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Error Exponents for Asymmetric Two-User Discrete
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Abstract—We study the transmission of two discrete memoryless
correlated sources, consisting of a common and a private source,
over a discrete memoryless multiterminal channel with two trans-
mitters and two receivers. At the transmitter side, the common
source is observed by both encoders but the private source can only
be accessed by one encoder. At the receiver side, both decoders
need to reconstruct the common source, but only one decoder
needs to reconstruct the private source. We hence refer to this
system by the asymmetric two-user source—channel coding system.
We derive a universally achievable lossless joint source—channel
coding (JSCC) error exponent pair for the two-user system by
using a technique which generalizes Csiszar’s type-packing lemma
(1980) for the point-to-point (single-user) discrete memoryless
source—channel system. We next investigate the largest conver-
gence rate of asymptotic exponential decay of the system (overall)
probability of erroneous transmission, i.e., the system JSCC error
exponent. We obtain lower and upper bounds for the exponent.
As a consequence, we establish a JISCC theorem with single-letter
characterization and we show that the separation principle holds
for the asymmetric two-user scenario. By introducing common
randomization, we also provide a formula for the tandem (sepa-
rate) source—channel coding error exponent. Numerical examples
show that for a large class of systems consisting of two correlated
sources and an asymmetric multiple-access channel with additive
noise, the JSCC error exponent considerably outperforms the
corresponding tandem coding error exponent.

Index Terms—Asymmetric two-user source—channel system,
broadcast channel, common and private message, common
randomization, discrete memoryless correlated sources, error
exponent, multiple-access channel, lossless joint source-channel
coding (JSCC), separation principle, tandem coding, type packing
lemma.

I. INTRODUCTION

ECENTLY, the study of the error exponent (reliability

function) for point-to-point (single-user) source channel
coding systems (with or without memory) has illustrated
substantial superiority of joint source channel coding (JSCC)
over the traditional tandem coding (i.e., separate source and
channel coding) approach (e.g., [8], [29], [30]). It is of natural
interest to study the JSCC error exponent for multiterminal
source channel systems.
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In this work, we address the asymmetric two-user source
channel coding system depicted in Fig. 1. Two discrete mem-
oryless correlated source messages (s,1) € S™ x L™ drawn
from a joint distribution Qsz, : S x L, consisting of a common
source messages 8 and a private source message I of length 7,
are transmitted over a discrete memoryless asymmetric com-
munication channel described by Wy 7 yx : U x & — YV x
Z with block codes of length n, where = > 0 (measured in
source symbol/channel use) is the overall transmission rate. The
common source can be accessed by both encoders, but the pri-
vate source can only be observed by one encoder (say, Encoder
1). In this setup, the goal is to send the common information to
both receivers, and send the private information to only one re-
ceiver (say, Decoder 1).

This asymmetric two-user system can be used to model
[23] interference channels with cognitive radio, an emerging
and promising wireless technology where wireless systems,
equipped with exible software, dynamically adapt to their
environment (by, for example, adjusting the modulation format
or the coding scheme) to harness unemployed spectral capa-
bilities [25] [27], [12], [13]. For example, it can model the
practical situation where audio and video signals are modulated
and transmitted to two receivers over a cognitive interference
channel (without secrecy constraints) [23], with the cognitive
receiver needing to decode both audio and video signals while
the noncognitive receiver needing to only reconstruct the audio
signal. Furthermore, it is worthy to point out that the asym-
metric two-user system is a generalization of the following two
classical asymmetric multiterminal scenarios which have been
extensively studied in the literature.

i) The CS-AMAC system: If we remove Decoder 2 from
Fig. 1, and let | Z| = 1, then the channel reduces to a mul-
tiple-access channel Wy | ¢y x, and the coding problem re-
duces to transmitting two correlated sources (CS) over an
asymmetric multiple-access channel (AMAC) with one
receiver.

ii) The CS-ABC system: If we remove Encoder 2 from

Fig. 1, and let [U/| = 1, then the channel reduces to
a broadcast channel Wy | x, and the coding problem
reduces to transmitting two CS over an asymmetric
broadcast channel (ABC) with one transmitter.

The suf cient and necessary condition for the reliable trans-
mission of CS over the AMAC i.e., the lossless JSCC theorem
for the CS-AMAC system  has been derived with single-letter
characterization in [4]. The capacity region of the ABC has been
determined in [21], and the JSCC theorem for CS-ABC system
with arbitrary transmission rate can also be analogously carried
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Fig. 1. Transmitting two CS over the asymmetric two-user communication channel.

out (e.g., [17]). In this work, we study a re ned version of the
JSCC theorem for the general asymmetric two-user system (de-
picted in Fig. 1), by investigating the achievable JSCC error ex-
ponent pair (for two receivers) as well as the system JSCC error
exponent, i.e., the largest convergence rate of asymptotic expo-
nential decay of the system (overall) probability of erroneous
transmission. We also apply our results to the CS-AMAC and
CS-ABC systems.

We outline our results as follows. We rst extend Csiszr s
type packing lemma [8] from a single-letter (one-dimension)
type setting to a joint (two-dimensional) type setting. By
employing the joint type packing lemma and generalized
maximum mutual information (MMI) decoders, we establish
achievable exponential upper bounds for the probabilities of
erroneous transmission over an augmented two-user channel
Wy zrux for a given triple of n-length sequences (t,u,x);
see Theorem 1. Here, the augmented channel Wy z | ryx is in-
duced from the original two-user channel Wy-z| yx by adding
an auxiliary random variable (RV) T such that 7', (UX), and
(Y Z), form a Markov chain in this order. We introduce the RV
T because we will employ superposition encoding which maps
a source message pair (s,l) to a codeword triplet (¢, u,z),
where % is the auxiliary superposition codeword. For the asym-
metric two-user system, since one of the encoders has full
access to both sources, it knows the output of the other encoder.
By properly designing the two (superposition) encoders, we
apply Theorem 1 to establish a universally achievable error ex-
ponent pair for the two receivers (namely, the pair of exponents
can be achieved by a sequence of source channel codes inde-
pendently of the statistics of the source and the channel); this
generalizes K rner and Sgarro s exponent pair for ABC coding
(with uniformly distributed message sets) [22]. We also employ
Theorem 1 to establish a lower bound for the system JSCC
error exponent; see Theorem 2. Note that one consequence
of our results is a suf cient condition (forward part) for the
JSCC theorem. In addition, we use Fano s inequality to prove
a necessary condition (converse part) which coincides with the
suf cient condition, and hence completes the JSCC theorem
(Theorem 3). We next demonstrate that the separation principle
holds for the two-user system, i.e., there exists a separate source
and channel coding system which can achieve optimality from
the point of view of reliable transmissibility.

Using an approach analogous to [8], we also obtain an upper
bound for the system JSCC error exponent (Theorem 4). As
applications, we then specialize these results to the CS-AMAC
and CS-ABC systems. The computation of the lower and upper
bounds for the system JSCC error exponent is partially studied
for the CS-AMAC system when the channel admits a symmetric
conditional distribution.

We next study the tandem coding error exponent for the
asymmetric two-user system, which is the exponent resulting
from separate and independent source and channel coding
under common randomization. We derive a formula for the
tandem coding error exponent in terms of the corresponding
two-user source error exponent and the asymmetric two-user
channel error exponent (Theorem 6). Finally, by numerically
comparing the lower bound of the JSCC error exponent and
the upper bound of the tandem coding error exponent, we
illustrate that, as for the point-to-point systems ([29], [30]),
JSCC can considerably outperform tandem coding in terms of
error exponent for a large class of binary CS-AMAC systems
with additive noise.

At this point, we pause to mention some related works in
the literature on the multiterminal JSCC of CS. The JSCC the-
orem for transmitting two CS over a (symmetric) multiple-ac-
cess channel (where each encoder can only access one source)
has been studied in [1], [7], [14], [19], [20], [28], and the JSCC
theorem for transmitting two CS over a (symmetric) broadcast
channel (where each decoder needs to reconstruct one source)
has been addressed in [5], [17]. These works focus on the case
when the overall transmission rate 7 is 1 and establish some suf-

cient and/or necessary conditions for which the sources can be
reliably transmitted over the channel. However, for both (sym-
metric) systems, no matter whether the transmission rate 7 is
1 or not, a tight suf cient and necessary condition (JSCC the-
orem) with single-letter characterization is still unknown.

The rest of the paper is organized as follows. In Section II,
we introduce the notation and some basic facts regarding the
method of types. A generalized joint type packing lemma is
presented in Section I1l. In Section IV, we establish a univer-
sally achievable error exponent pair for the two-user system,
as well as a lower and an upper bound for the system JSCC
error exponent. A JSCC theorem with single-letter characteri-
zation is also given and we demonstrate that the reliable trans-
missibility condition can be achieved by separately performing
source and channel coding. In Section V, we apply our results to
the CS-AMAC and CS-ABC systems. We partially address the
computation of the bounds for the system JSCC error exponent
in Section VI. In Section VII, we provide an expression for the
tandem coding error exponent for the two-user system and we
then show that the JSCC error exponent can be strictly larger
than the tandem coding error exponent for many CS-AMAC
systems. Finally, we state our conclusions in Section VIII.

Il. PRELIMINARIES

The following notation and conventions are adopted from
[8] [10]. For any nite set (or alphabet) X, the size of X is
denoted by |X|. The set of all probability distributions on X
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is denoted by P(X). The type of an n-length sequence z =
(z1,22,...,2,) € X™ is the empirical probability distribution
P, € P(X) de ned by

Py(a)

where N(a|z) is the number of occurrences of a in z. Let
Pn(X) C P(X) be the collection of all types of sequences in
X™ Forany Px € P,(X), the setof all z € X™ with type Px
is denoted by T p,, or simply by T x if Px is understood. We
also call Tp, or T x a type class.

Similarly, the joint type of n-length sequences z € X™ and
¥ = (y1,92....,yn) € Y™ is the empirical joint probability
distribution Pyy € P(X x )) de ned by

2 %N(akt), weX )

sz(avb) 2 %N(avbkt-/y)v (avb) €& x y

Let P, (X x V) C P(X x )) be the collection of all joint types
of sequences in X™ x Y™. The setofallz € X" andy € Y
with joint type Pxy € P,(X x Y) is denoted by Tp,,, or
simply by Txy.

Forany nite sets X and ), the set of all conditional distribu-
tions V3| x : & — Y is denoted by P(Y | &'). The conditional
type of y € V" given x € Tp, is the empirical conditional
probability distribution P, € P(Y|X) de ned by

_ N(a,b|z,y)
P19 = "N fa)
whenever N (a|z) > 0; otherwise (if N(a|z) = 0), de ne
Pyiz(bla) =0, (a,b) € X x Y.

Let P,,() | Px) be the collection of all conditional distribu-
tions Vy-| x which are conditional types of y € )" given an
x € Tp,. For any conditional type Vy-| x € P, ()| Px), the
setofally € Y™ foragivenz € Tp, satisfying Py, = V3| x
is denoted by Ty, | , (), or simply by Ty-| x (), which is also
called a conditional type class (V-shell) with respect to z.

For nite sets X, ), Z with joint distribution Pxy, €
P(X x Y x Z),weuse Px, Pxy, Pyz| x, etc., to denote the
corresponding marginal and conditional probabilities induced
by Pxy z. Note that for a given joint type Pxy € P, (X x ),
Tp, () ={y: (z,y) € Tpy, }. Note also that

{PX‘/Y|X:PX EPTL(X)/‘/Y\X epn(y|PX)}
=Pp(X x ).

In addition, we denote

CACIESET Y

Px ePn(X)

Pu(V|Px) CPY|X).

To distinguish between different distributions (or types)
de ned on the same alphabet, we use sub-subscripts, say,
i,J, In Px,, Px,y;, and so on. For example, Tx,y;,
is the type class of the joint type Px,y;, € Pa(X x ).
For any distribution Pxyz € PX x Y x Z), we use
Hp,,,(-) and Ip,, ,(-;-) to denote the entropy and mu-
tual information under Pxyz, respectively, or simply by
H(-)and I(-;-) if Pxyz is understood. D(Px | Qx) de-
notes the Kullback Leibler divergence between distributions

Tx,v;

1489

Px,Qx € PX). D(Vyx || Wy |x|Px) denotes the
Kullback Leibler divergence between stochastic matrices
(conditional distributions) Vy-| x, Wy | x € P(Y|&) condi-
tional on distribution Px € P(X). Forz € X", y € V",
and z € Z™, since the types Py, Pgy, and Py, can also be
represented as distributions of dummy RVs, we de ne the em-
pirical entropy and mutual information by H(x) £ Hp, (X),
I(z;y) = Ip,,(X;Y), and I(z;y]2) £ Ip,,.(X;Y|Z).
Given distributions Px € P(X) and Wy | x € P(YV| &), let
P(”) and W<”|) be their n-dimensional product distributions.
AII logarithms and exponentials throughout this paper are in
base 2. The following facts will be frequently used throughout
this paper.

Lemma 1 [10]:
i) |Po(X)] < (n+ DIV P, (V|X)] < (n+ 1)L
ii) Forany Px,Qx € P,(X), we have

(n 4 1)~ I¥lgnHre () <7,
and

~|Xl9g—nD(Px|IQx) « ") <9~ nD(Px|[|Qx)
(nt 1)1 <QW(Tp,)<2 .

| < 2nH1\(\)

iii) For anyzxz € Tp,,y € Ty, ‘A( z) and Wy x, Vy|x €
Pn(Y|Px), we have

(n + 1)_|X||y|2"H”X vy x (V1X)

< [Tuy o (@)] < 270 rix 1)

Wik (yle)
fn[D(V vix Wy x |Px)+Hpy vy (Y]X)]

and hence

(n + 1)—|X||y|2—"D(VY\X||WY\X [Px)

< W)(:\L;((-"_Vy\x (-T)|97) < zinD(VY‘X”VVY‘X ‘PX).

I11. A JOINT TYPE PACKING LEMMA

Letus rstrecall CsiszAr s type packing lemma for JSSCC [8],
which is an essential tool to establish an exponentially achiev-
able upper bound for the JSCC probability of error over a dis-
crete memoryless channel.

Lemma 2 [6, Lemma 6]: Given nite set .4 and a sequence
of positive integers {rn,, }, for arbitrary (not necessarily distinct)
types P4, € P, (.A), and positive integers N;,i = 1,2,. ..,
with

Mn

1

- logy Ni < Hp, (4) =6 1)
where
52 = [IAI logy(n + 1) + logy my, + 1]

there exist m,, disjoint subsets

Y N
0 = {af;)} . CTy = Tp,,
p:
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such that
[Ty, o (a07) ] < Wiz 0780 g

for every i, k,p and Vy: | 4 € P, (A|A), with the exception of
the case when both 7 = k and V4| 4 is the conditional distribu-
tion such that Vs | 4(a'[a) is 1 if o’ = a and 0 otherwise.

Note that Lemma 2 is a generalization of the packing lemma
in [10, p. 162, Lemma 5.1], where the later one is used for
channel coding, while Lemma 2 is used for JSCC. Roughly and
intuitively, if a is a transmitted codeword, then the possible se-
quences decoded as a can be seen as elements in the sphere
Tv,, ,(a) centered at a for some V| 4. Equation (2) in
the packlng lemma states that there exist disjoint sets ;. with
bounded cardinalities such that the size of the intersection be-
tween the sphere Ty, , (a) for every a € ©; and every set
is exponentially small compared with the size of each 2. So
the packing lemma can be used to prove the existence of good
codes that have an exponentially small probability of error.

We herein extend CsiszAr s above type packing lemma from
the (one-dimensional) single-letter type setting to a (two-dimen-
sional) joint type setting. This lemma will play a key role in
establishing an exponentially achievable upper bound (in The-
orem 1) for the probability of erroneous transmission for our
asymmetric two-user source channel system.

Lemma 3 (Joint Type Packing Lemma): Given nite sets .A
and B, a sequence of positive integers {rn,, }, and a sequence of
positive integers {m/ } associated withevery i = 1,2,...,m,,
for arbitrary (not necessarily distinct) types P4, € P, (.A) and
conditional types Pp |4, € Pn(B]|Pa,), and positive integers

N;and M;;, i =1,2,...,m,,and j = j(i) = 1,2,...,m{,
with
1
~logy N; < Hp, (4) = 6 (3)
and
1
- logy, M;; < HPAq_PleAT (BlA) -6 4
where
é 2

E[IAI |B*logy(n + 1) + logy my,

+ log, (max mi,,) + log, 12]
there exist m,, disjoint subsets
YV
Qi = {aél)} g —H—Ai
p=1
such that
‘—[I_VA’ | A (ag)) ka’ < Nk27n[IPArVA’ 2 (A4 0] (5)

forevery i, k,p,and Vi 4 € P, (AJ.A), with the exception of
the case when both i = k and V4, | 4 is the conditional distri-
bution such that V4| 4(a’ |a) is 1 if o’ = a and 0 otherwise;
furthermore, for every agl) € Q; and every 4, there exist m/,
disjoint subsets

o (a) = { (a2 8)} "
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such that bY') € T |4, (a}) £

mwmxxwmeQM“U

TPB s (a,(;"’)) and

< NkMkIQ_n[IPAiBj‘A’B’ |AB (A,B;A",B")~¢] ©)
N;
—I]—VA’B’\AB ( p)7b]()J()1) ﬂ U Qil (0:](:/))
p'=1
< Mﬂg_"[h’mej Vargr | ap (BiB'1A)=8] @)

forany i, j,k,1,p,q,and Vypr| ap € Prn(A x B|A x B), with
the exception of the case whenbothi = £, j = [,and Vyr g/ | 4
is the conditional distribution such that V. g/ | ag(a’, 0" | a, b) is
1if (a’,b") = (a,b) and 0 otherwise.

The proof of the packing lemma is lengthy and is deferred to
Appendix A. Compared with Lemma 2, it is seen that Csisz&r s
type packing lemma (5) is incorporated in our extended packing
lemma, and we emphasize that here we need (6) and (7) to hold
in addition to (5).

Similarly, for the two-user channel, if (a,b) is a pair of
transmitted codewords, then the possible sequences decoded as
(a,b) can be seen as elements in the sphere Ty, plab)

centered at (a,b) for some Vi p | 4p. As depicted in

Fig. 2, (6) (3|m|IarIy to (7)) states that there exist disjoint sets
Qu = U g le(a('f)) with bounded cardinalities such that
the size of the intersection between the sphere Ty, ., ,,(a,b)
for every (a,b) € Q;; and every set €, is exponentially
small compared with the size of each ;. Note also that the
extended packing lemma is analogous to, but different from the
one introduced by K rner and Sgarro in [22], which is used to
prove a lower bound for the channel coding ABC exponent.
Lemma 3 here is used for the asymmetric two-user JSCC
problem.

IV. TRANSMITTING CS OVER THE ASYMMETRIC
Two-USER CHANNEL

A. System

Let {(Wyzjux : U x X — Y x Z} be a two-user dis-
crete memoryless channel with nite input alphabet ¢/ x X,

nite output alphabet ) x Z, and a transition distribution
Wy zvx (y, zlu, ) such that the n-tuple transition probability
is

n
= I Wvz vx Wi zilui, 2:)

i=1

W;;17Z) | UX(y'/ Z|’U,7 m)

wherew e,z € X,ye Y, z€ Z,u2 (uy,...,u,) €U,
r = (xlv"'77xn) € Xn./ Yy = (ylv"'vyn) € yn, and
z 2 (21,...,2n) € Z™. Denote the marginal transition
distributions of Wy, | pyx at its Y-output (respectively,
Z-output) by Wy ux £ > 2 Wyzux (respectively,

Wziux = >y Wyz|ux)- The marginal distributions of
WfV"Z) |vx are denoted by W(”l) and Wé’llg, +» Tespectively.

Consider two discrete memoryless CS with a generic
joint distribution Qgr(s,l) de ned on the nite al-
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Fig. 2. A graphical illustration of the (two-dimensional) joint type packing lemma (Lemma 3): there exist disjoint subsets

two-dimensional space ™
every set

" such that for any 37 (say,
r 1S exponentially small compared with the size of each ;.

phabet & x L such that the k-tuple joint distribution is

®s,1) = I, Qsr(si,1;), where (s,1) € S x £, and
(8,0) £ ((s1,01),---,(sk,1x)) € S* x L. For each pair of
source messages (s, 1) drawn from the above joint distribution,
we need to transmit the common message s over the channel
Wy z|ux to Receivers Y and Z and transmit the private
message I only to Receiver Y. A joint source channel (JSC)
code with block length n and positive transmission rate =
(source symbol/channel use) for transmitting Qs through
Wy z|vx is aquadruple of mappings, (fn, gn, ¥n, ¥n), Where
fn i "X LT - X"and g, : ST — U™ are called
encoders, and ¢, : Y" — 8™ x L™ and ¢, : 2" — S§™
are referred to as Y'-decoder and Z-decoder, respectively; see
Fig. 1.

The probabilities of Y- and Z-error are given by

P(Qs, Wy 7 ux,7)
£ Pr({son (Y") # (5™, L™)})

= Y QP60 Y. W (luo)
SThxLTn Yion (W) £(5.1)
8)
and
Pé’l)(QSL, Wy zux,T)
2 Pr({¢n(Z") # 5™})
=35 Y. Wiiy(zlu.z) 9)

ST 211y, (2) 78

where z £ f,,(s,1) and u = g,,(s) are the corresponding code-
words of the source message pair (s, 1) and the source message
8,and y and z are the received codewords at the Receivers Y and
7, respectively. Since we will study the exponential behavior of
these probabilities using the method of types, it might be a better

; s with bounded cardinalities in the

1,1), the size of the intersection between the sphere Tv, ., | A5 and

way to rewrite the probabilities of Y- and Z- error as a sum of
probabilities of types
P (Qsz, Wy 7 |UXT)

= > Y (Ts2)Pie(Tsi),
Psp€Prn(SXL)

i=Y,Z (10)

where Tsz £ Tp,,, and

PYe(—I]—SL)
ITSLI > > W,IU\( ylu,z)  (11)
(8,D)ET 5L y:on (y)#(s1)
and
Pzc(Tsz)
1 n
= — Z Z Wéw\ (z|u, z). (12)

T
| SL| (8, )ET s z:pn(2)#s

We say that the JSCC error exponent pair (Eay,FEaz) is
achievable with respect to 7 > 0 if there exists a sequence of
JSC codes (fn, gn, n, ¥n) With transmission rate 7 such that
the probabilities of Y-error and Z-error are simultaneously
bounded by

Pv‘,(:)(QSL, Wy zux,T) < ) I S A (&)
for n suf ciently large and any 6 > 0. As the point-to-point
system, we denote the system (overall) probability of error by

Pe(n)(QSln WYZ | UX > T)
2 Pr ({pa(Y") # (ST L) J(0n(2") # 57})
(14)
where (S™, ™) are drawn according to Q.

Definition 1: Given Qsr., Wy z|yx, and 7 > 0, the system
JSCC error exponent E;(Qsr, Wy z|ux, ) is de ned as the
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supremum of the set of all numbers E for which there exists a
sequence of JSC codes ( £y, gn» ¥n, ¥ ) With block length » and
transmission rate = such that
1
E < liminf ——log, P (Qsp, Wy 2 |UX>T)-
n

n—oo

(15)

(n

Since the system probability of error must be larger than Py

and ng) de ned by (8) and (9), and is also upper-bounded by
the sum of the two, it follows that for any sequence of JSC codes

(fn7gn7¢n7'¢n>

1
lim inf — = log, Pe@(QsL, Wyzux,T)
n

n—o0

1
= liminf — — log, max (P)(,Z), Pg;)) . (16)
" ,

n— o0

B. Superposition Encoding for Asymmetric Two-User
Channels

Given an asymmetric two-user channel Wy z px, at
the encoder side, we can arti cially augment the channel
input alphabet by introducing an auxiliary (arbitrary and

nite) alphabet 7', and then look at the channel as a dis-
crete memoryless channel Wy, | ryx = Wyz yx with
marginal distributions Wy | ryx and Wz ppyx such that
WYZ|TUX(y7Z |t7u7$) = WYZ\UX(yv’Z |u,w) for any
teT,uel,x € X,y €Y, and z € Z. In other words, we
introduce adummy RV T € 7 suchthat T, (U, X),, and (Y, Z)
form a Markov chain in this order, i.e., T — (U, X) — (Y, Z).

The idea of superposition coding is described as follows. The
encoder g, rst maps the source message s to a pair of n-length
sequences (t,u) € 7™ x U™ with a xed type, say Pry, and
then sends the codeword u over the channel, i.e., g,(8) = u.
The encoder f,, rstmaps each pair (s, 1) toatriple of sequences
(t,u,z) € T" xU" x X" suchthatz € Tp, ., (¢ u), then
fn sends the codeword z over the channel, i.e., f,.(s,l) = =.
In other words, g,, and f,, map (s,1) to a tuple of sequences
(t,u, ) withajointtype Pry Py | rv, although only uand z are
sent to the channel, where ¢ plays the role of adummy codeword.

Since W)(,Tg | TUX (y, 2|t u, x) is equal to

Wé’})lUX(y7z|u7 z) and is independent of ¢, transmit-
ting the codewords (u,z) through the channel Wy |y x can
be viewed as transmitting the codewords (¢,u,z) over the
augmented channel Wy-z| 7y x . Here, the common outputs of
gn and f,,, (t,u) s, are called auxiliary cloud centers according
to the traditional superposition coding notion [3], which convey
the information of the common message s, and the codewords
z s corresponding to the same (¢,u) are called satellite
codewords of (¢,u), which contain both the common and
private information, see Fig. 3. At the decoding stage, Receiver
7 only needs to gure out which cloud (¢, «) was transmitted,
and Receiver Y needs to estimate not only the cloud but also
the satellite codeword z. The introduction of the auxiliary RV
T is made to enlarge the channel input alphabet from &/ x X
to 7 x U x X, and the use of the superposition codeword ¢
renders the cloud centers (¢,«) more distinguishable by both
receivers. We next employ superposition encoding to derive the
achievable error exponent pair and the lower bound of system
JSCC error exponent.
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Fig. 3. Relation between clouds and satellite codewords in superposition
coding.
C. Achievable Exponents and a Lower Bound for ¢;

Given arbitrary and nite alphabet 7, for any joint distribu-
tion Pryx € P(7 xU x X)andevery R; > 0, Ry > 0,de ne

By (Ry, Ro, Wy | rux, Prux)
=

min [D(Vyrux || Wy |rvx|Prux)
Vv rux

+ Inin(up'ruxvy | TUX (T7 U, X; Y) - (Rl + R2)|+7

1Py vy 1o x (XY | T,U) = Ro| 1)) 17
and
Ez(Ry, Ro, Wz rux, Prux)
2 Vzn‘li%x [DVz rvx | Wz rux|Prux)
+11pry sV 2o (T U3 Z) = Ry| ] (18)

where ||t = max(0,z), and the outer minimum in (17) (re-
spectively, (18)) is taken over all conditional distributions on
P|T xU x X) (respectively, P(Z|7T x U x X)). Itimmedi-
ately follows by de nition that Fy (R1, Rz, Wy |7ux, Prux)
is zero if and only if at least one of the following is satis ed:

Ri+ R 2 Iprycwy 105 (LU, X5 Y) = I(U, X5Y)  (19)

Ry > IP'I'U,\'"VY | TUX (X’ Y | T, U) (20)
and Ez(R1, Ra, Wz | rux, Prux) is zero if and only if
Ry > IPTUXVVZ|TUX (T/ U; Z) (21)

Using Lemma 3 and employing generalized MMI decoders at
the two receivers, we can prove the following auxiliary bounds.

Theorem 1: Given nite sets 7, U, X, Y, Z, a sequence
of positive integers {m,,}, and a sequence of positive integers
{m/_} associated with every i = 1,2,...,m,, with

1 /
—log, m, — 0 and . log, maxm;, — 0
n (3

forany 6 > 0, n suf ciently large, arbitrary (not necessarily

distinct) types Pryy, € Pn(T x U), and conditional types

Px, | (rv), € Pu(X|Prr),), and positive integers N; and M;;,

i=1,2,...,mpand j = j(i) = 1,2,...,m}, with R; <

HP(TU)i (T7 U) —é,and Rij < HP(TU)iPXj 1(TU); (X | T, U) =9,
2

where R; £ Llog, N; and R;; = Llog, M;;, there exist m,
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disjoint subsets Q; = {(Lu),ﬂ’")};ﬁl C T(rv),, mi, disjoint
subsets

Afij

() = {(w.20))

g=1
with 23y € Tx, oy, ((8w)S)) for every (t,u)l) € Q;
and every 4, and a pair of mappings (decoding functions)
Py — Qand ) 27 — Q, where Q@ £ |, 5, where

=

i
Qij =

P

Qi ((t,w))

such that the probabilities of erroneous transmission of a triplet
(t,u,z) € Q over the augmented channel Wy z|pyx using

decoders (<p7(1°)7 z/sz))) are simultaneously bounded by

Px(v? (t,u,x)

>

yiol) (@) #((tu),2)

W1(/n|)TUX (ylt, u, )

< Q*n[EY (Ri,Rij, Wy | rux,Piru), Px; | (Tv);)—0] (22)
and
Py (t,u,)

A (n)

= Z W [TUX
2080 (2)=((t,u)’ &) such that (t,u) #(tu)
(2|t,u,z)

< 2—n[Ez(R7 Rij . Wz rox Proy, Px; | (Tv);)—9] (23)

if ((t,u),z) € Q,; forevery i, j.

Proof: We apply the packing lemma (Lemma 3) and a gen-
eralized MMI decoding rule.l In the sequel of the proof, we
look at the superletter (7',U) (respectively, X) as the RV A
(respectively, B) in Lemma 3. For the {m,, }, {m},}, Pruvy,,
Px | (rv), given in Theorem 1, according to Lemma 3, there
exist pairwise disjoint subsets €2; and Qij((t,u)ﬁf)) satisfying
(5), (6),and (7) forevery 1 <i<my,1<j<ml  1<p<
Ni, Virvyyro € Pa(T X UIT x U), and Viryy x| 7ux €
Po(T x U x X|T x U x X), with the exception of the two
cases that s = k and V(y) | is the conditional distribution
such that WTLT)I \TU((t7 ’U,)I|(t/ ’LL)) is 1if (f, ’U,)/ = (f, ’U,) and 0
otherwise, and thati = &, j = [, and V(ryy x| rux 1S the con-
ditional distribution such that Viryry x| rox (2, w)', @' [t, u, )
is 1if (¢,u)’ = (¢t,u), 2’ = z and 0 otherwise. Let

N;
Qij = U QL]((t, ’U,);Z)) and Q= UQij.
p=1

ij

We shall show that for such €;;, there exists a pair of mappings
(o2, ) such that (22) and (23) are satis ed.

INote that for the symmetric multiple-access channel, it has been shown in
[24] that the minimum conditional entropy (MCE) decoder leads to a larger
channel error exponent than the MMI decoder; however, for the asymmetric
two-user channel with superposition coding, MMI decoding is equivalent to
MCE decoding.
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We rst show that there exists a Y -decoder @%0) such that (22)
holds. For any ((t,u),z) € Qandy € V", let

Oé((t, ’U:),l‘;y) 2 I((t> ’U,).'l‘,y) - (R7 + RU)

where R; = %logz N; and Ri]' = %IOgQ Mij if ((t ’U,)7.’L') S
2;;. De ne Y -decoder @%0) YY" — Qby

max

a((t,u),z;y).
(ehax (8, u),2;y)

o (y) £ arg

Using the decoder @%0), we can upper-bound the probability
of error (assuming that ((¢,u),z) € €2;; is sent through the
channel) as follows:

P (8 u),2)
=W ({5: 0@ # (Gw). 2| (tu) o)

Y [TUX
Vy | rux €Pn (V| Pruy, x;)
(—I]—Vy | TUX ((t>u)7 Z)
N{v: D) # (tu).2)}

t,u, :1:) . (24)

For any particular Vy | TU X, Since

{v:6P @) # (tw).2)}
~{y: D@ = (tw) ). (b # (b))

[

~~

U {y : goﬁf’)(y) = ((t,u),2), 2" # .'1:}

we can upper-bound

(n)
WY\TUX (TVY‘TUX((t: u), )

N{v: P @) # (tu).0)}|tuz)
< 3 Wiy y (ylt u, @)

yETQY | TUX ((t=u)7z) m &1

+ 2

YET oy x (Bw)2) e

W)( \)TUX (ylt,u,z). (25)

It can be shown by the type packing lemma (Lemma 3) and a
standard counting argument (see Appendix B) what is displayed
in (26) and (27) at the top of the following page. Using the
identity (cf. Lemma 1) when ((t,u),z) € Qi C Ty, x,
and y € Tf’mmx((tv“)vm)' and as shown by the second
expression at the top of the following page, we obtain (28)
and (29) at the bottom of the following page.Substituting (28)
and (29) back into (25) and (24) successively, and noting that
P (VIPruy, x,)| is polynomial in »n by Lemma 1, we obtain
that, for any 6 > 0, there exists a Y -decoder <p£10) such that,
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’TVY\TUX((t7 ‘U.)ﬁlf) ﬂgl‘ < M (HI?Xmgn) (’rL + 1)|T><M|_|X|_|y‘

X Qn[HP(TU)in ¥ iTux ol T’U’X)_‘IP(TU)in Yy | TUX (T,U,X;Y)—(Ri+Rij)|T] (26)
and
H—Vy |TUX ((t,u),z) ﬂ 52‘ < (mlax min) (n+ 1)|Txu||)(|2|y‘
X Zn[HP(TU)iX] Yy rux (Y| T,U,X)—\IP(TU)in Vy | TUx (X;Y | T,U)—R;; ‘+]. on

W)(:L|)TUX (y | (t7 u)7 Z) = 2

—n[D(Vy | rux||[Wy | rux|Pruy,x;)+H

Proyx, Oy oy O ITUX)]

given ((t,u),x) € €;;, the probability of Y -error is bounded
by
P ((t,u),2)
< z—n[Ey(RnRz]aW'y |rux:Prvy, Px; | (Tv), )—94] (30)
for suf ciently large n.
Similarly, we can design a decoder for Receiver 7 as follows.
Forany ((t,u),z) € and z € 2", let

B((tw),z;2) = B((t,u);2) £ I((t,u);2) — R

where R; = Llog, N; if (t,u) € Q;. Note that B((t, u), z; 2)
is independent of z. Let @ = 7" Q,. The Z-decoder
w,(f]) : 2" — Qs de ned by the last equation at the bottom of
the page. It can be shown in a similar manner by using (5) in
Lemma 3 that, under the decoder 1/;7(10), the probability of the
Z-error is bounded by

Pg;)((t: u)7 .'l‘) < 2—"[Ez (Ri,Rij,Wy | rux,Pruy; Px ;| (ruy;)—9]
(31)

for suf ciently large n. Finally, we remark that Lemma 3 en-
sures that there exist mappings (o', %)) such that (31) holds
simultaneously with (30). O

Theorem 1 is an auxiliary result for the channel coding

to our two-user source channel system, we need to design
encoders which can map a pair of correlated source messages
to a particular (¢,u,z) with a joint type, so that the total
probabilities of error still vanish exponentially. We hence can
establish the following bounds.

_Theorem 2: Given an arbitrary and nite alphabet 7', for any
Pryx € P(T x U x X), the following exponent pair is uni-
versally achievable:

En(Qst: Wy zrux, Prux,T)
2 Ilglin[TD(PSL | @sr) + Ev (THp(S),
SL

THp(L|S), Wy rux. Prux)]  (32)
and
E1z(Qst: Wy z | 1vx, Prux,7)
N r][_)lin[TD(PSL || QSL) + EZ(THP(S)v
SL
THP(L|S>7WZ|TUX7PTUX)] (33)

where Wy | rpyx and Wz | rpyx are marginal distributions of
Wy z | rvx, which is the augmented conditional distribution
from Wy z| v x . Furthermore, given Qsz,, Wy z |y x, and 7, the
system JSCC error exponent satis es

Ey(Qsp, Wyzjux,T) 2 I}}in[TD(PSL | Qsr)
SL

problem for the two-user asymmetric channel. To apply it +E.(THp(S), THp(L|S),Wyz|ux)] (34)
> Wi (B1(( w),2) € Q) < my (maxmd, ) (n+ 1)1
YET o oy x (EW)2) N &
Z—H[D(VY [rox||Wy | roux |P(TU)ixj )+|IP('1~U)ixj Yy 11U x (T,U,X;Y)—(Ri+Ri;)|T] (28)
and
> Wy (6 w),2) € Q) < (maxm,, ) (n+ 1) T
YET oy x (BW )2
2‘”[D(Vy 1rox Wy | Tux lP(TU),Xj )+|IP('I'U)7;,\']- Uy | x (X;Y | T,U)—R;; \*] (29)

max

0)(5) =
op’(2) = arg (hax

= ((t,u)’,2’) such that{

B((t,u),z; 2)

(t,u)" = argmax, , cq B((t,uw); 2),
z’ is arbitrary.
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where

E.(Ry, Ry, Wy z|ux)
£ sup max E,(Ry, Ry, Wy 7 | 7vx, Prux)

T Prux

(35)

where the supremum is taken over all nite alphabets 7', and the
maximum is taken over all the joint distributions on P(7 x U x
X)and E,.(Ry, Ry, Wy z | rux, Prux) is given by

min{Ey (Ry, R, Wy | rux, Prux),
Ez(Ry, Re,Wz | rux, Prux)}

where Ey- and E; are given by (17) and (18), respectively.

We remark that (32) and (33) can be achieved by a sequence
of codes without the knowledge of Q sz, and Wy | x, but the
lower bound (34) is achieved by a sequence of codes that needs
to know the statistics of the channel.

Proof of Theorem 2: We rst prove the achievable error
exponent pair (32) and (33). We need to show that, for any given
Prux € P(7T xU x X)and § > 0, there exists a sequence of
JSC codes such that both the probabilities of decoding error are
upper-bounded by

P]EZ)(QSL-, Wyzivx,T)

< 2_n[EJk(QSl/7LVYZ\TUX:ij'I'lIX;T)—(SL k=Y,Z
where Ejy and E;z are given by (32) and (33).

To apply Theorem 1, set m,, = |P,,(S)|. For each type
Ps, € Pru(S), i = 1,2,...,m,, denote N; to be the car-
dinalities of these type classes, N; £ |Ts,|, and set m/, =
|Prn (L] Ps,)|. For each conditional type Pr s, € Prn(L|Ps,),
i=12,..., mm, denote M,;; be the cardinalities of these type
classes M |TLJ-|51- (8)| where s is an arbitrary sequence in
Ts,. Note that ITz,s. (8)] is constant for all s € Ts,. R; and
R;; are, respectively, given by L log, N; and L log, M;;

Now no matter whether the given Prux belongs to P,,(7 x
U x X) or not, we always can nd a sequence of joint types
{Prux € Pn(T xUx X)}2, suchthat Pryx — Pryx uni-
formly2 as n — oo. Thus, we can choose, by the continuity of
Ey(Ry, Rij, Wy | v x . Prux) with respect to f’TUX, for each
i=1,2,...,mp,and j = j(3) = 1,2,...,m},, the joint type
Piryy,x, = Prux such that the foIIowing are satis ed:
|Ex(Ri, Rij, Wi | rux: Prux)

— Ex(Ri, Rij, Wy rux, Prux)| < % k=Y, Z

for n suf ciently large. Since the type Pryx can also be re-
garded as a joint distribution, let Py, = Pruv € Pu(7 x U)
be the marginal distribution on 7 x U induced by Pryx

forall i = 1,2,...,m, and let Px, | (rv), = Px|rv €
P.(X|Pry) be the corresponding conditional distribu-
tion for all ¢ = 1,2,...,m, and j = 1,2,...,ml,

e, Px|rv(zlt,u) = PTUX(t,u,:E)/PTU(t,u) for any

(t7 u, z) € —l]—TUX-
2We say that a sequence of distributions  x_ 22 , uniformly con-

vergesto % if the variational distance [10] between x, and %
converges to zero as
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Without loss of generality, we assume, for the choice of N;,

M;j, Piruy,, and Py, | (rv),, the foIIowmg conditions are sat-
is edforL_12 Mg, J = 1,2, ,ml:
)
R; <Hp,,, (T.U) - 7 1=1,2,...,7m, (36)
and
0
Rij < HP(TU)iX] (X|T7 U) - Z:
i=1,2,... 10, j=4()=1,2,...,m (37)

where 1, < m,, and M, < m! . Then according to Theorem
1, there exist pairwise disjoint subsets €2;; C T(TU) X with
1| = N;M;j, ¢ = 1,2,...,m,,j = 1,2,...,7m},, and
a pair of mappings (gon ,z/;(o)) such that the probabllltles of
erroneous transmission of a ((¢, u), z) € €2,; are simultaneously
bounded for the channel Wy z | ryx as

P;/T;) (t,u, .’E) < Z_n[EY(RiyRijv‘}VY | 'l'UX:P(TU)in)_é/Zl]

< 9=n[Ey (Ri,Ri;, Wy | rux,Prux)—6/2] (38)
and
Pén)(t u, fl?) S z_n[EZ(RnRLi?VVZ | TUX;P(TL'),Xj)_6/4]
< Z—n[EZ(Ri,Rijy‘VZ [ TUX:ijTUX)_(S/Q]' (39)
For the N;, M, Pqu), and Py, ‘(TU) violating

(36) or (37) (ie., fori > m, or j > 1m}), (38) and
(39) trivially hold for arbitrary choice of d|510|nt sub-
sets  Q;; since  Ey (R, Rij, Wy |rux, Prruy.x,)  of
Ez (Ri,Ri;, Wy rux, Prrvy,x,) would be less than §/4.
In fact, the functions Ey and EZ are trivially bounded by the
following linear functions of R; and R;; with slope —1 by
de nition:

Ey (R, Rij, Wy | rux, Pruy. x;)
< min {IP(TU),Xj Wy | Tux (T7 U, X; Y) — R — Rij,

Ip

(rv); x; Wy |Tux (

X;Y|T,U) - RJ} (40)
and

Ez (Ri,Rij, Wz | rvux, Pirvy, x,)

<Py, x, W ok (T U3 2) = R (41)
IfR; > HP(TU)i (T7 U) - % 2 IP(TU)inVVZ | TUX (T7 U; Z) - g’
then by (41) E; (Ri. Rij. Wz | rux, Prvy.x,) < §. Sim-
ilarly, if Rij > Hpgy) o (X|T,U) — 2, then by (40)
Ey (Ri, Rij, Wy | 7ux, Prvy.x,) < 8.

Therefore, we may construct the JSC code (fu, gn, ©n, ¥n)
for CS Qs1, and the two-user channel Wy |y x as follows.
Without the loss of generality, we assume that the alphabets ¢/
and X contain the element 0.

Encoder g,,: For the message s € T, such that i > 1,
let g,.(8) = 0 € U". Denote Q@ = |J, . For the s € Tg,
such that 7 < m,,, let q(l) S™ — ) be a bijection that maps
each s € Tg, to the corresponding (t,«) € €;, by noting that
|2;] = |Ts,| = N;. Finally, let g,,(8) be the second component
u of g\ (s).

Encoder f,: For the message pair (s,1) € Ts,r, such that
i > my, orj >mi,let f,(s,1) =0 € X™. For the (8,1) €
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Ts,r, suchthati < m,, and j <
19 (pn(8))] = My;, if8 € Ts,, let f7(s,-) : Ty 1s.(8) —
Q;;(gn(8)) be a bijection such that fﬁl)(s,l) (9 (13( ), &) €
Q;;. Let f,,(s,1) be the third component z of fn )( s,l).

Clearly, the JSC encoders (f,, g»), although working inde-
pendently, they map each (s,1) € T, , to aunique pair (u, )
when i < 7n,, and j < 70/, and to (-, 0), otherwise (in this case
an error is declared).

Y-Decoder ¢,,: The Y-decoder is de ned by the rst expres-
sion at the bottom of the page.

Z-Decoder ,,: The Z-decoder is de ned by the second ex-
pression at the bottom of the page.

For such JSC code (fn, gn, ©n, ¥n), the probabilities of
Y -error and Z-error are bounded by

m{n,notingthatWL 1s.(8)] =

in?

P)(’né) (s,1) < 2—n[EY(Ri=RijaVVY | TUX:IBTUX)_‘S/Q].,

if (s,1) € Ts,z, (42
and
Pén) (3. l) < 27nEz(Ri-,Rij,VVz | TUXJE’TUX)*‘S/Q]7
if(s,l) e Ts,,. (43)

Substituting (42) and (43) into (10) and using the fact
(Lemma 1) QU (Tsy) < 277P(PsullQsi) we ob-
taln for n suf ciently large, PI(VE,)(QSL Wy z|vx,T) and

P (Qsr, Wy 7 | ux, ), shown in (44) and (45) at the bottom
of the page, where

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 4, APRIL 2009

Finally, the bounds (32) and (33) follow from (44) and (45), and
the fact that the cardinality of set of joint types P.,.(S x £) is
upper-bounded by (7n + 1)!SI1£1,

To prove the lower bound (34), we slightly modify the above
approach by choosing Piruy,x, = P(TU) X, which achieves
the maximum and the supremum of E.. (Rq,RU,WYZ jux) in
(35) forevery R;and R;;, 1 =1,2,...,m,,j=1,2,... ., m},
Then the probabilities of Y -error and Z-error in (42) and (43)
are bounded by

P{(8,1) < 9By (Ri.Rig Wy | mux Firy), x,)=8/2]

< 2—71[1‘3r(1‘31';1‘31']‘7Wyz|Ux)—5/2]7 if (s,1) € Ts.z,
(46)
and i
PO (s,1) < 27" P BooTtes Wa 10 P ) =0/
< 2—n[ET(R,,R,_7,WYZ | UX)_§/2]7 if (371) c —ﬂ—SiLj

(47)

for n suf ciently large. The rest of the proof is similar to the
proofs of (32) and (33). O

By examining the positivity of the lower bound to £, we
obtain a suf cient condition for reliable transmissibility for the
asymmetric two-user system. For the sake of completeness, we
also prove a converse by using Fano s inequality, and hence es-
tablish the JSCC theorem for this system. Given Wy | 7 x, de-

ne

R(Wyz vx) =

(n) = 15110820+ 1)y = ISI1ETogs (T + 1) U RWzirox. Prox) (48
T n o= n " TATISU||X |+ Prox €P(T XUXX)
on(y) £ { (8/,0), if3(s', 1) € S x £ suchthat £ (s',1') = o\ (y)
" (0,0), otherwise.
Yn(2) = {3', if 38’ € S™ such that g )( s8’) is equal to the rst two components of A (2)
" 0, otherwise.
P)(’n)(QSL>WYZ|UX T 22 n[rD(Ps, L; 1Q@sr)+Ey (Ri,Rij,Wy | IU\:PTUY) §/2]
< Z 9 n[rD(Ps||QsL)+Ey (tHp(S)—o01(n),rHp(L|S)—02(n),Wy | 7vx,Prux)—6/2]
Psr,
< Z 9=n[rD(Ps.||QsL)+Ey (rHp(S),rHp(L|S),Wy |rvux,Prux)—6] (a4)
Psp,
and
P( )(QSL7WYZ|UX 7) < 22 n[rD(Ps,1;||Qsr)+Ez(Ri,Rij; Wz | rvx,Prux)—5/2]
0,7
< Z 9 n[rD(PsclQsc)+Ez(rHp(S)—01(n),mHp(L|S)—02(n),Wy| rux.Prux)—6/2]
Psy,
< Z 9T D(PselQs1)+Ez(THp (S),THp (L | S),Wy 1y x,Prux)=2] (45)

Psp,
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Encoder fp
r- - --"—-"—-"—-"—-—"—-——-—— - - - — — — — — — — bl
lec™ | Source i€ {1,2,.., M} . ms(i) € {1,2,..., My} Channel | xeax
| Encoder fsp s Encoder fen| |
| |
! Source | j€{1,2,.., M} 79(j) € {1,2, ..., Ma} '
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Fig. 4. Tandem source channel coding system encoders.

where

R(Wyz|rux, Prux)

Ri+ Ro < I(T,U,X;Y) = I(U,X;Y)
(R1,R2): Ry < I(T,U; Z)

Ry < I(X:Y |T,U)

A

where the mutual informations are taken under the joint distri-
bution Pryxyz = PTUXWYZ |[UX- Note that R(WYZ | UX)
is convex and we denote R(Wyz|yx) be the closure of
R(Wy z | Ux)-

Theorem 3: (JSCC Theorem) Given Qsr, Wy z|vx, and
7 > 0, the following statements hold.

1) The sources Qs can be transmitted over the channel
Wy z v x With probability of error P™ L 0asn — oo
if (THo(S), THo(L| S)) € R(Wy z|vx):

2) Conversely, if the sources @ s, can be transmitted over the
channel Wy |y x with an arbitrarily small probability of

error P{™ as n — oo, then (rHq(S), 7Ho(L|S)) €

R(WYZ | U‘\').

Proof: See Appendix C. O

Observation 1: Theorem 3 implies that R(Wy- |ux) is ac-
tually the capacity region for the asymmetric two-user channel
Wy z|ux, as the JSCC reduces to the asymmetric two-user
channel coding if the sources come with a uniform joint dis-
tribution. It is shown in Appendix C that R(Wy- |ux) can be
equivalently written as

R'(Wyz|ux) 2

U U

T:|T|<U||X]|+1 Prux €P(T XUXX)

R'(Wyz|rux, Prux) (49)

where R'(Wy z | rux, Prux) is giveninthe  rst expression at
the bottom of the page. Recently, Liang et al. [23] also showed
(using a different approach) that the capacity region for the
asymmetric two-user channel is given by

R (Wyz|vx) =

U

T T|<IU|| X |41 Prox €P(T xUXX)
where R” Wy 7 | rux, Prux) is given in the second expression
at the bottom of the page, where the mutual informations are
taken under the joint distribution Pryxyz = PruxWy z|ux-
They state that our capacity region, R(Wyz uyx), is a
subset of their region R"(Wy 2 yx) described above
by (50); this holds since I(X;Y |T,U) < I(X;Y|U).
However, this is only partially correct, since noting that
R"(Wyzvx) € R'(Wyzuvx) and that R'(Wy 2z |vx) =
R(Wy z|ux) (as shown in Appendix C), one directly obtains
that R"(Wy z | ux) € R(Wy z|ux)- Thus, the regions are all
identical: R(Wy z|vx) = R'(Wyz|ux) = R'(Wyz|ux).

R"(Wyz|rux,Prux) (50)

D. Separation Principle for the Asymmetric Two-User System

Itcan be veri ed thatthe condition (tHg(S), 7Ho(L|S)) €
R(Wy z|ux) of Theorem 3 can be achieved by separate source
and channel coding. The separate coding system of rate 7
(source symbol/channel symbol) (we refer to it by the tandem
coding system) is depicted in Figs. 4 and 5 (with 7 and =,
being identity mappings).

The encoder f, is composed of two source encoders
fon : LT = {1,2,..., M} and g5, : S™ — {1,2,..., M}
with private source coding rate 1%1 #logQ M; and
common source coding rate R, % log, M and a
channel encoder {1,2,...,M;} x {1,2,...,M;} — X™.
Similarly, the encoder g¢,, is composed of a source encoder

R' Wy z|rux, Prux) 2 {(Rl’RZ) "Ry < I(T,

"Ry + Ry <min{I(U, X;Y),I(T,U; Z) + I(X;Y | T,U)}

b

U;7)

Ry + Ry <min{I(U, X;Y),I(T,U; Z)+ I(X;Y |T,U)}

R”(WYZ|TUX7PTUX) = (R1,R2): Ry < I(T

U Z)

Ry <I(X;Y|U)
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Decoder ¢n
e Y Uit N -
| (ﬂ'f(J))ﬂ'g(z)) € {1727"'7M3} (.7’2) € {112;'"7M5} |
yey”" Channel x{1,2, ..., M;} e x{1,2, ..., M;} Source (s',1)eS™ x L™
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S _ _ _ _ _ _ _ _— _ _ _ _ _ —
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zeZ" | Channel | 7,() € {1,2, ..., M/} 1 |7€{1,2,.., M} Source b e s
Decoder ¥cn Mg Decoder ¥sn,
S _ _ _ _ _ _ _ = _ _ __ == )
Decoder ¢,

Fig. 5. Tandem source channel coding system decoders.

gsn 2 S™ — {1,2,..., M} with common coding rate R, and
a channel encoder g.,, : {1,2,..., M} — U™.

At the receiver side, the decoder ¢,, is composed of a channel
decoder pen @ V" — {1,2,...,M;} x {1,2,..., M}, and
a source decoder s, : {1,2,...,M;} x {1,2,...,Ms} —
ST x L™ which outputs the approximation of the source mes-
sages &' and I'. Similarly, the decoder 1, is composed of a
channel decoder ¢, : Z2* — {1,2,..., Ms}, and a source
decoder ¢, : {1,2,..., M} — 8™,

To show that the condition

(THq(S), TH(L[S5)) € R(Wyz|vx)

can be achieved by the above tandem system, we need to apply
the following two-user source and channel coding theorems (we
only state the forward parts of the theorems). Note that both of
these theorems are special case of Theorem 3.

Let (fsn, gsn, ©sn, Psn ) be asequence of source codes for CS
Qs with common source rate R, and private source rate ; as
de ned above. The probability of the overall two-user source
coding error is given by

P(R,, Ri,Qs1)
= Pr ({sosn@sn(ST”L Fon(LT™) # (ST, L")}
Ut@on(g0n(5™) # 571). (51)

Then by the two-user source coding theorem, there exists a se-
quence of source codes ( fsns Gsns @sns sn) With rates R, and
R such that P (R, RhQSL) — 0asn — oo if the rates
satisfy R, > Hq(S)and R; > Ho(L|S), ie., (R., R;) liesin
the upper-right in nite rectangle with vertex given by the point
(Ho(S), Ho(L| S)).

We next state the forward part of channel coding theorem for
the asymmetric two-user channel. Let the (common and private)
message pair (7, ) be uniformly drawn from the nite set M x
My, where M, 2 {1,2,....M,}and M; £ {1,2,..., M},
and let (fen, gens @en, Yen) be an asymmetric two-user channel
code with block length » and common and private message sets
M, and M. Let Ry = Llog, M, and R; £ L log, M; be the
common and private rates of the channel code, respectively. The
average probability of error for asymmetric two-user channel
coding is given by

PRy, Ry, Wy 7| ux)

2 Pr({oen(Y™) # (LD} {ven(2™) # T})  (52)

where (.J, I) are uniformly drawn from M, x M,. The max-
imum probability for error of asymmetric two-user channel
coding is given by

Pe(;n.,znax(R& Rl7 WYZ | UX)

= Pr ({@en(Y") # (J, 1
o Pr({ee (V") # (1)

U (en(2) £ INT =11 =) . (53)
Then there exists a sequence of channel codes

(fens Gems ens en) SUch that PS7 (R, Ri, Wy 7 ux) — 0
asn — oo if (Rs, R;) € R(Wyz ux). Furthermore, it can
be readily shown by a standard expurgation argument [6, p.
204] that P hwax(Re, R, Wy 7z vx) — 0asn — oo if
(Rs,R1) € RWyzux)-

Now by (14), the overall probability of error for the tandem
system is given by

P 2 Pr ({panlipen (V™)) # (ST, L7))
Utbenlven(2M)] # 57}).
Ey the union bound, it is easy to see that "™ is upper-bounded
y
P < Pr ({pan(gen(S™), fon (L) # (57, L)}
Uan(gan(5™) £ 573)
+ Pr ({pen(Y™) # (90n(S™), fan(L7)}
Uteen(27) # gun(57)})

= P{(Rs, Ri, Qst)
+ Z Pr (gsn(STn) =7, fsn(LTn) :’L')
(jy'i)EM,e XM

« Pr ({gam(Y") # (J,1)}

U en(27) £ Y10 = .1 =)
< P (R B, Q1) + P (7R 70, W7 %)

where P§22113x(71?s,71?1, Wy z|vx) is the maximum channel
coding probability of error with common rate 712, and private
rate 7 R;. Clearly, by combining the two-user source coding the-
orem and the asymmetric two-user channel coding theorem, if
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(THg(S), THqQ(L|S)) € R(Wyz ux), then there exist a se-
quence of source codes (fsn, gsns Psn, Psn) and a sequence of
channel codes ( fen, Gen, Pens Yen ) SUch that the overall tandem
system probability of error PM™ L 0asn — oo Therefore,
separation of source and channel coding is optimal from the
point of view of reliable transmissibility.

E. The Upper Bound to £y

In [8], Csiszkr also established an upper bound for the JSCC
error exponent for the point-to-point discrete memoryless
source channel system in terms of the source and channel error
exponents by a simple type counting argument. He shows that
the JSCC error exponent is always less than the in mum of the
sum of the source and channel error exponent, even though the
channel error exponent is only partially known for high rates.
This conceptual bound cannot currently be computed as the
channel error exponent is not yet fully known for all achievable
coding rates, but it directly implies that any upper bound for the
channel error exponent yields a corresponding upper bound for
the JSCC error exponent. For the asymmetric two-user channel,
a similar bound can be shown.

Definition 2: The asymmetric two-user channel coding error
exponent E(Ry, R2, Wy z ux), forany Ry > 0 and Ry >
0, is de ned by the supremum of the set of all numbers £
for which there exists a sequence of asymmetric channel codes
(fens Gens @ens en) With block length n, the common rate no
less than Ry, and the private rate no less than R», such that

E.< hmmf—— logy P (Ry, R, Wy zux)-

n— o0

(54)

Denote the probabilities of Y- and Z-error of the channel
coding by

P (Ry, Bi, Wy ux)
2 Pr({pen(Y™) # (4, 1)})

1 n
~ 9Rit+Ra Z Z Wff&(ylu; z) (55)
M XM yipen (@) #(,1)
and
Péz)c(RS7 Ri,Wyz ux)
= Pr({¢cn(Z") #J})
2R1+Rz Z Z W( x(z|u.z) (56)

M XMy z:pep, (2)#7

where £ 2 f.,,(j,i) and u= g.,,(j). Clearly, for any sequence of
channel codes (fen,Gens PensVen)s P (")(R1 Ry, Wy 7 ux)
must be larger than )(,e)c(RhRQ?WYWY) and

PéZi(Rl,RQ,WZWX)) but less than the sum of the
two, so we have

1
liminf —— log2 P( )(R17 Ry, Wy 7z ux)
n

n—oo

= liminf —— log2 max (P( i) (R1, Ro, Wy ux),
n

Yec
n— oo

Pg;)c(RhR%WZWX))- (57)
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Our upper bound for the system JSCC error exponent £; (de-
ned in De nition 1) is stated as follows.

Theorem 4: Given Qsr., Wy z v x, and 7, the system JSCC
error exponent satis es

E;(QsL,Wyz|ux,T)
< zinnf [TD(Pst. || @sr) + E(THp(S),
SL

THp(L|S),Wyzux)]  (58)

where E(-,-, Wy z|yx) is the corresponding channel coding
error exponent for the asymmetric two-user channel as de ned
above in De nition 2.

Proof: First, from (10) we can write

R(:)(QSL, Wy z|ux,T)

> max U (Tsp)Pie(Tsr), i=Y,Z (59)

Psp€Prn(SXL)

where Py (Tsz) and Pz.(Tsz,) are given by (11) and (12), re-
spectively. Comparing (11) with (55), and comparing (12) with
(56), we note that Py.(Tsz) and Pz.(Tsy) can be interpreted
as the probabilities of Y-error and Z-error of the asymmetric
two-user channel coding with (common and private) message
sets Tz, since (s,1) are uniformly distributed on Tgsy,. For
any Psp, € Prn(S x L), let Ps and Prs be the marginal and
conditional distributions induced by Psy. Recall that for each
selg = —I]—Ps

—H_L|5(3) 2 —H_PL\S(S) = {l : (371) € TSL}

and that T s(8) is the same set for all s € T 5. Hence, we can
write T sz, by the product of two sets Tsy, = Tsx Ty 5(8). Set-
ting By = Llog, |Ts|and Ry = Llog,|T.s(s)], it follows
that, by the de nition of asymmetric two-user channel coding
error exponent and (57)

1
lim inf - log, m}z}x P;e(Tsz)

n—o0

< E(liminf Ry, hmlnf Ry, Wy 159,

n—oo

—E(THP(S),THP(L|S)./Wyz‘UX) (60)

for any sequence of JSC codes (f.,¥n,¥n), recalling from
Lemma 1 that
and

(tn + 1)—ISH£|2nTHp(L\S) < |Trs(8)] < onTHp(L|S)

According to (16), we write

lim inf —— log2

n— o0

"(Qsr, Wyzux,T)
P)(’Z)(QSL-/ WY|X7 T)v

Pg;)(QSLy Wz x, T))

1
< liminf ——log, max max QgTLn)
n

n—oo 1=Y,Z Ps,€Prn(SXL)
(Tsr)Pie(Tsr)

1
= liminf —— log, max (
n

n—o00
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= liminf min
n—oo Pgr€P,,(SXL) N

T P(T
( SL)iIil%)é ze( SL)

MR Rl | T 082 05 (Tor)

1
- log, i@%}é P;.(Tgsr)|. (61)
By Lemma 1, for any Ps, € Prn(S x £)
1 (rn)
——1 T
. 08y Qsr, (Tsr)
1
< D(Pst || @sr) + [S]I£]—-log,(1 + 7n)
which implies

. 1 T™n
hmsup—g log, Q7" (Tsz) <7D(Psr, || Qsz).  (62)

n—oo

Now assume that

inf D(P E(rHp(S),
PsL€17I:’1(S><£)[T ( SL “ QSL)+ (T P( )

THP(L | 5)7 Wy | UX)]

is nite (the upper bound is trivial if it is in nity) and the
in mum actually becomes a minimum. Let the minimum be
achieved by distribution P5; € P(S x L), then there must
exists a sequence of types { Psr. € P-,(S x £)};2,,. such that
Psp — P&, uniformly.3 It then follows from (61) (62) that

1
lim inf —— log, Pe(n) Qs Wyz|ux,T)
T—00 n

o 1 (7n)
< liminf —Elogz SL (—I]—PSL)

n—oo
1 1 3 ( )
n 082 1111)%)2 e Ps1,

< TD(Psy, || Qse) + E(THp-(S),
THP*(L|S)7WYZ\UX)- (63)

Since the above bound holds for any sequence of JSC codes, we

complete the Proof of Theorem 4. O

V. APPLICATIONS TO CS-AMAC AND CS-ABC SYSTEMS

As pointed out in the Introduction, our results obtained in the
previous section can be directly applied to the CS-AMAC and
CS-ABC source channel systems.

A. CS-AMAC System

Setting |Z| = 1 and removing the decoder ,,, the two-user
asymmetric channel Wy 7|y x reduces to an AMAC Wy |y x.
Since the CS-AMAC system is a special case of the two-user
system, the quantities de ned before, including the system

(overall) probability of error, the system JSCC error exponent,
3The sequence  sr, n o2 .., here denotes a sequence for
o o o , where , is the smallest integer such that , is also

an integer.
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and the channel error exponent still hold for the CS-AMAC
system. Note that there is only one decoder, so we do not have
the Z-error probability (nor exponent) here. The rst union in
(48) can be removed since the largest region is given by | 7| = 1.
Infact, forany T — (U, X) = Y, I(T,U, X;Y) = I(U, X;Y)
and I(X;Y |T,U) < I(X;Y |U). Thus, Theorem 3 reduces
to the same JSCC theorem established in [4] for the CS-AMAC
system. Choosing the auxiliary alphabet | 7| = 1, we specialize
Theorems 2 and 4 to the following corollary.

Corollary 1: Given Qsr, Wy |y x, and 7, the system JSCC
error exponent satis es

Ey(QsL, Wy ux,T)
> nPlin['rD(PSL | Qsr) + E.(THp(S),
SL

THp(L|S), Wy |ux)] (64)
and
E;(QsL, Wy |ux,T)
< Inf[rD(Pse || Qse) + E(rHp(S),
THp(L|S), Wy |ux)] (65)

where E(THp(S),7Hp(L|S), Wy |ux) is the channel error
exponent of the AMAC Wy- | yx de ned in (54) with |Z]| = 1,
and

E.(Ry, B2, Wy |ux) = 1}_}3XEY(R17R27WY\LTX7PUX)
UXxX

(66)
where Ey(Ry, Ry, Wy |ux, Pux) is de ned in (17) with
|T| = 1.

It has been shown in [2] that for any R; > 0 and Ry > 0, the
channel exponent for AMAC Wy |y x satis es

E(Ry, Ry, Wy z|x) < Ep(Ry, Ro, Wy |yx)
where

Eg(R1, Ry, Wy | yx)
£ minD(Vy|UX I WY|UX|PUX)

max

67
Pyx€P(UXX) (67)

where the minimum is taken over Vy- |y x € P(YV |U x X) such
that

Ipy vy ox (U X3Y) < Ry + Ry
or

IPUXVY |ux (X;Y | U) < Rs.

As a consequence, we obtain that

E;(Qst, Wy ux,T)
< Inf[rD(Psi || Qsi) + Esp(THp(S),
SL

THp(L|S), Wy |ux)]- (68)

In Section VI, we investigate the evaluation of lower bound
(64) and upper bound (68) when the AMAC has a symmetric
distribution.
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B. CS-ABC System

Setting |U/| = 1 and removing the encoder g,,, the two-user
asymmetric channel Wy z |y x reduces to an ABC Wy 7 x.
The quantities de ned before, including the probabilities of
error at Y-decoder and Z-decoder, the achievable error ex-
ponent pair, system (overall) probability of error, the system
JSCC error exponent, and the channel error exponent still hold
for the CS-ABC system. Given an arbitrary and nite auxiliary
alphabet 7, we augment the channel Wy 7 x to Wy zrx
by introducingan RV T € 7 suchthat T — X — (Y Z).
Similarly, the marginal distributions of the augmented channel
are denoted by Wy | rx and Wy 7 x . We then specialize Theo-
rems 2 4 to the following corollaries.

Given Wyz x, R(Wyzux)
R(Wy z|x) given by

R(Wyz x) = U U

TH|T|<|X|+1 Prx eP(T xX)

of (48) reduces to

R(Wy zjrx, Prx)

(69)
where

R(Wy zirx, Prx)
Ri+ Ry < I(T,X;Y) = I(X:Y)
= (Rl,Rz): Ry <I(T;Z)
Ry < I(X;Y |T)

where the mutual informations are taken under the joint distri-
bution Prxy z = PrxWy 7| x. We remark that the closure of
R(Wy 7| x), denoted by R(Wy | x ), is the capacity region of
the ABC Wy z| x [21].

Corollary 2: (JSCC Theorem for CS-ABC system) Given
Qsr, Wyz| x,and 7 > 0, the following statements hold.

1) The sources Qgy can be transmitted over the ABC
Wy z| x with Pe(n) —0asn — o if

(THQ(S), THo(L]5)) € R(Wyz| x)-

2) Conversely, if the sources Qs can be transmitted over

the ABC Wy | x with an arbitrarily small probability of
error P asn — oo, then (rHq(S), 7Ho(L|S)) €

R(Wyz|x)-

_ Corollary 3: Givenan arbitrary and nite alphabet 7, for any
Prx € P(T x X), the following exponent pair is universally
achievable:

Erv(Qst, Wy zirx, Prx,T)
2 IIQin[TD(PSL | Qsz) + Ey(THp(S),
SL
THp(L|S), Wy |7x. Prx)] (70)
and
E;z(Qst, Wy zjrx, Prx,T)

é IIT}in[TD(PSL || QSL) + EZ(THP(S)v
SL

THp(L|S), Wz rx, Prx)]  (71)
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where FEy and Ez are de ned in (17) and (18) by setting
lU| = 1. Furthermore, given Qsr., Wy z| x, and 7, the system
JSCC error exponent satis es

E;(Qsp,Wyz|x,T)
> IIIjliIl[TD(PSL | Qsr.) + E(THp(S),
SL

THp(L|S), Wy 7| x)] (72)
and
E;(Qsn,Wyz|x,7)
< inf[rD(Psy || @sz) + E(THp(S),
THp(L|S),Wyz|x)] (73)

where ET(Rl, Ry, Wy 5 | X) is given by ET(Rl, Ro, Wy 5 | UX)
in (35) with /| = 1, and E(R1, R, Wy z| x) is the channel
error exponent for the ABC Wy 2| x.

VI. EVALUATION OF THE BOUNDS FOR E:
CS OVER SYMMETRIC AMAC

We established the lower and upper bounds for the JSCC
error exponent of the asymmetric two-user JSCC system.
However, we are not able to simplify these bounds for general
two-user JSCC systems (not even for general CS-AMAC and
CS-ABC systems) into computable parametric forms as we
did for the point-to-point systems [29], [30]. In the following,
we only address a special case of CS-AMAC systems where
the channel admits a symmetric transition probability distri-
bution. We rst introduce the parametric forms of functions
E. (R, Ry, Wy yx) and E,,(R1, Ra, Wy |yx) de ned in
(66) and (67), respectively. For any R, Ro > 0, rewrite

By (Ry, R2, Wy | ux, Pux)
= min {E1(1) (Rl + RQ./ Wy |UX > PUX)

E®(Ry, Wy | yx, PUX)}
where
EMD(R, Wy | yx, Prx)

2 min [D(Vy|UX | WY|UX|PUX)
Vy lux

+ Iy xvy jox (U, X3Y) = RIY] (74)
and
E® (R, Wy yx, Prx)
2 min [D(Vy|ux || Wy jux|Pux)
Vy | ux
. + |IPU,\'VY\UX(X;Y|U) _R|+]' (75)
Also, rewrite

Egp(Rl,RQ, Wy | UX) = Ill)la,XEgp(Rl,R27 Wy |UX PU)()
U X

where

Eop(Ry, Ro, Wy ux, Pux)
= min {ES))(Rl + Ry, Wy [ UX?PUX)

?

E@(Ry, Wy | yx, PUX)}
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where

EQ) (R, Wy |ux. Pux)
= Vmin (D ux | Wy jux|Pux) :
Y|UX
IPUXVy‘Ux(U7X;Y) < R) (76)
and
E§12)) (R, Wy ux, Pux)
(D(Vyux | Wy jux|Pux) :

A .
IPUXVy |UX (X;Y | U) < R) . (77)

min
Vy jux

Note that E{") and E(? (respectively, E{) and E{?)) are the
random-coding (respectively, sphere-packing) type exponents
expressed in terms of constrained Kullback Leibler divergences
and mutual informations [10]. In fact, it has been shown in [2]
that

ES)(R, Wy px, Pux) = Iélgg[Ei(P, Wy vx, Pux) — pR],

i=1,2
where
Ei(p1, Wy |ux, Pux)
£ —logy Y > Pux(u,x)
yeY \(u,z)EUXX
1+p1
x Wy ux(ylu, z) v (78)
and
Ey(p2, Wy jux, Pux)
= —log, Z Py (u) Z (Z Px u(zlu)
u€eU yeY \zeX
14p2
X WYUX(y|’U,,.T)W> . (79)

Analogously to [10, Lemma 5.4, Corollary 5.4, p. 168], we can
prove the following results; some of them has been proved in [2].
Lemma 4: Leti = 1,2. Eﬁi)(R, Wy |vx, Prx) coincides
with ES) (R, Wy |ux, Pox) if R > RY(Wy ux, Pux)
where
; OF;(p, Wy »Pux
RE}«)(WY\UX7PUX) = (o, Wy jux )

dp

p=1

and is a straight-line tangent on Eg’o)(R, Wy vx, Prx)
with slope -1 if R < REQ(WYWX,PUX), ie.,
Eﬁ”(R, Wy |ux,Pux) is given in the expression at the
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bottom of the page. Furthermore, Eﬁi)(R, Wy |vx, Prx) has
the parametric form

EX(R, Wy vx, Pux) = max [Ei(p, Wy |ux, Pux) — pR]

0<p<1
where El(p, Wy [UX> PUX) and EQ(/}, Wy |[UX > PUX) are
given in (78) and (79), respectively.

Therefore, we can write the functions £, (R, Ro, Wy |yx)
in (66) and K., (R1, Ry, Wy |y x) in (67) as follows.

E.(Ry, Ry, Wy |ux)

= max min max [Ei(p, Wy ux,Pux) — piRs]  (80)
and
Ey(Ry, Ry, Wy |yx)
= max min max[FE;(p;, Wy |vx, Pux) — /)]:?,i] (81)

Pyx i=1,2 p>0

where Rl = Ry + Ry and }?2 = R». Since it is in general
hard to nd the optimizing solution Py x for £, and £, above,
we next con ne our attention to multiple-access channels with
some symmetric distributions.

Definition 3 [2]: We say that the multiple-access channel
Wy vx is U-symmetric if for every v € U the transition ma-
trix Wy | yx (- | u, -) is symmetric in the sense that the rows (re-
spectively, columns) are permutations of each other. An X -sym-
metric multiple-access channel is de ned similarly. We then
say that Wy |y x is symmetric if it is both U-symmetric and
X -symmetric.

It follows that the multiple-access channel with additive noise
is symmetric (e.g., see the example below), where a multiple-
access channel Wy |y x with (modulo B) additive noise { Pr :
F} is described as

Yi=U;®X; @ F; (mod B)

whereY; € V, X; € X, U; € U, and F; € F are the channel s
output, two input and noise symbols at time 4 such that ) =
U=x=F=1{0,1,2,...,B — 1}, and F; is independent of
X;and U;, i =1,2,...,n.

It is shown in [2] that if the multiple-access channel
Wy vx is U-symmetric, then the outer maximum of (80)
and (81) is achieved by a joint distribution of the form
Pyx(u,z) = Py(u)/|X| for every z and . It then follows
that for the symmetric multiple-access channel, the maximum
of (80) and (81) is achieved by a uniform joint distribution

Phiyv(u,z) = ——
Ll\( ) ) |U||X|
which is independent of p. Substituting P}, - in (80) and (81)
yields

E.(Ri, Ry, Wy |ux) = 112%112 Orélggl[Ei(m Wy vx) — pRi
(82)

B (R, Wy wux,Pox), ifR> Rg?)(WYwX,PUX)
ED (R, Wy |ux, Pux) = { ES) (RS’?(Wy,UX,PUX),WYlUX,PUX) + RO (Wy | px, Pux) — R,

if0 < R< R (Wy |ux, Pux).

Authorized licensed use limited to: Queens University. Downloaded on April 1, 2009 at 00:03 from IEEE Xplore. Restrictions apply.



ZHONG et al.: ERROR EXPONENTS FOR ASYMMETRIC TWO-USER DISCRETE MEMORYLESS SOURCE-CHANNEL CODING SYSTEMS

and

Es(Ry, Ry, Wy |yx) = min max[f] (0, Wy ux) — pR;]

i=1,2 p>0
(83)
where Rl = R; + Rz, fgg = Ry
E1(p, Wy ux) = (14 p)logy (||| X])
1+p
_1
— log, Z Z Wy ux (ylu, 2) ™
yeY \(u,z)EUXX
and
Ea(p, Wy jux) = (1 + p)log, | X| + log, [U|
1+p
— log, Z (Z Wy ux (ylu, x)m> )
(u,y)EUXY \z€X

We also can prove the following identities using a standard op-
timization method (cf. [29]).

Lemma 5:
] D(P. = R — E.(p,
PSL:HIB%E{L):R (Psr||Qsr1) r,??é([p 1(p, Qsr)]
(84)
P S):RD(PSLHQSL) = glzaéc[pR — Eo(p,Qs1)]
(85)
where
Ea(p,Qs) = (1+p)log, Y. Qs(s,)™7
(s,l)ESXL
and
1
Eulp,Qse) = (14p)Y_ Qs(s)logs Y Qris(l]s)™7
sES lel

Note that Es;1(p, Qsz) and Esa(p, Qsr) are both concave in
p. Clearly, if the marginal distribution Qs(s) is uniform, then
(84) and (85) are equal. Using (82) we now can write (64) as

I’PI.lin[TD(PSL || QSL) + ET(THP(S),THP(L | S) Wyl UX)]
= min{min['rD(PSL || Qsr)

+ Oglpax [El(Ph Wy ux) — prrHp(S, L)]],

nI}in[TD(PSL | Qsz)
SL
+ oina)é [Ez(pQ7 Wy vx)— p2mTHp(L|S)]]}
TD(Pst || Qst)

= min{min| min
R "Psp:tHp(S,L)=R

+ Ogﬁél[ﬁﬂﬂh Wy vx) — piR]],
TD(Psy || @sL)

min| min
R "Psp:tHp(L|S)=R

i (B W) = R} (@0

1503

and, similarly, using (83) we can write (65) as

inf [TD(Psy, || @sr) + Esp(tHp(S), THp(L|S), Wy |ux)]
SL
— minfinf . D(P
mln{u}l{ [PSL:TIEI(I}S,LFR (Pst || Qsr)
+ max[E1 (p1, Wy |rx) — pLR]],
p120
TD(Psy, || Qsr)

+ max|[Ey(p2, Wy |ux) — p2RI]}
p22>0

inf] min
R PSL:THP(L ‘ S):R

(87)

Consequently, using an optimization technique based on
Fenchel duality [29] and (84) and (85), we obtain the following.

Theorem 5: Given Qsy,, asymmetric Wy |y x, and the trans-
mission rate 7, the lower bound of the JSCC error exponent
given in (64) and the upper bound given in (68) can be equiva-
lently expressed as

s’i(p7 QSL)]

min max [Ei(p, Wy ux) =7

< EJ(QSL7WY|U\' 7)

i(p, Wy ux) — TE«i(p,Qsr)]. (88)

< min max[
i=1,2 p>0

Example 1: Now consider binary CS Qs with distribution
2(1—q)
3 ?
Qsr(S

Qsr(S =

QSL(S = O/L: 1) = %7

0,L=0)=

Qsr(S =

=1,L=1)=

q
1,L=0)= =
; ) 5
1-g¢

3
where 0 < ¢ < 1/2. Then

Esl (,0> QSL)

= (14 p)log, { [(%)T + <%>_1

x log,

Consider a binary multiple-access channel Wy- | 7 x- with binary
additive noise Pr(F = 1) = €(0 < € < 1/2). That is, the
transition probabilities are given by

Y=0U=0,X=0)=1—¢
Y=1U=0,X=0)=¢
Y=0U=0X=1)=¢

Py ux(
Py ux(
Py ux(
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Fig. 6. The lower bound (solid line) and the upper bound (dash line) for the system JSCC error exponent for transmitting binary CS over the binary AMAC with

binary additive noise.

Py ux(Y =1)=1-¢

Pryox(Y =00 = 1,X =0) = ¢

Pyipx(Y =1|U=1,X=0)=1—¢
(V=0|U=1,X=1)=1—¢
Y )

=1U=1,X=1)=c

Py ux
Py ux

It follows that

Ey(p, Wy jux) = Ex(p, Wy |ux)

=p—(1+p)log, (eli_" +(1—6)1i_")~

In Fig. 6, we plot the lower and upper bounds for the JSCC
error exponent E; for different (g, ) pairs with transmission
rate ¢ = 0.25 and 0.35. As illustrated, the upper and lower
bounds coincide (this can also be proved by checking that the
two outer minima in (88) are achieved by the same 7 and that the
inner maximum in the upper bound is achieved by p < 1) for
many (g, €) pairs (e.g., when 7 = 0.25,¢q = 0.1,¢ > 0.0205,
and when 7 = 0.35,q¢ = 0.1, ¢ > 0.005 ), and hence exactly
determine the exponent.

VIl. TANDEM CODING ERROR EXPONENT FOR THE

ASYMMETRIC TWO-USER SYSTEM

A. Tandem System With Common Randomization

In Section IV-D, we showed that the reliable transmissibility
condition (1Hq(S), THg(L|S)) € R(Wy z|ux) in Theorem
3 can be achieved by a tandem coding system where separately

designed source and channel coding operations are sequentially
applied; see Figs. 4 and 5 with 7; and 7, being identity map-
pings. By separately designed we mean that the source code is
designed without the knowledge of the channel statistics and the
channel code is designed without the knowledge of the source
statistics. Note, however, that as long as the source encoder is
directly concatenated by a channel encoder (i.e., if 74 and =,
are identity mappings), the source statistics would be automat-
ically brought into the channel coding stage. Thus, the perfor-
mance of the channel code is affected by that of the source code
(since the compressed messages (indices) fed into the channel
encoders are not necessarily uniformly distributed). To statis-
tically decouple the source and channel coding operations, we
need to employ common randomization between the source and
channel coding components (e.g., [18]). This resultsina com-
plete tandem coding system with fully separate source and
channel coding operations, and for which we can establish an
expression for its error exponent in terms of the source coding
and channel coding exponents.

The tandem coding system is depicted in Figs. 4 and 5. As
in Section 1V-D, the encoder f,, is composed of two source en-
coders f,,, and g,, and one channel encoder f.,,. The difference
is that the indices ¢ = f,,(l) and j = g..(8) are separately
mapped to channel indices through permutation functions 7 :
{1,2,...,M;} — {1,2,....,.M;}and 7, : {1,2,..., M} —
{1,2,..., M}, which are usually called index assignments (r
and 7, are assumed to be known at both the transmitter and the
receiver). Furthermore, the choice of 7 (74, respectively) is as-
sumed random (independent from the source and the channel)
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