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Abstra
t

This work addresses the problem of designing Turbo 
odes for non-uniform binary

memoryless or independent and identi
ally distributed (i.i.d.) sour
es over noisy 
han-

nels. The extrinsi
 information in the de
oder is modi�ed to exploit the sour
e redun-

dan
y in the form of non-uniformity; furthermore, the 
onstituent en
oder stru
ture is

optimized for the 
onsidered non-uniform i.i.d. sour
e to further enhan
e the system

performan
e. Some 
onstituent en
oders are found to substantially outperform Berrou's

(37; 21) en
oder. Indeed, it is shown that the bit error rate (BER) performan
e of the

newly designed Turbo 
odes is greatly improved as signi�
ant 
oding gains are obtained.

Comparisons to the optimal Shannon limit are also provided.

Keywords: Turbo 
odes, non-uniform i.i.d. sour
es, joint sour
e-
hannel 
oding, AWGN

and Rayleigh fading 
hannels, Shannon limit.

1 Introdu
tion

In 
hannel 
oding, the sour
e is usually assumed to be a binary memoryless Bernoulli

(1/2) sour
e, i.e., it generates uniform i.i.d. bit streams fd

k

g

1

k=1

, where Prfd

k

= 0g =

Prfd

k

= 1g = 1=2. In reality, however, natural sour
es (e.g., image and spee
h sour
es)

often exhibit substantial amounts of redundan
y in the form of memory and/or non-

uniformity [2℄; in this 
ase, a sour
e en
oder would be used. An ideal sour
e en
oder

would be able to eliminate all the sour
e redundan
y and hen
e produ
e a uniform i.i.d.

sequen
e of bits, whi
h would then be used as the input of the 
hannel en
oder. However,

most existing sour
e en
oders are suboptimal. As a result, the input to the 
hannel en-


oder 
ontains a 
ertain amount of residual redundan
y. For example, the 4.8 kbits/s US

Federal Standard 1016 CELP spee
h vo
oder produ
es an output that 
ontains 41:5% of

residual redundan
y due to non-uniformity and memory [3℄. For un
ompressed sour
es,

�
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it has been observed that many binary images (e.g., fa
simile and medi
al images) may


ontain as mu
h as 80% of redundan
y in the form of non-uniformity (e.g., [7℄, [14℄), this


orresponds to the a priori probability Prfd

k

= 0g = 0:97. Therefore, transmission of

sour
es with a 
onsiderable amount of residual or natural redundan
y is an important

pra
ti
al issue. Several studies (e.g., [1℄, [4℄, [11℄, [16℄ and [19℄, et
.) have shown that

appropriate use of the sour
e redundan
y 
an signi�
antly improve the system perfor-

man
e.

Turbo 
odes [6℄ have demonstrated ex
ellent performan
e for uniform i.i.d. sour
es

over additive white Gaussian noise (AWGN) 
hannels; to the best of our knowledge, the

issue of using Turbo 
odes for non-uniform i.i.d. sour
es has not been systemati
ally stud-

ied. In essen
e, this is a joint sour
e-
hannel 
oding problem. In this work, we investigate

the issue of designing Turbo 
odes for non-uniform i.i.d. sour
es sent over noisy 
hannels.

Our obje
tive is to strive to 
ome as 
lose to the Shannon limit as possible. The extrinsi


information in the Turbo de
oder is modi�ed to take advantage of the sour
e redundan
y

(this simple method was brie
y mentioned in [13℄ and [9℄; however, its performan
e was

not expli
itly studied, parti
ularly vis-a-vis the Shannon limit); as a result, the BER

performan
e of the Turbo 
oded system is signi�
antly enhan
ed. We also observe that

while the original Berrou Turbo 
ode whi
h uses the (37; 21) 
onvolutional 
ode in ea
h


onstituent en
oder o�ers extraordinary performan
e (ex
ellent \waterfall" region at very

low SNR's) for uniform i.i.d. sour
es, it provides a relatively poor performan
e with a


onsiderably high error 
oor when the sour
e is non-uniform. An analysis of the en
oder's

stru
ture reveals to us that it is important to �nd more suitable 
onstituent en
oders for

non-uniform i.i.d. sour
es. Through a systemati
 sear
h we performed by simulations,

we show that some 
onstituent en
oders substantially outperform Berrou's (37; 21) en-


oders for a given non-uniform i.i.d. sour
e. Signi�
ant 
oding gains are further a
hieved

by 
ombining this optimized en
oder stru
ture with the appropriately modi�ed de
oder

that exploits the sour
e non-uniformity.

2 Turbo Codes for Non-uniform I.I.D. Sour
es

A non-uniform i.i.d. sour
e is des
ribed by the non-equiprobable probability distribution

of the bit stream. The sour
e emits a sequen
e of bits fd

k

g

1

k=1

with probability Prfd

k

=

0g = p

0

, k = 1; 2; � � �.

Turbo 
odes [6℄ use two (or more) simple 
onvolutional en
oders in parallel 
on
ate-

nation linked by an interleaver; in the de
oder, 
onstituent de
oders are pla
ed in serial


on
atenation with an interleaver in between, and a deinterleaver is used in the feedba
k

loop from the se
ond 
onstituent de
oder to the �rst. Ea
h 
onstituent de
oder employs

the BCJR algorithm [5℄, and the de
oding pro
ess is realized in an iterative fashion by

ex
hanging the extrinsi
 information between the two 
onstituent de
oders. Extraordi-

nary BER performan
e has been demonstrated by using Turbo 
odes for uniform i.i.d.

sour
es (with p

0

=1/2) over AWGN 
hannels [6℄ and Rayleigh fading 
hannels [10℄.

In the following, we 
onsider the problem of designing Turbo 
odes for the trans-

mission of non-uniform i.i.d. binary sour
es over AWGN and Rayleigh fading 
hannels.

We propose some modi�
ations for the Turbo de
oder in order to take advantage of the

sour
e redundan
y in the form of non-uniformity. We also optimize the Turbo en
oder

stru
ture with respe
t to the 
onsidered non-uniform i.i.d. sour
e.



2.1 Modi�
ations of the De
oder Extrinsi
 Information

In the BCJR algorithm used by the Turbo de
oder, we observe that the log-likelihood

ratio (LLR) produ
ed by the Turbo de
oder 
an be de
omposed into three terms:

�(d

k

) = L


h

(d

k

) + L

ex

(d

k

) + L

ap

(d

k

);

where L


h

(d

k

), L

ex

(d

k

), and L

ap

(d

k

) are the 
hannel transition term, the extrinsi
 in-

formation term, and the a priori term, respe
tively, [6℄, [12℄. The extrinsi
 information

produ
ed by one 
onstituent de
oder is used as the a priori estimation for the other


onstituent de
oder. At the �rst iteration, for the �rst 
onstituent de
oder, if the sour
e

is uniform i.i.d., whi
h is the 
ase investigated in [6℄, we have

L

ap

(d

k

) = log

P (d

k

= 1)

P (d

k

= 0)

= 0;

sin
e P (d

k

= 1) = P (d

k

= 0) = 1=2.

When the sour
e is non-uniform i.i.d., log((1 � p

0

)=p

0

) 6= 0 is used as the initial a

priori input for the �rst de
oder in the �rst iteration. As a result, in the output �(d

k

)

produ
ed by the �rst de
oder, L

ap

(d

k

) = log((1� p

0

)=p

0

). By passing this term together

with the extrinsi
 information from the �rst de
oder to the se
ond de
oder, a BER

performan
e gain is observed

1

. It 
an be shown via the BCJR algorithm's derivation

that log((1 � p

0

)=p

0

) will appear in the output �(d

k

) as an extra term. In our design,

we then use L

ex

+ log((1� p

0

)=p

0

) as the new extrinsi
 information for both de
oders at

ea
h iteration. With this simple pro
edure, the performan
e is greatly improved.

2.2 Optimizing the En
oder Stru
ture

In the original design of Turbo 
odes, Berrou et al. used a 16-state (37; 21) re
ursive

systemati
 
onvolutional (RSC) 
ode in both 
onstituent en
oders. From our simulations,

we found that a Turbo 
ode using Berrou's en
oder performs poorly for non-uniform i.i.d.

sour
es over a wide range of E

b

=N

0

values, where E

b

is the average energy per information

bit, and N

0

=2 is the additive noise varian
e. Analysis of the tap 
oeÆ
ients reveals that

for non-uniform i.i.d. sour
es, espe
ially when their probability distributions are heavily

biased, many possible states of this en
oder may rarely or never be rea
hed. For example,

when p

0

= 0:9, suppose the (37; 21) en
oder starts at the all zero state 0000, where ea
h

digit represents the 
ontent of ea
h shift register, then the en
oder would remain in this

state until a \1" arrives, whi
h would 
ause a transition to state 1000. Sin
e p

0

= 0:9,

with high probability, a state transition would o

ur among very limited number of

states, su
h as 1000, 1100, 0110, 0011, and 0001, et
. Furthermore, the parity sequen
e

generated by this en
oder has low weight. As a result, these drawba
ks would 
ause

performan
e degradations in the de
oder. Therefore, for non-uniform i.i.d. sour
es, it

is more important to �nd appropriate en
oder stru
tures that 
an over
ome the above

mentioned problems and hen
e o�er better BER performan
es.

1

This simple modi�
ation of appropriately using the sour
e information in the Turbo de
oder for

non-uniform sour
es was also brie
y mentioned in [13℄ (see Remark 4.d on page 433) and [9℄ but not

expli
itly studied and evaluated. One of our goals in this paper is to expli
itly assess the gains a
hieved

by this method and examine how 
lose we 
an 
ome to the Shannon limit.



With this motivation, we performed a systemati
 sear
h for better 
onstituent en-


oders for a given non-uniform probability distribution of the sour
e. In our simulations,

we only fo
used on 16-state en
oders. Denote the 
oeÆ
ients of the feedba
k and feed-

forward polynomials of a 16-state RSC en
oder in binary form as ff

0

; f

1

; f

2

; f

3

; f

4

g and

fg

0

; g

1

; g

2

; g

3

; g

4

g, respe
tively, where f

i

; g

j

= 0 or 1, i; j = 0; 1; � � � ; 4. Altogether there

are 2

4

� (2

5

� 1) = 496 possible 
ombinations; therefore, an exhaustive sear
h is im-

pra
ti
al. Instead, for a given non-uniform i.i.d. sour
e, we 
hoose to determine the

sub-optimal en
oder among those with f

0

= f

4

= g

0

= g

4

= 1. The total number of su
h

en
oders is 2

3

� 2

3

= 64. Again, to avoid an exhaustive sear
h, the sub-optimal en
oders

are obtained through the following iterative steps:

1) Fix the feed-forward polynomial, (e.g., fg

0

; g

1

; g

2

; g

3

; g

4

g = f1; 1; 1; 1; 1g), �nd (by

simulation) the best feedba
k polynomial among the remaining possible 
hoi
es;

2) Fix the feedba
k polynomial as the one found in step 1), �nd the best feed-forward

polynomial among all remaining possible 
hoi
es;

3) Fix the feed-forward polynomial as found in step 2), go ba
k to step 1), if the

feedba
k polynomial 
oin
ides with the one obtained in step 1), stop (otherwise, pro
eed

to the next step).

Via this pro
edure, for a given non-uniform probability distribution, several en
oders

were found to outperform Berrou's (37; 21) en
oder signi�
antly; they also have 
onsider-

ably lower error 
oors. Among them, the (35; 23) en
oder gives the best performan
e for

p

0

= 0:7 and 0.8; when p

0

= 0:9, the best en
oder is (31; 23). However, when the sour
e

is uniform i.i.d, Berrou's (37; 21) en
oder gives a better performan
e in the water-fall

region than the above en
oders, though its error 
oor is higher. For uniform sour
es,

improving the error 
oor region of Turbo 
odes is usually a
hieved at the expense of the

waterfall region; however, for the non-uniform 
ase, this tenden
y seems to de
rease as

p

0

in
reases.

3 Simulation Results and Dis
ussions

In this se
tion, we present simulation results of Turbo 
odes for non-uniform i.i.d. sour
es

over BPSK-modulated AWGN and Rayleigh fading 
hannels. All simulated Turbo 
odes

use the same pseudo-random interleaver introdu
ed in [6℄. The sequen
e length is N =

512 � 512 = 262144 and 200 blo
ks are used; this would guarantee a reliable BER

estimation at the 10

�5

level with 524 errors. The number of iterations used in the

de
oder is 20. Simulations for our sele
ted 
odes and the Berrou 
ode are performed for

rates R




= 1=3 and R




= 1=2, for p

0

=0.5, 0.7, 0.8 and 0.9. To show the performan
e

gains due to using the modi�ed extrinsi
 information, simulations are also performed

by using the un
hanged extrinsi
 information; i.e., the de
oder has no knowledge of the

probability distribution and assumes the sour
e is uniform

2

.

2

In this 
ase, regardless of the sour
e generated at the en
oder (p

0

= 0:9, 0.8, 0.7 or 0.5), the

performan
e of the system with un
hanged extrinsi
 information at the de
oder varies very slightly with

p

0

; so for this system, we 
an assume that p

0

= 0:5 at both the en
oder and the de
oder.
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Figure 1: Turbo 
odes for non-uniform i.i.d. sour
es, R




=1/3, N=262144, AWGN 
han-

nel.

3.1 Performan
e Evaluations

Figure 1 shows the performan
e 
omparison of Berrou's rate-1/3 (37; 21) Turbo 
ode

and our sele
ted Turbo 
odes for transmitting uniform and non-uniform i.i.d. sour
es

(with p

0

=0.5, 0.7, 0.8 and 0.9) over AWGN 
hannels by using the modi�ed extrinsi


information in the de
oder. The (35; 23) 
ode o�ers the best performan
e from p

0

=0.7

up to 0.8; when p

0

= 0:9, the (31; 23) seems to be the best 
hoi
e. At the 10

�5

BER level,

the gains over the Berrou (37; 21) 
ode due to optimization of the en
oder for p

0

=0.7,

0.8 and 0.9 are 0.09, 0.51 and 1.18 dB, respe
tively. Furthermore, the gains due to using

the modi�ed extrinsi
 information for p

0

=0.7 and 0.8 (with the (35; 23) 
ode) are 0.43

dB and 1.08 dB, respe
tively; for p

0

=0.9 (with the (31; 23) 
ode) it is 2.46 dB. Similar

results 
an be observed in Figure 2, in whi
h the rate is 1/2. For example, when p

0

=0.9,

our sele
ted (31; 23) 
ode gives a gain of 1.08 dB over the Berrou (37; 21) 
ode at the

10

�5

BER level, while the gain a
hieved due to exploiting the sour
e redundan
y in the

form of non-uniformity is 2.20 dB.

In Figure 3, we provide the performan
e 
omparison for the Rayleigh fading 
hannel

with known 
hannel state information. When p

0

=0.7, the gain due to en
oder opti-

mization is visible only below the 10

�5

BER level, be
ause the performan
e o�ered by

Berrou's 
ode has lower error 
oor than that in the AWGN 
hannel 
ase. When p

0

=0.8,

our (35; 23) Turbo 
ode o�ers a 0.33 dB gain at the 10

�5

BER level over its (37; 21)

peer; when p

0

=0.9, the gain is further in
reased up to 1.08 dB by using the (31; 23)

en
oder. Furthermore, the gains due to exploiting the sour
e redundan
y in the form

of non-uniformity be
ome bigger than those obtained in the AWGN 
hannel 
ase: when

p

0

=0.7 and 0.8, the gains at a BER of 10

�5

produ
ed by the (35; 23) Turbo 
ode are 0.54

dB and 1.36 dB, respe
tively; when p

0

=0.9, the (31; 23) Turbo 
ode realizes a signi�
ant
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Figure 2: Turbo 
odes for non-uniform i.i.d. sour
es, R




=1/2, N=262144, AWGN 
han-

nel.
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Figure 3: Turbo 
odes for non-uniform i.i.d. sour
es, R




=1/3, N=262144, Rayleigh

fading 
hannel.
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Figure 4: Turbo 
odes for non-uniform i.i.d. sour
es, R




=1/2, N=262144, Rayleigh

fading 
hannel.

3.01 dB gain. Similar performan
es for rate-1/2 are shown in Figure 4. For example,

at the same BER level, and for p

0

= 0:9, by using our sele
ted (31; 23) 
ode, the gain

a
hieved by en
oder optimization is 1.03 dB, while the gain a
hieved due to using the

modi�ed extrinsi
 information is also 3.01 dB.

3.2 Shannon Limit

In his landmark papers [17℄, [18℄, Shannon established the Lossy Information Transmis-

sion Theorem, also known as the Joint Sour
e-Channel Coding Theorem with Fidelity

Criterion [15℄. From this theorem, we know that for a given memoryless sour
e and a

given memoryless 
hannel with 
apa
ity C, for suÆ
iently large sour
e blo
k lengths, the

sour
e 
an be transmitted via a sour
e-
hannel 
ode over the 
hannel at a transmission

rate of R




sour
e symbols/
hannel symbols and reprodu
ed at the re
eiver end within an

end-to-end distortion given by D if the following 
ondition is satis�ed [15℄:

R




�R(D) < C; (1)

where R(D) is the rate-distortion fun
tion. For a dis
rete binary non-uniform i.i.d. sour
e

with distribution p

0

, we have that D = P

e

(BER) under the Hamming distortion measure

[8℄; then R(D) be
omes

R(P

e

) =

�

h

b

(p

0

)� h

b

(P

e

); 0 � P

e

� minfp

0

; 1� p

0

g

0; P

e

> minfp

0

; 1� p

0

g

where h

b

(�) is the binary entropy fun
tion: h

b

(x) = �x log

2

x� (1� x) log

2

(1� x):



For AWGN and Rayleigh fading 
hannels, the 
hannel 
apa
ity is a fun
tion of E

b

=N

0

;

i.e., C = C(E

b

=N

0

). Therefore, the optimum value of E

b

=N

0

to guarantee a bit error rate

of P

e


an be solved using (1) assuming equality. This optimum value of E

b

=N

0

is 
alled

the Shannon limit, or the optimal performan
e theoreti
ally a
hievable (OPTA). The

Shannon limit 
annot be expli
itly solved for a BPSK-modulated input due to the la
k

of a 
losed form expression [10℄; so it is 
omputed via numeri
al integration.

For the above simulations, we 
omputed the OPTA at the 10

�5

BER level for rates 1/2

and 1/3, and for p

0

= 0:7, 0.8 and 0.9. Table 1 provides the gaps in E

b

=N

0

between the

performan
e of the designed systems and the 
orresponding OPTA values. We observe

that the performan
es of our sele
ted Turbo 
odes are signi�
antly 
loser to the OPTA

limit than those o�ered by their (37; 21) peer. When p

0

in
reases, the gaps be
ome wider;

meanwhile, the gains a
hieved by using our sele
ted en
oders over the (37; 21) en
oder

be
ome more signi�
ant. Designing more sophisti
ated Turbo-based joint sour
e-
hannel


odes that further �ll the OPTA gap for heavily biased sour
es (e.g., with p

0

= 0:9) is a


hallenging and interesting future work. Finally, we observe that the OPTA gaps be
ome

smaller when the rate is lower.

Turbo Coding AWGN Rayleigh

System R




= 1=2 R




= 1=3 R




= 1=2 R




= 1=3

(37,21), p

0

= 0:7 1.07 0.89 1.17 0.91

(35,23), p

0

= 0:7 0.87 0.80 1.16 0.91

(37,21), p

0

= 0:8 2.02 1.70 2.18 1.61

(35,23), p

0

= 0:8 1.56 1.19 1.88 1.28

(37,21), p

0

= 0:9 3.69 3.20 4.12 3.26

(31,23), p

0

= 0:9 2.61 2.02 2.99 2.18

Table 1: OPTA gaps in E

b

=N

0

at BER=10

�5

level (in dB).

4 Con
lusion

In this work, we investigate the joint sour
e-
hannel 
oding issue of designing Turbo


odes for non-uniform i.i.d. sour
es over noisy 
hannels. Both AWGN and Rayleigh

fading 
hannels are 
onsidered. The sour
e redundan
y in the form of non-uniformity

is exploited by the de
oder via a modi�ed extrinsi
 information, and the 
onstituent

en
oders are optimized to further enhan
e the performan
e. Simulation results demon-

strate signi�
ant 
oding gains due to exploiting the sour
e redundan
y in the de
oder as

well as using the optimized en
oder stru
ture. When p

0

in
reases, the gap between the

performan
e and OPTA be
omes wider. In general, better performan
e 
an be obtained

when the rate de
reases. Our results are sub-optimal, further gains might be a
hieved

by a more 
omplete en
oder optimization and the use of asymmetri
 Turbo 
odes.
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