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Abstract — 1In this work, Csiszdr’s fixed-length
source coding B-cutoff rates are investigated for the
class of arbitrary discrete sources with memory. It
is demonstrated that the limsup and liminf Rényi
entropy rates provide the formulas for the forward
and reverse §-cutoff rates, respectively. Consequently,
new fixed-length source coding operational character-
izations for the Rényi entropy rates are established.

I. INTRODUCTION

In [2], Csiszér establishes the concept of generalized fixed-
length source coding cutoff rates (forward and reverse) for
discrete memoryless sources. More specifically, given § > 0,
he defines the forward G-cutoff rate for a source {X;}{2, as
the number Rp that provides the best possible lower bound
in the form G(R — Rp) to the source reliability function. This
definition implies that the source error probability is guaran-
teed to exponentially decay with a linear exponent of specified
slope 3 for R > Ry. He also provides a similar definition for
the reverse S-cutoff rate (where 8 > 0) with respect to the
source unreliability function (the exponent of the vanishing
probability of correct decoding). He then demonstrates that
the forward and reverse B-cutoff rates are respectively given
by Hi/+8)(X1) and Hyju-gy(X1), where Ha(X1) denotes
the Rényi entropy of order «.

In this work, we extend Csiszar’s results [2] by investi-
gating the B-cutoff rate for arbitrary (not necessarily, sta-
tionary, ergodic, etc.) discrete-time finite-alphabet sources
X2 (x" = (X™,...,X)}, [3]. We demonstrate that
the limsup and liminf Rényi entropy rates provide the expres-
sions for the forward and reverse O-cutoff rates, respectively.
These results also provide simple, and in certain cases, com-
putable lower bounds to the source reliability and unreliability
functions.

II. MAIN RESULTS

Definition 1 An (n, M) ﬁxéd—length source code for X" is
a collection of M n-tuples €, = {c},...,cir}. The error

probability of the code is Pe(6n) 2 Px» [X™ € 4]

Definition 2 Fix e > 0. R > 0 is e-achievable for a source
X, if there exists a sequence of (n, M,) fixed-length source
code &, such that

lim sup 1 logM, <R and lim inf——l log Pe(4,) 2 e.
n—too T n—sco N
Fix 8 > 0. The forward B-cutoff rate for X, denoted by
R(()f )(ﬂ]X), is defined as the smallest Ry > 0 such that ev-
ery R > 0 is 8(R — Rop)-achievable.
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Theorem 1 (Forward g-cutoff rate [1]) Fix 8 > 0. For
an arbitrary source X, )

. 1 .
R (B1X) = limsup ~Hy /14.5)(X"),
n-~+oco0 T

where
1

Ha(X") 2 1-a

log Z Pgn(z™)
Znexn
is the (n-dimensional) Rényi entropy of order a.

Definition 3 Fix ¢ > 0. R > 0 is reverse e-achievable for

a source X, if there exists a sequence of (n, M,) fixed-length
source code &, such that

lim sup 1 logM, <R and
n—oo T

Fix B > 0. The reverse B-cutoff rate for X, denoted by
Rf,”(ﬂlX), is defined as the largest Rp such that every R > 0
is reverse B(R — Ro)-achievable.

liminf — 1 log(1~ P.(-€.)) < e.
n—00 n

Theorem 2 (Reverse (-cutoff rate [1]) Fix 0 < 8 < 1.
For any source X, .

r . 1
R{(BIX) = liminf ~H/-g)(X").

III. CONCLUSIONS
In closing, we would like to make the following observations.

e It is important to point out that if the source X is a time-
invariant Markov source of arbitrary order, then its Rényi en-
tropy rate exists and can be computed [4]. Thus in this case,
the g-cutoff rates for this source can be obtained.

e A convex lower bound can be obtained on the source relia-
bility function. It consists of the supremum of all the support
lines with slope 8 which pass through the point (Rf)f ) (81X),0),
given by supg,o[B(R ~ Réf)(ﬂ[X))] for every R > 0. We can
thus conclude that for the class of sources X for which the
Rényi entropy rate can be calculated (e.g., the class of Markov
sources), a computable lower bound to the source reliability
function can also be obtained. A similar remark applies for
the source unreliability function.
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