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Partially and Fully Integrable Modules
over Lie Superalgebras

IVAN DIMITROV AND IVAN PENKOV

ABSTRACT. V. Kac and M. Wakimoto have observed in [KW] that for certain
most natural affine Lie superalgebras g like g = sl(ﬁne) (m#0,1,n#0,1)
org= osp(?wjna) (m # 1,2, n # 1), an irreducible highest weight g-module
cannot be gp-integrable unless it is the trivial module. Motivated by this
fact, we introduce the notion of a partially integrable module for a large class
of infinite-dimensional Lie superalgebras g. We also give a general definition
of a highest weight module. We then prove an explicit criterion for partial
integrability of irreducible highest weight g-modules. For the classical affine
Lie superalgebras, which we consider in detail, this gives a stronger version
of results of Kac-Wakimoto. However, our theorem can be applied to many
other cases, in particular to g = Wpo1(m + ne). We discuss this case briefly.
Finally, for classical affine Lie superalgebras g we announce a description of
a class of irreducible g-modules which are go-integrable but are not highest
weight modules. These are the loop modules introduced in the case of affine
Lie algebras by V. Chari and A. Pressley.

Introduction

This paper originated in an attempt to understand the notion of integrability
which V. Kac and M. Wakimoto, [KW], introduced for highest weight modules over
classical affine Lie superalgebras g. The point is that those integrable g-modules
are not integrable as go-modules ) . The following question arises: is it true
that there is no reasonable class of g-modules which are integrable as gg-modules?
The answer is certainly no because for instance the loop modules (introduced by
V. Chari and A. Pressley for affine Lie algebras, see [CP]) are also defined for g
and are gp-integrable. However, loop modules are not highest weight modules. It
turned out that in the case of the highest weight modules considered by Kac and
Wakimoto we are actually dealing with the phenomenon of partial integrability.
In this paper we give a definition of a partially integrable module for a general
class of infinite-dimensional Lie superalgebras. This definition applies not only to
highest weight modules, and moreover the notion of a highest weight module is
not routine in our context. Therefore we also give a rather general definition of
a highest weight module. Our main result is a criterion for partial integrability
of irreducible highest weight modules. It generalizes a theorem proved earlier by
V. Serganova and the second author, [PS], which characterizes finite-dimensional
irreducible modules over a finite-dimensional Lie superalgebra.

In the second part of the paper we consider in detail various classical affine Lie
superalgebras. The above theorem enables us to completely characterize certain

DThroughout this paper the term “integrability” has the same meaning as in the book of V.
Kac [K2]. The problem of whether the fully integrable or partially integrable modules we consider
can be integrated to a group action could be addressed in a separate publication.

Typeset by ApS-TEX

49



Dimitrov,

[van K./Paper/2002-11-05

50 IVAN DIMITROV AND IVAN PENKOV

maximal families of line superalgebras (or “rank 1 subsuperalgebras”) with respect
to which a highest weight module can be integrable. We also discuss the case of the
Lie superalgebra W (m + ne) of polynomial vector fields of m even and n odd
indeterminates.

In the third part we introduce the category of bounded g-modules and announce
an explicit criterion for integrability of irreducible modules in this category. As
a corollary we obtain that all bounded gg-integrable irreducible modules are loop
modules. We intend to present these and other results in more detail in a forth-
coming publication.

Acknowledgment. Discussions with Victor Kac, Alexei Rudakov and Vera
Serganova have been very helpful and stimulating. Both authors have been sup-
ported in part by NSF Grant DMS 9500755.

Notation

The ground field is C and, if the opposite is not explicitly stated, all vector
spaces are defined over C and are automatically assumed to be Zs-graded. All
Lie superalgebras are also defined over C. A right lower index o or ; will always
refer to Zo-grading. The upper index * denotes dual space and II denotes the
functor of parity change on vector spaces (II acts also on the representations of any
Lie superalgebra). The signs & or ® denote semi-direct sum of Lie superalgebras.
If a vector space V. = V{, & V7 has finite dimension, its dimension dimV is an
element of the Clifford ring Z[e], € being an odd variable with €2 = 1. One has
dimV = dim Vj + dim(IIV;) - €.

1. Partially integrable highest weight modules: general theory

1.1. A class of Lie superalgebras g. Let g be any complex Lie superalgebra,
which has a nilpotent self-normalizing finite-dimensional Lie subsuperalgebra § such
that as h-module g decomposes as

(1) hao( & g9,
aEACHE\O

where for each « the linear space g(®) is a direct sum of finite-dimensional h-modules
whose composition factors over hy are 1— or e—dimensional modules on which hg
acts via a : hy — C. The set A (i.e. the set of non-zero a’s occuring in (1)) is by
definition the set of roots of g. A root « is even iff g(()a) = 0, and respectively odd
iff gga) # 0 (o may well be both even and odd). We denote the even roots by Ay
and the odd roots respectively by A;. Clearly A = AgUA;. A 1-dimensional real
subspace of b will be called a line of g if [ N A # (.

Any finite-dimensional Lie superalgebra (see [PS]), as well as any Kac-Moody
Lie algebra, belongs to the above class. Our main examples (see 2.1) will be var-
ious affine Lie superalgebras. However, the polynomial versions of the infinite-
dimensional Cartan series of Lie superalgebras, in particular Wy (m + ne) :=
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der(S (C™*"¢)) 2, also belong to this class, see 2.2. In what follows we will as-
sume the pair h C g to be fixed and will call h a Cartan subsuperalgebra of g.
¢ will denote the category of g-modules V', such that as a h-module V' decomposes

as @ VW each V(#) being a direct sum of finite-dimensional h-modules whose
HEDS
composition factors over hy are 1- or e-dimensional h-modules on which hg acts via

12 by — C, and such that u # 0 at least for one p. V¥ are the generalized weight
spaces of V.

1.2. Borel subsuperalgebras of g and highest weight g-modules. We start
by defining triangular decompositions of A. Let F' be a flag of maximal length which
consists of real subspaces in b : F = {0=F'CFICF2C...CF>" 1 C F>"=p}},
where n = dimc hg. Then using F' we can split A into two non-intersecting sets as
follows:

AT = (P nA) U (P Y nA) U u((FYHT nA),

) AT =((FP™) nA)U(F™hH nA)U---U(FYH) nA),

where (F ’“)Jr and (FF)~ denote respectively the two connected components of
FF\F*=1 The signs + and — are assigned to connected components arbitrar-
ily, therefore F' can determine in this way up to 22" different decompositions. Each
decomposition (2) is by definition a triangular decomposition of A. Given a trian-
gular decomposition (2), by reversing the signs we obtain the opposite triangular
decomposition.

Clearly, a triangular decomposition does not necessarily determine the flag F,
i.e. different flags can define the same triangular decomposition. Moreover, some-
times the decomposition depends actually only on a subflag of F'. For example,
if dimg < oo, any triangular decomposition is actually determined by a real re-
gular subspace P of b} (regular means that P N A = (}) of dimension 2n — 1. In
other words, the reader will check straightforwardly that in this case for any tri-
angular decomposition there exists a regular 2n — 1-dimensional real subspace P
so that this given decomposition is determined by an arbitrary flag F' of the form
{0c F*CcF*cC..-C F>»~! = P C F? = p}}. For any triangular decomposition
(g being possibly infinite-dimensional) the length of a shortest flag by which it is
actually determined, is a combinatorial invariant of that decomposition.

A Lie subsuperalgebra b = h3( (@), corresponding to some triangular

¥
aceAt g
decomposition A = A" LI A, is by definition a Borel subsuperalgebra of g. We set

nt = o . g(®). Then b = hdnt. When we need to refer to n* for a given b we
aEA

will write n*(b). The Borel subsuperalgebra b~ = h®n~ (defined by the opposite
triangular decomposition) is the Borel subsuperalgebra opposite to b. Any Borel
subsuperalgebra defines a partial order on hj:

n<lpn < n:quZoz,;, a; €AT, or p=n.
i

2)1In [PS] and [P] only finite-dimensional Lie superalgebras are considered and derS"(C"¢) is
denoted simply by W(n). In the notation of the present paper der S"(C"¢) = W (ne) = Wy1(ne).
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Two Borel subsuperalgebras b! and b2 are adjacent if they correspond respec-
tively to triangular decompositions (A*)! U (A7)! and (A+)2 U (A7)? such that

(3) (AHN(AD) N = (AT)\((AF)*nD)

for some line [ of g. A line [ of g is simple for a Borel subsuperalgebra b if one
can find a Borel subsuperalgebra b’ so that b and b’ are adjacent and (3) holds. A

sequence of Borel subsuperalgebras ..., b ..., b%. ... is a chain if b’» and bi»+1
are adjacent for every n € Z. Given a chain ... ,b",... b, ..., it determines a
sequence of lines ... ,I°, ... [*-1, ... where [% is the unique simple line for both

bii and b+!. If dimg < oo, any pair of Borel subsuperalgebras b and b’ (which
contains the fixed Cartan subsuperalgebra h) can be connected by a finite chain
b=0b',... 6F =b’. This of course is not true when dim g = oo.

If b is a Borel subsuperalgebra, its finite-dimensional irreducible modules are in
bijective correspondence with the finite-dimensional irreducible h-modules. Indeed,
if v is a finite-dimensional irreducible b-module, one shows exactly as in Proposition
2 of [PS] that there is a non-zero h-submodule o of v on which nt acts trivially.
Since v is irreducible and n™ is an ideal in b, v = . Conversely, if v is an irreducible
h-module, one can always endow it with a b-action by letting n™ act trivially on v.

Irreducible finite-dimensional modules over any nilpotent Lie superalgebra have
been described by V. Kac in [K1]. Kac’s result, applied to h, states that any linear
function A € by, such that Aljy, 4, = 0, determines a finite-dimensional irreducible
b-module v4. Moreover, v is the induced module U(h) ®¢(p) A, where p is a Lie
subsuperalgebra of h with p D b := ho@®(ha)1, for (ha)1 := {h1 € h1|A([h1,R}]) =0
Vhi € b1}, and such that p is a maximal subsuperalgebra for which A (considered as
a 1-dimensional hp-module) extends to a 1-dimensional p-module \. Furthermore,
obviously v§ = IIv} is also a well-defined finite-dimensional irreducible g-module
(which may or may not be isomorphic to 1), and the second part of Kac’s result
states that any finite-dimensional irreducible h-module is isomorphic to v} or v¥
for some A € b, Ag,,5,] = 0. In what follows v, will denote a finite-dimensional
irreducible b-module which as h-module is isomorphic either to v4 or to v§. An
element A € b is by definition a weight of g iff v is well-defined, i.e. iff A|fp, 5, = 0.

If vy is an irreducible finite-dimensional b-module, then the induced g-module

Vo(va) :=U(a) ®u(s) ¥a

is by definition the Verma module with b-highest weight space vy. It is crucial that
Vi (vy) is an object of the category € (for A\ # 0 in the special case when b = g)
and that Vb(l/,\) has a unique maximal proper g-submodule. The first statement
is obvious and the second statement is a straightforward corollary of the defini-
tion of a Borel subsuperalgebra. This implies that Vi (vy) has a unique irreducible
g-factormodule which we shall denote by Vy(vy). Ve(vy) is by definition the ir-
reducible b-highest weight g-module with highest weight space vy. More generally,
any factormodule of f/b(zo\) is a b-highest weight module with highest weight space
vy. In what follows Op will denote the category of g-modules which admit a fi-
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nite filtration whose factors are b-highest weight modules, and Of will denote the
subcategory of O, whose objects are also objects of €.

1.3. Line subsuperalgebras and integrability of g-modules. To every
line [ of g we can assign a line subsuperalgebra g', which is by definition the Lie
subsuperalgebra of g generated by all g(® for a € INA. We will call a line I finite
(respectively infinite) iff dimg! < oo (respectively dimg! = oo). The results of
[PS] enable us to classify all line superalgebras g' for finite /. Indeed, the following
Proposition is an immediate corollary of Proposition 3 in [PS].

PROPOSITION 1. Ifdimg! < oo, then there are the following alternatives:

(i) ¢! is nilpotent;
(i) g' ~resl(2);
(iii) g’ ~ v@osp(1 + 2¢),

where in (ii) and (iii) v is the radical of g' and this radical is nilpotent. O

We will say that a finite line [ is of type (i), (ii), or (iii), respectively if (i), (ii),
or (iii) holds.

If b is a Borel subsuperalgebra of g, then for any [ we set b! = h'@(n*)!, where
b! = bng! and (n*)! = ntNg'. However b’ is not necessarily a Borel subsuperalgebra
of g!. For instance, if [ is finite, b’ is a Borel subsuperalgebra of g’ iff [ is of types
(ii) or (iii). For I of type (i), g' coincides with its own Cartan subsuperalgebra.
Nevertheless, for any finite I, we can define a g'-module Vii(vy), A! being the
restriction of a weight A € b} to b)), where h! = g' N'h. Indeed, if [ is of type (ii) or
(iii), then Vi (vy1) is the irreducible b'-highest weight g'-module with highest weight
space vy, vy being an irreducible h'-module corresponding to AL. If [ is of type (i),
Vi (V1) is the unique (up to isomorphism) finite-dimensional irreducible g'-module
which contains vy: as h!-submodule and (when considered as g}-module) consists of
a single generalized weight space of weight \’, ' being the extension of A\ by zero on
(n®)} (where (n*)! = n*ng!). For [ of type (ii) or (iii), Vi (vx1) exists for any \. But
in order Vi (vy) to be finite-dimensional, A! must satisfy an additional condition
(for instance, when g! ~ s{(2) A\! must be integral and dominant). For [ of type
(i), Vor(var) (being defined as a finite-dimensional module) exists iff Afjg: 7 = 0.
Therefore, for any finite { the finite-dimensionality condition on X' with respect to
b! is a condition on A! which ensures that dim Vi (vy:) < oo (or that Vii(vy) exists
for [ of type (i)).

If V is an object of € and [ is a line of g, we will call V' [ — integrable iff every
g* € g(® for & € IN A acts locally nilpotently on V. If L is an arbitrary subset
of the set of lines of g, then V' is L — integrable whenever it is [-integrable for all
l € L. We will call V is partially integrable iff it is L-integrable for some proper
subset L of the set of all lines of g.

If dim g < oo, and V is an irreducible g-module, then V is [-integrable for all
lines [ of g iff dim V < oo. If g is a Kac-Moody Lie algebra, the accepted notion
of integrability, see for instance [K2], is in our terminology L ;-integrability, Ly
being the set of all finite lines of g. Ome of the starting points of the present
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paper was the observation of Kac-Wakimoto, see [KW], that for the affine Lie
superalgebra sl(ﬁns), m,n > 2, see 2.1.1 below, a highest weight module with
non-zero highest weight can not be L;-integrable and is therefore at most partially
integrable.

Let us observe also that any subcategory € of € defines a partial order on the
set of subsets of lines of g. Indeed, if L; and Ly are two sets of lines, then we put

Ly <% L,

iff each Lo-integrable module V' of € is necessarily Li-integrable. A straightfor-
ward checking confirms that <¢ is a well-defined partial order. For a fixed € the
maximal elements with respect to the order <€ can be of considerable interest and
in Theorem 2 in 2.1.3 we will describe explicitly some §OE -maximal sets.?)

1.4. Partial integrability of highest weight modules. Our main result in
the first part of the paper is a general criterion for partial integrability of highest
weight g-modules. It applies to certain sets of finite lines L which we call con-
nected. By definition, a set of lines of g L is connected if there exists a set of Borel
subsuperalgebras B(L) with the properties:

- any two Borel subsuperalgebras b’, b” € B(L) can be connected by a finite chain
b’ =b',...,b6" = b”, such that the corresponding sequence of lines I*,12,... ,[F~1
belongs to L,

- for any [ in L there exists b(l) € B(L), such that [ is a simple line for b(I).

If L is connected, B(L) is not necessarily unique. This becomes clear when
considering examples. If the contrary is not explicitly stated, when writing B(L)
below we will mean an arbitrary but fixed choice of B(L). If g is finite-dimensional,
the set of all lines of g is connected. If g is any of the affine Lie superalgebras
defined in 2.1.1, the set L of all finite lines of g is connected.

If now b = b',...,b% = b’ is a chain of Borel subsuperalgebras from B(L), so
that the corresponding sequence of lines [, ... I*~1 belongs to L, and A\ € b} is
a weight of g, there is a natural way to define a weight \* for each i = 1,...,k

so that A' = X. The definition is inductive. Assume that A\ = A and that A’ is
defined up to i = j. The line I’ is either of type (i), or respectively of types (ii)
and (iii). Consider first the case when I’ is of type (i). If A satisfies the condition
Aj|[géj’géj] = 0, then M*! is by definition the b+ N (h + g¥’ )-highest weight of
an irreducible h + glj—module with b7 N (h + glj)—highest weight A/, According to
Proposition 6 in [PS], in this case

(4) N =X 4 chS () /1),

S" denoting supersymmetric algebra (here Grassmann algebra since (nl_)lj is a

3)It may be worth to note that although a g-module V from the category Oy need not be

l-integrable for any line [ of g, V is automatically b-integrable, i.e. V is [P-integrable for all lines
1® of the Lie superalgebra b.
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purely odd space) and f/\”-, being the left kernel of the pairing

N i [] i i aY
(n)" x ()" =g — hoNgy —C .

If )\j‘[ggj o) 7 0, formula (4) still makes sense and therefore, when 17 is of type
(i), one can simply define M+ by formula (4). If now 7 is of type (ii) or (iii), we
define /\EHl to be the weight of g obtained by applying to )\gj the only non-trivial
Weyl group reflection of the Lie algebra (h + g )o. (For any finite-dimensional
Lie algebra with Cartan subalgebra b’, the Weyl group is the subgroup in Autch’
generated by reflections along each of the roots of the semi-simple part of g, by
definition each such reflection being identical on the intersection of b’ with the
radical of the Lie algebra. The semi-simple part of (h 4 g’ )o is sI(2) and the Weyl
group is Zs). In this way A\’ is defined for any i and in particular for i = k. In some
cases it is clear that A\* depends only on ), on b, and on b/, but not on the chain
which connects b and b’. If the latter is true, we set \* = \Y" and say that A" is
well-defined.

We are now able to formulate our main result about integrability for highest
weight modules. Informally speaking, it states that, if the adjoint representation
of g is L-integrable and L is a connected set of finite lines, the condition of L-
integrability of Vs (vy) for any b € B(L) (and any vy) can be localized to each
individual line [ in L, after passing to a suitable Borel subsuperalgebra b(l) for
which [ is simple. Here is the precise statement.

THEOREM 1. Let L C Ly be connected set of lines of g, such that g is L-
integrable as g-module, and let Vi (vy) be an irreducible b-highest weight module
for b € B(L). Then Vy(vy) is L-integrable, iff, for every b’ € B(L) and for any
simple line I’ € L of v/, )\gl is well-defined and the weight ()\g,)l, of g satisfies the
finite-dimensionality condition with respect to (b’)l/,

PROOF. It is similar to the proof of Theorem 1 in [PS], the same idea being
applied here in a more general situation. Assume first that Vi (vy) is L-integrable.
We claim that then V4 (vy) =~ Vb/(u)\:/) for any b’ € B(L), i.e. that Vy(vy) is a b'-
highest weight module with highest weight space Vxo!- Indeed, let b = b',...  b* =
b’ be a chain connecting b and b’, and let ', ... ,[*~! be the corresponding sequence
of lines. Vi(vy) is I!-integrable (since I! € L) and thus the U(g! )-submodule
U((n’)ll)q/)\ of Vy(vy) is of finite dimension. Therefore if A(I') is a weight, such that
Vo (ra) AU A (U((n™)") - vy) # 0 and A(I') is maximal with respect to the partial
order <1 on hj induced by (b*)ll 1), then n*(b2?) annihilates Vb(z/)\)(/\(zl)) N
(U((n_)ll) -vy). Indeed, n=(b) N g'" annihilates V[,(VA)(/\(ZI)) N (U((n_)ll) V)
because of the maximality of A(I'), while g(® for a € AT\(A* N ') annihilate
Vo ()X A (U((n™)!) - vy) because of the simplicity of the line I* for b, i.c.

because of the fact that [gf,g;1] € @ g for any a € AT\(AT NIY),
BeA+\(A+NI)

Dpy deﬁnitionug(b_)ll n e n=p+> o, a; EAT NI or u=n.
i
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gr € g(®, and any g €n(b)N gll. This means that an irreducible h-submodule
of Vb(w\)()‘(ll)) N (U((n*)ll) -vy) is a b2-submodule of V(vy), i.e. that Vy(vy) is
a b2-highest weight g-module, or equivalently that Vi (vy) ~ Vi (va@ny) for some
irreducible b2-module vaqy)- But therefore A(1Y) equals A\? and the latter equals
)\gz, i.e. in particular )\Ez is well-defined. Thus we have simply

Vb (l/,\) >~ Vb2 (1//\{:2)

for a certain v,,2. Continuing the process now, i.e. applying the same argument to

X%
Vi2(v,,2) and to the line 12, etc. (since Vy2(vy,2) is [*-integrable, etc.), we obtain
b b

a chain of g-isomorphisms
Vo(vy) >~ Vi (V)\gz) ~ VbS(VAgz) ~ Vb/(z/A:/).

This implies in particular that /\gl is well-defined and that V (1//\?/) is L-integrable.
Ifnow I’ € L is a simple line of b’, the g*'-module U((n*)l')w)\b/ is finite-dimensional
b
because of the I’-integrability of Vi (v,,/) and thus )\E/ necessarily satisfies the finite-
b

dimensionality condition with respect to (b’)!". In this way we have proved that the
L-integrability of V, (v, ) implies that, for each b’ € B(L) and for any of its simple
lines !’ € L, )\E/ is well-defined and satisfies the finite-dimensionality condition with
respect to (b)Y

It remains to establish the opposite, i.e. that if )\E/ is well-defined for all b’ €
B(L) and if all respective conditions on finite-dimensionality for the simple lines of
all b’ are satisfied, then V() is L-integrable. Let us show first that, for a simple
line I of b, V4(vy) is l-integrable whenever A\ satisfies the finite-dimensionality
condition with respect to b!. We start with the observation that, if this latter
condition is satisfied, one has U((n™)!) - vy < co. (Indeed, otherwise the maximal
proper submodule of U((n™)!) - vy with zero intersection with vy would generate
a proper g-submodule of Vi (vy) and this would contradict to the irreducibility of
Vo (vy) ). Moreover, there is a natural surjection of U(g!)-modules

(5) I U((agﬁ 9)@&h) @y gy U((n7)") - va — Ve(1a)
agl!
such that
wyg' ©g”-v)=g-g" v
for ¢ € U( & g®)ah), ¢’ = U(g'). Therefore in order to establish the I-
aaegAll

integrability of V4 (vy), we need to establish the l-integrability of the tensor product

in (5). But, being finite-dimensional, U((n~)!) - vy is obviously I-integrable, and,

as the reader will verify, the I-integrability of U(( @® g(®))&h) follows from the
aaegAll

[-integrability of g. Since [l-integrability is preserved by taking tensor product,

we obtain that V;(vy) is l-integrable, being a g'-factormodule of a I-integrable g'-

module.
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Let now I’ be any line in L. Let b’(l") be a Borel subsuperalgebra for which [’
is simple. Connect b and b’(l’) by a chain b = b,...  b¥ = b/(I') such that the
corresponding sequence of lines I*,12,... 1" 1 belongs to L. The crucial point is to
note that, since (A} )!" satisfies the finite-dimensionality condition with respect to
b’ for each i = 1,...,k—1, we obtain by applying consecutively the same arguments
as in the first part of the proof that V4 (vy) is a b**l-highest weight g-module for
i =1,..., k—1, i.e. in particular that V;(vy) is a b’-highest weight g-module.
(Indeed, at the i-th step we conclude that U((n_)li) Ve < 0 because (/\gi)li
satisfies the finite-dimensionality condition with respect to b?, and then we show as
in the beginning of the proof that this gives Vbi(VA:i) ~ Vbi+1(V>\:i+1).) But then
Vo(vy) = Vi (u/\g/ ), and the above argument ensures the I’-integrability of Vp (l/)\g/ ).
The proof of Theorem 1 is complete. [

The above arguments imply also

COROLLARY 1. Let L be a connected set of finite lines of g, such that g is a L-
integrable module. Fiz b € B(L). Then for a b-highest weight irreducible g-module
V' the following two conditions are equivalent:

- V is L-integrable;
- V is a b'-highest weight g-module for any b’ € B(L). O

2. Applications: the cases of classical affine
Lie superalgebras and of Wy, 1(m-+ne)

2.1. Affine Lie superalgebras.
2.1.1. Definitions. In what follows ¢ denotes a finite-dimensional Lie superal-
gebra and ¥ = ¥y U X, is the set of roots of £. If ¢ is an even formal variable and

D= t%, we define the Lie superalgebras £/°°P by setting

glooP = ¢ @ CJt,t~']&CD.
The bracket in £°°? is determined by the relation
(6) [t @t" +rD,y@t" +sD] = [r,y] @ "™ + nry @ t" — msx @ t™

for x,y € & r;s € C. Let he be a (fixed) Cartan subsuperalgebra of ¢&. Then
hloor = hy @ CD is a Cartan superalgebra of P,

Suppose that (-|-) is an even invariant bilinear form on €. Set & = £°P3CK,
where K is an even formal variable. £ is a central extension of £/°°? and its bracket
is determined by the relation

[t @t™ +pK +7rD, y@t" +uK + sD] = [z,y] @ t"T™ + nry @ t"—
—msx @™ + My, —n(z|y) K.

(7)

h = hlo°P ¢ CK is a Cartan subsuperalgebra of €& and (|) extends to an even
invariant form (-|-) on €, where

(z @ty @t") = bn—m(zly), (r@t"|K)=(z@1t"|D)=0,
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(K|K) = (D|D) =0, (K|D)= 1.
(/~D is non-degenerate whenever (-|-) is non-degenerate. An odd invariant bilinear
form (-|-) on £ also defines a central extension of £°°P. The relation which determines
its bracket is the same as (7), but in this case K is an odd formal variable. The
resulting algebra will be denoted by t as well.
We will consider also the following twisted affine Lie superalgebras:

EoP = (b @ C[t2,t 72 @ & @ tC[t2, ¢~ 2))&CD C ¢,
b = (o ® C[t2, 172 @ &y @ tC[t?,172))&CD)3CK C k.

Below we shall assume that £ is a simple classical Lie superalgebra and that (-|-)
is non-degenerate. This means that (-|-) is even when g ~ sl(m + ne) (m # n),
psl(n+ne) (n > 1), osp(m+2ne), G(3), F(4) and that (+|-) is odd when g ~ psq(n)
(n > 2). (In all other cases £ admits no non-degenerate invariant form). g will be
one of the Lie superalgebras defined above and h will be its respective Cartan
subsuperalgebra.

Define ¢ € (§!°°P)* by setting c|y, = 0, ¢(D) = 1. Putting ¢(K) = 0, we extend
¢ to a linear function on h when b is defined. We define also d € h* by setting
d|goor = 0, d(K) = 1. T will denote the real vector space spanned by the roots of
¢ (ie. T=RY), and ' := T @ Re.

Here are the root systems of all g considered. If g = €/°? or g = ¢, then

A ={a+nc|aeX neZU{nc|neZ\{0}}

Ag={a+nc|aeXy neZ}U{nc|neZ\{0}},

Al — {a+nc|aeX;, ne€Z} when (he); =0

" VH{a+nc|aes, neZyU{nc|neZ\{0}} when (he); #0.
Ifg:El"Op or £, then

tw

A ={a+2nc| a€Xy, neZ}U{a+(2n+1)c| a€Xy, n€Z}U{nc | n€Z\{0}},
Ag = {a+2nc | a€Xy, n€Z} U {2nc | n € Z\{0}},
As = {{a+(2n+ e | a€ Xy, neZ} when (he)1 =0

" l{a+@n4e|aes, neZU{(2n+1)c | neZ\{0}} when (he); # 0.

In all cases we define the imaginary line of g '™ as I'™ := Re.

2.1.2. Standard Borel subsuperalgebras. For all g introduced in 2.1.1, the
length of the shortest flag by which a given triangular decomposition is determined
is less or equal to 2. Indeed, it is a straightforward observation that any triangular
decomposition is either determined by a regular real hyperplane in b (i.e. there
exists a hyperplane P so that the given decomposition is determined by any flag
OCF'C.--CF"™1l=PcCF™= hg}) or by a flag I'™ C P where (P\(PnN
I'™))NA = (i.e. there exists a hyperplane P with P > [*™ (P\(PNI'™))NA = 0,
so that the given decomposition is determined by any flag 0 C F! =™ C --. C
F?n=1 = p C F? = p}). A Borel subsuperalgebra of g is standard if it can
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be determined by a regular hyperplane. A Borel subsuperalgebra that cannot be
determined by a regular hyperplane is tmaginary.

If b is standard, there always exits a real linear functional ¢ on T with AT =
{a € A | ()20} and ¢(c) # 0. Indeed, for a standard b, ['N P is a hyperplane
in T’ and ¢ is determined uniquely by the requirements e(AT) >0, cp(f NnP)=0.
Conversely, if ¢ € (f)* and p(a) # 0 Va € A, then ATUAZ is a standard triangular
decomposition, where AT = {a € A | p(a)Z0}. After multiplying ¢ by m we
can assume that ¢(c) = £1. In what follows ¢, will denote such a normalized
functional corresponding to a standard Borel subsuperalgebra b of g.

We call a subset {(1,...,8s} of A a basis of A if every ae € A can be represented
in a unique way as a = Zle c;B; for ¢; € Z, and all ¢; are either non-negative or
non-positive. Every basis of A defines a Borel subsuperalgebra: its roots are all
a = >""_, ¢;; with non-negative ¢;’s. The opposite is not true since the imaginary
Borel subsuperalgebras of g do not admit a basis. However any standard Borel
subsuperalgebra is determined by a basis. More precisely, we have

PROPOSITION 2. FEwvery standard Borel subsuperalgebra of g is determined by a
unique basis of A. Any basis of A is of the form

(8) o1 +nic, 0 +nac, ..., 0 + NsC, — + Ns11C,
where aq, ..., a5 18 a basis of X2, o = byag +boas + - - - + bsas is the longest root of
> with respect to this basis, and
1 if ce AT
- biny +bang + -+ bsns + Ny :{—1 zj: ce N~

—_—
loop

fO?” g= %a g= Eloopy g= pSQ(r)twa g= psq(’r)tw )

2 if ce AT

- b1n1+b2n2+~~+bsns+ns+1{2 if ce A-

for g =t g =827, ££psq(n).

SKETCH OF THE PROOF. A straightforward way to establish the Proposition is
to consider each case for g separately. Here we will present the proof for g = %,
where € = osp((2r+1)+2ne), r > 2. One has ¥ = {*¢;, £9,, £20,, te; £ ¢;, £, £
O, tei £, | 1<i#j<r 1<p+#q<n}, see [K1]. It is clear that every set of
the form (8) is a basis of A and that it determines a standard Borel subsuperalgebra
of g. We need to prove the converse. Let b be a standard Borel subsuperalgebra
of g. Consider the numbers {pp(£e;)} := wo(te;) — [po(£ei)] and {pp(£,)} =
e (£0p,) — [e(£0p)], where 1 < i <r, 1 <p <n, and [z] denotes the integer part
of z. One checks, using the fact that yp(e;) and ¢p(d,) are never integers, that
{oe(ei)} + {vu(—€i)} = {vo(p)} + {p6(—0p)} = 1. Therefore setting
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u _{ er if {pu(e1)} <3
N }

e, if {(pb(—El) <%

{ en i {pelen)} <
—en it {en( }
61 i {pe(d1)} <
=6 if {pe(—0))} <3

Ap+1

[y

Aptr =

{
{ 50 {pu(6) < 3
S if {po(=0r)} <3

we can assume, after suitably reordering the sequence aq, ..., an4r, that

l\JM—\

{wo(ar)} <{polaz)} <--- <{pplarin)} <
The reader will verify then immediately that

Ar4n — Qr4n—1,Qr4n—1 — Qpr4n—2,...,02 — a1,0Q1

is a basis of 3. Denoting this basis by a1,...,.1n, and setting n; = [ps(a;)],
i=1,...,7 + n, we obtain the desired basis of b by formula (8). O

All Borel subsuperalgebras considered in 2.1.3 and 2.1.4 will be assumed stan-
dard. The unique basis of A which determines b will be referred to as the basis of
b and its elements are by definition the simple roots of b.

2.1.3. Partial integrability and maximal families of lines. Note that in
all cases considered gy has certain distinguished Lie subalgebras. Let the semi-

simple part of &3 be isomorphic to Eél £, where 1 < 4y < 3. (For instance iy = 2
i=

when € = sl(m + ne), m > 1 n > 1, and in this case &' ~ si(m), €& ~ si(n);
ie = 3 only for D(2,1;a) and then €' ~ £ ~ £ ~ 5[(2)). We will consider & as
Lie Subalgebra of €9. Then for g = E°P we set g) = (£)P, for g = t we set
= & (where ¥ is defined via the restriction of (-|-) to &), and for g = €% or
g = £, we set respectively g = (£9)/°P N g and g} = & N g. By A’ we denote the
roots of gfy considered as a subset of A. Furthermore L} = {l € Ly | IN A" # 0},
Ledd .= {l € Ly | g' ~ sl(1+¢)}. For every standard Borel subsuperalgebra b of
g, bN g} is a Borel subalgebra of g}, where 1 < i < i,. Finally, let I'* be the real
vector space spanned by A®.

The following Theorem gives an explicit description of all §Os—maximal sets of
lines and of corresponding sets B(L,,). In this way, given b we know explicitly its
maximal set L,,, and conversely, given L,, we know all Borel subsuperalgebras b’
to which it corresponds (see Corollary 1 in 1.4).

THEOREM 2. Let b be a fized Borel subsuperalgebra of g and €' = OE.

a) Let gzsl(?%?s), sl(T—&—\nE), sl(m)tw, sl(l?—?&)tw, org= osp(g—i—\QnE),
osp(m + 2ne)y, for m =1,2. Then L, = Ly is the only set of lines which
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is mazimal with respect to <€, and By, (L) = {b' | 0w (c) = @o(c)} is the
largest among all sets B(Ly,) such that b € B(L,,).

b) Let g = sl(ﬁne), sl(m/—i—\ne)tu, for m,n > 2 or g = osp(ﬁZne),
osp(m/+\2ns)tw form > 2, org = FT(Z), m, or g = 6(\3), @w.
Then a family of lines L., is maximal with respect to <« iff it is of the
form L' = L' U L? U L°% where either L' = L} and L? = ©2N L2, or
L? = Lfc and L' = ©' N LY, and ©' 9 is a real hyperplane in T which
admits a basis of elements from Ab. If By, (Ly,) = {b" | ve(c) = @u(c) and
©2 (resp. ©) contains dim ©? (resp. dim ©') simple roots of b’ Ngi (resp.
b’ Ng)} for Lt = L} (resp. L? = L?c), then By, (Ly,) is the largest among
all sets B(L,,) such that b € B(Ly,).

¢) Let g = sl(m+ne)'°P?, sl(m+ne)°, osp(m + 2ne)looP | osp(m + 2ne)'ooF,
D(2,1:0)'7, D(2, L)y, F(4)7, P, G(3), G);ey”, psa(n),
psq/(-n\)tw, psq(n)looP, psq(n)\°. Then a family of lines Ly, is mazimal with
respect to <€ iff it is of the form L' = (UE;lLi)ULOdd, where L' = ©'N LY,
©' being a real hyperplane in T which admits a basis of elements from A,
If By(Lim) = {b" | pp(c) = pp(c) and O contains dim ©° simple roots of
b’ Ngi for 1 < i < iy and there exists a chain b = bl --- b* = b with
corresponding lines I*,. .., 1*=1 in L,,}, then B,,(L,,) is the largest among
all sets B(Ly,) such that b € B(Ly,).

loop

SKETCH OF PROOF. The proof is based on

PROPOSITION 3. Let | be a Kac-Moody Lie algebra whose Dynkin diagram is of
finite or affine type (see [K2|, Chap. 4), by be a standard Borel subalgebra in [,
and X\ be a weight of . If Lf;[ is the set of all finite lines of | for which Vg, (vy)
i Lf;I -integrable, then there exists a vector subspace E[]\[ in the real vector space

spanned by the roots of | so that £ € LB\[ iff £ C E;,\[.

We will present the proof of this Proposition in a forthcoming article. In the
present paper we restrict ourselves to deducing the statement of Theorem 2 from
Proposition 3.

a) First of all, for any g considered in the Theorem (i.e. for g as in a), b), or ¢) ),
if Vi (vy) is [“™-integrable, then necessarily A = 0, i.e. V;(vy) is not in €. Therefore
Ly, C Ly. In order to prove that L,, = Ly it suffices to prove that in this case there
exists at least one weight \° # 0 for which V;(vx0) is L-integrable. In 2.1.4 we will
write down explicitly the necessary and sufficient condition for the L ¢-integrability
of Vy(va) for any A, which will give L,, = L; immediately. The statement about
B,,(Ly,) in a) is obvious.

b) Assuming that V(o) is L s-integrable for some A%, we obtain that the irre-
ducible gi-module with b N gi-highest weight )\O|hﬁgé is L}-integrable for i =1,2.
But this implies A°(K) > 0 and \°(K) < 0, i.e. A°(K) = 0, which gives A\’ = 0, (see
[K2], Chap. 10). Therefore L,, # Ly. If we assume that V4 (vy0) is L-integrable

5)In the cases considered iy = 2 and thus i = 1,2.
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for some non-empty L C Ly, Proposition 3 implies that L is contained in one of
the sets L' U L? U L%,

Let now L' = L' U L? U L°% be a fixed set of finite lines as in the statement
of the Theorem. We need to prove that there exists A\° # 0 for which Vj(vyo) is
L'-integrable. For each g considered such a A\° can be written down explicitly. Note
that L’ is connected (this is a straightforward checking), so we can apply Theorem
1 to L. Let’s show how to find \° for g = sl(ﬁne), n>1.

Fix I/ as L' UL?UL®% where L' = L}. Tt is straightforward to verify that there

exists a Borel subsuperalgebra b’ of g = sl(ﬁne) with the following properties:

- there is a chain b = b',...,b6F = b’ such that, if /', ..., ¢*~1 is the correspond-
ing set of lines, then g ~ sl(1+4¢) fori=1,...,k—1,

- the simple roots of b’ are of the form e;, — &;, + si¢,...,€;,, — 0j, + smc,
8jy =05, +tic, ..., 85, —ei, +tnc,®) where (i1,. .., i) is a permutation of (1,...,m)

and (j1,...,Jn) is a permutation of (1,...,n), s1+-- -+ S, +t1+---+t, =1, and
05, = 04 +tye€e@*forp=1,...,n—1.

The first property implies that V,(vy) is a b’-highest weight module for any
A (since Vi (vy) is automatically f-integrable for any ¢ with g¢ ~ sl(1 +¢)), and
therefore it is enough to find a non-zero weight (A°)’ for which Vi (v(xoy/) is Lyn-
integrable. If \’ is such that

9) (N,ei—68;) +rN(K) € Z forevery 1 <i<m, 1<j<n, rel,

one verifies using Theorem 1 that the L,,-integrability of Vi (vy/) is equivalent to
the following conditions on N

(N, €i, —€i,., +5pc) € Ly, p=1,....,m—1;
(A/, 6j 75jq+1+th)GZ_, qzl,...,nfl;
(10) (N ei,, —eiy +(sm+t1+-+1tn)c) € Zy, where

N =X —(&,, —0j, +smc) — (gi,, —0j, +(Sm +1t1)c) —---
s —(&i, — 0, F(Sm At + - Fta1)o).
It is an elementary computation to check that (9) and (10) have a non-zero solution
(A%)".
The statement about B,,(L,,) follows from the observation that By, (L,,) is the
largest among all sets of Borel subsuperalgebras which contain b and such that

if b € B,,(Ly,) and b’ = b',...,b¥ = b” is a chain with corresponding lines
o R where #f € L, for i = 1,...,k — 1, then b” € B,,(L,,). This proves
b).

¢) In this case one proceeds exactly as in b), see also 2.1.4. O

2.14. A finite algorithm which determines whether V4 (vy) is Li,-
integrable. If one applies directly Theorem 1 to V4 (vy) one is faced with checking
the finite-dimensionality conditions for infinitely many line subsuperalgebras. How-
ever, for the Lie superalgebras considered in Theorem 2 it is not hard to write down

6)eq,...,&m, 01,...,0n denotes here the dual basis of a standard basis in the Cartan subalgebra
of gl(m + ne); an explicit form of ¥ is {e; — €, 0 — 1,66 — 0 | 1 <i#j<m, 1 <k#I1<n}
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a finite algorithm which checks the L,,-integrability of Vy(vy). We leave it to the
reader to formally prove this algorithm in each case by using Theorem 1.
a) Assume that Theorem 2 a) holds.

- Let g = sl(ﬁ?s), sl(l/—i—\ns), sl(m/—l—\s)tw, sl(l/—i—?&:)tw, 05p(2/—|—\2n6),
08p(2 + 2n&) 4. If aq, ..., an, ani1 are the simple roots of b (where N = m for g =

sl(ﬁ:s), sl(m + €)tw, and N = n for g = sl(1 + ne), sl(lj?a)tw, 0sp(2 + 2ne),
08p(2 + 2n€) ), without loss of generality we can assume that gRoy ~ gRon+r ~
sl(1+¢€). Then Vy(vy) is integrable iff

2()\,0@)/(0@',0@) € Z+ forl<i<N-1

and

{ 2\, any +any1)/(an +ani1,any +ani1) € Zy when (A, ay) =0
20— an,any + ani1)/(an + ani1,an + any1) € Zy when (A, ay) # 0.

o —

- Let g = osp(1 +2ne), g = osp(l/—i-?ns)tw. Since in this case g° ~ sl(2) or
g‘ ~ osp(1 + 2¢) for any ¢ € Ly, Vy(vy) is Ly-integrable iff

2\ a)/(a, ) € Zy for every even root a of b.

b) Assume that Theorem 2 b) holds and that L' = L%, I? =02n Lfc. There
exists a chain b = b!, ..., bF = b/ with g’ ~ sl(1+¢)fori=1,...,k—1(},... (k=1
being the corresponding sequence of lines), and such that the basis of b’ contains
all simple roots of b’ N g2 which are in ©2 and all simple roots of b’ N g} except one
or two.

- Suppose that there is a unique simple root « of b’ N g{, which does not belong
to the basis of b’. Then there exists a chain b’ = b',...,b? = b” so that a is a
simple root of b” and g ~ sl(1 +¢) fori=1,...,p—1, £%,... ¢?~1 being the
corresponding sequence of lines. Vi (vy) is Ly, -integrable iff

20\, 7)/(7,7) € Z4  for every even root v of b,
2()\[[:"’ OZ)/(O[, Oé) € Z-i-;

- Suppose that there are two simple roots a and 3 of b’ N g which do not belong
to the basis of b’. Let b” and b”’ be Borel subsuperalgebras of g such that there

exist two chains b’ = b!,... b? = b” and b’ = b!,...,b? = b"” (with corresponding
sequences of lines £'1, ... ¢P= and ¢, ... ¢"971 respectively), so that a and f3
are simple roots respectively of b” and b/, and g* " ~ sl(14¢)fori=1,...,p—1

and gzui ~sl(l+¢)fori=1,...,q— 1. Then Vy(vy) is Ly,-integrable iff
2(){,7)/(7,7) € Z, for every even root v of b/,
20 )/ (a,0) € s,

¢) Assume that Theorem 2 c) holds.
In this case for every i, 1 < i < 4 there exist b’ and chain b = b>!,. .. b¥* = p?
(with corresponding sequence of lines ¢1 ... ¢5¥—1) so that the basis of b’ N g
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contains all simple roots of b? which lie in ©%, and gei'j: sl(1+¢) forj=1,...,k;—1.
Then Vy(vy) is Ly,-integrable iff

2()\Ei,7)/(% ) € Z, for every even root 7 of b which belongs to ©°.

REMARK. The explicit conditions on A, computed in [KW], which ensure L,,-
integrability (or simply integrability in the terminology of [KW]) for L,, = L' U
L2ULedd [) = Ly, L? =02n L?c, ©? being spanned by the roots of £2, are nothing
but the conditions that the above algorithm produces for this particular set L.,
and for the fixed Borel subsuperalgebra considered in [KW].

2.2. g=Wpoi(m+ne). Let T ~ C™*"¢ be a m + ne-dimensional vector space
with basis z1,...,Tm,&1,. .., &0 (@:€T0, §€Th). By definition, Wyo(m+ne) :=
derS'(T') (der denoting superderivations). In coordinates, any element of Wo1(m—+
ne) has the form Y7 fiz2-+>", gja%," where f;,9; € S(T). g = Wpo(m+ne)
has an obvious Z-filtration g O g° D g! 5D gf O ... Namely, S fq;a%i +
Z?Zl gi% € gt iff deg fi > k + 1 for every i and degg; > k + 1 for every j.
The abelian Lie subsuperalgebra (mla%l, . ,mm%m, 518%1, o ,@;%) is a Cartan
subsuperalgebra of g. Clearly, as b-module g has a decomposition (1) with finite-
dimensional h-semisimple root spaces (), and A = {a = >7" | kig; + > i1 1305 |
a#0,k =-1,01,...,1; = —-1,0,1,..., and at most one of k; and [; is —1},
where ¢; and §; are the dual elements respectively of xia%i and @%.

The elements :cpa%i, &1%, a:pa%j, fq%, where 1 <4, p<m,1 <7, q<n
generate a finite-dimensional Lie superalgebra £ of g which is isomorphic to gl(m +
ne); b is a Cartan subalgebra of € too. We introduce a bilinear form on h* by setting
(&‘i,e’:‘p) = (Sip, ((5]‘,5(1) = (5jq, (€i,5j) =0. Ifa = ZZZI kie; + Z?ZI lj(Sj, then g(a)
is the (complex) vector space spanned by {z;z¥ ... zkrglt .. Ehm 2, giakr . ghn.
e [i=1, . m, j=1,...,n}.

If E is a g-module, we say (following A. Rudakov, see [R]) that E is of height
p > 0 iff there exists 0 # v € E, such that gP*t! . v = 0 but gP - v’ # 0 for every
v’ # 0. If E is not of height p for any p > 0, we say that F is not of finite height.
By I (resp. I'’) we denote the real vector space spanned by A (resp. €1,...,&m).
We call a line [ of g essential iff g' N h # 0, and inessential otherwise. The only
essential lines of g are Re;, R(e; — &,), Rdj, R(6; — dg).

Let b be a Borel subsuperalgebra determined by a real flag F = {0 C F1 C --- C
F2mtn) — ho}. Denote by I'r the hyperplane in T' obtained by intersecting I'" with
F? for a suitable p. Fix a normal vector a to I'r, a = c1e1 + -+ - + cmem + d161 +
-+« 4+ dpdy,, such that ¢; > 0. We shall consider the following alternatives for the
m-tuple (c1,...,cCn):

1.¢; >0fori=1,...,m. In this case it is not hard to check that b is determined
by a regular real hyperplane P in bj. Moreover n™ or n~ is finite-dimensional and b
has always m+n simple lines. By appropriately choosing the signs of the connected
components of h5\P (see 1.2) we can assume that dimn~ < oco. The reader will
verify immediately that for every A and for every inessential line [ of b g' acts
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trivially on the b-highest weight space vy of V; (U/\).7) Furthermore we have

PROPOSITION 4. Assume that ¢; >0 fori=1,...,m and let A € h*. Then

a) The t-module structure of Vene (va) can be uniquely extended to the structure
of a (b +€)-module with b-highest weight space vx. Therefore U(g) @y (p+e)
Veno (V) is a b-highest weight g-module and the canonical projection Ve (va) —
Vo (va) factors through U(g) ®@up+e) Vene(Vr), i.e. one has a natural com-
mutative diagram:

Vo(ra) ——— Vi(vn)

\ /!
U(9) @u(ore) Venn(¥r)
b) Vi(va) is of height 1 for every .
¢) Vo(vy) is Ly-integrable iff Vone(N°) is finite-dimensional.

SKETCH OF PROOF. There exists a chain b = b',...,b* = b/, such that the
corresponding sequence of lines ¢', ..., ¢*~! consists of inessential lines only and b’
can be determined by a flag F” for which Ay C I'pr. Then Vi (va) >~ Vi (vy) and the
corresponding statements for Vi (v ) follow easily from the fact that I'ps contains
all essential finite lines of g. [

2. At least one of cy,...,cm is non-positive. In this case the subspace I'r N TP
of T'? is uniquely determined by b. This implies in particular that the set of all
Borel subsuperalgebras of g is uncountable. The length of the shortest flag which
determines b can vary from 1 to m. Moreover b has less than m + n simple lines
and the height of V() is not finite unless A = 0. Finally, one can check that for
such a b Ly is never contained in a §Og—maximal set of lines.

Around 1980 J. Bernstein and D. Leites initiated the study of representations of
the Cartan type Lie superalgebras, [BL]. They relied on the pioneering paper of A.
Rudakov [R]. A novelty of our approach is that we single out the highest weight
modules. Bernstein and Leites did not consider modules whose height is not finite
and it seems now that a study of more general classes of representations of the
Cartan series of Lie superalgebras is desirable.

3. Loop modules

In this section g = £lo°P %7 where ¢ denotes one of the Lie superalgebras sl(m +
ne), m+ne > 1+¢e, osp(m + 2ne), F(4), G(3).

As we pointed out in the introduction there are g-modules in the category €
which are L g-integrable but which are not highest weight modules. The most
obvious example of such a module is g itself, i.e. the adjoint module. We will now
construct a large class of such g-modules.

If be is a Borel subsuperalgebra in ¢, by = he © n?, we say that a g-module V'
from the category € is bg-bounded, if it is generated by a generalized weight vector

7) For Wot(m + ne), dimvy equals 1 or € since here h = ho.
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v on which nzr ® C[t,t~!] acts trivially. €p, denotes the subcategory of g-modules
which are generated by finitely many be-bounded g-submodules. Fixing b, we set
Nt =nfeClt,t7!], N =n, @C[t,t ],
H:f)-i-(f)g@(C[t,t_lD, T= D (h?®tn)'

nez\{0}

Define the HBN t-module v as 7 := U(HBN ) @y (n+) C-v. Then 7 has a unique
irreducible submodule v(A), where A : U(T) — C[t,t~!] is a graded homomorphism
with A(1) = 1. A is determined by a sequence of linear functions ¢, € h; ),
s € Z\{0}, via A(h@t*) = cy(h)t* for every h € he. Set V(A) = U(9)@u(man+)v(A).
Obviously V(A) is h-semisimple (with infinite-dimensional weight spaces), and an
argument very similar to the one in the case of highest weight modules proves that
V(A) has a unique irreducible submodule V(A) (see [C]). Every irreducible object
of @, is isomorphic to V(A) for some A.

THEOREM 3. V(A) is a Ly-integrable module with finite-dimensional (h-semi-
simple) weight spaces iff there exist finitely many weights A; € by, i = 1,..., N,
such that dim Vy, (vyi) < 0o and such that for every h € bhe and every s € Z\{0}

(11) Ahet) = (Z )\i<h)§f> t*,

& being certain mon-zero complex constants.

We will present the proof of Theorem 3 in a forthcoming publication. Here we
shall restrict ourselves to a few remarks. Theorem 3 is a partial generalization of
the main result of [C]. Condition (11) is the loop module analog of the integrality
condition for highest weight modules and it means roughly that for every fixed h
the sequence c4(h) satisfies a recurrent equation. The main new ingredient needed
to prove Theorem 3 is the study of bounded modules over the Lie superalgebra
gl(1+¢)loor := gl(1 + £) ® C[t,t~}]@€CD. There are interesting effects arising here.
One of them is that there are L j-integrable irreducible gl(1+ £)!°°P-modules which
are h-diagonalizable with finite-dimensional weight spaces but are not bounded.
This is related to why the following problem is still open: is it true that any
irreducible L ;-integrable g-module which is h-diagonalizable with finite-dimensional
weight spaces is bounded?

Following V. Chari and A. Pressley, [CP], we introduce a loop module as an
irreducible component of a g-module of the form

Vo, (va1) @ .- @V, (vai) @ Clt, t71],
Vb, (V)s) being irreducible be-highest weight &-modules. Theorem 3 implies

COROLLARY 2. Every L¢-integrable bg-bounded g-module V' which is h-diagonali-
zable with finite-dimensional weight spaces is a loop module. [

Another effect worth to be noticed is that Corollary 2 is not true for gl(14¢)™°P.
We conclude this paper by two more Corollaries of Theorem 3.

8)In the cases considered he = (h¢)o.
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COROLLARY 3. An irreducible bg-bounded g-module V' with finite-dimensional

weight spaces is Ly-integrable iff V' is by-bounded for every Borel subsuperalgebra
by of € with by, D he. O

COROLLARY 4. For any by, Ly is the only mazimal set of lines with respect to

<%oy

[BL]

[€]
[CP]

O
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