
a\Jilllj

k; -1 n k;
ohr(k,/2) | @ o 0 T(k;/2)
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for ko > 0,0, > 0and

D,(fillf;) = +o0
otherwise.
Proof.
i k 2 271 @ X _x2j20? 1-a
fafi-a_ 1-ki/2 3 ki=1 p—x?/20; 91-k;/2 k=1 ,~x*/207
i/j k; & - -
L O-l‘r(z) O-JJI—'(E])
B a—1
aiffl“(kj/z) lko/2 ko—1,—x2/2E
| ofT(/2) o T(k;/2)
where
ko = ak; +(1—a)k;,
and
2 2
1 _a (1—a)_a0j+(1—a)oi_ o

e If k, > 0and o, > 0, then

f fiafjl_a dx
R+
a—1

(O';.(jT(kj/Z)\ gkO/ZF(kO/Z) 91-ko/2 ko1 5—x?/2E
|0 Tki/2) ) ofT(k/2) Jue  E%°T(ko/2)

a—1

(obr/2)) gholzr(e,/2)
| 0FT(k/2) | ofT(ki/2)
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since the integrand corresponds to a Chi density (k = k, and o* = £). Then

1
D(fllf) = —n f fEF1e dx

a—

1
1| (@) grri2)

Ta-1 |\ oFTk/2) | ofTk/2)
ot/ 1 (gkoﬂr(ko/z))
=In - + In o
o T(k/2) | @~ 1 o, T(k;/2)

=In

Oy

or/2)) 1 . (afaf)"‘”z (ko /2)

¥ T(k;/2) ) Ta-1 o (k;/2)

Note that for a € (0, 1) we always have k, > 0 and o, > 0 given the positivity of

ki, k;,0? and 0.
i j
e If 0, < 0then (1/&) < 0? and
J fefledx :Af xbo ek dx , K,A>0
R* R*
ZAJ xfldx = o0
Rt
for all real values of k.

e If o, > 0 but k, < 0 then

[ 2
f fl.“fjl_“dx =A, | xMleTEE dx, A;>0
Rt JR+
i
=A, | yM?leVdy, A,>0
Jr+
('1
>A, | yk/levdy .
Jo

2see footnote 1



APPENDIX B. ORIGINAL DERIVATIONS FOR EXPONENTIAL FAMILIES 123

Since e™” — 1 as y — 0, then

1

1
f ka/z_le_ydyzoo, sinceJ yPdy = o0
0 0

for p < —1. Finally, since nonpositive k, and o, only occur for a > 1 we have

1

a—1

Da(fi”fj) - h‘lf fl.afjl_a dx =00

for these cases.

Remark B.2.7. For k; = k; = k we have k, = k and

Dy (filx; k, o)l f;(x; k, 09))
. okT(k/2) L olo? “2 k)2
okr(k/2) a—1 oy okr(k/2)

o~ k/2
g; 1 9;
=kln—+ In| — .
o, a-—1 0o

Corollary B.2.8. Let a € R* \ {1} and 0y = ao? + (1 - a)a?. If 0, > 0, then

1. If h; and h; are two half-normal densities

21 -2 ..
h,=4/——e 22, 0,>0;, x>0,n=1,j,

T o,

the Rényi divergence between h; and h; is

gj
O

1 o2 1/2
In (—J)
i oa—1 oy
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2. If r; and r; are two Rayleigh densities
r,=—e >, 0,>0;,x>0,n=1,j,

the Rényi divergence between r; and r; is

gj 1 o;
Da(T‘iHTj) = 2111— + 11‘1 e .
o, a-—1 Oy

1

3. If m; and m; are two Maxwell-Boltzmann densities

2

N S
2 x%e 2 ..
m, =1/ — 3 0,>0;, x>0,n=14,j,
T o)

the Rényi divergence between m; and m; is

2N 3/2
gj 1 I
D,(m;||m;) =3In— + In[ — .
o, a—1 O
For all cases above, if 0, < 0 then D,(:||-) = oo.

Proof. Just as in Corollary B.2.5, the expressions follow from setting k = 1,2, 3 in the

expression given in Remark B.2.7. O]
Remark B.2.9.

lim D, (fllf;) = D{lS;) -
Proof. Since

limk, = lin% ak; +(1—a)k; =k;, and

a—1

limo,=limac?+(1—a)o?=o?,
a—1 a—1 J L J

the limit of the second term in the Rényi divergence (Proposition B.2.6) is of indeter-

minate form. Applying 'Hospital’s rule we have
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| 0202\ r(i,/2)
lim In _
afl |a—1 o ¥ T(k;/2)
. d ko
= loglila [ko In(o;0;) +InT'(ky/2) — - lnao}
) dk, 1 1 ky, do,
= lélT'lil [E (ln(aioj) + Ew(ko/Z) - Elnoo) - 27‘_0%]
, 1 1 ko .,
= l(grll [(ki —k;) (ln(oi(fj) + E’L/)(ko/Z) -3 lnoo) — 2T‘O(O'j —o; )]
1 1 ) k; ) )
= (k; — k;) (ln(aiaj) + El/)(ki/Z) — Elnaj) + ﬁ(ai - aj)
J
= Lk = k) + 100 + K (022
27 : 20770
and so

lim D, (fiI;)

k:
O'Jr(k/Z) 1 k;—k:) k.
=In| —— | + Zyk/2)(k — k) +Ino Y + =L (g2 — 62)
o (k;/2) | 2 ’ l 2070
1 o\ T'(ki/2) k;
= —(k;/2)(k; — k) +1 1 ! L2 —o2).
Sk /26— k) +In [(0) i |+ 207 o
which was the expression obtained in Proposition B.2.3, as expected. ]
B.3 Beta and Dirichlet Distributions
B.3.1 Beta distributions
Throughout this section let f; and f; be two Beta densities
xai—l(l _ X)bi_l
fl(X)Z 5 al,bl>0;X€(0,1) N

B(ai: bi)

where B(x, y) is the Beta function introduced in Section A.3.3.
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Proposition B.3.1.

E;, [Inf;] = —InB(a;, b)) + (a; — Lp(a;) + (b; — 1)vp(b;)

+(2—a;—b)y(a; +b;) .
Proof.

E;, [Inf;] = E; [~InB(a;,b;) + (a; — 1)InX + (b; — 1)In(1 —X) |

= —InB(a;, b;) + (a; — 1)E;, [InX] + (b; — 1)E;, [In(1 - X)] .

Let r > —a;. Then

1 Xal'—].(l _X)bl—].
E.[X"]=| X' dx
0

B(a;, b;)

1 xai-i-r—l(l _ x)bl-—l
= dx

0 B(a;, b;)
_ B(a;+r1,b) b xatr=1(1 — x)bi~1
- B(a;, b;) 0 B(a; +r,b;)
_ Bla;+r1,b)
a B(a;, b))

since the last integrand corresponds to a reparametrized Beta distribution with a; —

a; +r > 0. Then

d
Efi [th] - EEfl |:X ] .

d B(a;+r,b;)
N dr B(a;, b;) |,

B(a;+ b)) [Y(a;+1)—¢(a;+ b; +71)]
- B(a;, b,)

=(a;) —Y(a; +b,),

r=0
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where we have used the expression given in Remark A.3.11 for the partial derivatives

of the Beta function. Similarly,

E [(1—-X)]= B—(g(ab; )r) :
and
Ey [In(1 -X)] = %Eﬁ. [(1-X)] . Y(b) —y(a; +b;) .
Finally,

E; [Inf;] = —InB(a;,b;) + (a; — 1)E; [InX] + (b; — 1E, [In(1 — X)]
= —InB(a;, b,) + (a; — 1) [9(a;) — P(a; + b)]
+(b; — 1) [¥(b) — Y (a; + b))]
= —InB(a;, b;) + (a; — Dp(a;) + (b; — Dap(b;)

+(2—a,—bnp(a;+b,).

Corollary B.3.2. The differential entropy of f; is
h(f;) =InB(a;, b;) + (1 — a;)Y(a;) + (1 — b)Y (b;)
+(a;+ b, —21Y(a; + b;) .
Proof. Setting i = j in Proposition B.3.1 we have
h(f;) = —E; I:lnfi] = [—lnB(ai, b;) + (a; — 1)y (a;) + (b; — 1)Y(b;)
+ (2—a; = b)y(a; + b)) .]
=1InB(a;, b;) + (1 —a)y(a;)+ (1 —b)y(b;)

+(a;+ b, —21p(a; +b;) .
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Proposition B.3.3. The Kullback-Liebler divergence between f; and f; is

(]J ])
B(a;, b))

+1p(a;+b)(a; +b; — (a;+ b)) .

D(fillf;) =1n +v(a;)(a; —a;) +4(b;)(b; — b))

Proof. Using Proposition B.3.1 and Remark 1.2.4 we have

D(fillf;)
= E; [Inf] — E.[Inf;]
= — [InB(a;, b)) + (1 — a)yp(a;) + (1 — byp(b;)
+ (a; + b; — 2)y(a; + b;)]
— [~InB(a;, b)) + (a; — Dp(a) + (b; — 1yp(b;)
+(2—a; — b)p(a; +b,) ]

=1nB(a;, b;) —InB(a;,b;) +(a;)(a;—1+1—a;)+(b)(b;—1+1-b))

Y(a;+b;)(2—a;—b; +a; +b;—2)

B(a;, b;)
= ]nm Y(a;)(a; —a;)+(b;)(b; — b;)

+(a; + b;)(a; +b; —(a; + b)) .

Proposition B.3.4. For a € R \ {1} let a, = aq; + (1 — a)a; and
by = ab; + (1 — a)b; . Then the Rényi divergence between f; and f; is given by

b 1 B(a,, b
(a] ]) + n (aO 0)
( ub ) -1 B(aiJ bl)

D, (fillf;) =

for ay, by > 0, and

Da(fi”fj) = +00

128
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otherwise.
Proof.
eriea | XA =) I xu1(1 —x)b1 e
fif = [ B(a;, b;) B(aj’ b))
= [B(ai: b)] - I:B(Cll, 1)] x®71(1 - x)bo—l
B(a;, b)) 1 . -
(B(aw bl)) B(ai, bl-)x 1(1—X) ' >
where

ay=aa; +(1—a)a;, and by =ab;+(1—a)b;.

e If a,, b, > 0, then B(a,, b,) is defined and

1 arl-a B(al’ J) 1 ' ap— bo—
J, £ d":(B( i,bi)) B(ai,bi)Jo" oo

~ (B(aj, z)j))"“1 B(ay, by) [ x% (1= x)b!

B(aiab‘) B(ai) bl) 0 B(aO’ bO)

B(a]) ]) B(aOJbO)
B(a;, b;) B(a;, by)

129

since the integrand is a Beta distribution with parameters a, > 0 and b, > O.

Then,

D,(fillf;) =

J fafl a dx

_ 1 B(apbj) B(a()a by)

Ca-1 ! B(a;, b;) B(a;, b;)
B(al’ 1)+ 1 B(ay, bo)
B(a,b)  a—1 Blayb)

Note that for a € (0, 1) we always have a, > 0 and b, > 0 given the positivity of

a; baandb

ir™j
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e Ifa, <0or by <0 then

1
j x® (1 —x)P ldx =00
0

as pointed out in Remark A.3.8. Since this can only happen for a > 1, then

1

a—1

1
D.(fillf;}) = IHJ fEf7% dx — 400
0

Remark B.3.5.

l(glilDa(finj) :D(fi”fj) .

Proof. Comparing the expressions for the Rényi and Kullback divergence

(Proposition B.3.4 and Proposition B.3.3, respectively), we need to show that

. 1 B(QO, bo)
lim n
OLTl a — 1 B(ai, bl)

=(a;)(a; —a;) +(b;)(b; — b;) +¢(a; + b;)(a; + b; — (a; + b;)) .

Note that

lima():(llill}aal-l-(l—a)a]:al 5 (lxil}}bo:(llil}}abl—i_(l_a)b]: bi 5

a—1
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so the limit in question is of indeterminate form. Applying ’'Hospital’s rule we have

lim ! lnB(aO’ bo)
it a—1  B(a;,b;)
1 d
zlom Bag.bo) da B(ao, by)
1

0
=1 b
O‘gl B(ay, by) [ Blao, 0)

2
* 50,

1
=lim—— ) {B(am by) [w(ao) Y(ay + bo):l (a; —

atl B(ag, b

db,
S Blag, by) ]

+B(ay, by) [(bo) — 9 (a + bo)] (b; — b))} -
=(a; + bi)(aj + bj —(a;+ b))+ (a; - aj)l/)(ai)

+ (b = bj)yp(b;) ,

where we have used Proposition B.3.4 to express the partial derivatives of B(x, y) in

terms of the Digamma function v (...). O

B.3.2 Dirichlet Distributions

The expression for Rényi divergence given in Proposition B.3.4 can be readily gener-
alized to Dirichlet distributions by the same reparametrization argument. The corre-
sponding expression for the finite case was also derived in in [52] in the form of the
Chernoff distance of order A € (0, 1).

Let f; and f; be two Dirichlet densities of order d:

(x,aqa; ;a-eRd,;xERd,dZZ,,

fl( l) B( l)l_[ 1
d

where x = (x4, ..., x;) satisfies Zxk =1, a; =(a,...,a;,), a, > 0, and B(y) is the beta
k=1

function of vector argument defined in Definition A.3.10.



APPENDIX B. ORIGINAL DERIVATIONS FOR EXPONENTIAL FAMILIES 132

Proposition B.3.6. For a € R\ {1} let ay = aa; + (1 — a)a;. Then the Rényi divergence

between f; and f; is given by

B B(a;) 1 B(aa; +(1 - a)a;)
Da(finfj)—lnB(ai)+a_11n( ) )

if Vk , o, and
D,(fillf;) = +o0
otherwise.

Proof. The proof for the finite case follows the same reparametrization argument as in

Proposition B.3.4, so we omit it here. If some q; fails to be positive, then

1
a;—1
f x;" dx; =00,
0

and since f, = x%1 are positive functions on [0, 1], Fubini’s theorem applies (see p.

164 in [55]) and we have

d d
f l_[xak_ldx = f x% dx; - J l_lxa"_ldx =00.
[0,1]¢ k=1 [0,1] [0,1]9°1 ki

The Chernoff distance between f; and f; is given in [52] as

B(aa; + (1 — a)aj))
[B(a)]*[B(a))]'™*)

We mentioned in Section 1.1 that the Rényi divergence and the Chernoff distance are

Dc(fi||fj§a) = —ln(

related via

1
Da(fi“fj) = _ch(fi”fj;a) .
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Thus we can verify the consistency between the two expressions above by noting that

R o) = 1 |:1 (B(aai+(1—a)aj)):|
@0 1T | P\ a0 [Ba)]

_ 1, B(aai+(1—a)aj)([B(aj)])a_l
Ta-1" B(a;) [B(a,)]

B(a;) 1 | B(aa; + (1 —a)a;)
"Bla) a—-1" B(a,) '

=1

Also, the case a € (0,1) (assumed for the Chernoff distance expression) is a subset of

the finiteness constraint given in terms of a,, b, above.

B.4 Gaussian Distributions

B.4.1 Univariate Gaussian Distributions

Throughout this section let f; and f; be two univariate normal densities

1
1 2 1
filx)= (27‘50‘2) exp (—F(x—ui)z) , 0;>0,u;,€eR;xeR.
i

i
Proposition B.4.1.

E[Inf;]= —%ln (271(7?) — % [giZ + (u; — ‘uj)z] .
j

Proof.

1 2 1 2
E;[Inf;] =E, —Eln (Znaj) — ZT.'Z.(X — uj)
j

1 1
J
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where
B, (X -1 =By [ (X =)+ (1)
=E; (X — .Ui)z] + 2(u; — .u‘j)Efi [X — ]+ (u; — .Uj)z
:O'iz+(.ui _.U«j)z .
Thus

E[Inf;]= —%ln (27‘50?) — % [01_2 + (u; — ‘uj)z] '
j

O
Corollary B.4.2. The differential entropy of f; is
h(f) = E In (271'60'1.2) :
2
Proof. Setting i = j in Proposition B.4.1 we have
h(f) = —E, [Inf,] = (—éln (270?) = = [0%+ (s W])
20;
1 1
= %ln (Znoiz) + >
= Eln (27‘560‘?) :
O

Proposition B.4.3. The Kullback-Liebler divergence between f; and f; is

DUfillf) =5 [ — 1, + 02— 02 +1n0—f,

J i
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Proof. Using Proposition B.4.1 and Remark 1.2.4 we have

D(fillf;) = Eg[Inf;] — E[In f;]
1 1 1
— 2 2 2 2
= —Eln (Zneoi) +§1n (Znaj) +ZTU? I:O'i + (i — ;) :I
1. 07 1

1
- J 2 2
—2111 2 2lne+2 2[0i+(ui ,uj)]

O
Proposition B.4.4. For a e R*\ {1} let o, = aO'JZ. +(1—a)o?. Then the Rényi divergence
between f; and f; is given by

o 1 o?\  1a(u —u)?
D (Fllf) =l = | | 4 2R TR
LRI n0i+2(a_1)n(%)+2 -

if oy >0, and

D,(fillf;) = 400

otherwise.
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Proof.

1/2 a
fafl—a_ 1 ex —L(X’— .)2
t7J 2no? P 202 Hi
1/2 l1-a
1 1 ( )2
2710]2 <P 20]2 X H
a— 1-a)/2
- 1 (a—1)/2 1 1/2 1 ( /
N 2no? 2no? 2%0]2.
1| a 1-a)
. [ JR— J— . 2 —_ . 2
exp( . [a?(x R D

Consider the argument of the exponential above. Note that

[aa?(x —pu)*+ (1 —a)oi(x - ,uj)z} =ax*—2bx+c

where
a=0,:= aa? +(1- (X)O'l.z , b= aa}z.ui +(1- a)al.z,uj ,
and
c= aof,uiz +(1- a)ol.z,u]z. .
e If a =0 then
o?
2 2 __ — L
a0'j+(1—a)0'i—0<:>a— 5 5
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Note that this case is only possible if o2 > 0]2. since by assumption a > 0. Fur-
thermore, this also implies that a > 1; which can also be seen by noting that for
a<€(0,1), ao}z. + (1 — a)o? is the convex combination of two positive numbers,
which is clearly positive (and by assumption a # 1). So we have

o2\ 7 1 Y2
fefe = (G_JZ) (Zna?) exp(—2bx +c) ,

1

and the integral

ffiafjl—a dx
R
is of the form
KJ eVdy, K>0
R

which equals +oo for all real values of s. Hence

1

a—1

D(fllf) = an fAfE dx = oo,
R

since a > 1 for this case, as noted above.

e If a # 0, we can write
| e () - ()]
ax“—2bx+c=a|x*——x+|(—-| — | — +c
a a a

b\? b?
=a(x——) +c——,
a a

so we can express the exponential above as
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Thus

arl-a O-J2 - 1 Ve 1 b?
J o= (a_) (32) o (_20?0? [e- _))
a b\?>
.fRexp (_W (x — E) ) dx .
o a < 0: In this case the integral above is of the form
KJ e’ dy, s,K>0,
R

which equals +o00, so that

1

a—1

D,(fillf;) =

lnf fEf7 dx — 400
R

since, as before, this case must be a subset of the cases a > 1.

oa>0:

Il
—
~qN|‘~ )
N
~ N\
S, =

[\%)
N—
N
—

S,
Q
N

N

(@]

b

o

|

)
o =
Q
—. N
VY
|
Q|
N
~

a1 1/2
o\ * (1\"?(oio? 1 b2

= — —_— e —_—— —_— ,
o? o? a xp 201.20]? ‘T

since in this case the integrand is proportional to the pdf of a Gaussian
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distribution with mean b/a and variance O'iZO'J? /a. Note that

ac—b*= (aaf +(1- a)Giz) (aa}z.,ul.z +(1 - a)ol.zujz.)
2
- (aa}z.,ui +(1- a)al.zuj)
= a’otu? + (1 - a)’ofui + a(l - a)oio? (ujz + ,ulz)
2
— (aaf.,ui +(1 - a)al.zuj)
=a(l-a)oio? (,u]z + ulz) —2a(1 - a)oio?uu,
2

=a(l-a)oio?(u; —u)?,

hence

1 b? 1 ac — b? 1a(l—a)(u; — ,uj)z
—_ | c— — = — = —— ,
20202 a 20202 a 2 ao?+(1-a)o?

L L

J FEfF dx

_ 2 1/2 9
_(9\° ! oF exp Cla(l—a)(w — )
o, ao?+(1-a)o? 2 ao?+(1—a)o? ’

and

D(II)lGjJr 11 0?
«fillf; —nai 2(a—1)n ag}?+(1—a)0i2

1 alp— )
2a0+(1-a)o?’




APPENDIX B. ORIGINAL DERIVATIONS FOR EXPONENTIAL FAMILIES 140

Remark B.4.5.
li?}Da(fi||fj) =D(fllf;) -

Proof. Note that the limit

li ! 1 O-?
im n ;
all 2(a—1) aci+(1—a)o?

has an indeterminate form. Applying 'Hospital’s rule we find

li L %
att 2(a—1) n ac?+(1-a)o?

1 o?—o7} 10 -0}
== lil’l’l - - P 2 == 2 5
al  2qo;+(l-a)o;i 2 o
and so
2 2 2
. ., 05 10;70; 1 (ui — )
1 o
=53 [(‘ui_‘uj)z—i—aiz—aﬂ +lnj ,
J L
as given by Proposition B.4.3. O]

B.4.2 Multivariate Gaussian Distributions

Throughout this section let f; and f; be two multivariate normal densities over R":

1

o raew)E i e-w) n

filx) =

where u, € R", %; is a symmetric positive-definite matrix, and ()" denotes transposi-

tion.

Proposition B.4.6.

E; [lnfj] = —% [ln ((Zn)”lleI) +tr (2;121.) + (m —,uj)/Z}j_l (m —,u,j)} )
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Proof.
E; [Inf;] =E; [— In (2m)"2[3;]'2) - %(X — ) 57 (X - uj)}
— _% In ((2m)"|%]) - %Efi [(X — )TN (X - uj)} ,
where
e SN0 SAMIE ;zj‘;Eﬁ [ = )00 - )]
and |

Ey, [ (5 — wi )0 — )]
= By, [ (X — o + 1, — 15, (X0 =y 1y — 125 |
=By [(X—m) (=) ]+ Ex [ (i =) (i =113 ]
+ By [ (K= ms) (v =) ]+ Bx [ (=) (i =13 ]

- (Zi)kl + (‘uik _‘ujk) (‘uil _‘uil) ’

since the last two expectations above are 0. Also, since (%;),; = (Z;);, then
n
; (Z;l)kl [(Zi)kl + (‘uik _‘L'ij) (Mil _‘u'jl):l
n n
- Z (ZJ_I)H (Zi)lk +; (Zj_l)kl (‘uik _'u]'k) (‘uiz o ‘u“il)
1 =1

o=
=tr (ZIJ.‘IZI.) + (s — pbj)/le_l (=) -

Thus,

E; [lnfj] = —% [ln ((Zn)”lzjl) +tr (2].‘121.) + (,u,[ —,u,j)/Zj‘l (,u,i —,u,j)} )
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Corollary B.4.7. The differential entropy of f; is
1 n
h(f) = 5 In ((2re) ) -
Proof. Setting i = j in Proposition B.4.6 we have
h(f;) = —Ey [lnfi]
1 /e
=3 [In ()" zl) + o (575) + (u— 1) 57 (o — ) |
1
=3 [In ((2m)"%;]) + tr(1)]

= %ln (2re)"|zy]) -

U
Proposition B.4.8. The Kullback-Liebler divergence between f; and f; is
_ 1 |ZJ'| -1 "1
DIl =5 |y +or (372) + (=) 57 (=) = |
Proof. Using Proposition B.4.6 and Remark 1.2.4 we have
D(flllfj) =E;, [Inf] - E, [lnfj]
1
= —Eln ((2me)" %))
1 3 I
- 5 [ln ((271) IZI]-I) +tr (ZI]. 1Zi) + (,u,i — pbj) by ! (,u,i — p,])}
1 |Z;] . —
=3 [ln@+tr(2j Zi) + (M—Mj) % (,ui—u,j) -n| .
U

Remark B.4.9. If we set n = 1 in Proposition B.4.8 we get

2 2
D(fl-nm:% [1n;+%+ (i = 1y) Ui (i —ny) - 1}
i J J
- [(Mi_uj)2+o-i2—0'ﬂ 41 ,

2
207 o;
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which is the expression for the Kullback divergence between two univariate Gaussian

distributions obtained in Proposition B.4.3 (as expected).

Proposition B.4.10. For a € R*\ {1} let A be the matrix A := aZi_l +(1- a)Ej_l. Then

if A is positive definite the Rényi divergence between f; and f; is given by

. _1 (1= 1, 1 F(a)
fillfj)=7In =) T 2a— " (lAHZil) C2(a-1)°

where

F(a):= [a,u;Z)l._l,u,i +(1- a)u;.Z]j_lu,j}

_ [azglm +(1- a)Zj_luj} A [aZi_l,ui +(1- a)Ej_lu,j] .

If A is not positive-definite then

D, (fillf;)=oo0.
Proof.
1 e SN Il IE TCSME e
a —a __
G e I PRI

= [eoI5l] ¢ [eryinl]

1
-exp (—5 [a(x — ) — ) + (1 —a)(x — pbj)'ZI]._l(x — ,uj)} ) )
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Consider the argument in the exponential:
ol — 'S — p) + (1 - ) — )5 (x - )
_ -1 -1 -1
=ax'S 7 (0 — ) — o X (o — ) + (1 - a)x’Zj (x — )
—(1 - U= x —w)
=ax'S7x —ax'S7 w — au ST x4+ au S,
+(1- a)x’Z]j_lx -(1- a)x’ZI]._l,uj -(1- a)uJ;.Z]j_lx +(1- a)M;.Zj_le
=x'(aZ' + (1 - )z Dx —x'(az ' + (1 - )T )
— (= + (1 - QU T Dx + law =y + (1 — o)z ]
Note that
/
[azi—lui +(1— a)Zj_ly,j} = U= + (1 - Uz,
since %; and X; are symmetric (hence also their inverses). Then
alx — ) =70 — ) + (1 = a)(x — ) =7 (e — )
is of the form x’Ax — 2x’b + c, with
A= aZi_l +(1- OL)ZIJ._1 , b= aZi_l,u,i +(1 - a)Zj_l,LLj , and
c=aus u+ (1 - )z

e If A is a symmetric matrix, positive-definite, then it is invertible and applying

Proposition A.4.4 we can write
x'Ax —2x'b+c=(x —v)Alx —v)+d,
where

v=A"'p and d=c—bA'b.
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Then
fefr
= [eryI=d] ¢ [eryinl]
exp (—% [ — )= (x - ) + (1 - @)x — 'S - uj)D
= [eoyI=l] 7 [eryIn)] 7 exp (—% [(x —vYA(x —v) + d])
— [eryInl]E [eryis)] T e texp (—% [(x — vYAGx - v)]) .

Letting B = A™! <& A = B! we recognize the above as being proportional to
the pdf of a multivariate normal distribution with mean v and covariance matrix
B. As shown in Proposition A.4.3, A will always be symmetric, and it will be
positive-definite for any a € (0, 1), given that %; and X; are positive-definite and
symmetric by assumption. The invertibility of B = A™! also ensures that |B| # 0,

SO we may write

%1\ % [ 1B\
inaf'a_ldXZ(—J (u) e s
o =) =

J ((27)"[B) " exp (—— [ —vYB(x - v)]) dx

a—1
1=\ = [/ IBI\* _.

= _— e e 2 ,
] ||

ol = [ ()T (B
L= 3 ) =)

_11 1%l 1 1 |B| d
G APTCED n(lzil) C2a-1)

N[ —

hence
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But
d=c—b'A'b
= [au;Zli_l,u,i +(1- a)u;.Z};le}
— [azi—lu,i +(1- a)Zj_l,qu} Al [azi‘luf +(1- a)Zj_l,u,j} ,
and
Bl=la| =
Al
Thus,
D(f||f)—11 | N 1 | 1 F(a)
A= =) T 2te—1) T Al ) T 2(a—1)°
where
A=ar ' +(1-a)z;!
and

F(a):= [a,uéZli_l,ui +(1- a),uj.Zj_lpuj}

_ [aZi_lu,i +(1- a)ZIJ._lu,j:| At [az;lm +(1- a)zj—ly,j] .

e Suppose now that A is not positive definite. Since A is always symmetric, we
can always find a Q and A such that A = Q’AQ, where A is the diagonal matrix
A = diag(A4,...A,,) with the eigenvalues of A, and Q is an orthogonal matrix of
eigenvectors of A. Let u = Q’x. Then x = Qu since Q' = Q! and x’Ax =
u'Q’AQu = u’Au. Thus

x'Ax —2x'b=u'Au —2u'Q'b = Zkiu? - 22 Qjiu;b; .
i=1

ij=1
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Moreover, for some k € {1, ...,n}, there exists an eigenvalue A, < 0. With this in

mind, we rewrite the above as

ankiuiz — ZXHJ Qjiu;b; = (?Lkui — ZXHIijukb]) + Zn: Aiul.z -2 Zn: Qjiu;b; .
i=1 ij=1 =1

i=1,i#k i,j=1;i#k

Observe also that

1 n
f exp (_5 {Akui - ZZQijukbj] ) duy
R j=1
1 ) -
= €exp 5 |A'k|uk + 22 Ql]b] Uy duk
R j=1

:fexp(syz-l—ty)dy, s>0,teR
R

:OO’

since the matrix Q and the vector b are fixed. Also, Q'(R") = R" and for u(x) =
Q’x the Jacobian determinant of the transformation x(u) = Qu is simply |J| =

|Q| = 1 since Q is orthogonal. Thus,

J fiafjoc—l dX :Kj‘

R"

1
exp (_5 [x'Ax —2x’b]) dx ,K>0,
r 1 / YaY
=K | exp|—=[uAu—2u'Q'b] | du
Jr 2

1 n
=K [ exp (—— {Akui - ZZQijukbj] ) duy
Jr 2

j=1

1 n n
. eXp —_— A’iul'z -2 Qﬂulb]} ) du 3
JIR“ ( 2 L;:#k i,jzl;;'yék

where we have used Fubini’s Theorem® as the integrand is always positive. Hence,

by the observation above, the whole expression equals 400 as a result of the first

3See for example [55], p.164
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integral. Finally, since the case of A not being positive-definite requires

a > 1 (see Proposition A.4.3) then

1
D, (fillff) = mf fofl =00,
Rn

Remark B.4.11. If we set n =1 in Proposition B.4.10 Then

Fa) = ay? + (1_a),u]2. B (a,ui N (1_0)%)2 (ﬁ_i_ (l—a))l

2 2 2 2 2 2
O'i O'j Gi O'j O'i O'j

o0

1
_ 2,2 . 2,2
= (aO'j,ui +(1 a)O'j,u].)

J
1 ( ) (1 - )02 2 0?0?
- oaociu; + (1 —a)o: )
0?0? it iHj aoi+(1-a)o?
1

B oo} (aO'JZ. +(1— a)al.z)
: [(aa?,uiz +(1- a)a?u?) (aof +(1 - a)aiz)

2
_ (aa}z.,ui +(1- a)crl.z,uj) ]

As shown in the proof of Proposition B.4.4,

(ao? +(1- a)ol.z) (aa?u? +(1- a)a?,u?) - (aa}z.ui +(1- cc)O'iZ,uj)2

=a(l- a)aizajz_(‘ui - .Uj)z s

So

a(l—a)(u; — .U'j)z

aci+(1—a)o?

F(a) =

Also,

2 2 2
i j j

2 2
a 1—a a0+(1—a)0
A% | = (—+( ))0?= : -
(o2
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Thus,

1 O'? 1 012'
Da(fi||fj)=§11’1 O__lz +2(a_1)1n ao—}?+(1—a)o'i2

_ a(l—a)(u; — .Uj)z 1
ao]? +(1—-a)o? 2(a—1)

(D)L i
- o; 2(a—1)n ac?+(1-a)o?

1 alp—u)
2a07+(1-a)o?’

which is the expression for the Rényi divergence between two univariate Gaussian
distributions obtained in Proposition B.4.4 (for aa? + (1 — a)o? > 0), as expected.
Moreover note that for n = 1 the positive-definiteness constraint in Proposition B.4.10

in this case becomes

o? o?

a (1-a)) , ) y
— + x >O,‘v’x€R\{O}@aaj+(1—a)0i>0,
i j

which was the corresponding constraint in Proposition B.4.4.

Remark B.4.12.
lim D, (fillf;) = DCfillf;) -
Proof. First observe the following:

. . -1 -1 -1 . -1
— . - . —_— . y . 7 .
101}111A 1;?11 [aZ}l +(1 a)EJ } o= l(grll AlIZ] =275 =1l =1
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Also,

loitglF(a) = ltgrll ( [a,u;Zi_lu,i +(1- a),u;.Zj_l,uj}
/
— [aZ}i_l,ui +(1- a)Z}j_l,uj} Al [aZi_l,ui +(1—- a)Zj_l,uj} )
p— p— / p—
= W= - (Zi l.ui) NV
=S = pE R
=0.

Then we see that

y L, 1 F(a)
all [z(a—l) “(|A||zi|) ‘zca—l)]

has an indeterminate form. From Proposition A.4.11,

d|A| — e A_ldA
da f da )’

g L4A (L [dA
e = (i[5 ])
=u((z) 7 (57 -51))

=n-—tr (2_121) 5
J

and so

where we have used Proposition A.4.10, as well as the linearity, symmetry, and conti-

nuity of the trace operator. Thus, applying I’'Hospital’s rule,

i 1 1 1 . 11_ 1 d|A] —1[t (2‘12) i|
ati 20a—1) A ) T 2att A da 2 LT\T ) T

Now, also from Proposition A.4.10

d (’Ax)—dX/(Ax)+ ,dA N ,Adx
dax " da xdax Xda’



APPENDIX B. ORIGINAL DERIVATIONS FOR EXPONENTIAL FAMILIES 151

and so
d d P P
a F(a) = @ ([auizi U + (1 - a).ujzj .u]:|
/
— [aZi_lui +(1- a)Z}j_l,uj} Al [aZi_lui +(1- a)Z]j_l,uj} )
= WS — W
- /
— _Zi’l,ui — Z].’l,uj} (A’l [aZlflui +(1- a)Z}j’l,uj} )
[ -1 1, dA™ -1 -1
_ _aZ}i pi + (1 - a)x; ,uj} T [aZ}i pi + (1 - a)x; ,u]}
— /
LR TR CEty bl i T il I
and also
da™t A dAA_1
da da

Since limA= %", then limA™" = %; and
all all

1' dA_l _ -1 -1 _ -1
(1?% da —_ _Ei |:Zl - Z] i| Zi —_ _Ei + EIZJ Ei .

Hence
d ,
lim —— Fa) = w2 i — W2 — [Zi‘lui = Zj‘luj] NV

- [=w] (- ) [57]
- I:Zi_l“’i:l/zi [Zi_lﬂi - Zj_lnu‘ji|

= [MQZflui - M}Zj‘lu]} — pZ T
— (Zizj‘lui - Iui) — W+ S

= —WiET iy BT — WS+ S

=- [uizjlui — iz — G et M}Zj‘luj}

=—(u; — .U«j)/zj_l(.ui - .Uj) >
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and from I'Hospital’s rule

. F(a) 1 P
1;?11 {—m} = E(‘u’i — ) E (= 1y)

Finally,
lim D, (L) = tim |2 (2] L g (L F(o)
LU= 5 iz ) Y 2o ™ Uaml) ~ 2te- D

1 lzjl -1 /51
~5 |:ln (E) +u (Z}. Zi) + (i — ;) 2 (Ui —p)—n |,

which is the expression for the Kullback divergence between two multivariate Gaussian

distributions obtained in Proposition B.4.8, as expected. O

B.4.3 A Special Bivariate Case

Consider the expression for D,(f;||f;) for the zero-mean, unit-variance, bivariate case:

e—%x/fbi_lx
(x)=——— x €R?,
F) = G =
where
1 p
= g , k=1,]j
pr 1
We have
1 1 —p
Z]:1 = —2 ¢ ) k = l)] 3
1-p
k|l —pr 1
and
_ 51 -1
A=aX " +(1- a)Ej
a 1 —P; (1 —a) 1 —Pj

1—p:

2
i
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Writing the above as a single matrix and taking the determinant we find

Al = ! 2 ([a(l—p?)ﬂl —OL)(l—p-z)}2
(1-p1-p}) g ’

- [a = p21p,+ (1= @)1 - 920, ] )

2
i Ll —p?)l(l -p?)} (¢*-piya-pd
+(1 - a1 - pPY(1 - p7) +2a(1 = a)(1 - p)(1 - p7)(1 —pl-pj))
a?(1—p?)+(1—a)(1—p)+2a(l —a)(1l - pip;)
(1-pH)(1—p?)
(> +(1—a)*+2a(l—a))— azp? —(1-a)p? —2a(1 - a)p;p;
B (1—pH(1—pD)

_1—(ap;+(1—a)p)
(1-pH(-p?)

Thus

1-(ap;+(1—a)p,)?

AllZ;] =
(1-p?)

Also, since u; = u; = (0,0)" then F(a) = 0. Thus when A is positive definite (e.g. when

a €(0,1)) we have

1-p? _ _ B 1
Da(fillfj)zéln( _212) 1 | (1 (ap;+(1 a)pl)).

1-p2 ) 2(a-1) (1-p?)

Now consider the KLD case. The multivariate Gaussian KLLD

llzjll +tr (Zj_lzi)) +% [(M ) =7 () - n]

DUflF) = (m

becomes

A2

1 Ik
DUfF) = 5 (m () —2) -

i
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We have
I | L —p; L pi
J t _ N2 ’
1=p7 | —p; 1 pi 1
hence
2(1—p:p;)
tmzfzgz-——lﬁgi,
1—pj
and

1

" 1-p? +pf—pmi
1-p?

1. (1-p7\  1-pp;
D(fillf;)==In =+ |
(il =5 (1_p2) -

1-p;

We can see that taking the limit & — 1 of the second term for the Rényi expression

above we have

2

1. —2p,(pj—p) pf ~ PjPi

——lim =
200 1-(piF  1-p}

so that the expressions agree in the limit a — 1, as expected.
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B.5 Pareto Distributions

Throughout this section let f; and f; be two Pareto densities (over the same support)

fi(x)=amix @ q m>0;x>m.

Proposition B.5.1.

E;. [Inf] :ln% = (aJ: 2y
Proof.
E; [Inf;] =E; [In(q;m") - (a;+1)InX
=1In (a;m"%) — (a; + 1E;, [InX] .
Now

E;[InX] = f a;m%x @Y Inx dx

o0 1 [o¢]
+—J x_(“f“)dx}
a:
m LJdm
am“m %“lnm

1 o0
= +— f a;m%x (@ dx
a;

1
= a;m" |:—— x % lnx

a;

a; m

=lnm+—,
a.

A
where we have used integration by parts, and the last term integrates to 1 since it

corresponds to integrating the original density over its support. Thus

By [Inf] =tn (gym®) = (a;+ D) {lnm H =l

m a;
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Corollary B.5.2. The differential entropy of f; is

h(f)=In™ 4 Gt
a; a

i

Proof. Setting i = j in Proposition B.5.1 we have

41
(a )]=In§+

h(f)=—E; [Inf;] =~ [ln_i - @

Proposition B.5.3. The Kullback-Liebler divergence between f; and f; is

a; q;
D(flIf) =In=" +
a]- a

a;

i

Proof. Using Proposition B.5.1 and Remark 1.2.4 we have

D(fl||fj) =Ey, [Inf;]— E [lnfj]
=— [lnT+(ai+1):| — [lnﬁ— (aj+1)]

a; a; m a;

aj_al'

(a; +1)

156

]

Proposition B.5.4. For a € R" \ {1} let a;, = aa; + (1 — a)a;. Then the Rényi divergence

between f; and f; is given by

a;
D, (fillf)=In—+
a a—-1 aqa,

for a, > 0 and

D, (fillf;) = +o0

otherwise.
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Proof.

a—1
- (@ a (. 1-a i -
fiafjl a_ I:aimalx (al+1)i| I:ajma]x (aj-i-l)] — (_) al_maoxao 1 ,
a

where a, = ag; + (1 — a)a;.

e If a, > 0 then

00 a—1 00 a—1
arl-a a; a; ag-ap—1 a; a;
fefl-%dx=| — — agm®@x® T dx = | — —,
vy a; a a; a
m ) 0Jm J 0

since the integrand is Pareto density with parameters m and a,. Then

1 )\ g a; 1 a;
Da(fi”fj):a_lln Cl_ a— =1n;+a_1lna—.
0 0

J J

Note that for a € (0, 1) we always have a, > 0 given the positivity of a; and a;.

e If a, <0 then

J fofe dx=AJ x®'dx, A>0

m

=00.

Finally, since nonpositive a, only occurs for a > 1 we have

1

a—1

D (fllf) = ——1In J fafidx = oo

for these cases.

Remark B.5.5.

lim D, (fllf;) = DUAIS;) -
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Proof.

lim D — g LI
im D, (fi[lf;) = naj+(g111 1",

Since

l;glao = 10%1 (aai +(1- a)aj) =aq,

the limit of the second term is of indeterminate form. Applying 'Hospital’s rule

. 1 a; . 4 —a a—aq
lim In— | =—Ilim = .
all la—1 aq all  q, a;
Therefore,
. a; 4G
im D, (fillf;) =In—+ =D(fillf) »
all aj i
as given by Proposition B.5.3. O

Information measures for univariate Pareto distributions are also considered in [7].

Introduced as “The Pareto distribution with survival function
Fex)=(x+1)7*, x>0,8>0",

denoted by #. The authors denote the Shannon entropy, Rényi entropy, Kullback-
Leibler divergence, and Rényi divergence by H(#,), H (%),

K(Z,: 2,), and K,(Z; : &), respectively. Thus, they present

K(Pg :Pp)=p—logp—1,

H(%) = l—l-%—logﬂ ,

1
Ka(gﬁl . t@ﬁz) = 1

log (oqo”‘_1 +(1- a)p“) , a+(1—a)p>0 and
—a

B« 1
1 L
1-a Ba+n-1" * " B+1°

Ha(gb) =
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where p = f3,/,. Since the survival function is defined as 1 — F(x), where F(x) is the
distribution function of X, then the corresponding density is

FR)=Fx+1) D x>0 = By P, y>1.

In our notation this corresponds to the case a = # and m = 1. Substituting these values

into Corollary B.5.2, Proposition B.5.3 and Proposition B.5.4 we obtain

h(f)_lnﬁ+ﬁ%_1+%—1og/3
D(fillf)) = 1%+ﬁ]ﬁ'ﬁl—p—logp—1,and
] 1
1
DL(fllf) = §+———1§a
J 0
=1n E_i_ 1 ﬁi

|
B a—1 ap+(1-wp
1 afi+(1-a)p,
In
l-a B;
! In(a+(1—a)p)
—-a

=—Inp+

= ! Inp* !+
1—«a 1

1
= In(ap* '+ (1 -a)p®),
l-a
where p = ;/f3;. Moreover,

Bo>0=af+(1—a)B; >0
(=)a+(1—a)&>0

Sa+(l—a)p >0,

and we see the two sets of expressions are in agreement.
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B.6 Weibull Distributions
Throughout this section let f; and f; be two univariate Weibull densities
filx) = kili_k"xkf_le_("/li)ki , ki, A;>0;x €RT .

Proposition B.6.1. For a € R*\ {1} let k; = k; =k and A, = akf + (1 — a)AX. Then the

Rényi divergence between f; and f; is given by

2\ 1 ‘
Da(finfj):ln(f) #——1n2L

1

for A, > 0 and

Da(lefJ) =+00
otherwise.
Proof.
i P N PRy b
o e e
= kA7 ATk exp (—Ex")
2.\ KD

= (i) Ak exp (—ExK)

where

a 1—a a?L;‘+(1 —a)kf A’O
= — + = - )
ATk (1)) (a2;)"
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o If A, > 0 then £ > 0 and

pl\}) ~.>)|g..>)

~.

b R

~.

I
N NN

b R

-~

Then,

k(a—1) vk k k
D, (fillf;) = ! In % ﬁ =In il + L lnﬁ.
¢ ! J a— 1 A’i A‘O )’i a— 1 A’O

Note that for a € (0, 1) we always have A, > 0 given the positivity of A; and A,.

o If A, <0then & <0and
J fofi e dx =A1J xk el dx . A, >0
RT R*
>A1J x*ldx =00,
Rt

for all values of k. Finally, since nonpositive A, only occurs for a > 1 we have

1
a—1

D.(flIf) = ——1n J FAF dx = +o0
R+

for this case.

Remark B.6.2. For k; =k; =k,

lim D, (fllf;) = DU£IS;) -
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Proof. Note that setting k; = k; = k in the expression for the Kullback divergence,

D(f;llf;) (Proposition 2.3.27), we obtain

A0\ 20"
D(fillf;)=1In (_Ai) + (—%) 1.

Comparing this to the expression for the corresponding Rényi divergence

(Proposition B.6.1), it remains to show that
. 1 | A? A ¢ 1
im n|l—=|=(—1] —-1.
OLTl a— 1 A‘O A’]

: 1 k ok — gk
l(gllllo —15111 ar; +(1—-a)A] = Aj

Since

we see the limit in question is of indeterminate form. Applying I'Hospital’s rule,

1 Ak 1 AR — Ak 2.\ K
li n|ZL|=-lim— (M -2AF)=— 2L =2 —1.
ol a—1 n(xo) 2l A (35 -2) L (A)

]
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