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Abstract

We obtaintwo lowerboundsontheerrorrateof linearbinaryblock codequndermax-
imum likelihooddecoding)ver BPSK-modulatedAWGN channelsWe castthe problem
of finding a lower boundon the probability of a unionasan optimizationproblemwhich
seekdo find the subsetwvhich maximizesarecentiower bound— dueto Kuai, Alajaji, and
Takahara-thatwewill referto astheKAT bound.Two variationsof theKAT lowerbound
arethenderved. Thefirst bound,the LB-f bound,requiresthe weightof the productof
the codavordswith minimumweightin additionto their weight enumerationwhile the
otherbound,the LB-s bound(whichis the maincontritution of this paper),is algorithmic
andonly needsthe weight enumeratiorfunction of the code. The useof a subsewf the
codebookto evaluatethe KAT lower boundnot only reducescomputationatompleity,
but alsotightensthis boundspeciallyat low signal-to-nois§ SNR) ratios. Numericalre-
sultsfor binary block codesindicatethat at low SNRsthe LB-f boundis tighterthanthe
LB-s bound. At high SNRs,the LB-s boundis tighterthanotherrecentlower boundsin
the literature,which comprisethe lower bounddue to Séguin, the original KAT bound
(evaluatedon the entire codebook)andthe dot-productand norm boundsdueto Cohen
andMerhav.

1 Introduction

Let A,, Ao, ..., Ay beafinite numberof eventswith positive probabilityin a probabilityspace.
de Caens lower boundon the probability of the unionof theseeventsis givenby [4]

) P(A)*
! (L_Jl Ai) Z 2 > P(Ain4;) 1)

i

An applicationof de Caensinequalityis theevaluationof alowerboundonthecodevorderror
probability (or error rate) of block codes.For a codebookC = {ey, ¢, ..., car 1} Of size M,
the codevord error probability canbe written as

PE)= X P(Els.)plsu); @
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where £ is the codevord error event, s, is the (modulated)signal correspondingo code-
word ¢,,, and P(€|s,,) is the conditionalprobability of error giventhat s, is transmitted.The

computationatompleity of evaluatingthe errorratevia (2) is prohibitive evenfor moderate
codebooksizes. For linear block codesundermaximumlikelihood (ML) detectionand for

output-symmetrichannelg10], equation(2) canbe simplifiedto

P(E) = P(&sw), w=0,..,M—1, 3)

which significantlyreduceghe amountof calculations.In particulay for additive white Gaus-
siannoise(AWGN) channelsandbinary phase-shifkeying (BPSK) signaling,using(1) with
u = 0 resultsin

VY @wesm)
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-2*/2d is the Gaussiarail function,

P(&) = P(&]so) = (4)

whereQ(z) = \/_ e
22 — 2pzy + 12

1 00 00
Vip,2,y) = 5=y h—ﬁ/z /y exp{— 30— ) }dxdy

is the bivariateGaussiarfunction, A = E;/Nyr. (with E, beingthe averageencodingpower
per uncodedbit and N,/2 being the varianceof the AWGN), r. is the channelcoderate,

w; = w(e;) is theHammingweightof codevord ¢;, and,

w(c;cj)
= e 5)
P17 Jueule;)

and s, is the modulatedversionof the all-0 codevord. We note that the upperlimit in the
sumsin (4) still makesthis boundtoo complex for mostapplications Also, this boundrequires
the knowledgeof not only the codevord weights (which are alreadyknown and takulated),
but also the weight of the product(logic AND) of codevord pairs. In an effort to resohe
theseproblems,Séguinderivedin [9] alower boundfor (4) andhencea lower boundon the
probability of error. Séguin’s boundrelieson the factthat ¥(p, -, ) is increasingn p andon
thefollowing upperboundon p;;

o < P mln{ wz w] w; + Wi — mln} : (6)
w] w;’ 2. /w;w

whereD,,, is theminimumdistanceof thecode.Applying (6) to (4) resultsin Séguin's bound
whichis givenby

P(Elsy) > L, 2
i ( A QQ(\/ZAs) )
s=1 Q( Vv QAS) + (AS - 1) ( o Dmm V2 Vv QAS) + Zt;ﬁO s At (I{St, \% QAS, \/E) ’

(7)

whereA, is thenumberof codavordswith weights andn is thecodeblocklength.
Thesignificanceof Seguin’s bound,whichwe will referto asthe L, lowerbound,is three-
fold. First,the L, bounddepend®nly ontheweightenumeratioriunctionof thecode.Second,



Seguinprovesin [9] thatit approachetheunionupperboundasthesignal-to-noiseatio (SNR)
grows to infinity,! makingit asymptoticallytight. Third, the upperlimit in the sumsin L, is
givenby theblocklength;hencethis boundis significantlymoreefficient to calculatethan(4).
Thedrawbackof the L, boundis thatit is looseatlow SNRs.

deCaenslowerboundis tightenedn [6], wherethe KAT boundis introduced Whenused
in the context of erroranalysisof block codesthe KAT lower boundis givenby

A 0;Q°(V2Aw;)
P(&|sg) > KAT(C) =
(Eleo) 2 € ie%;éo (Z#o (pij, V2Aw;, \/2Aw;) + (1 — 0;)Q(V2Aw;)
. (1 - 0,)Q*(v/2Bw;) ) ®)
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where

Q; Q;

with |z | beingthelargestintegersmallerthanz,

Q; = Q(\/?sz)
ﬁi = Z \I}(pz]; VQA’U}Z', \/QA’LUJ')'

J:g#i
Note that the above boundreducedo de Caens lower boundif we setf; = 0 for all :. The
KAT boundis shownn to be tighter thande Caens boundin [6]. In [3], Demboprovidesan
alternatve prooffor the KAT boundandshaowsthatit outperformsle Caens boundby afactor
of atmost9/8.

Anotherlowerboundontheprobabilityof aunionis derivedin [2], which alsoincludesthe
lower boundof de Caenasa specialcase.Basedon this new inequality two lower boundson
theerrorprobabilityof block codesareobtainedn [2], which arereferredto asthedot-product
andnorm bounds. Following the approachof Séguin,the dot-productandnorm boundscan
be evaluatedusingonly the weightenumeratiorfunction of the code. The dot-productbound
is calculatedusingthe sub-collectionof the minimum-weightcodevordsandis tighter at low
SNRs.Thenormboundrequireghewholeweightspectrumandis tighterathigh SNRs. These
boundsareshavn throughnumericalresultsto betighterthanthe L, bound[2].

and

2 TheTightened Lower Bounds

In orderto find a lower boundon the probability of the union of a finite numberof events
{A;,i € J} (whereJ = {1,2,..., N}), mary methodge.g.,see[5]) areexpressedisa maxi-
mizationof alower boundwith respecto a sub-collectiorof theseevents.In fact,algorithms
suchastheonein [7] arestepwisesearchmethodswhich aresensitve to theinitialization; so
their final sub-collectiordepend®n the setsfrom which the searchbegins.

We notethatthe numberof termsin the sumsin (8) is M — 1 (whereM is the codebook
size); this leadsto a high computationaload even for codesof moderatesize suchasthe

LIn this paper by SNRwe meanE; /No.



BCH (63, 24) code[8]. Oneway to addresghis problemis to usethewell known factthat

(ya)or( U )

Therefore gvaluationof (8) usingonly a sub-collectionof the codebookwill resultin a valid
lower boundfor the errorrateof codesj.e.,

Plelan) =P (U o

1€S

so) > KAT(Z C 0), ©)

whereS 2 {0,1,..., M — 1} is the index setof the codevords,Z is a sub-collectionof the
codavords,ande; is theeventthatbetweercodevordss; ands,, s; is decodedattherecever.
The problembecomesow to determinea “good” subsetZ of the codebookC. The optimal
subse(whosesizeandcomponentslependnthe SNR)is

7* = agmaxKAT(Z);

Ice

however, in generalt is infeasibleto determine Hence asnotedin [2] (seealsothereferences
therein),anaturalcandidatdor the subsefZ is the setof the codevordswith minimumweight
Dpin. Theresultingbound,hereaftedenotedby LB-f, is givenby

P(Elso) > LBFE Y ( Sf’“f;( <° 2;3;‘“? ] # 0= 0k)Q;(1v QAD’“‘”)) , (10)

kES:wr=Dmin

where

S5= ¥ 0w (pkj, \2AD,, \/QADmin> —6,Q (\/2ADmm) .
JES:wj=Dnin
This boundis significantlylesscomplex thanthe original KAT boundin (8), becauset only
employstheminimum-weightcodevordswhichform arelatively smallsubsebf thecodebook.
We notethatin additionto the weightenumeratioriunction, this boundrequiresthe weight of
the productof the codevord pairsto computep;; (see(5)). Note alsothatno maximizationis
performedo obtainthe LB-f lower bound.

To derive the secondbound, we first usethe upperboundon p;; which is givenin (6) so
thatthis boundcanbe calculatedusingonly theweightenumeratiorfunction (which is readily
available). We alsowantthe boundto be computationallyefficient, thereforewe only evaluate
(8) on asubsetZ (insteadof C). The mainissuenow is thatreplacingp;; with «;; resultsin
anupperboundfor the ¥(-, -, -) functionsin (8) which could make (11) alower boundto (8).
However, usingthe upperboundfor p;; will alsochangethe valueof ¢; in (8) into 0, in (11),
sowe needto prove thatthe LB-s is still alower boundfor P (£]s,). We thereforeobtainthe
following Lemma.

Lemma — Considera liner block codeC. For asubsetZ C C, let By(Z), B2(Z), ..., B,(Z)
betheweightenumerationsf Z. A lower boundfor theerrorrateof the codeis givenby

>

P () = P(€|so) > LB-S(Z)

( Z n L=0, ) (11)
= (2-6,)Q(V2As)+ S, (1—6,)Q(V2As)+S,)’




where

Sy = (Bs(Z) - 1)¥ (1 - 2’;‘”, V2As, \/QAS) + 3 BiT) ¥ (ket, V2A5,V2A1),

t#£0,s

and

with &, = Q(v/2As) and
By = (Bs(T) — 1)V (1 — DQ—“; V2As, \/2A5> + 3 BiD)U(ky, V245, V2A1).

t#0,s

Proof — SeeAppendix.

Two pointsmerit attentionhere.First, oneshouldnotein theabose Lemmathat B;(Z) are
not necessarilyequalto 4;(S) in (7). Secondusingthe approacthof [3], onecanverify that
theratio of the LB-s boundto the L, boundis still at most9/8 whenboth boundsoperateon
the samesetof codevords.

Sincethe LB-s boundis expressedn termsof x,;, it only needshe codevord weightsfor
its evaluation. We next proposean algorithmto tightenthe LB-s lower bound (for a given
SNR) by iteratively enlaging the sub-collectionof codevords. The algorithmconsistsof the
following steps:

1. Startfrom theinitial setZ; of the minimum-weightcodevords;
2. Addto Z; acodeavord with thesmallestweightpossibleto getZ,;
3. If LB-s(Z;) > LB-s(Zy), stop;

4. LetZ, = I, andgoto step?2.

The computationatomplexity of the LB-s boundis very favorableascomparedvith the dot-
productandnormboundsof [2] which needto find otherparametersia exhaustve search.n
theabove algorithm,the searchor thebestsubsestopsin avery shorttime particularlyatlow
SNRswherethe minimum-weightcodevord setis obsenedto beoptimal. Moreover, the LB-s
boundis obseredto beoveranorderof magnituddargerthanthe KAT boundcomputedising
(6) atlow SNRs.
Onemay notethat the above algorithmcanstill be too tediousfor very large codebooks.

We thereforeslightly modify Step2 of the above algorithmas

2') AddtoZ, all codavordswith the smallestweightpossibleto getZ,;

This new steprequiresthe algorithmto be run for at mostn times(andin factfor muchless
thanthat)insteadof 2% — 1 times,resultingin drasticsazingsin theruntime.

3 Numerical Results

We first comparethe tightnessof the variousKAT bounds.Figure 1 shavs the original KAT
boundin (8) (usingthe upperboundon p;; in (6)), LB-f, andLB-s lower boundsfor the error
rate of the BCH (15, 11) code. The union upperboundis also plottedfor comparison.lt is
obsenedthatif theweightof the productsof theminimum-weightcodevordsis available,then
theLB-f boundshouldbechosen.TheLB-s boundis alsotighterthanthe original KAT bound
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Figurel: Comparisonamongthe original KAT (usingthe entirecodebook) ] B-s, andLB-f
boundsfor theBCH (15, 11) code.For referencethe unionupperboundis alsoshown.

particularlyatlow SNRs.Tablel alsocompareshe L,, original KAT, andLB-s lower bounds
for theBCH (15, 7) codeandconfirmsthe superiorityof the LB-s boundovertheoriginal KAT

bound,which is in turn tighter thanthe L, bound. Note that, similar to Figure 1, the LB-s

andoriginal KAT boundsbecomeexact(by corverging to the unionupperbound)asthe SNR
approachemfinity.

The gradualenlagementof the subsetZ; usedin LB-s (with respectto SNR) is demon-
stratedin Table 2 for the BCH (63, 10) code (the weight spectrumof the codeis specified
by (s, Bs(T)) € {(0,1),(27,196), (28,252), (31,63), (32, 63), (35, 252), (36,196), (63,1)}).
It is obsened that the bestcodeavord setZ; grows with the SNR, reducingthe gap between
its correspondind-B-s boundandthe LB-f bound. At moderateSNRs(6 dB for this exam-
ple), the LB-s boundoutperformsthe LB-f boundbecausehe LB-f lower boundonly uses
the minimum-weightcodevords. Note that at high SNRs, the LB-s bound usesthe entire
codebookexceptfor the all-1 codevord (recall that we are computingthe lower boundson
P(&|sy) = P(€), see(3)).

Tablel: Comparisorof theLB-s boundwith the L, [9] andtheoriginal KAT lower boundsfor
theBCH (15, 7) code.

Ey /Ny (dB) Ly [9] original KAT LB-s
-5 0.1952191 | 0.1952347 | 0.2985750
0 0.0445509 | 0.0445904 | 0.0782395
5 7.68260e-4| 8.27783e-4 | 9.25403e-4
10 7.67117e-11 7.67682e-11| 7.67682e-11
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Figure2: Performancef variouslower boundsfor the Golay (23, 12) code.For referencethe
unionupperboundis alsoshown.

Figure2 compareghe performanceof the L,, dot-productnorm,LB-f, andLB-s bounds
for the Golay (23, 12) code. At low SNRs,the LB-f boundoutperformsthe otherbounds.If
the exactvalueof p;; is not available,then,for SNR < 0 dB, the dot-productboundof [2] is
thetightestboundamongthe above bounds.As the SNR grows, the LB-s boundbecomeghe
largest(tightest)bound. Table4 emphasizethis pointfor SNR > 6 dB andthe BCH (15, 11)
code:the LB-s boundis obsenedto betighterthanthe otherboundsfor theentireSNRrange
consideredn thetable.

An importantpoint to noteis the computatiortime of the bounds.The secondversionof
thealgorithmto computetheLB-s boundin Section2 drasticallyreducegshe computatiortime
for theLB-s bound.For example,asshovnin Table3, theruntime of thenormboundin the-5

Table2: Sizegrowth of thesubsefZ; with SNRfor theLB-s boundandtheBCH (63,10) code.
Smax 1S thelargestweightand B; . (Z,) is its correspondingnumberof codevordsin Z; .

Ey /Ny (dB) LB-f LB-s max. weightsyax | Bs,...(Z1) | sizeof Z;
-5 2.394711e-01 2.010236e-01 27 196 196
2 5.615240e-03 3.868599e-03 27 196 196
3 1.493219e-03 1.024943e-03 28 1 197
4 2.435199e-04 1.832994e-04 28 252 448
6 4.945912e-07 7.402885e-07 31 63 511
7 5.453444e-09 8.443873e-09 32 63 574
8 1.883346e-11 2.762258e-11 36 196 1022




Table3: Comparisorof the L,, dot-productpnorm,andtheLB-s lowerboundgor theBCH (63,
24) codeandhigh SNRvalues.The computatiortime (in secondspf the boundsfor anSNR
rangefrom -5 to 10 dB (with 1 dB increments)are givenin parenthesis.For referencethe
unionupperboundis alsoprovided.

Ey/Ny Ly (71) dot-product(15) | norm(32076)| LB-s(4) unionbound
(in dB) [9] [2] [2] (<1)
7 1.803442e-11 1.223649e-11 | 1.835702e-11 1.864105e-11 1.925149e-11
8 8.629289%e-15 6.623727e-15 | 8.629879e-15 8.644060e-15 8.658352e-15
9 6.021990e-19 5.225418e-19 | 6.021990e-19 6.022246e-19 6.022503e-19
10 3.917180e-24 3.672375e-24 | 3.917180e-24 3.917182e-24 3.917184e-24

to 10 dB range(with 1 dB increments)s 32076secondgi.e., morethan8.9 hours)ona SUN
UltraSparcplatform, while it is only 4 seconddor the LB-s bound(notethatthe dot-product
boundis looserthanthe LB-s boundat high SNRsandalsohasa longerrun-time). The run-
time of the LB-s boundfor otherhigh-ratecodeswith large blocklengthsfor which computing
thenormboundbecomesnfeasible,is alsoof the sameorderof magnitude Reduceduntime
togetherwith the factthatthe LB-s boundis tight at high SNRs,aretwo main advantageof
theLB-s bound.

We have repeatedhe algorithmof Section2 for the L, boundto obtainatighterversionof
this bound,referredto asthe L,-s bound,andreportedtheresultsin Table4 (it canbeverified
that L,-s is alsoa valid lower bound). The L,-s boundis seento be significantlytighterthan
the L, boundespeciallyat lower SNRs,but it is never tighter thanthe norm boundof [2] or
the LB-s boundderived here. The subsetsisedby the L,-s boundarein generalobsenedto
be slightly differentthanthoseusedby the LB-s bound. As the SNR grows, all of thebounds
in Table4 (exceptfor thedot-productound)uselargersubsetsAt high SNRs(> 9 dB in this
case)all of theboundsusethe entirecodebooksoit is fair to comparethe ratiosof thenorm
andLB-s boundsto the L,-s bound(from Section2 recallthatthe ratio of the LB-s boundto
the Ly-s boundis atmost9/8 = 1.125).Theratiois 1.003at 9 dB for thenormbound,while it
is 1.01for the LB-s bound. For low SNRs,wherethe L,-s, norm,andLB-s boundsusetheir
own optimal subsetsvhich may be differentin generalthe 9/8 ratio doesnot hold anymore.
It is interestingto notethatthe LB-s boundprovideseven a betterimprovementover the L,
boundascomparedwvith the normbound. For example,at SNR = 6 dB, theratio of the LB-s
boundto the L, boundis 1.383while thisratio reducego 1.352for thenormbound.A similar
behaior is obsenedfor otherlinearblock codes.

4 Conclusions

We derivedtwo simplelowerboundsontheerrorprobabilityof ML decodedlock codeshased
onthe KAT lower bound.Oneof theboundsdenotedby LB-f, hasthe dravbackof requiring
the knowledgeof theweightof the productof pairsof codevordswith minimumweight. The
otherbound,whichis themaincontribution of this paperandis denotedy LB-s, is algorithmic
andcanbecalculatedusingonly theweightenumeratiomnformationof theunderlyingcode. It
is obsenedthatthe LB-s lowerboundis tighterthantheoriginal KAT lowerboundeverywhere
andit istighterthanthe LB-f andtheotherlowerboundsconsideredh this paperathigh SNRs.
Theresultsof this paperwerepresentedor the AWGN channel.Neverthelessthey canbe



Table4: ComparisoramongL,, tightenedL, (L,-S), dot-product,norm, andthe LB-s lower
boundsfor the BCH (15, 11) codeandmediumto high SNR values. For referencethe union
upperboundis alsoprovided.

Ey/Ny Lo Lo-S dot-product norm LB-s union

(in dB) [9] [2] [2] upperbound
6 2.8899%e-4| 3.5696e-4| 3.7164e-4| 3.9058e-4| 3.9966e-4| 5.7507e-4
7 3.7276e-5| 3.9677e-5| 4.0215e-5| 4.1464e-5| 4.2480e-5| 4.9636e-5
8 2.2487e-6| 2.2649e-6| 2.2649e-6| 2.3029e-6| 2.3353e-6| 2.4631le-6
9 5.8356e-8| 5.8365e-8| 5.8226e-8| 5.8535e-8| 5.8958e-8| 5.9645e-8
10 | 5.7342e-10 5.7342e-10 5.7276e-10 5.7354e-1Q 5.7451e-1Q 5.7564e-10

usedfor otherchanneimodels,suchasblock Rayleighfadingor space-timeorthogonablock
codedchannels.Therequiredpairwiseerror probability expressiongor suchchannelsanbe
foundin [1].
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Appendix
Herewe prove thatthe LB-s boundis still alower boundfor P (£|s,). Similarto [3], we write
(8) as
Z Q (\/ 2Awi> 9(Ki, 0;), (12)
where 0 Ly
K,0) = -
IR =3t &
and K;, whichis a positive integer, andé; € [0, 1) arefoundfrom
pr (pm J2Aw, ,/QAw]> (K; +6,)Q (,/mwi) . (13)

We now wantto prove thatwhenw (pij, V2Aw;, ,/2ij) is replacedwith its upperbound,
(12) still givesalowerboundfor P (£|sq). To thisend,wefirst let

R (W 2w, ,/2ij) — (Ki+6)Q (\/QAwi) , (14)
j
whereK; is apositive integerandd; € [0, 1), andshaw that
9(K;, 0;) > g(K;, 6;). (15)

From¥ (mij, V2Aw;, ./zij) > (pij, V2Aw;, ,/mwj), (13), and(14), it follows that

K;+0,> K; +0,. (16)



We now considertwo casesi) K; = K; andii) K; > K;.
Casei) K; = K;: In thiscasejt follows from (16) thatf; > 6;. Therefore,

0; +1—9i_ 1 0; 1 0; B
K+1 K K KK+1) K KK+l 7
Therefore(15) holdsin thefirst case. o
Caseii) K; > K;: For thiscasewe will shav thatg(K;, 6;) — g(K;, 6;) is negative. We have

g(f{i; éz) - Q(Ki,ei) =
Ki(Ki + 1) (K +1) — (K; + )Ki(K; +1) + 0,K;(K; +1) — ;K;(K; + 1)
Ki(K; + )K;(K; +1)
Thedenominatoof (17) is clearly positive, sowe needto considerits numeratomwhich, after
settingK; = K; + n wheren > 1 is aninteger, reduceso

9(K;,6;) = g(K;, 0;) = (K, ;).

- (A7)

~ - ~

e

A B (&

In the above, both §; andé; arein [0,1); therefore,f; — 6, < 1 < n, henced < 0. Also,
0; <1 < n;henceB < 0andC < 0. Because4, B, andC areall negativein theabove (and
K; is positive), (15) alsoholdsfor the secondcase.This completeghe proof of (15).
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