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Because diagonal matrices are especially easy to handle, we want to
pinpoint when a linear operator is represented by a diagonal matrix.

6.0 FEigenbasis

WHEN IS THE MATRIX OF A LINEAR OPERATOR DIAGONAL? To find
more tractable matrices associated to a linear operator, we focus on
bases that yield diagonal matrices.

6.0.0 Problem. Find a diagonal matrix A = [)‘ 1 0 } that is similar to

01 0 A,
the matrix A = {2 3}

Solution. Suppose that there exists an invertible matrix P such that
P 1AP=A. Let p1 and p; in Q? denote the columns of the matrix P.
Hence, we obtain

[Ap1 Ap2] =AP=PA=[p; p,] R)l )?2] = [Mip1 Aapo] -

By comparing columns, we see that p; and p, are eigenvectors for
A and the diagonal entries in A are eigenvalues of A; see [5.0.0]. By
definition [5.1.2], the characteristic polynomial of the matrix A is

pa(t) = det(t1 — A) = det[[é t—_13]]
=t(t—3)+2=1-3t+2=(t—1)(t—2),

so the eigenvalues of A are 1 and 2; see [5.1.5]. By determining the
reduced row echelon form of the relevant matrices, we find the
corresponding eigenvectors:

I—A — |:; :;:| 1o 1p—21] —(1):| = Ker(I_A) = Span [l}:“ ,

~

1
0
21-A = B _ﬂ nomen, 2 1} = Ker(2I—A):Span[B]].

Hence, we obtain

N I Ea R

and we conclude that A =~ [1 O] . O
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6.0.1 Definition. A linear operator T: V — V is diagonalizable if
there exists an ordered basis B for the vector space V such that the
associated matrix (T)% of T relative to B is diagonal.

6.0.2 Theorem (Diagonalizability criterion). A linear operator T on a
finite-dimensional K-vector space V is diagonalizable if and only if T has
dim(V) linearly independent eigenvectors.

Proof. Let n := dim(V). Choose an ordered basis B for the vector
space V and consider the matrix A := (T)%. Since similar matrices
represent the same linear operator relative to different ordered

basis [4.2.7], it is enough to show that the matrix A is diagonalizable

if and only if the matrix A has # linearly independent eigenvectors.

=: Suppose that there is an invertible matrix P and a diagonal
matrix A such that P"! AP = A or equivalently AP = PA. It
follows that, for each 1 < k < n, the matrix A times the k-th
column of P is the k-th diagonal entry of A times the k-th column
of P. By definition [5.0.0], the k-th column of P is an eigenvector of
A with eigenvalue equal to the k-th diagonal entry of A. Since P is
invertible, the characterization of invertible matrices implies that
these are n eigenvectors are linearly independent.

«: Suppose that the vectors py, p2 ..., pn are linearly independent
eigenvectors of the matrix A. The characterization of invertible
matrices establishes that the matrix P, having these eigenvectors as
its columns, is invertible. For all 1 < k < n, let the scalar A in K
be the eigenvalue associated to the eigenvector py. It follow that

P'AP=P '[Ap Ap,--- Ap,]
=P ' [A1p1 Aapa - Aupal

A0 -- 0
=P g e |0 200
0 0 - Ay
AL 0 -2 0 AL 0 -2 0
_pip |0 A 0 _ 0 Ao 0 .
0 0 - Ay 0 0 - Ay

6.0.3 Corollary (Sufficient condition for diagonalizable). Let V be a
finite-dimensional K-vector space. Any linear operator T: V. — V with
dim(V) distinct eigenvalues is diagonalizable.

Proof. The eigenvectors corresponding the distinct eigenvalues are
linearly independent [5.0.6], so the diagonalizablility criterion [6.0.2]
implies that the linear operator T is diagonalizable. O

We next demonstrate that this sufficient condition is not necessary.
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A square matrix is diagonalizable if it is
similar to a diagonal matrix.

An eigenbasis is a basis consisting of
eigenvectors. With this terminology, a
linear operator on a finite-dimensional
vector space is diagonalizable if and
only if it has an eigenbasis.

@ This condition is not necessary!
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6.0.4 Problem. Is the matrix B := diagonalizable?

—__0 O
N O OO

2
-1
0
0

[N e el

Solution. The characteristic polynomial of the matrix B is

t—1 -2 0 0

— _B) — 0 t+1 O 0
pg(t) = det(tI—B) = det 0 0 f-1 0
0 0 1 t-2

so this (4 x 4)-matrix has only 3 distinct eigenvalues. We find the
corresponding eigenvectors as follows:

-2
AT R _ 0
1I1-B = 0
L 0
[0
Rn_ 0
1I1-B = 0
L 0
[—3
B 0
2I-B = 0
L 0

Since

det

-1
1
0
0

OOPMNN OCONDN COON

SO O

R WOO mOOO P NOO

0] 10 0
ol loo1 o
ol “looo 1
3] looo o
0] (010 0
ol loo1 -1
ol “looo o
11 looo o
0] 100 0
ol lo1o o
ol “loo1 o
o looo o
0100

B 1000
detflo 010

0001

= Ker(—1I—B) = Span

= Ker(1I—B) = Span

= Ker(2I — B) = Span

“14£0,

the characterizations of determinants and invertible matrices show

that the matrix B has 4 linearly independent eigenvectors. Therefore,

the criterion for diagonalizability [6.0.2] proves that the matrix B is

diagonalizable.

O

6.0.5 Problem. Let V be the R-vector space of trigonometric polynomi-
als of degree at most 1. Is the linear operator S: V — V defined, for

all fin V, by S[f] :== f(x + r/4) diagonalizable?

Solution. Let T := (1,cos(x),sin(x)) be canonical ordered basis of the

DIAGONALIZATION

= (t+1)(t-1)2(t-2),

OO ==

— =00

—oo00 Do O~

The angle sum formulae assert that

61

R-vector space V. The special values cos(7t/4) = sin(r/4) = 1/+/2

together with the angle sum formulae give

S[1] =1 = (1)g= [

OO

|

1

S[cos] = cos(x + F) = L 7

> sin(x) = (cos)y =

cos(x) —

Nis

S[sin] =sin(x+ §) = i\[ cos(x) + =

5 ﬂsin(x) = (sin)gy =

Sl=
N
—

sin(0+¢) = sin(6) cos(¢)+sin(¢) cos(0),
cos(0+¢) = cos () cos(¢)—sin(¢) sin(6).
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1 |v2 00
Since (S)7 = 7 0 1 1|, the characteristic polynomial of S is
0 -11 (=1 0 0
. 7 0 t—L -1
pg(t) = det((t idy —S)5) = det V2 V2
1 1

I GEORS)
(t—1)<t—%(1+i)) (t—%(l—i)).

Since dim (V) = 3 and there are 3 distinct eigenvalues, we conclude

that the linear operator S is diagonalizable [6.0.3]. O

Exercises

6.0.6 Problem. Determine which of the following statements are true.
If a statement is false, then provide a counterexample.
i. The identity and zero operators on any finite-dimensional vector
space are both diagonalizable.
ii. Every linear operator on a finite-dimensional vector space is
diagonalizable.
iii. A linear operator is diagonalizable if and only if its underlying
vector space has a basis consisting of eigenvectors.
iv. A linear operator is diagonalizable if and only if the number
distinct eigenvalues equals the dimension of the vector space.
v. When a linear operator is diagonalizable, the associated matrix
relative to any ordered basis is diagonal.

6.0.7 Problem. Consider the linear operator T: R[t]<x — R[t]<2
defined, for all p in R[t]<p, by T[p] :== (1 —t2)p" (t) —tp'(t) + 2 p(t).
Show that T is diagonalizable and find an eigenbasis.

6.1 Eigenspaces

How DO WE FIND A LARGEST POSSIBLE COLLECTION OF LINEARLY
INDEPENDENT EIGENVECTORS? Motivated by our diagonalizability
criterion [6.0.2], we seek a maximal set of linearly independent
eigenvectors for a given linear operator. To accomplish this task, we
introduce the linear subspace associated to an eigenvalue.

6.1.0 Definition. For any scalar A, the A-eigenspace of linear operator
is the span of all eigenvectors with eigenvalue A. The dimension of
the A-eigenspace called the geometric multiplicity of A.

6.1.1 Problem. Find a basis for the 2-eigenspace of A =

NN
[R Y
o N O

Solution. Since
-21 -6 -21 -6 1
2I-A= |21 —6| ~ 00 0 = Ker(2I—A) =Span||2
—-21 -6 00 O 0

_ o\ O
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When the scalar A is not a eigenvalue,
the A-eigenspace is the zero linear
subspace and its geometric multiplicity
is 0.

|
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so[1 2 0]Tand [0 6 1] are a basis for the 2-eigenspace. O

6.1.2 Lemma. Each vector in the A-eigenspace of a linear operator is either
an eigenvector of the linear operator with eigenvalue A or the zero vector.

Proof. 1t suffices to prove that any nonzero linear combination of
eigenvectors with eigenvalue A is also an eigenvector with eigen-
value A. Suppose that v and w are eigenvectors of a linear operator
T: V — V both with eigenvalue A. For any scalars c and d, we have
Tlcv+dw] = cTw]|+dT[w] = Aco+dw). When cv +dw # 0,
this linear combination is an eigenvector with eigenvalue A. O

The next proposition establishes that choosing a basis for each
eigenspace produces a linearly independent set of eigenvectors.

6.1.3 Proposition. For any linear operator on a finite-dimensional vector
space, the union of any bases for its eigenspaces is linearly independent.

Proof. Let V be an finite-dimensional K-vector space. Consider the
distinct eigenvalues A, Ay, ..., A, of a linear operator T: V — V. For
each 1 < j < ¢, choose an ordered basis Bj = (vj,1,vj,2, . ..,v]',dj) for
the Aj-eigenspace of T. By definition, the eigenvalue A; has geometric
multiplicity d;. It suffices to prove that the union

14

U Bj = {771,1,771,2/--~,U1,d1,vz,1,?72,2,---,vz,dzf ceny vé,lrvé,Z/'“/vE,dg}
j=1
is a linearly independent set of vectors. Suppose that, forall 1 <j < ¢
and all 1 <k < dj, there are scalars cjx inK such that

4
Z Cj,k vj,k =0.

Setwj = szzlcj,kvj,k forall < j< ¢ sow+wy+---+wy=0.
Since the vector wj lies in the Aj-eigenspace of the linear operator T,
Lemma 6.1.2 establishes that wj is either an eigenvector of T with
eigenvalue /\]- or the zero vector. Since the Aq, Ay,..., A, are distinct,
the corresponding eigenvectors are linearly independent [5.0.6].
Hence, the equation wy + wy + - - - + wy = 0 implies that, for all
1<j<{ wehave0 =w; =¢j1vj1+¢jpvja+ -+ Cid; Vjd;- For
all1 <j < ¢, wededuce thatcj; =¢jp =+ = jd; = 0 because the
set B; is linearly independent. We conclude that the union Uf’:l Bjis
also linearly independent. O

Although Proposition 6.1.3 creates sets of linearly independent
eigenvectors, these collections can be small.
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6.1.4 Problem. Fix a positive integer n and a scalar A. Compute the
geometric and algebraic multiplicity for the unique eigenvalue of the

(n x n)-matrix A100---00
0OA10---00
j— 004100

0000--A1
0000--0A

Solution. Since the determinant of a triangular matrix is the product
of the entries on its diagonal, we have

t—A -1 0 0
0 t—A -1 0

0
0
0 0 t—A —1--- 0

O OO

py(t) = det : . C ==,
0 0 0 0 ---t—A -1
0 0 0 0 - 0 f—A

so A is the only eigenvalue and it has algebraic multiplicity n. Since

0-10 0 -0 0 010000
00 10 -0 0 0010--00
R R L HE R R
00 0 0--0-1 (000001
00 0 0 -0 0 0000--00

and Ker(AI —J) = Span(e; ), the geometric multiplicity of A is 1. O

Geometric and algebraic multiplicity are related by an inequality.

6.1.5 Proposition (Multiplicity inequality). For any linear operator on a
finite-dimensional vector space, the geometric multiplicity of an eigenvalue
is less than or equal to the algebraic multiplicity of the same eigenvalue.

Proof. Fix a positive integer n. Let V be an n-dimensional K-vector
space. Consider a linear operator T: V — V and a scalar A in K.
Choose an ordered basis (v, vy, ...,v4) for the A-eigenspace of the
linear operator T. Extend this list of linearly independent vectors to
an ordered basis B = (v1,v2,...,04,0411,9442,---,0n) of V. For all
1<k <d, wehave T[vg] = Aoy for all d + 1 < k < n, there are scalars
a1k, A2 ), - - -, Ay such that T[og] = ay v +agpvp + -+ - + a4, vy It
follows that

t=A 0 0--- 0 —A1441  —01d+2 —a1,p
0 t=A0--- 0 —M4+1  —A2442 —ao,n
‘ . : R : : . :
(t ldV —T)3 = 0 0 0---t—A —a44+1 —A44+2 - —O442p
0 0 0--- 0 t—agi1411 —Aay1d+2 ** —Ad41n
| O 0O 0--- 0 —py 441 —lpdi2 o b= |

so det((t idy —T)3) = (t — A)?q(t) where q is a polynomial of degree
n — d. Therefore, the algebraic multiplicity of A is at least d. O

COPYRIGHT © 2022 BY GREGORY G. SMITH

Remarkably, the eigenvalue of the
matrix J has the maximal possible
algebraic multiplicity and the minimal
possible geometric multiplicity.
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Exercises

6.1.6 Problem. Determine which of the following statements are true.
If a statement is false, then provide a counterexample.
i. The 1-eigenspace of the identity operator on a vector space V is
always equal to V.
ii. Every vector v in the A-eigenspace of a linear operator T satisfies
the equation T[v] = A v.
iii. The geometric multiplicity of a scalar A in K is positive if and
only if A is an eigenvalue.
iv. When the algebraic multiplicity of an eigenvalue is 1, its geomet-
ric multiplicity must also be 1.

6.1.7 Problem. Let V denote the R-vector space of trigonometric
polynomials having degree at most 1. Consider the linear operator
J: V= V defined, for all f in V, by (J[f])(x) == [y f(x —t) dt. Show
that | is diagonalizable and find an eigenbasis.

6.2 Diagonalizability

How DO WE CHARACTERIZE DIAGONALIZABLE LINEAR OPERATORS?
By consolidating our knowledge about eigenbases and eigenspaces,
we completely describe diagonalizable linear operators.

6.2.0 Theorem (Characterization of diagonalizable operators). Let V be

a finite-dimensional K-vector space. For any linear operator T: V. — V, the

following are equivalent:

a. the linear operator T is diagonalizable,

b. the union of any bases for the eigenspaces of T contains dim (V') vectors,

c. the sum of the algebraic multiplicities of all eigenvalues equals dim V
and, for each eigenvalue, the algebraic and geometric multiplicities are
equal.

Proof. Setn := dim V and let the scalars A1, Ay, ..., Ay in K denote
the distinct eigenvalues of the linear operator T. For all 1 < k < ¥,
we write d and my for the geometric and algebraic multiplicity of A
respectively.

a = b: The diagonalizability criterion [6.0.2] implies that the linear
operator T has # linearly independent eigenvectors. If d} of these
eigenvectors correspond to the eigenvalue Ay forall 1 < k < ¢,
then any basis for the Ai-eigenspace contains at least d; vectors.
Hence, the union of the bases of the eigenspaces contains at least n
vectors. Since the Proposition 6.1.3 shows that this union is linearly
independent, the union contains at most n vectors.

b= c: Supposethatn = dy +dy+---+dyp. Foralll < k < ¢,
the characteristic polynomial p(t) is divisible by (t — Ax)™ and
the degree of p(t) is n. It follows that m; +mp +--- +my < n
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and (my —dy) + (my —dp) + --- + (my —dy) < 0. Since the
geometric multiplicity of a eigenvalue is at most its algebraic
multiplicity [6.1.5], we have my —dy > Oforall1 < k < £. We
deduce that my =di foralll1 <k < fand my +mp +--- +my = n.
¢ = a: The characteristic polynomial is a product of linear factors
if and only if my + my 4 - -+ +my = n. Under the additional
hypothesis that dy = my for all 1 < k < /, the linear operator T has
dy+dy+---+dy =my+my+ -+ my = n linearly independent
eigenvectors [6.1.3]. Thus, the diagonalizability criterion [6.0.2]
shows that the linear operator T is diagonalizable. O

6.2.1 Problem. Let T: R[x]<» — R[x]<; be the linear operator defined,
for all p in R[x]<, by

T[p] == g/ll(l +4(x+t) +5(x% 4+ 17) — 15222 p(t) dt .

Show that T is diagonalizable, find an eigenbasis, and describe T~!.

Solution. Fix the monomial basis M := (1, x, x?) for R[x]<,. Since

1 t=1
T[1] = g/ 1H4(x+1)+5(x2+12) 152242 dt = %[t+4xt+2t2+5x2t+%t3—5x2t3} =243,
-1 f=—
1 t=1
Tlx] =2 | t4+4xt+42 45214582 1528 dt = 3 | L2420t 4 23 4 3212 - 244 - L2t =1,
8/ 4 8|2 3t T2 1 4 A

1 t=1
Tx?] =3 / 1+ 4xt? +485 452712 45t — 1574 dt = %[%t3+%xt3+t4+%x2t3+t5—3x2t5}t = 1+x—x2,
1 -

. Hence, the characteristic polynomial is

=

t—2 -1 -1
pr(t) =det|| -3 + -1

] = (t+1)((t—2)t—3) = (t+1)*(t - 3).

0 0 t+1
Since _ _ _
-3 -1 -1 311
(—id+T)MN=|-3 -1 -1 ~|000| = Ker(—id+T)=Span(3x —1,3x> - 1),
| 0 0 0] [000
1 -1 1] [1 =10
GBid+T)M=1{-3 3 -1| ~|0 01| = Ker(3id—T)=Span(x+1),
0 0 4 [0 00
we see that € := (3x —1,3x?> — 1,x + 1) forms an eigenbasis,
-1 00 -1 00
(M&=1] 0 -10|, and (THé=1] 0 -1 0.
0 03 0 o1l

When f == ¢1(3x — 1) + c2(3x? — 1) + c3(x + 1), it follows that
T[f] = —c1(3x —1) — c2(3x* — 1) + (3)ca(x + 1)
T Uf] = —c1(Bx — 1) —a(8x* = 1) + (3)ea(x +1). O



COPYRIGHT © 2022 BY GREGORY G. SMITH DIAGONALIZATION

6.2.2 Problem. Fix two positive integers m and n such that m < n.
Let A be an (m x n)-matrix and let B be an (n X m)-matrix. Prove the
(n x n)-matrix B A has the same eigenvalues with the same algebraic
multiplicity as the (m x m)-matrix A B together with an additional

n —m eigenvalues equal to 0.

Solution. Consider the following two block-matrix identities:

S B R R AR TIAR R

Since the matrix LI) ‘ﬂ is invertible, it follows that

1Al ' [aBo][rA] _[o o

01 B 0/]|01I B BA
Since the eigenvalues of these similar matrices are the same, the
assertion follows. O

Exercises

6.2.3 Problem. Determine which of the following statements are true.
If a statement is false, then provide a counterexample.
i. A linear operator over a complex vector space is diagonalizable.
ii. A linear operator is diagonalizable if and only if the algebraic
multiplicity of each eigenvalue equals its geometric multiplicity.
iii. A linear operator over a complex vector space is diagonalizable
if and only if the algebraic and geometric multiplicity are equal
for each eigenvalue.

6.2.4 Problem. Find all values of k for which the matrix A :=

[N
e
ko

is diagonalizable.
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