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Abstract

Weobtaintwo lowerboundsontheerrorrateof linearbinaryblockcodes(undermax-
imumlikelihooddecoding)overBPSK-modulatedAWGN channels.Wecasttheproblem
of finding a lower boundon theprobabilityof a unionasanoptimizationproblemwhich
seeksto find thesubsetwhichmaximizesarecentlowerbound– dueto Kuai,Alajaji, and
Takahara– thatwewill referto astheKAT bound.Two variationsof theKAT lowerbound
arethenderived. Thefirst bound,theLB-f bound,requirestheweightof the productof
the codewordswith minimum weight in additionto their weight enumeration,while the
otherbound,theLB-s bound(which is themaincontribution of thispaper),is algorithmic
andonly needsthe weight enumerationfunctionof the code. Theuseof a subsetof the
codebookto evaluatethe KAT lower boundnot only reducescomputationalcomplexity,
but alsotightensthis boundspeciallyat low signal-to-noise(SNR) ratios. Numericalre-
sultsfor binaryblock codesindicatethatat low SNRstheLB-f boundis tighter thanthe
LB-s bound. At high SNRs,theLB-s boundis tighter thanotherrecentlower boundsin
the literature,which comprisethe lower bounddue to Séguin, the original KAT bound
(evaluatedon the entirecodebook),andthe dot-productandnorm boundsdueto Cohen
andMerhav.

1 Introduction

Let �������
	����
���
����� beafinite numberof eventswith positiveprobabilityin aprobabilityspace.
deCaen’s lowerboundon theprobabilityof theunionof theseeventsis givenby [4]��� ����� � � ������� � ��� � �! 	"$# ��� � �&% � #  (' (1)

An applicationof deCaen’s inequalityis theevaluationof alowerboundonthecodeworderror
probability (or error rate)of block codes.For a codebook)�*,+.-0/��1-2�����
�
���1-03546�17 of size 8 ,
thecodeworderrorprobabilitycanbewrittenas���:9  * 3546��; � / ���:9=<?> ;  .@ �A> ;  � (2)B
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where
9

is the codeword error event,
> ; is the (modulated)signal correspondingto code-

word - ; , and
���:9=<?> ;  is theconditionalprobabilityof errorgiventhat

> ; is transmitted.The
computationalcomplexity of evaluatingtheerror ratevia (2) is prohibitive evenfor moderate
codebooksizes. For linear block codesundermaximumlikelihood(ML) detectionand for
output-symmetricchannels[10], equation(2) canbesimplifiedto���:9  * ���:9=<?> ;  � CD*�EF���
���
�18 G�H0� (3)

which significantlyreducestheamountof calculations.In particular, for additivewhite Gaus-
siannoise(AWGN) channelsandbinaryphase-shiftkeying (BPSK)signaling,using(1) withCD*IE resultsin ���:9  * ���:9=<?> /  J� 3546����� � K 	 �ML NPORQ �! " 3546�# � �TS �VU � # � L NPORQ � ��W NPORQ #  � (4)

where K �:X  * �Y 	MZ=[6\]�^ 4 ]�_a` 	�b X is theGaussiantail function,

S �VU � X ��c  * HNed L HfG U 	hg \] g \i j�k2lRm G X 	 G N.U0X conpc 	Nq� HrG U 	  s b X b c
is thebivariateGaussianfunction,

O *utfvxwzy5/|{�} (with tfv beingtheaverageencodingpower
per uncodedbit and y�/1w N being the varianceof the AWGN), {�} is the channelcoderate,Q ��~* QR� - �! is theHammingweightof codeword - � , and,U � # * QR� - � - #  W QR� - �! QR� - #  � (5)

and
> / is the modulatedversionof the all-0 codeword. We note that the upperlimit in the

sumsin (4) still makesthisboundtoocomplex for mostapplications.Also, thisboundrequires
the knowledgeof not only the codeword weights(which arealreadyknown and tabulated),
but also the weight of the product(logic AND) of codeword pairs. In an effort to resolve
theseproblems,Séguinderived in [9] a lower boundfor (4) andhencea lower boundon the
probabilityof error. Séguin’s boundrelieson the fact that S �:U � ' � '  is increasingin

U
andon

thefollowing upperboundon
U � #U � #����F�&���.� ~*��$��� m�� Q �Q # � � Q #Q � � Q � n Q # G�� minN L Q � Q # s � (6)

where� min is theminimumdistanceof thecode.Applying (6) to (4) resultsin Séguin’sbound
which is givenby���!9
<�> /  r��� 	 ~*��� � � � � � K 	 � L N.O��  K � L NPO$�  n � � � G�H  S � HrG�� min	 � � L NPO$� � L NPO$�  n "��A�� /�� � � � S � � � � � L NPO$� � L N.OR�  � �

(7)

where� � is thenumberof codewordswith weight
�

and � is thecodeblocklength.
Thesignificanceof Séguin’sbound,whichwewill referto asthe � 	 lowerbound,is three-

fold. First,the � 	 bounddependsonly ontheweightenumerationfunctionof thecode.Second,



Séguinprovesin [9] thatit approachestheunionupperboundasthesignal-to-noiseratio(SNR)
grows to infinity,1 makingit asymptoticallytight. Third, theupperlimit in thesumsin � 	 is
givenby theblocklength;hence,thisboundis significantlymoreefficient to calculatethan(4).
Thedrawbackof the � 	 boundis thatit is looseat low SNRs.

deCaen’s lowerboundis tightenedin [6], wheretheKAT boundis introduced.Whenused
in thecontext of erroranalysisof blockcodes,theKAT lowerboundis givenby���!9
<�> /  �� KAT

� )  �~* ��� ¢¡ � � �� /
£¤ ¥ � K 	 � L N.O¦Q �! "�#��� / S �:U � # � L NPORQ � ��W NPORQ #  n � HrG ¥ �V K �aL NPORQ �: n � H=G ¥ �! K 	 �aL NPORQ �: "$#z�� / S �VU � # � L N.O¦Q � ��W NPORQ #  G ¥ � K �ML NPORQ �: ¨§© � (8)

where

¥ � *�ª �« � G­¬.ª �« �x® �
with ¯ X6° beingthelargestintegersmallerthan

X
,« � * K � W NPORQ �: 

and ª � * �#²± #���F� S �:U � # � W NPORQ � � W NPORQ #  '
Note that the above boundreducesto de Caen’s lower boundif we set ¥ � *�E for all ³ . The
KAT boundis shown to be tighter thande Caen’s boundin [6]. In [3], Demboprovidesan
alternativeproof for theKAT boundandshowsthatit outperformsdeCaen’sboundby afactor
of at most9/8.

Anotherlowerboundontheprobabilityof aunionis derivedin [2], whichalsoincludesthe
lower boundof deCaenasa specialcase.Basedon this new inequality, two lower boundson
theerrorprobabilityof blockcodesareobtainedin [2], whicharereferredto asthedot-product
andnorm bounds.Following the approachof Séguin,the dot-productandnorm boundscan
beevaluatedusingonly theweightenumerationfunctionof thecode.Thedot-productbound
is calculatedusingthesub-collectionof theminimum-weightcodewordsandis tighterat low
SNRs.Thenormboundrequiresthewholeweightspectrumandis tighterathighSNRs.These
boundsareshown throughnumericalresultsto betighterthanthe � 	 bound[2].

2 The Tightened Lower Bounds

In order to find a lower boundon the probability of the union of a finite numberof events+e� � ��³µ´·¶¸7 (where ¶¹*�+ºH0� N ���
�
���²y»7 ), many methods(e.g.,see[5]) areexpressedasa maxi-
mizationof a lower boundwith respectto a sub-collectionof theseevents.In fact,algorithms
suchastheonein [7] arestepwisesearchmethodswhich aresensitive to theinitialization; so
their final sub-collectiondependson thesetsfrom which thesearchbegins.

We notethat thenumberof termsin thesumsin (8) is 8 G¼H (where 8 is thecodebook
size); this leadsto a high computationalload even for codesof moderatesize suchas the

1In this paper, by SNRwemean½�¾À¿ÂÁµÃ .



BCH (63,24) code[8]. Oneway to addressthis problemis to usethewell known factthat� £¤ ��� zÄ � � §© � � £¤ �#  zÅÇÆ&Ä � # §© �
Therefore,evaluationof (8) usingonly a sub-collectionof thecodebookwill resultin a valid
lowerboundfor theerrorrateof codes,i.e.,�È�!9
<�> /  * ��� ��� ¢ÉµÊ / ��ËËËËË > / ��� KAT

��Ì�Í )  � (9)

where Î ~*I+ÏEF��HP�����
�
�18 GÐHP7 is the index setof the codewords,
Ì

is a sub-collectionof the
codewords,and Ê / � is theeventthatbetweencodewords

> � and
> / , > � is decodedat thereceiver.

The problembecomesnow to determinea “good” subset
Ì

of the codebook) . The optimal
subset(whosesizeandcomponentsdependon theSNR)isÌhÑ * argmaxÒ&Æ(¡ KAT

��Ì  �Ó
however, in generalit is infeasibleto determine.Hence,asnotedin [2] (seealsothereferences
therein),anaturalcandidatefor thesubset

Ì
is thesetof thecodewordswith minimumweight� min. Theresultingbound,hereafterdenotedby LB-f, is givenby���:9=<?> /  J� LB-f ~* �Ô  ¢É ± �2Õ � � min £¤ ¥ Ô K 	 � L NPO � min

 Ö �×n KÙØ L NPO � min Ú n � HrG ¥ Ô  K 	 � L NPO � min
 Ö � §© � (10)

where Ö �µ* �#  zÉ ± �.� � � min

S�Û U Ô # � W NPO � min � W NPO � min Ü G ¥ Ô K Û W NPO � min Ü �
This boundis significantlylesscomplex thanthe original KAT boundin (8), becauseit only
employstheminimum-weightcodewordswhichform arelativelysmallsubsetof thecodebook.
We notethatin additionto theweightenumerationfunction,this boundrequirestheweightof
theproductof thecodeword pairsto compute

U Ô # (see(5)). Notealsothatno maximizationis
performedto obtaintheLB-f lowerbound.

To derive the secondbound,we first usethe upperboundon
U � # which is given in (6) so

thatthisboundcanbecalculatedusingonly theweightenumerationfunction(which is readily
available).We alsowanttheboundto becomputationallyefficient, thereforewe only evaluate
(8) on a subset

Ì
(insteadof ) ). The main issuenow is that replacing

U � # with
� � # resultsin

anupperboundfor the S � ' � ' � '  functionsin (8) which couldmake (11) a lower boundto (8).
However, usingtheupperboundfor

U � # will alsochangethevalueof ¥ � in (8) into Ý¥ � in (11),
sowe needto prove that theLB-s is still a lower boundfor

���!9
<�> /  . We thereforeobtainthe
following Lemma.

Lemma – Considera liner block code ) . For a subset
ÌÐÍ ) , let Þ�� ��Ì  ��Þ�	 ��Ì  �����
�
�²Þ � ��Ì  

betheweightenumerationsof
Ì

. A lowerboundfor theerrorrateof thecodeis givenby���!9  * �ß�:9=<?> /  �� LB-s
��Ì  �~*��� � � Þ � ��Ì  K 	 � L NPO$�  � Ý¥ ��AN GÐÝ¥ �  K � L NPO$�  n Ö 	 n

HfGÐÝ¥ �� H=GàÝ¥ �  K � L NPO$�  n Ö 	
� � (11)



whereÖ 	�* � Þ � ��Ì  G�H  SÐÛ HfG � minN0� � L NPO$� � L N.O�� Ü n ��A�� /�� � Þ � ��Ì  S � � � � � L NPO$� � L N.OR�  �
and Ý¥ � * Ýª �Ý« � G¹¬ Ýª �Ý« � ® �
with Ý« � * K � L NPO$�  and

Ýª � * � Þ � ��Ì  G�H  S Û HfG � minNP� � L NPO$� � L NPO$� Ü n ��A�� /�� � Þ � ��Ì  S � � � � � L N.O�� � L NPOá�  �
Proof – SeeAppendix.

Two pointsmerit attentionhere.First,oneshouldnotein theaboveLemmathat Þ � ��Ì  are
not necessarilyequalto � � � Î  in (7). Second,usingthe approachof [3], onecanverify that
the ratio of theLB-s boundto the � 	 boundis still at most9/8 whenbothboundsoperateon
thesamesetof codewords.

SincetheLB-s boundis expressedin termsof
� � � , it only needsthecodeword weightsfor

its evaluation. We next proposean algorithmto tighten the LB-s lower bound(for a given
SNR)by iteratively enlarging thesub-collectionof codewords. Thealgorithmconsistsof the
following steps:

1. Startfrom theinitial set
Ì � of theminimum-weightcodewords;

2. Add to
Ì � acodeword with thesmallestweightpossibleto get

Ì 	 ;
3. If LB-s

��Ì �  �â LB-s
��Ì 	  , stop;

4. Let
Ì �µ* Ì 	 andgo to step2.

Thecomputationalcomplexity of theLB-s boundis very favorableascomparedwith thedot-
productandnormboundsof [2] which needto find otherparametersvia exhaustivesearch.In
theabovealgorithm,thesearchfor thebestsubsetstopsin averyshorttimeparticularlyat low
SNRswheretheminimum-weightcodewordsetis observedto beoptimal.Moreover, theLB-s
boundis observedto beoveranorderof magnitudelargerthantheKAT boundcomputedusing
(6) at low SNRs.

Onemay notethat theabove algorithmcanstill be too tediousfor very large codebooks.
We thereforeslightly modify Step2 of theabovealgorithmas

2ã ) Add to
Ì � all codewordswith thesmallestweightpossibleto get

Ì 	 ;
This new steprequiresthealgorithmto be run for at most � times(andin fact for muchless
thanthat)insteadof

N Ô GßH times,resultingin drasticsavingsin therun time.

3 Numerical Results
We first comparethe tightnessof thevariousKAT bounds.Figure1 shows theoriginal KAT
boundin (8) (usingtheupperboundon

U � # in (6)), LB-f, andLB-s lower boundsfor theerror
rateof the BCH (15, 11) code. The union upperboundis alsoplottedfor comparison.It is
observedthatif theweightof theproductsof theminimum-weightcodewordsis available,then
theLB-f boundshouldbechosen.TheLB-s boundis alsotighterthantheoriginalKAT bound
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Figure1: Comparisonsamongtheoriginal KAT (usingtheentirecodebook),LB-s, andLB-f
boundsfor theBCH (15,11) code.For reference,theunionupperboundis alsoshown.

particularlyat low SNRs.Table1 alsocomparesthe � 	 , originalKAT, andLB-s lowerbounds
for theBCH (15,7) codeandconfirmsthesuperiorityof theLB-s boundovertheoriginalKAT
bound,which is in turn tighter than the � 	 bound. Note that, similar to Figure1, the LB-s
andoriginal KAT boundsbecomeexact(by converging to theunionupperbound)astheSNR
approachesinfinity.

The gradualenlargementof the subset
Ì � usedin LB-s (with respectto SNR) is demon-

stratedin Table2 for the BCH (63, 10) code(the weight spectrumof the codeis specified
by

�À� �²Þ � ��Ì  � ´ä+ � E2��H  � �ÀN0å �zH¨æ0ç  � �ÀNPè � N0é0N  � �Aê H0�²ç ê  � �:ê(N �²ç ê  � �Vê(é � N0é0N  � �Aê çF�zH¨æPç  � � ç ê �¢H  7 ).
It is observed that the bestcodeword set

Ì � grows with the SNR, reducingthe gapbetween
its correspondingLB-s boundandthe LB-f bound. At moderateSNRs(6 dB for this exam-
ple), the LB-s boundoutperformsthe LB-f boundbecausethe LB-f lower boundonly uses
the minimum-weightcodewords. Note that at high SNRs, the LB-s boundusesthe entire
codebookexcept for the all-1 codeword (recall that we arecomputingthe lower boundson���:9=<?> /  * ���:9  , see(3)).

Table1: Comparisonof theLB-s boundwith the � 	 [9] andtheoriginalKAT lowerboundsfor
theBCH (15,7) code.tfvxwzy�/ (dB) � 	 [9] originalKAT LB-s

-5 0.1952191 0.1952347 0.2985750

0 0.0445509 0.0445904 0.0782395

5 7.68260e-4 8.27783e-4 9.25403e-4

10 7.67117e-11 7.67682e-11 7.67682e-11
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Figure2: Performanceof variouslowerboundsfor theGolay(23,12)code.For reference,the
unionupperboundis alsoshown.

Figure2 comparestheperformanceof the � 	 , dot-product,norm,LB-f, andLB-s bounds
for theGolay (23, 12) code. At low SNRs,theLB-f boundoutperformstheotherbounds.If
theexactvalueof

U � # is not available,then,for SNR
� E dB, thedot-productboundof [2] is

thetightestboundamongtheabove bounds.As theSNRgrows, theLB-s boundbecomesthe
largest(tightest)bound.Table4 emphasizesthis point for SNR â 6 dB andtheBCH (15,11)
code:theLB-s boundis observedto betighterthantheotherboundsfor theentireSNRrange
consideredin thetable.

An importantpoint to noteis thecomputationtime of thebounds.Thesecondversionof
thealgorithmto computetheLB-s boundin Section2 drasticallyreducesthecomputationtime
for theLB-s bound.For example,asshown in Table3, theruntimeof thenormboundin the-5

Table2: Sizegrowth of thesubset
Ì � with SNRfor theLB-s boundandtheBCH (63,10)code.�zë�ìÀí

is thelargestweightand Þ �Aî(ïñð ��Ì �  is its correspondingnumberof codewordsin
Ì � .t=vxw¢y5/ (dB) LB-f LB-s max.weight

�zë�ìÀí Þ � î(ïñð ��Ì �  sizeof
Ì �

-5 2.394711e-01 2.010236e-01 27 196 196

2 5.615240e-03 3.868599e-03 27 196 196

3 1.493219e-03 1.024943e-03 28 1 197

4 2.435199e-04 1.832994e-04 28 252 448

6 4.945912e-07 7.402885e-07 31 63 511

7 5.453444e-09 8.443873e-09 32 63 574

8 1.883346e-11 2.762258e-11 36 196 1022



Table3: Comparisonof the � 	 , dot-product,norm,andtheLB-s lowerboundsfor theBCH(63,
24) codeandhigh SNRvalues.Thecomputationtime (in seconds)of theboundsfor anSNR
rangefrom -5 to 10 dB (with 1 dB increments)aregiven in parenthesis.For reference,the
unionupperboundis alsoprovided.tfvxwzy�/ � 	 (71) dot-product(15) norm(32076) LB-s (4) unionbound

(in dB) [9] [2] [2] ( ò 1)

7 1.803442e-11 1.223649e-11 1.835702e-11 1.864105e-11 1.925149e-11

8 8.629289e-15 6.623727e-15 8.629879e-15 8.644060e-15 8.658352e-15

9 6.021990e-19 5.225418e-19 6.021990e-19 6.022246e-19 6.022503e-19

10 3.917180e-24 3.672375e-24 3.917180e-24 3.917182e-24 3.917184e-24

to 10 dB range(with 1 dB increments)is 32076seconds(i.e.,morethan8.9hours)on a SUN
UltraSparcplatform,while it is only 4 secondsfor theLB-s bound(notethat thedot-product
boundis looserthantheLB-s boundat high SNRsandalsohasa longerrun-time). Therun-
timeof theLB-s boundfor otherhigh-ratecodeswith largeblocklengths,for whichcomputing
thenormboundbecomesinfeasible,is alsoof thesameorderof magnitude.Reducedrun time
togetherwith the fact that theLB-s boundis tight at high SNRs,aretwo mainadvantagesof
theLB-s bound.

Wehaverepeatedthealgorithmof Section2 for the � 	 boundto obtaina tighterversionof
this bound,referredto asthe � 	 -s bound,andreportedtheresultsin Table4 (it canbeverified
that � 	 -s is alsoa valid lower bound).The � 	 -s boundis seento besignificantlytighter than
the � 	 boundespeciallyat lower SNRs,but it is never tighter thanthe norm boundof [2] or
theLB-s boundderivedhere. Thesubsetsusedby the � 	 -s boundarein generalobservedto
beslightly differentthanthoseusedby theLB-s bound.As theSNRgrows,all of thebounds
in Table4 (exceptfor thedot-productbound)uselargersubsets.At highSNRs( â æ dB in this
case),all of theboundsusetheentirecodebook;soit is fair to comparetheratiosof thenorm
andLB-s boundsto the � 	 -s bound(from Section2 recall that the ratio of theLB-s boundto
the � 	 -s boundis at most9/8= 1.125).Theratio is 1.003at 9 dB for thenormbound,while it
is 1.01for theLB-s bound.For low SNRs,wherethe � 	 -s, norm,andLB-s boundsusetheir
own optimal subsetswhich maybedifferentin general,the9/8 ratio doesnot hold anymore.
It is interestingto notethat the LB-s boundprovideseven a betterimprovementover the � 	
boundascomparedwith thenormbound.For example,at SNR= 6 dB, theratio of theLB-s
boundto the � 	 boundis 1.383while this ratio reducesto 1.352for thenormbound.A similar
behavior is observedfor otherlinearblock codes.

4 Conclusions

Wederivedtwo simplelowerboundsontheerrorprobabilityof ML decodedblockcodesbased
on theKAT lower bound.Oneof thebounds,denotedby LB-f, hasthedrawbackof requiring
theknowledgeof theweightof theproductof pairsof codewordswith minimumweight. The
otherbound,whichis themaincontributionof thispaperandis denotedby LB-s, is algorithmic
andcanbecalculatedusingonly theweightenumerationinformationof theunderlyingcode.It
is observedthattheLB-s lowerboundis tighterthantheoriginalKAT lowerboundeverywhere
andit is tighterthantheLB-f andtheotherlowerboundsconsideredin thispaperathighSNRs.

Theresultsof this paperwerepresentedfor theAWGN channel.Nevertheless,they canbe



Table4: Comparisonamong� 	 , tightened� 	 ( � 	 -s), dot-product,norm,andtheLB-s lower
boundsfor theBCH (15, 11) codeandmediumto high SNRvalues.For reference,theunion
upperboundis alsoprovided.

tfvÂwzy�/ � 	 � 	 -s dot-product norm LB-s union

(in dB) [9] [2] [2] upperbound

6 2.8899e-4 3.5696e-4 3.7164e-4 3.9058e-4 3.9966e-4 5.7507e-4

7 3.7276e-5 3.9677e-5 4.0215e-5 4.1464e-5 4.2480e-5 4.9636e-5

8 2.2487e-6 2.2649e-6 2.2649e-6 2.3029e-6 2.3353e-6 2.4631e-6

9 5.8356e-8 5.8365e-8 5.8226e-8 5.8535e-8 5.8958e-8 5.9645e-8

10 5.7342e-10 5.7342e-10 5.7276e-10 5.7354e-10 5.7451e-10 5.7564e-10

usedfor otherchannelmodels,suchasblock Rayleighfadingor space-timeorthogonalblock
codedchannels.Therequiredpairwiseerrorprobabilityexpressionsfor suchchannelscanbe
foundin [1].
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Appendix

HereweprovethattheLB-s boundis still a lowerboundfor
���!9
<�> /  . Similar to [3], wewrite

(8) as � � K Û W NPORQ � Ü5ó �Aô � � ¥ �! � (12)

where ó �Aô � ¥  * ¥ô n�H n H=G ¥ô
and

ô � , which is a positive integer, and ¥ � ´põ?EF��H  arefoundfrom� # S Û U � # � W NPORQ � � W NPORQ # Ü * �Aô � n ¥ �V K Û W NPORQ � Ü � (13)

We now want to prove thatwhen S Ø U � # � L NPORQ � � W NPORQ # Ú is replacedwith its upperbound,
(12) still givesa lowerboundfor

���!9
<�> /  . To this end,wefirst let� # S Û � � # � W NPORQ � � W NPORQ # Ü * � Ýô � n�Ý¥ �V K Û W NPORQ � Ü � (14)

where Ýô � is apositive integerand Ý¥ � ´TõöE2��H  , andshow tható �Aô � � ¥ �! r� ó � Ýô � �2Ý¥ �V � (15)

From S Ø � � # � L NPORQ � � W NPORQ # Ú � S Ø U � # � L NPORQ � � W NPORQ # Ú , (13),and(14), it follows thatÝô � n�Ý¥ �÷� ô � n ¥ � � (16)



Wenow considertwo cases:i) Ýô � * ô � andii) Ýô �øâ ô � .
Case i) Ýô � * ô � : In this case,it follows from (16) that Ý¥ ��� ¥ � . Therefore,

ó � Ýô � � Ý¥ �: * ó �Aô � � Ý¥ �V * Ý¥ �ô � n�H n HfGÐÝ¥ �ô � * Hô � G Ý¥ �ô � �Vô � n�H  � Hô � G ¥ �ô � �Aô � n�H  * ó �Vô � � ¥ �: �
Therefore,(15)holdsin thefirst case.
Case ii) Ýô ��â ô � : For thiscase,wewill show that ó � Ýô � �&Ý¥ �! G ó �Aô � � ¥ �: is negative. We haveó � Ýô � �&Ý¥ �: G ó �Aô � � ¥ �V *ô � �Aô � n�H  � Ýô � n�H  G �Vô � n�H  Ýô � � Ýô � n�H  n ¥ � Ýô � � Ýô � n�H  G Ý¥ � ô � �Vô � n�H  ô � �Vô � n�H  Ýô � � Ýô � n�H  ' (17)

Thedenominatorof (17) is clearlypositive,sowe needto considerits numeratorwhich,after
setting Ýô � * ô � nT� where� � H is aninteger, reducesto� ¥ � GàÝ¥ � G��  ù úaû üý ô 	� n ��� ¥ � G�� 	  n N � � ¥ � G�H  GàÝ¥ �V ù úÂû üþ ô n � � 	 np�  � ¥ � G�H  ù úaû üÿ �
In the above, both ¥ � and Ý¥ � are in õöE2��H  ; therefore,¥ � G­Ý¥ � ò H � � , hence� ò,E . Also,

¥ � ò�H � � ; henceÞ­ò�E and
� ò�E . Because� �²ÞÈ� and

�
areall negative in theabove (andô � is positive),(15)alsoholdsfor thesecondcase.Thiscompletestheproof of (15).
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