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Abstract—We study the error exponent, I;, for reliably trans-
mitting a discrete stationary ergodic Markov (SEM) source @
over a discrete channel W with additive SEM noise via a joint
source—channel (JSC) code. We first establish an upper bound for
E, in terms of the Rényi entropy rates of the source and noise
processes. We next investigate the analytical computation of ¥ ; by
comparing our bound with Gallager’s lower bound (1968) when
the latter one is specialized to the SEM source—channel system.
We also note that both bounds can be represented in Csiszar’s
form (1980), as the minimum of the sum of the source and channel
error exponents. Our results provide us with the tools to system-
atically compare £ ; with the tandem (separate) coding exponent
E;. We show that as in the case of memoryless source—channel
pairs F£; < 2F7 and we provide explicit conditions for which
E, > Ey.Numerical results indicate that £, ~ 2F; for many
SEM source—channel pairs, hence illustrating a substantial ad-
vantage of JSC coding over tandem coding for systems with
Markovian memory.

Index Terms—Additive noise, error probability, error exponent,
joint source-channel (JSC) coding, Markov types, Rényi entropy
rate, stationary ergodic Markov source—-channel, tandem separate
coding.

1. INTRODUCTION

HE lossless joint source—channel (JSC) coding error ex-
Tponent, E;, for a discrete memoryless source (DMS) @
and a discrete memoryless channel (DMC) W with transmission
rate ¢ was thoroughly studied in [5], [6], [10], [26]. In [5], [6],
Csiszdr establishes two lower bounds and an upper bound for
FEy based on the random-coding and expurgated lower bounds
and the sphere-packing upper bound for the DMC error ex-
ponent. In [26], we investigate the analytical computation of
Csiszar’s lower and upper bounds for E; using Fenchel duality,
and we provide equivalent expressions for these bounds. As a re-
sult, we are able to systematically compare the JSC coding error
exponent with the traditional tandem coding error exponent Fr,
the exponent resulting from separately performing and concate-
nating optimal source and channel coding. We show that JSC
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coding can double the error exponent vis-a-vis tandem coding
by proving that ;7 < 2FE. Our numerical results also indicate
that 5 can be nearly twice as large as £ for many DMS-DMC
pairs, hence illustrating the considerable gain that JSC coding
can potentially achieve over tandem coding. It is also shown in
[26] that this gain translates into a power saving larger than 2 dB
for binary DMS sent over binary-input white Gaussian noise and
Rayleigh-fading channels with finite output quantization.

As most real-world data sources (e.g., multimedia sources)
and communication channels (e.g., wireless channels) exhibit
statistical dependency or memory, it is of natural interest
to study the JSC coding error exponent for systems with
memory. Furthermore, the determination of the JSC coding
error exponent (or its bounds), particularly in terms of com-
putable parametric expressions, may lead to the identification
of important information-theoretic design criteria for the con-
struction of powerful JSC coding techniques that fully exploit
the source—channel memory. In this paper, we investigate
the JSC coding error exponent for a discrete communication
system with Markovian memory. Specifically, we establish a
(computable) upper bound for £ ; for transmitting a stationary
ergodic (irreducible) Markov (SEM) source @ over a channel
W with additive SEM noise Py (for the sake of brevity, we
hereafter refer to this channel as the SEM channel W). Note that
Markov sources are widely used to model realistic data sources,
and binary SEM channels can approximate well binary input
hard-decision demodulated fading channels with memory (e.g.,
see [16], [24], [25]). The proof of the bound, which follows the
standard lower bounding technique for the average probability
of error, is based on the judicious construction from the original
SEM source—channel pair (Q, W) of an artificial! Markov
source Q. and an artificial channel V' with additive Markov
noise PWO* , where o* is a parameter to be optimized, such ihat
the stationarity and ergodicity properties are retained by @,
and Pw_... The proof then employs the strong converse JSC
coding Theorem? for ergodic sources and channels with ergodic
additive noise and the fact that the normalized log-likelihood
ratio between n-tuples of two SEM sources asymptotically
converges (as n — o0) to their Kullback—Leibler divergence

I'The notion of artificial (or auxiliary) Markov sources is herein adopted from
[21], where Vasek employed it to study the source coding error exponent for
ergodic Markov sources. However, it should be pointed out that the auxiliary
source concept was first introduced by Csiszéar and Longo in [4] for the memo-
ryless case.

2The idea of using a strong converse coding theorem for error exponents was
first initiated by Haroutunian in [12], where a strong converse channel coding
theorem is used to bound the channel error exponent.
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rate. To the best of our knowledge, this upper bound, which
is expressed in terms of the Rényi entropy rates of the source
and noise processes, is new and the analytical computation of
the JSC coding error exponent for systems with Markovian
memory has not been addressed before.

We also examine Gallager’s lower bound for £ [10, Prob-
lem 5.16] (which is valid for arbitrary source—channel pairs
with memory), when specialized to the SEM source—channel
system. By comparing our upper bound with Gallager’s lower
bound, we provide the condition under which they coincide,
hence exactly determining F ;. We note that this condition
holds for a large class of SEM source—channel pairs. Using a
Fenchel-duality-based approach as in [26], we provide equiva-
lent representations for these bounds. We show that our upper
bound (respectively, Gallager’s lower bound) to E 7, can also
be represented by the minimum of the sum of SEM source error
exponent and the upper (respectively, lower) bound of SEM
channel error exponent. In this regard, our result is a natural
extension of Csiszar’s bounds [5] from the case of memoryless
systems to the case of SEM systems.

Next, we focus our interests on the comparison of the JSC
coding error exponent F; with the tandem coding error expo-
nent Fr under the same transmission rate. As in [26], which
considers the JSC coding error exponent for discrete memory-
less systems, we investigate the situation where £y > FE for
the same SEM source—channel pair. Indeed, as pointed out in
[26], this inequality, when it holds, provides a theoretical under-
pinning and justification for JSC coding design as opposed to the
widely used classical tandem or separate coding approach, since
the former method provides a faster exponential rate of decay
for the error probability, which often translates into improved
performance and substantial reductions in complexity/delay for
real-world applications. We prove that £; < 2E7 and estab-
lish sufficient conditions for which E'; > FEr. We observe via
numerical examples that such conditions are satisfied by a wide
class of SEM source—channel pairs. Furthermore, numerical re-
sults indicate that E; is nearly twice as large as Er for many
SEM source—channel pairs.

The rest of the paper is organized as follows. In Section II,
we present preliminaries on the JSC coding error exponent and
information rates for systems with memory. Some relevant re-
sults involving Markov sources and their artificial counterparts
are given in Section III. In Section IV, we derive an upper bound
for F/; for SEM source—channel pairs and study the computation
of E; by comparing our bound with Gallager’s lower bound.
Section V is devoted to a systematic comparison of £y and E,
and sufficient conditions for which E; > FEr are provided. In
Section VI, we extend our results to SEM systems with arbi-
trary Markovian orders and we give an example for a system
consisting of a SEM source and the queue-based channel with
memory introduced in [24]. We close with concluding remarks
in Section VIIL.

II. SYSTEM DESCRIPTION AND DEFINITIONS

A. System

We consider throughout this paper a communication
system with transmission rate ¢ (source symbols/channel
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use) consisting of a discrete source with finite alphabet S
described by the sequence of tn-dimensional distributions @ =
{Q(t") :St"}:zzl, and a discrete channel described by the
sequence of m-dimensional transition distributions W =
(W . xm — Y"1 with common input and output
alphabets ¥ =Y = {0,1,...,B — 1}. Givena fixed ¢t > 0, a
JSC code with block length n and transmission rate ¢ is a pair
of mappings: f,, : S — X" and ¢, : Y — S,

In this work, we confine our attention to discrete channels
with (modulo B) additive noise of n-dimensional distribution
Py = { Pg} ) Z™}22 . The channels are described by

Y, =X, ® Z; (mod B)

where Y;, X;, and Z; are the channel’s output, input, and noise
symbols at time 7, and Z; € Z = {0,1,..., B — 1} is indepen-
dentof X;,2 =1,2,...,n.

Denote  the  transmitted  source  message by
s (81,82, .-, 8m) € S™, the corresponding n-length code-
word by f,(8) =z 2 (z1,%2,...,2,) € X™, and the received
codeword at the channel output by y £ (Y1,Y2,---,Yn) € Y™
Denote Y™ £ (Y1,Y5,...,Y,) and S £ (S1,S,,...,S5)
as the random vectors in Y™ and 8™, respectively. The
probability of receiving y under the conditions that the message
8 is transmitted (i.e., the input codeword is f,,(8) = z) is given
by

Pr(Y" = y|S"™ = 5) =W (y| f.(s))
=W (ylz) = WM (y © z|x)
= P‘(;)(z)

where the last equality follows by the independence of input
codeword z and the additive noise 2 = y © &, noting that © is
modulo-B subtraction here. The decoding operation ¢, is the
rule decoding on a set of nonintersecting sets of output words
Ag such that Us Ag = Y. If y € Ay, then we conclude that
the source message 8’ has been transmitted. If the source mes-
sage 8 has been transmitted, the conditional error probability in
decoding is given by
Pr(Y" € Aj|s™ =8) 2 3 W™ (y]fu(s))
yeAL

where A = V™ — A, and the probability of error of the code
(frson) s

PIQW,t) =3 Q" (s) 3 W (ylfu(s)). (D)

YyEAS

B. Error Exponent and Information Rates

Roughly speaking, the error exponent E is a number with the
property that the probability of decoding error is approximately
27En for codes of large block length n. The formal definition
of the JSC coding error exponent is given by the following.

Definition 1: The JSC coding error exponent F;(Q, W ,t)
for source @ and channel W is defined as the supremum of
all numbers £ for which there exists a sequence of JSC codes
(fn, ¢n) with transmission rate ¢ block length n such that

1
E < liminf ——log, P{")(Q, W, t).
n—00 n
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When there is no possibility of confusion, £;(Q, W ,t) will
be written as F'j (as in Section I). A lower bound for F; for
arbitrary discrete source—channel pairs with memory was al-
ready obtained by Gallager [10]. In Section IV, we establish an
upper bound for E; for SEM source—channel pairs. For a dis-
crete source @, its (lim sup) entropy rate is defined by

H(Q) £ limsup %H(Q(k))

k—o00

where H(Q®)) is the Shannon entropy of Q*); H(Q) admits
an operational meaning (in the sense of the lossless fixed length
source coding theorem) if @ is information stable [11]. The
source Rényi entropy rate of order ae(« > 0) is defined by

Ra(Q) 2 limsup %Ha@(“),

k—o0

s€Sk:Q(*) (8)>0

where

Ha(QW) £ 4 QW(s)"

log
o 82

is the Rényi entropy of Q(*), and the special case of & = 1
should be interpreted as

Q¥ (8)"

‘ . 1
H(QW) 2 lim ——logy )

s€Sk:Q(k) (s)>0

=H(QW).

The channel capacity for any discrete (information stable [11],
[23]) channel W is given by

C(W) = liminf 1 sup I(W(n)§ Pxn)

n—oo N p.,

where I(-;-) denotes mutual information. For discrete chan-
nels with finite-input finite-output alphabets, the supremum is
achievable and can be replaced by maximum. If the channel W
is an additive noise channel with noise process Py, then

O(W) = log, B — H(Pw)

where H(Pyy) is the noise entropy rate.

III. MARKOV SOURCES AND ARTIFICIAL MARKOV SOURCES

Without loss of generality, we consider first-order Markov
sources since any Lth-order Markov source can be con-
verted to a first-order Markov source by L-step blocking
it (see Section VI). For the sake of convenience (since we
will apply the following results to both the SEM source
and the SEM channel), we use, throughout this section,
P2 {p(n) : U”}Oozl to denote a first-order SEM source with
finite alphabet U £ {1,2,..., M}, initial distribution

pi 2Pr{U; =4}, el
and transition distribution
pij EPr{Uk = jlUx =i},  ijeU
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so that the n-tuple probability is given by

P (Y 2 Pr{UL = iy,...,U, =iy}

=DPi1Piviy =" " Pin_vin> 1,000 ,0, EU.L

Denote the transition (stochastic) matrix by P = [pijlarxar, we
then set
Pla) £ [l (0<a<l)

which is nonnegative and irreducible (here we define
0° = 0). The Perron-Frobenius theorem [18] asserts that the
matrix P(«) possesses a maximal positive eigenvalue A, (P
with positive (right) eigenvector v(«) = (vi(a),...,vap(a))
such that >, v;(a) = 1, where (-)7 denotes transposi-
tlon As 1n [21], we define the artificial Markov source

{ Do U™} with respect to the original source P
such that the transition matrix is P(c) £ [p;;(a)]arxaz» Where

vj(a)

Aa(P)vi(c)

pij(e) = 5 i )
It can be easily verified that 3, p;j(«) = 1. We emphasize
that the artificial source retains the stochastic characteristics (ir-
reducibility) of the original source because p;;(a) = 0 if and
only if p;; = 0, and clearly, for all n, the nth marginal of P,
is absolutely continuous with respect to the nth marginal of P.

The entropy rate of the artificial Markov process is hence given
by

=2 2 mple

where (a) £ (7(a)y, 7(a)a,. .. ,m()ar) is the stationary
distribution of the stochastic matrix P(«). We call the artificial
Markov source with initial distribution () the artificial SEM
source. It is known [21, Lemmas 2.1-2.4] that H (P,) is a con-
tinuous and nonincreasing function of a € [0, 1]. In particular,

(PO) = log, A\o(P) and H(Pl) = H(P). The following
lemma illustrates the relation between H (Py) and the entropy
of the DMS with uniform distribution ( iliEE ﬁ)

) logy pij()

Lemma 1: H (Po) < log, M with equality if and only if
P > [0lmrxn,ie., pij >0foralli,j € U.

The following properties regarding the artificial SEM source
are important in deriving the upper and lower bounds for the
JSC coding exponent of SEM source—channel pairs.

Lemma 2: Let {U;}2
P, (0 < a < 1), then

°, be a SEM source under P and

Lo, 24T

l—«

1 089 (n)(Un) - a

~ 1
H(P,) - Elogz Aa(P)

almost surely under p, as n — oc.

Lemma 3: [17], [21] For a SEM source P and any p > 0, we
have

1+p

PR (P)=(1+p)logy A+ (P)
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and -
1(Py)

The proofs of Lemmas 1 and 2 are given in Appendix I and II.
Lemma 3 follows directly from [17, Lemma 1] and [21, Lemma
2.3]. Note that there is a slight error in the expression of H («)
in [21, Lemma 2.3, eq. (2.11)], where a factor « is missing in
the second term of the right-hand side of the equation.

0
= 55 (1 P)log, A1 (P).

IV. BOUNDS FOR E;(Q, W ,t)

We first prove a strong converse JSC coding theorem for
ergodic sources and channels with additive ergodic noise; no
Markov assumption for either the source or the channel is
needed for this result.

Theorem 1: (Strong converse JSC coding Theorem) For a
source @ and a channel W with additive noise Pw such that @
and Py are ergodic processes, if C(W) = log, B— H(Pw) <
tH(Q), then lim,, .. P\™(Q, W, 1) = 1.

Proof: Assume C(W) = tH(Q) — (e > 0). We first
recall the fact that for additive channels the channel capacity
C(W) is achieved by the uniform input distribution Py () £
1/B™. Furthermore, this uniform input distribution yields a uni-
form distribution at the output

P’)’n Z P)ﬁ" W(n (y|m)
zEX™
Define for some §(0 < § < ¢)
W) (y|f.(8)Q"™(s)

24\s = {y : Ing j:_; (y)
yn

<n(C(W)-tH(Q) + 6)}.

Considering that

PMQW.t)=1-3 QU (W™ (y € Ay fu(s)) (3)

s
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we need to show that 3", Q™) (s)W (™) (y € Ag|f.(s)) van-

ishes as n goes to infinity. Note that
Z QU (s)W M (y € Al fu(8))
< Z Q(tn)
+ Z QU"(s

For the first sum, we have

Z Q™) (s)

W (y € 4,1 Ay fu(s)

YW (y € A2 f.(s)).

(”)(y € AN A\s|fn(3))

) > Wyl fa(s))

yeA..ﬁA,

_ Z QU™ (s)
)y Py (y

(tn)
< Z Q Q(tn)
yeA, mA

< rCW)—tH@+8) 3~ §° 13),,1 (v)

s yYEA,
=g~ n(e=9), 4)

Qn(C(W)ftH(Q)Jr&)

For the second sum, we have (5) and (6) at the bottom of the
page, where Ptn)yy(«) denotes the probability measure under
the joint distribution Q™) (8)W (™) (y|f,.(s)), and (5) follows
from the fact that Pé;’ ) (z) = W™ (y| £..(s)). It follows from the
well-known Shannon-McMillan—-Breiman theorem for ergodic
processes [1] that the above probabilities converge to 0 as 7 goes
to infinity. On account of (4), (6), and (3), the proof is complete.
]
We next establish an upper bound for Ej; for SEM
source—channel pairs (Q,W). Before we proceed, we de-
fine the following function for an SEM source-channel pair:

F(p) 2 plogy B = (1+ p)log, [\, (@A 1 (Pw))
p=>0. @)

Lemma 4: F(p) has the following properties.

3 QU (5w (y € Zilfn(«?)) Poummw {

s

<PQ(f W ( {

Q(in)P(”) {

< PQ(m) {8

1)
|- Lo @ s) - H(Q)‘ > —}

W(")(y| In(s))Q(t”)(s) —(C(W) —tH(Q)) > 6 }
Pyn(y)

W(")(y| [(8)Q"(s) (C(W) —tH(Q))| > ‘5}
Py (y)

\—— log, PP () ~ 108, Q) ~ H(Pw) - tH(@)| > 8

(&)

2t
0

1 n
+PP§;> {z: ‘—EIOgQ Pév)(z) - H(Pw)‘ > —} (6)

2
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(a) F(0) = 0and

7]

flp) & a—pF(ﬂ)

— log, B — (tH (@ )+H

<P w_, )) (®)
I+p
is continuous non-increasing in p.

(b) F(p) is concave in p; hence, every local maximum (sta-
tionary point) of F(+) is the global maximum.

(¢) sup,>q F(p) is positive if and only if tH (Q) < C(W);
otherwise, sup >, F'(p) = 0.

(d) sup,>q F(p) is finite if A\ (@) Ao(Pw) > B and infinite
if \o(@)Ao(Pw) < B

Remark 1: If \j(Q)\o(Pw) > B, then
sup F'(p) = lim F(p)

p20 p—oo
no matter whether the limit is finite or not.

Proof: We start from (a). F'(0) = 0 since the largest eigen-
value for any stochastic matrix is 1. Equation (8) follows from
Lemma 3. f(p) is a continuous nonincreasing function since
H (Q o~ ) and H (PW - ) are both continuous nondecreasing

functions. (b) follows 1mmed1ately from (a). (¢) follows from
the concavity of F(p) and the facts that F(0) = 0 and that
f(0) = C(W) — tH(Q). (d) follows from the concavity of
F(p) and the facts that F'(0) = 0 and that

lim f(p) = log, B — log, [M(@o(Pw)] . O

Theorem 2: For a SEM source @ and a discrete channel
W with additive SEM noise Py such that tH(Q) < C(W)
and A\ (@)\o(Pw) > B, the JSC coding error exponent
E;(Q,W,t) satisfies

E;(Q,W,t) < max F(p). )
p20

Remark 2: We point out that the condition A} (@) \o(Pw) >
B holds for most cases of interest. First note that the eigen-
values A\o(Q) and A\o(Pw) are no less than 1. By Lemma 1,
we have that \g(Pw) = B if the noise transition matrix Py,
has positive entries (i.e., Pir > [0]gx 5); in that case, the con-
dition \§(@Q)\o(Pw) > B is satisfied if Aj(Q) > 1 (i.e., if
the source transition matrix ( is not a deterministic matrix). In
fact, when A\ (@) \o(Pw) < B, max,>o F(p) = +00 by Lem-
ma 4 (d), and hence it gives a trivial upper bound for £ ;. When
A5 (@) No(Pw) = B, we do not have an upper bound for E;.

Remark 3: Using the first identity of Lemma 3, the upper
bound can be equivalently represented as

E5(@W.1) <max {plog, B—1R 1 (Q)~R 1 (Pw)| }

where R 1_(Q) and R - (Pw) are the Rényi entropy rates
of @ and W respectlvely Meanwhile, the upper bound (9)
holds for any one of the following source—channel pairs: DMS
QQ and SEM channel W, SEM source @ and additive DMC W,
and DMS @ and additive DMC W (note that the more general
cases of DMS @ and arbitrary DMC W are investigated in [26]),
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all with finite alphabets For example, when the source is DMS
with distribution ¢ = {q1, ¢a, ..., qar} such that ¢; > 0 for all

1=1,2,..., M, the source could be regarded as a SEM source
Q with transition matrix
G g2 anm
Q= q.1 (].2 qj.\/I
qll (1.2 qm

and initial distribution q. It is easy to verify that for such a @, the
eigenvalue A _1_(Q) reduces to A . . @) =>, qll/Hp which
agrees with the results for memoryfess systems given in [26].
Thus, the above bound is a sphere-packing-type upper bound
for F/; for SEM source—channel systems.

Proof of Theorem 2: Under the assumption t H(Q) < C(W)
and \)(Q)\o(Pw) > B, it follows from Lemma 4 that f(0) >
0 and lim,_, f(p) < 0. Since f(p) is continuous and nonin-
creasing, there must exist some p, € (0, +00) such that f(p,)+
¢ = 0, where ¢ > 0 is small enough. For the SEM source Q, we
introduce an artificial SEM source @, (as described in Sec-
tion IIT) such that o, = 1/(1 4 p,) € (0,1). For the SEM
channel W, we introduce an artificial additive channel V for
which the corresponding SEM noise is Py,

Based on the construction of the artificial SEM source—
channel pair (@, , V'), we define for some 6;(6; > 0) the set

7L e W Wlfa(8)Q(s)
A= {y o8 VO (#)0 ()

<1—0z0
-n
o

- ai log, [Atao (Q))‘ao(PW)] + 51) }

o

(logy, B +¢)

where we set Zs = () for those s such that

W) (y) f.(5))Q"(8) = 0,

We then have a lower bound for the average probability of error

for some y € Y".

PM(Q,W 1)
> Z Q(fn) Z W
yeAgmA,

> 2—n( 1*% (log, B+e)— L log, [\, @Aa, (Pw)]+61)

LA @V (v e A0 A1 (0)
where the last sum can be lower-bounded as follows:

> @V (v e A:n Al fuls))
>ZQ<tn>
- ZQ“") W (y € Aglfals)) -

(10)

(8)V™) (y € AS|fn(s))
(11

We point out that the first sum in the right-hand side of (11) is
exactly the error probability of the JSC system consisting of the
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artificial SEM source éao and the artificial SEM channel V.
Since by definition f(p,) < 0, which implies

) =

then applying the strong converse JSC coding theorem (The-
orem 1) to @, and V, the first sum in the right-hand side
of (11) converges to 1 as n goes to infinity. We next show
that the second term in the right-hand side of (11) vanishes
asymptotically (see (12) and (13) at the bottom of the page),
where P~(m)v( ., denotes the probability measure under the

joint distribution Q(t") (8)V ) (y| f..(8)), and (12) follows from
the facts that

tH(Q.,,) > log, B — H(Pw, ) = C(V),

PP (2) =W (y|f.(s)) and that P (2)=V ") (y|f.(s)).

Applying Lemma 2, the above probabilities in (13) converge
to 0 as n — 00.3 On account of (10), (11), and (13), and noting
that ¢ and ¢, are arbitrary, we obtain

lim inf — = 1og P(")(Q(t"), w)

n—o0

1-— 1
< 10g2B - log, [)\io (@)Aa, (Pw)] -

[

Finally, replacing «, by 1/(14 p,) in the above right-hand side
terms and taking the maximum over p, completes the proof. [

3Convergence almost surely implies convergence in probability.
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We next introduce Gallager’s lower bound for £; and spe-
cialize it for SEM source—channel pairs by using Lemma 3.

Proposition 1: [10, Problem 5.16] The JSC coding error
exponent E;(Q,W ,t) for a discrete source @ and a discrete
channel W with transmission rate ¢ admits the following lower
bound:

>
E;(Q.W.1) OglgglE( P) (14)
where E(p) £ E,(p) — tE,(p), in which
1
Es(p) élimsup( + /) 085 Z Q(t")(s)# (15)
tn—oo seStn
is Gallager’s source function for @ and
E,(p ) = liminf max — E (p, Pxn) (16)
n—oo Pxn M
with
14p
P PIRNCLE L
yeyn reXm

is Gallager’s channel function for W.

We remark that this bound is suitable for arbitrary discrete
source—channel pairs with memory. Particularly, when the
channel is symmetric (in the Gallager sense [10]), which di-
rectly applies to channels with additive noise, the maximum in
(16) is achieved by the uniform distribution: Py~ (z) = 1/|X|"
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QU (V) (y € A2Jfu(8)) = Prnr {( )i log, :
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# (50 B 6) — o, [, @, (Pw)] ) [ > 61}
P (m)
= PNSD)’I;‘(;L)O {(B,Z) % “(/n) (( )) 1 10g2 Q(tn Ez;
- lt (521@u) -~ o 00.@)
+ ! ; a"H(f’W%) — — log, /\aa(PW)] > 51} (12)
(tn) Y
< Pggo {3. %1% QZ;)S; _ [1 Q) - _o1og2A%(Q)H > %}
P (2) [1-a, 51
+ Py O log, P —[ o H(Pw,,) — —logy A (PW>] >3
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for all x € AX™. Thus. for our (modulo B) additive noise
channels, E,(p) reduces to

E,(p) = plogy B—lim sup (L+0) log, < Z P‘&?)(z)ﬁ
n—oo n
zc2Zn
a7

It immediately follows by Lemma 3 that for our SEM
source—channel pair

E(p) = plogs B—ptR L (Q)—pR L (Pw) = F(p). (18)
That is, the SEM source—channel function we defined in (7) is
exactly the same as the difference of Gallager’s channel and
source function. In light of Theorem 2 and Proposition 1, we
obtain the following regarding the computation of F .

Theorem 3: For a SEM source @ and a SEM channel
W with noise Pw such that tH(Q) < C(W) and
Ay(@)Ao(Pw) > B, E;(Q,W,t) is positive and deter-
mined exactly by E;(Q, W, t) = F(p*) if p* < 1, where p* is
the smallest positive number satisfying the equation f(p*) = 0.
Otherwise (if p* > 1), the following bounds hold:

logy B — 2logy [\ (@A y (Pw)] < Fs(Q.W ) < F(s").

1
2

Remark 4: If tH(Q) > C(W), ie., tH(Q) + H(Pw) >
log, B, then E;(Q, W ,t) = 0.

Remark 5: According to Lemma 4 (c) and (d), there must
exist a positive and finite p* provided that tH(Q) < C(W)
and \;(Q)\o(Pw) > B. Using Lemma 4 (a), such p* can be
numerically determined.

The proof of Theorem 3 directly follows from Theorem 2
and Proposition 1 and the use of Lemma 4. The following
by-product results regarding the error exponents of SEM
sources and SEM channels immediately follow from Theorems
1 and 2.

Corollary 1: For any rate 0 < R < logy A\o(@Q), the source
error exponent e(R, @) for a SEM source @ satisfies

e(R,Q) <#R,Q) (19)

where

@R, Q) = sup[Rp— (1 +p)logy A (@) (20)

p>0

Particularly, for 0 < R < H(Q), e(R,Q) = 0.

Note that log, Ao(@Q) = log, |:S| when the source reduces to
a DMS (with alphabet S). This upper bound is exactly the same
as the one given by VaSek [21]. In fact, he shows that (R, Q) is
the real source error exponent (also see [3]) for all R > 0. We
point out that €( R, @) can be equivalently expressed in terms of
a constrained minimum of Kullback-Leibler divergence [15], as
the error exponent for DMS [22]; also see (35) in Appendix III.

Corollary 2: For any rate log, (B/M\o(Pw)) < R < oo, the
channel error exponent E (R, W) for a SEM channel W satisfies

E(R,W) < E(R,W) 1)
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Fig. 1. The lower and upper bounds of E; for the binary SEM source and the
binary SEM channel of Example 1 with ¢ = 1.

where

E(R,W)

& sup { pllogy B~ R) = (1+ p)logy A y_(Pw)}. (22)
p>0 °

Particularly, for C(W) < R < oo, E(R,W) = 0.

When the SEM channel reduces to an additive noise
DMC, log, (B/Ao(Pw)) = Ro [10, p. 158]. Note that the
usual case (when the transition matrix is positive) is that
logy (B/Ao(Pw)) = 0 (see Lemma 1). It can be shown
that E(R,W) is positive, nonincreasing, and convex, and
hence strictly decreasing in R. Comparing with Gallager’s
random-coding lower bound for E(R, W)[10] (when special-

ized for SEM channels) given by

E.(R,W) 2 Oglggl{p(logz B —R)

—(L 4 p)log, ’\d—p(PW)}ﬁ (23)

and applying the results of Section III, we note that the upper
and lower bounds are equal if R > R,.,., where R..,. 2 logy, B —

H (INDWL) is the critical rate of the SEM channel. Thus, the

channel error exponent for SEM channel is determined exactly
for R > R.,.

Example 1: We consider a system consisting of a binary SEM
source @ and a binary SEM channel W with transmission rate
t = 1, both with symmetric transition matrices given by

g 1-g¢ p 1—1)]
= and P =
@ [l—q q } v [1—1’ p

such that 0 < p,q < 1.4 The upper and lower bounds for
E;(Q,W t) are plotted as a function of parameters p and ¢
in Fig. 1. It is observed that for this source—channel pair, the

4Note that Py, is not the channel probability transition matrix; it is the tran-
sition matrix of SEM channel noise.
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bounds are tight for a large class of (p, ¢) pairs. Only when p or
q is extremely close to 0 or 1, is F; not exactly known.

One may next ask if the lower and upper bounds for the SEM
source—channel pair enjoy a form that is similar to Csiszar’s
bounds for DMS-DMC pairs [5], which are expressed as the
minimum of the sum of the source error exponent and the lower/
upper bound of the channel error exponent. The answer is indeed
affirmative, as given in the following theorem.

Theorem 4: Let tH(Q) < C(W) and \j(Q) o(Pw) > B.
The equivalent representations of (24) and (25) (shown at
the bottom of the page) hold, where F(p) is defined in (7),
e(R,Q) = &(R,Q) is given by (20), and E(R,W) and
E.(R,W) are given by (22) and (23), respectively.

Note that we write “min” instead of “inf” in (24) and (25)
because the optimizations are achievable due to the convexity
of the source and channel exponents. Theorem 4 can be
proved via the Lagrange multiplier method, since the functions
logy A1/(14) (@) and logy A1/(14,)(Pw) are differentiable
functions of p and their derivatives admit closed-form expres-
sions (recall Lemma 3). Alternately, and more succinctly, we
can prove (24) and (25) using Fenchel duality [14]; the reader
may consult [26, Theorem 1] for details. When the source Q
and channel W are discrete memoryless, the right-hand side
of (24) and (25) reduce to Csiszar’s lower and upper bounds
for E;[5]. In fact, Csiszar establishes the upper bound for £y
for a DMS-DMC pair (Q, W) in terms of the exact source and
channel exponents e(R, Q) and E(R, W) [5]

E5(Q,W,1) < min [te (?Q) + E(RW)} . e

Meanwhile, he points out that if we replace the channel expo-
nent in (26) by its sphere-packing bound E,,(R, W), we can
obtain a (possibly) looser but computable upper bound

m}izn {te <§, Q) + E,p(R, W)} 27
which is called the sphere-packing bound to £'; by the authors
in [26]. In Appendix III, we show that the bound (26) still ap-
plies for SEM source—channel pairs, i.e., E; is upper-bounded
by the minimum of the sum of the SEM source exponent
e(R,Q) and the SEM channel exponent E(R, W), by which
we prove that the JSC exponent can at most double the tandem
coding exponent (see Theorem 5). However, the bound in
terms of e(R,Q) and E(R,W), though tighter than the
sphere-packing type bound (24), is not computable in general,
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since the behavior of the SEM channel error exponent E (R, W)
is unknown for rates smaller than the critical rate R,.,.

We point out that the parametric expressions of these bounds
(the left-hand side of (24) and (25)) facilitate the computation
of E;, while the bounds in Csiszar’s form are instrumental for
the comparison of JSC and tandem coding exponents, a subject
studied in Section V.

V. JSC VERSUS TANDEM CODING ERROR EXPONENTS

A. Tandem Coding Exponent for Systems With Memory

A tandem code (£, 0%) 2 (fen © fons@sn © Pen) for a dis-
crete source @ and a discrete channel W is composed “indepen-
dently” of a (tn, L,,) block source code (fsn, psn) defined by
fon : 8™ — {1,2,...,L,} and ¢, : {1,2,...,L,} —
St with source code rate

A 10g2 Ln

R, source code bits/source symbol

tn

and an (n, L, ) block channel code (fen, @en ) defined by [, :
{1,2,...,L,} — X™and ., : Y* — {1,2,...,L,} with
channel code rate

é 10g2 LTL
n

R(‘n

)

source code bits/channel use

[Pl

where “o

denotes composition, and we assume that the limit
log, L, - -
=821 exists, i.e.,

1 L
lim inf 1082 Ln
n— oo n

= limsup

n—oo

10g2 Ln
" .

Here “independently” means that the source code is designed
without the knowledge of the channel statistics, and the channel
code is designed without the knowledge of the source statistics.

The error probability of the tandem code (f}, ) is hence
given by

PIQW 1) 2 Pr (g [pen(Y™)] £ 8™) . (28)

Definition 2: The tandem coding error exponent
Er(Q,W,1) for source @ and channel W is defined as the
supremum of all numbers E for which there exists a sequence
of tandem codes (f, %) £ (fen © fan,@Psn © Pen) With
transmission rate ¢ block length n such that

~ 1
E <liminf ——log, Pe(?)(Q, W,t).
n—00 n

R —
ax F(p) = i te [ 2 +ERW}7 24
2128( () logz(B/Ao(PWI)I;glR<t10g2 Ao(Q) |: ‘ < t Q) ( ) &9
R
F(p) = i = E.(R, . 2
0p<1 ) 0<R<tlogs 20(Q) [te ( t ’Q> +E/(R W)} (25)
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In the sequel, we sometimes refer to Ep(Q,W,t) by Er
when there is no possibility of confusion. Since tandem coding
exponent results from separately performing and concatenating
optimal source and channel coding, it can be shown5 (e.g., [5],
[27]) that

Er(QW,1) = supmin {te (? Q) ,E(R, W)} (29)

where e(R,Q) and E(R,W) are the source and channel
error exponents, respectively. To evaluate Fp for a SEM
source—channel pair (Q, W), we recall that e¢(R, Q) is 0 for
R < H(Q), strictly increasing in H(Q) < R < logs Ao(Q)
and infinity for R > log, Ao(@Q) ([15], [21]), while E(R, W)
is nonincreasing and positive in R < C(W), and vanishes at
R =C(W).

Therefore, if the graphs of te (R/¢, Q) and E(R, W) have an
intersection at R,, then it immediately follows from (29) that

Er(QW,1) = te <%,Q> — E(R,,W).

If there is no intersection between te (R/t,Q) and E(R, W)
then

ET(Q*, W7 t) = E(t 10g2 AO(Q) W)

by (29).

Note that £; > FEr; meanwhile, £; = Er = 0 if
tH(Q) > C(W) for SEM source—channel pairs. We are hence
interested in determining the conditions for which E; > FEr
when tH(Q) < C(W). Although both E; and Er are not
always determined, we can still provide some sufficient condi-
tions for which £y > Er. Before we proceed, we first show
that for SEM source—channel pairs, the JSC coding exponent
can at most double the tandem coding exponent. Note that the
same result holds for DMS-DMC pairs, as shown in [26].

Theorem 5: For a SEM source @ and a SEM channel W,
the JSC coding exponent is upper-bounded by twice the tandem
coding exponent

EJ(Q*, W7 t) < 2ET(Q W7 t)

To prove this result, we need two steps. The first is to establish
another upper bound for Fy, as we discussed in the end of the
last section, in terms of e(R,Q) and E(R,W) by using the
technique of Markov types ([8], [9], [15]), and the second is to
justify that the bound is at most equal to twice Er. Although the
approach for the first step is analogous to the one that Csiszar
used for DMS-DMC pairs [5], we still give a self-contained
proof in Appendix III for the sake of completeness.

B. Sufficient Conditions for Which E; > F;

When the entropy rate of the SEM source is equal to
logy A\o(@Q), the source error exponent would be zero for
R < logy Ao(Q) and infinity otherwise. In this case, the source

5To prove (29), one needs to assume that the source and channel coding op-
erations are decoupled via common randomization (by applying a randomly se-
lected permutation map, e.g., see [13]) at their interface in both the transmitter
and the receiver. This is a natural assumption needed to achieve total (statistical)
separation between source and channel coding; see [27] for the details.
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is incompressible and only channel coding is performed in both
JSC coding and tandem coding; as a result

EJ(Q7 W7 t) = ET(Q7 W7 t) = E(t IOgZ AO(Q)? W)

by (24), (25), and (29). Note that log, Ao (@) might not be equal
to log, |S| by Lemma 1, as compared with the DMS. Thus, we
assume in the rest of the section that H(Q) < log, A\o(Q) (such
that the source is compressible) and that t H(Q) < C(W) (such
that both £y and Er are positive). We also assume in the sequel
that all the sources and channels are SEM.

Theorem 6: Let f be defined by (8). If f(1) <0, i.e.,
tH (Qy) + H (Pw, ) > log, B
2

then EJ(Q, w, t) > ET(Q7 W, t).

Proof: Since we assumed that tH(Q) < C(W) or equiv-
alently f(0) > 0 (see Lemma 4), if now f(1) < 0, then there
exists some p (0 < p < 1) such that f(p) = 0 by the conti-
nuity of f(-). Let p* be the smallest one satisfying f(p*) = 0.
According to Theorem 3, the JSC coding error exponent is de-
termined exactly by F;(Q,W,t) = F(p*). On the other hand,
we know from (24) that

F(p*)

= min {te <§7Q> + E(R, W)} .
log, (B/Ao(Pw ))<R<tlog; Ao(Q) t

Suppose the above minimum is achieved by some R, ie.,
B -
Ft) = e (52.@) + B W)

It can be shown (cf. [26]) that R,,, is related to p* as follows:

R, =tH (éﬁﬁ) =log, B—H <§W . ) .

1+p*

Since p* is positive, from the above we know tH(Q) < R,,
C(W) by the monotonicity of H (Qﬁ) and H(Pw , ).

’ Tt
the following, we first assume that te(R/t, Q) and E(R, W)
intersect at R,, i.e., there exists an R, € (tH(Q),C(W)) such
that

5 IA

n

Er(QW 1) = te <RTQ> — E(R,,W) > 0.
If R,, > R,, then _
B (QW,1) > te <RT””Q> > te <RTQ>

— Er(Q.W,0).
If R,, = R,, then

EJ(Q7 W7 f) = 2ET(Q W7 t) > ET(Q7 W7 t)
If R,, < R,, then
EjQW.1) > BB, W) > TB(Ry, W) = Er(Q,W,1).

We next assume that there is no intersection between te( R/t, Q)
and E(R, W), i.e.,

te(R/t,Q) < E(R,W), forall R < tlog, Ao(Q).
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If R,, = tH(Q), then

Ey(Q.W.t) =E(R,., W) > E(tlog, 20(Q). Q)
FE

T(Q7 W7 t)

since H(Q) < logy \o(Q) is assumed. If R,,, > tH(Q), then

ES(Q.W.1) > e (Rt—’",cz> + F(tlog, (@), Q)
> F(tlog, 20(Q), Q)
= ET(Q7 W7 t)

since the source error exponent is positive at R,,, > tH(Q). O

Theorem 6 states that if F; is determined exactly (i.e., its
upper and lower bounds coincide), no matter whether Er is
known or not, then the JSC coding exponent is larger than the
tandem exponent. Conversely, if F- is determined exactly, irre-
spective of whether E'; is determined or not, the strict inequality
between E; and Er also holds, as shown by the following re-
sults.

Theorem 7:

(a) ftH(Q) > Rer, then E;(Q,W.t) > Er(Q, W ,t).

(b) Otherwise, if tH(Q) < R, and tlogy \o(Q) R,
there must exist some p satisfying ¢t H (Qﬁ) = R.,. Let
pm be the smallest one satisfying such equation. If

(14 pm)tH(Q 1) —logy A_1_(Q)]
<logy, B — 2logy A

+(Pw)
then E;(Q,W,t) > Er(Q, W ,1t).

Remark 6: By the monotonicity of H (Q#), pm can be
solved numerically. ’

Proof Recall that R.. = log, B — H (PWL) is
the critical rate of the channel W such that the channel
exponent is determined for R > R, ie., E(R,W) =
E.(R,W) = E(R,W) if R > R... We first show that
E; > Erifte(R../t,Q) < E(R., W), and then we show
that te(R¢ /t,Q) < E(R.-, W) if and only if (a) or (b) holds.

Now if te(Rer/t,Q) < E(R.r,W), then Ex(Q,W,t) is
determined exactly. There are two cases to consider.
1) If te(R/t,Q) and E(R,W) intersect at R, such that

R.. < R, < C(W), then

Er(QW.t) = te <R7Q> = E.(R,,W) > 0.

On the other hand, (17) and (18) yield

Ey QW) > OlggglF(p) = F(p)

where p, = min(1,p*) > 0 and recall that p* is the
smallest positive number satisfying f(p*) = 0. It follows

from (25) that
o (2.0) + n.nw].

min

F(p.) =
(p ) 0<R<tlog; Ao(Q)
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Fig.2. The regions for the ternary SEM source and the binary SEM channel of
Example 2 with t = 0.5.

Similar to R,, in the last proof, it can be shown (cf. [26])
that the above minimum is achieved by some 1, such that

R, =tH(Q_L_)>tH(@Q).

P

If R, > R,, then

If R, = R,, then
E;(Q.W.t) = 2E(Q, W, 1) > Er(Q.W.1).
If R, < R,, likewise, we have
E;Q,W,t) > E.(R,,,,W)> FE.(R,,W)=FEr(Q,W,t).

2) If te(R/t, Q) and E(R, W) have no intersection, we still
have, as in the last proof, if R, = tH(Q), then

E;(Q,W.t) 2 E(R,,,W) > E,(tlog; Ao(Q), Q)
:ET(Q7W7 t)a

otherwise, if R, > tH(Q), then

EJ(Q7W7 t) > Er(Em/W) > Er(t 10g2 )\O(Q),W)
= Br(Q, W, ).
Finally, we point out that the sufficient and necessary
conditions for te(R../t,Q) < FE(R.,W) is that (a)
tH(Q) > R.- such that te(R../t,Q) = 0; or (b)

te(Rer/t,Q) > 0 but te(R./t,Q) < E(R., W). Using
the fact that

E(RCT7W):H(INJVV;)_ZIOgZ/\%(PW)

we obtain Condition (b) and complete the proof. O

Example 2: We next examine Theorems 6 and 7 for the fol-
lowing simple example. Consider a ternary SEM source @ and
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Fig. 3. Comparison of E; and E; for the ternary SEM source and the binary SEM channel of Example 2 with t = 0.5.

a binary SEM channel W, both with symmetric transition ma-
trices given by

q (1-9)/2 (1-q)/2
Q=|(0-9)/2 q (1-¢)/2| and
(1-q9)/2 (1-9q)/2 q
_ | p 1l-p
v = [1—19 p ]

such that 0 < p,q < 0.5. Suppose now the transmission rate
t = 0.5. If (¢, p) satisfies any one of the conditions of Theo-
rems 6 and 7, then E;(Q,W,t) > Er(Q,W,t). The range
for which the inequality holds is summarized in Fig. 2. For the
channel with p = 0.025 and p = 0.05, we plot the JSC coding
and tandem coding error exponents against the source parameter
q whenever they are exactly determined, see Fig. 3. We note that
for these source—channel pairs, F;(Q, W) substantially outper-
forms E7(Q,W) (indeed E;(Q, W) 2E7(Q,W)) for a
large class of (g, p) pairs. We then plot the two exponents under
the transmission rate ¢ = 0.75 whenever they are determined
exactly, and obtain similar results, see Fig. 4. In fact, for many
other SEM source—channel pairs (not necessarily binary SEM
sources or ternary SEM channels) with other transmission rates,
we observe similar results; this indicates that the JSC coding ex-
ponent is strictly better than the tandem coding exponent for a
wide class of SEM systems.

~
~

VI. SYSTEMS WITH ARBITRARY MARKOVIAN ORDERS
Suppose that the SEM source {U; } 22 ; with alphabet ¢/ has a
Markovian order K > 1. Define process {.5;}22 ; obtained by
Ks-step blocking the Markov source P; i.e.,

Sn = (Un,Un.H, Ceey Un-l—KS—l)-

Then

81 =71)
=Pr(Sn = jnlSnc1 = Ju1)s J1,.-.,Jn €S =UK"

Pr(Sn = jn|Sn—1 = jn—17 ..

and the source @ is a first-order SEM source with |I/|%+ states.
Therefore, all the results in this paper can be readily extended to
SEM systems with arbitrary order by converting the K ;th-order
SEM source to a first-order SEM source of larger alphabet. Also,
if the additive SEM noise Py of the channel has Markovian
order K. > 1, we can similarly convert it to a first-order SEM
noise with expanded alphabet. In the following, we present an
example for the system consisting of a SEM source (of order
K = 1) and the queue-based channel (QBC) [24] with memory
K. = 2, as the QBC approximates well for a certain range of
channel conditions the Gilbert—Elliott channel [24] and hard-
decision-demodulated correlated fading channels [25].

Example 3 (Transmission of a SEM Source Over the QBC
[24]): A QBC is a binary additive channel whose noise process
Py = {pgi) : Z™}2 | (where Z = {0,1}) is generated ac-
cording to a mixture mechanism of a finite queue and a Bernoulli
process [24]. At time ¢, the noise symbol Z; is chosen either
from the queue described by a sequence of random variables
(Qin,.--,Qik,) (Qij €{0,1},7=1,2,..., K.) with prob-
ability € or from a Bernoulli process with probability 1 — € such
that

» if Z; is chosen from the queue process, then

PI‘(ZZ = Qi,j)
_{1/(Kc_1+a)7
B a/(KC_1+a)7

i=12,...,K.—1
J=K.
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Fig. 4. Comparison of E; and E; for the ternary SEM source and the binary SEM channel of Example 2 with t = 0.75.

if K.>1 and a >0 is arbitrary; otherwise Pr(Z;,=Q; 1) =
1if K. = 1;

* if Z; is chosen from the Bernoulli process, then Pr(Z;
1)=p(p<k1/2)andPr(Z; =0)=1—p.

At time 7 + 1, we first shift the queue from left to right by the
following rule

U Qi,Kp—1)7

then we generate the noise symbol Z;; according to the same
mechanism. It can be shown [24] that the QBC is actually an
K th-order SEM channel characterized only by four parameters
e, a, p, and K.

Now we consider transmitting the first-order SEM source @
with transition matrix

0.1 05 04
Q=104 04 02
0.05 0.15 0.8

under transmission rate ¢ = 1 over the QBC with K. = 2 such
that the noise process Py is a second-order SEM process. After
two-step blocking Py, we obtain a first-order SEM process
P{,(V” with transition matrix shown at the bottom of the page.
We next compute £ j and E for the ternary SEM source and
the QBC given above. When p = 0.05, « = 1, E 5, and E are

both determined exactly if e € [0.001,0.992]. We plot the two
exponents by varying €. We see from Fig. 5 that £y = 2FEp
for all the e € [0.001,0.992]. When we choose p 0.05,
a = 0.1 for which E; and Er are both determined exactly
if e € [0.001,0.968], we have similar results, see Fig. 5. It is
interesting to note that when ¢ gets smaller, F£; and Er ap-
proach the exponents resulting from the SEM source @ and
the binary-symmetric channel (BSC) with crossover probability
p = 0.05. This is indeed expected since the QBC reduces to the
BSC when € = 0[24].

VII. CONCLUDING REMARKS

In this work, we establish a computable upper bound for the
JSC coding error exponent E ; of SEM source—channel systems.
We also examine Gallager’s lower bound for £ for the same
systems. It is shown that E£; can be exactly determined by the
two bounds for a large class of SEM source—channel pairs.

As a result, we can systematically compare the JSC coding
exponent with the tandem exponent for such systems with
memory and study the advantages of JSC coding over the tradi-
tional tandem coding. We first show E; < 2E7 by deriving an
upper bound for E; in terms of the source and channel expo-
nents. We then provide sufficient (computable) conditions for
which E; > Ep. Numerical results indicate that the inequality
holds for most SEM source—channel pairs, and that £y & 2FE

e+ (l-e)(1-p) 0 (1—e)p 0
pKe — 1_|E_(,, +(1_5)(1_p) 0 15.3(\, +(1_5)p 0
W 0 e t(1=e)(1-p) 0 e T (1—¢e)p
0 (1-¢)(1-p) 0 e+ (1—e)p
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0.4 T T T T T T T T T
—<0— JSC coding error exponent, p=0.05, a=1
0.35| —*— JSC coding error exponent, p=0.05, o=0.1
——&— Tandem coding error exponent, p=0.05,0=1
03k ——&— Tandem coding error exponent, p=0.05,00=0.1 |

Error Exponents
o
o N
N (6]
T

o
o
(&)

0.1

0.051

Fig. 5. Comparison of E; and Er for the SEM source and the QBC of Example 3 with ¢ = 1.

in many cases even though E'; is upper-bounded by twice Er,
which means that for the same error probability P., JSC coding
would require around half the delay of tandem coding, that is

Pe ~ 2—’n,ET(Q,W,t) — 2—%EJ (Q,W,t)

for n sufficiently large. Finally, we note that our results directly
carry over for SEM source—channel pairs of arbitrary Markovian
order.

APPENDIX |
PROOF OF LEMMA 1

Let H be the M x M matrix with all components equal to 1,
ie, H éMxM. Clearly, u = [ﬁ, ce %] is the unique normal-
ized positive eigenvector (Perron vector) of H with associated
positive eigenvalue M ; thus, when P > [0]arxar, Ao(P) = M.
We next show by contradiction that Ag(P) < M if there are
zero components in matrix P. We assume that there exist some

pij = 0 and A\g(P) > M. Then
Xo(P)u > Mu = Hu = Hv(0),

where the last equality holds since u and v(0) are both normal-
ized vectors. We thus have

(H = P(0))v(0) < Ao(P)(u —v(0)).

Now summing all the components of the vectors on both sides,
we obtain

Z ai]-vj(()) S 0
i

where a;; is the (¢, j)th component of the matrix H — P(0) such
that a;; = 0if p;; > 0 and a;; = 1 if p;; = 0. This contradicts

with the fact that all v;(0)’s are positive and thus \o(P) < M
if P has zero components. We also conclude that P > [0]asx ar
is the sufficient and necessary condition for A\o(P) = M. O

APPENDIX II
PROOF OF LEMMA 2

Since {U;}52, is a SEM source under P and P,, it follows
by the Ergodic Theorem [1] that the normalized log-likelihood
ratio between P and P, converges to their Kullback-Leibler
divergence rate almost surely, i.e.,

~(n) n
L pa (U") B
EIOgZW — D(P. || P)

almost surely under p, as n — oo, where
~ 1
D(P, || P) 2 1im —D (5 o).
n—oo N,
Note that for any n, we can write
1 1
~D(p™ )y — _ Z gz
SO || ™) = = - HGE)

1 N2 n N
= =D B logy p ("),

i = (iy - iy) €U™. (30)

Recalling that P is described by the initial stationary dis-
tribution m = {my,my,..., 7y} and transition matrix
P = |[pijlmxm, and that P, is described by the initial
stationary distribution (o) = (m()1,m()2,...,7(@)nr)
and transition matrix P(a) = [py;(a)]arxas given by (2), we
have

. Dy Do _yi i, (@)
s(n)my — . 122 n—1%n Yin
P =T TR P ()
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A wla), v (@)
Aa(P)n—1 T Vg (@)

€2y

for all ™ € U™. Consequently, using (30) and (31), we have

o 1 1
~D@E || p™) = logy Aa(P)

1
SHG) - -
a n
11

nao

i vi, (@)

pa(Ll,Ln)Ing <m> . (32)

Taking the limit on both sides of (32), and noting that the last
term approaches 0 since

Zpa i1,in 10g2< o )“n(a) >

Ll;’tn Vi (a)

i1,%n

2

< — max
x 1,ln

Vg, ()

o2 (ﬁ)\ <o

where 7, 7(«), and v(«) are all positive for SEM sources (ac-
cording to the Perron—Frobenius theorem [18]). We hence ob-
tain

l1—«

D(P. || P) =+ H(P.) - “log \o(P). O

APPENDIX III
PROOF OF THEOREM 5

Step 1: We first set up some notations and basic facts re-
garding Markov types adopted from [8] and [15]. Given a source
sequence 8 = (s1,82,...,5;) € S*(|S| = M), let k;;(8) be
the number of transitions from 7 € S to j € S in 8 with the
cyclic convention that s follows s;. We denote the matrix

by ®(*)(s) and call it the Markov type (empirical matrix) of
8, where 3, . ki;(8) = k and it is easily seen that ), k;; =
Z k;; for all 1. In other words, the (k-length) sequence 8 of
type P has the empirical matrix ®*)(s) which is equal to P.
The set of all types of k-length sequences will be denoted by
&r. Next we introduce a class of matrices that includes & for
all k£ as a dense subset. Let

&= {P :P= [pij]l\lxj\f ,Zpij = 1./ and

%]
Pij 2 U,Zpij = iji for allz}.
J J

Note that £ — £ as k — oo in the sense that for any P € &,
there exists a sequence of {®(")} € &, such that %) — P
uniformly.

For P € £ and any M x M transition (stochastic) matrix
Q = [¢ij]arx s (such that Zj ¢i; = 1 for all 7), define

Pij
P) £ =" pijlogy =~
= %:pu
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to be the conditional entropy of P and

PHQ Dij 10g
Z s uzpu

be the conditional divergence of P over Q Let P € & be
a Markov type, and let 7p = {8 €Sk o) (s P} be a
Markov type class. We define

MP(7’7]) é {S = (517827"'7

Clearly, Mp(i,j) partitions the entire type class 7p over
(1,7) € S x S, and all sequences in M p(i, j) are equiprobable
under Q) (-).

sg) €ETp:sy=i,8, =7}

Lemma 5: [8] Let @ be a first-order finite-alphabet irre-
ducible Markov source with transition matrix Q@ = [g;;]arxm
and arbitrary initial distribution ¢ > 0. Let v £ min; ¢;. Then
we have the following bounds.

1) Foranyi,j € S and P € & such that Mp(i,5) # 0,

IMp(i, )| > k=M (k + 1)~ M 2hHe(P),
2) QW (Tp) > k Mk + 1) M o2 kD(PIQ)

Remark 7: Note that in [8], the authors assume both irre-
ducibility and aperiodicity for the Markov source @ and also de-
rive an upper bound for the probability of type classes Q(*) (7p).
Here we only need the lower bound above for Q(*)(7p); thus,
the aperiodicity assumption is not required.

Note also that M and « are quantities independent of k, and
that for SEM sources, the stationary distribution (which is the
initial distribution) is unique and positive.

Step 2: Set k = tn. Rewrite the probability of error given
in (1) as a sum of probabilities of types and lower bound it by
the expression (33) at the top of the following page, where

Hi X X W),

sEMp(i,5) YEAS

PE(MP(lvj)) 2

We note that P.(M p(i, 7)) is actually the (average) probability
of error of the n-block channel code ( f,., ¢, ) with message set
(source) M p(i, j) and channel W. Recall that the channel error
exponent (R, W) is the largest exponential rate such that the
probability of error decays to zero [7] over all channel codes of
rate no larger than R. Then P.(M p(i,5)) is lower-bounded by

P.(Mp(i, 7)) > 27 "EG; logs IMp(i.).W)+o(n)

> 27nE(tHC(P)7 Y log, k— 2L log, (k+1),W ) +o(n)
where the second inequality follows from the monotonicity of
E(R,W) and Lemma 5 (1), and o(n) is a term that tends to
zero as n goes to infinity. The second equation at the top of the
following page is the result of (33) and Lemma 5 (2), and it holds
for any source—channel codes (f,, ©n ), Where a; > 0 denotes
the smallest component in the stationary distribution, which is
independent of k. Since when n — oo, & — & (recalling that
k = tn and t is a constant). By the definition of JSC coding
error exponent, we obtain (34) also at the top of the following
page . In (34), we used the facts that
min

Pe&:H.(P)=R/t

min
Pe&:H . (P)>R/t

D.(P [ Q) = D.(P Q)

(35)
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PM(Q,W )

Yo > QW) X W (ylfuls))

PeéEy, s€Tp yEAS

S (k) (n)

> max Z Q" (s) Z W (y| fn(8))
seTp YyEAS

= Inax E E
Peg

QM(s) Y- W (ylfu(s)

M 6,5)ESXS:Mp (i,5)#0 s€Mp (i.5) yeAS
’ () (s
S >N Y S X W)
(1,7)ESXS:Mp (i,5)#0 \8'EMp(i,5) sEM(i,j) s €Mp(i,5) yeA;
= (k) / a2
max Z Z Q" (8")P.(Mp(i, j)) (33)

(1,1)ESXS:Mp (i,§)#D 8' € Mp (i)

PO(Q.W, 1) > max QU (Tp)2 ™" (HHe(P)= 3 Togy k=27 log, (k1) W) o(m)

Pe&y,

\Y

Pegy,

max k=M (k 4 1)~ M 0 2~ EDe(PIQ) g~ B (He (P)— 4 log, b~ log, (+1). W) +o(n)

EJ(Q7 W7t)

IN

min
Pe&

A

= min

[
tH(Q)<R<tlog; Ao (Q)

min
PEEtH.(P)=Re[tH(Q),t logs Ao(Q)]

min min
tH(Q)<R<tlog, Ao (Q) [Pez?:tHc(P):R

[tD(P || Q) + E(tHc(P), W)

[tD(P || Q) + E(R,W)]

tD.(P || Q) + E(R, W)]

R

?,Q> + E(R7W)] . (34)

is an equivalent representation of €(R,Q) given in Corol-
lary 1 (cf. [15]), and that €(R,Q) actually determines the
source error exponent e(R,Q), where the second equality
of (35) follows from the strict monotonicity of e(R/t,Q) in
[tH(Q),tlog, Ao(Q)]-

Step 3: We recall that te (R/t, Q) is a strictly increasing
function when tH(Q) < R < tlog, Ao(Q) and is infinity
when R > tlogy, A\o(Q), and E(R,W) is a nonincreasing
function of R. We thereby denote R, to be the rate satisfying
te(R,/t,Q) = F(R,,W) if any; otherwise, we just let R,
be tlogy A\o(Q). Thus, according to (29) we can always write
that E7(Q, W ,t) = E(R,, W) and R, is a rate in the interval
[tH(Q),tlog, M\o(Q)]. To avoid triviality, we assume that
Er(Q,W.t) (or E(R,,W)) is finite, which also implies that
E;(Q,W,t) is finite by (34). Suppose now the minimum of
(34) is attained at R,,,. We then have

E;(Q, W, t) <te <}i—m,Q) + E(R,,,W)
t

<2E(R,, W)
= 2E7(Q,W,1). O

<te <&,Q) + E(R,, W)
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