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Abstract

Let G be a graph with adjacency matrix A and let F be a field. An F-matrix
@ is a support matrix of G if A = [Q # O], the zero-nonzero pattern of Q.

If G has an invertible skew-symmetric support F-matrix S, the S-dual
G® of G is defined as the graph with adjacency matrix [S™! # O]. An
analogous adjacency matrix dual, G* has been examined in the literature
for those bipartite graphs G' with unique perfect matchings for which A1 is
sign-similar to an adjacency matrix. For such graphs G, the +-dual is a an
example of an S-dual, that is, GT = G for some choice of S.

If G is a graph with a perfect matching, the matchings dual of G is the
graph G* on the same vertex set but with vertices ¢, j adjacent in G* if and
only if G — i — j has a perfect matching. Though G may depend on S, it is
always a subgraph of G* and is equal to G* for some choice of S with integer
entries.

For a large class of graphs, the corona graphs, it turns out that G* = G
whenever G is defined.
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1. Introduction

Throughout, G denotes a simple graph on n vertices with edge set E(G),
vertex set V(@) and adjacency matrix A = A(G) = [a;;] where a;; = 1 if
ij € E(G) and a;; = 0 otherwise. In most cases, V(G) = [n] = {1,2,...,n}.

A support F-matriz of G is an n x n matrix S with entries from some
field F such that entry s; ; # 0 if and only if 5 is an edge of G. Equivalently,
an F-matrix S is a support matrix of G if A(G) = [S#0)], the {0, 1}-matrix
whose 1’s mark the nonzero entries of S. A skew-symmetric support F-matrix
is referred to more briefly as a skew-support F-matriz. A skew-support [F-
matrix S of a graph G is often chosen to have entries from {0,1,—1}. In
that case, S is called a skew-adjacency F-matrixz of G.

If S is an invertible skew-support F-matrix of G, define the S-dual of G
to be the graph G° on the same vertex set [n] with i,j adjacent in G if
(S71);; # 0. The following simple lemma justifies the use of the word dual
in S-dual.

Lemma 1.1. If S is an invertible skew-support F-matrix of a simple graph
G, then G° is a simple graph, S™' is an invertible skew-support F-matriz of

GS, and (G55 = G.

In some of the literature, the adjacency matrix A = A(G) (with F = Q,
the field of rationals) is used to define a dual of a graph G. There, when
A is invertible, the A-dual G4 of G is defined as the graph with adjacency
matrix [A7! # O] . But A~ may have nonzero diagonal entries so G need
not be a simple graph. One way this difficulty with the adjacency matrix is
avoided is by restricting G to be bipartite [9]. For, if G is a bipartite graph,
the vertices of G may be ordered so that the adjacency matrix has the form

O B
A= { 0B } |
The matrix B is called the biadjacency matrixz associated with A. If A is
invertible, then B is invertible and

A= {B(fl (Bg_l } |

Thus, if an adjacency matrix A of a bipartite graph is invertible, then A~}
has zero diagonal and G4 is simple (and bipartite).
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However, a special skew-adjacency Q-matrix could just as well be used
in place of A. For if (G is bipartite with an invertible adjacency matrix A as
above, and

~ O B _ O —(B")!

S:A:[_BT O}’ then S™' = Bl (O) . (1)
For this special choice S = Aofa skew-adjacency matrix of a bipartite graph
G with an invertible adjacency matrix A, we have [A™'£0] = [S~'#£0], so

G4 = G°. Thus we have the following lemma.

Lemma 1.2. Suppose that G is a bipartite graph with an invertible adjacency
matriz A. Then G4 = G® where S = A is the special skew-adjacency matriz
obtained from A as in (1). Thus, in this case, the adjacency matriz dual G4
of G 1s an example of an S-dual of G.

There are results in the literature for classes of bipartite graphs G for
which A~! exists and more closely resembles an adjacency matrix of G4 in
some way. For example, if GG is an h-graph, that is, if G is bipartite and has a
unique perfect matching, then det A = +1, and A~! is a symmetric support
Q-matrix of G4 with integral entries. Kirkland and Tifenbach [9] characterize
the h-graphs G for which A~! is sign-similar to the adjacency matrix of G*;
that is, for which A= = D[A™! = 0]D7 for some diagonal {#1}-matrix D.
They first define the +-dual G* to be G# but, later in their paper, they take
G to be the isomorphic copy of G# obtained by interchanging the vertices
on the unique perfect matching in G.

Let Sp(G) denote the set of all invertible skew-support F-matrices of a
graph G. If G is a graph for which Sg(G) # 0 and S € Sp(G), then S™! is
skew-symmetric and therefore, by definition, we always have S~ € Sp(G*)
without any further restriction on G. In many of the classes of examples
where G is defined, we shall see that for all invertible skew-adjacency IF-
matrices S of G, S~! is an invertible skew-adjacency F-matrix of G° and G*°
is isomorphic to G.

Because of the comments in the previous paragraph, skew-symmetric sup-
port matrices will be used exclusively here.

If G has a perfect matching and charF # 2 (so 1 # —1 in ), then
Sr(G) # 0, even if the adjacency matrix A is singular. In fact, Sp(G) contains
an invertible skew-adjacency F-matrix (Lemma 2.3).



The matchings dual (or, more briefly, the x-dual of G) is determined
combinatorially from G without using matrix inverses; vertices i, j € [n] are
adjacent in G* if and only if G — i — j has a perfect matching (Definition
2.1, Theorem 2.4). In general, different S € Sp(G) may yield different S-
duals, but all G° are subgraphs of the matchings dual G*. Thus, the zero-
nonzero patterns [S™! # O] of the inverses of the matrices S in Sp(G) are all
subordinate to A(G*), the adjacency matrix of the x-dual of G.

If G has a perfect matching, and F O Q, the field of rationals, the match-
ings dual G* turns out to be an example of an S-dual G°; in fact, there is
an S € Sp(G) with integer entries such that G5 = G* (Lemma 2.3). Often
an S-dual G° of G differs little from its matchings dual G*, and may be
determined quickly (See, e.g., 2.1). In fact, there are families of graphs G
for which G = G* for all S € S(G) (Lemma 2.7, Corollary 2.8). For graphs
G in such families, the zero-nonzero patterns [S~! # 0] of the inverses of the
matrices S in Sp(G) # () are identical. If G is a bipartite corona graph, then
the adjacency dual G7 is defined and is isomorphic to G*.

The matchings dual is nonempty for every graph G with a perfect match-
ing and is of interest in its own right. Its properties are developed in Section
3. In particular, it is shown there that if G has a perfect matching M, the
idempotent bijection oy : V(C(G)) — V(C(G)) that switches the end ver-
tices of the edges of M is a homomorphism from G into G*. It then follows
that if G has a perfect matching, then G is a spanning subgraph of G** and
that G is *-self dual (G = G*) if and only if G = G**. Graphs G with per-
fect matchings that are *-self dual are of particular interest because they are
precisely the graphs for which (G*)™" = (G*)* whenever G5 = G*. They
are examined in Section 4.

2. Pfaffians of skew-support F-matrices and the matchings dual

In this section, we employ a result for pfaffians used by Tutte [10] in his
characterization of graphs with perfect matchings to determine when a graph
G has an invertible skew-adjacency F-matrix and to expose a connection
between the S-dual G and the matchings in G.

A matching in G on k vertices is a set M = {iis, i3iq,..., 0k 10} Of
vertex disjoint edges in G. A matching M in G is perfect if each vertex in GG
is in some edge of M. Let M(G) denote the set of all perfect matchings in
G. Of course, M(G) is empty if G has odd order.



If G is a simple graph with vertex set V = [n] = {1,2,...,n} and edge
set E(G), the generic skew-support matrix of G over F is the n x n skew-
symmetric matrix X (G) = X = [z; ;] where the entries x; ; with i < j and
ij € E(G) are independent indeterminates over F and where z;; = 0 if
ij & E(G).

If X is a generic skew-support matrix of G over F, then the pfaffian of
X, pf X, is defined by the rule

pEX = > wt(Xy), (2)
MeM(G)

where M(G) denotes the set of all perfect matchings
M = {iria, dgia, ... in—1in}

in G and where wt(Xy) is equal to the product [Ty ;. yenr @iyi;.0 multi-
plied by the sign of the permutation that takes (1,2,...,n) to (i1, d2,...,1,).
Because X is skew-symmetric, wt(X,s) is not affected by the order of the
edges in M or the order chosen for the vertices of each edge. If n is odd, or
if n is even and M(G) is empty, we take pf X = 0.

It is well-known (see, e.g., [3, p.318]) that
det X = (pf X)% (3)

Because the entries of X are independent indeterminates, det X = (pf X)? #
0 if and only if G has a perfect matching (see also [3, pp. 317-323]). Thus,
X is invertible if and only if G' has a perfect matching.

Of course, the pfaffian, pf S, of a skew-support F-matrix S of a graph
G of order n is defined by setting z; ; = s;; in pf X where X is the generic
skew-support matrix of G over F. Thus, if S is an invertible skew-support
F-matrix of G, then det S is a nonzero square in F. Also, if det S # 0 then G
must have a perfect matching. However, even if G has a perfect matching, it
is possible that det S = 0 because of cancellation in pf .S.

The following lemma is an immediate consequence of the definition of
the pfaffian. Recall that a skew-adjacency F-matrix of G is a skew-support
F-matrix S of G with entries from {0, 1, —1}, so wt(Sy) € {1, —1} for each
M e M(G).

Lemma 2.1. 1. If some skew-support F-matriz of G is invertible, then G
has a perfect matching.



2. If G has a unique perfect matching, then all skew-support F-matrices
of G are invertible.

3. If the number m(G) = |[IM(G)| of perfect matchings in G is odd, and
char[F € {0,2} or charF > m(G), then all skew-adjacency F-matrices of G
are 1nvertible.

If M is an invertible matrix of order n with entries from I, Jacobi’s
identity (see, e.g., [3, pp.301,320]) implies that

(det M) det M(i,7) = det ((adj M)][i, j]) (4)

where M (i, 7) denotes the principal (n—2) x (n—2) submatrix of M obtained
by deleting rows i and j and columns ¢ and j, and (adj M)[i, j] denotes the
principal 2 x 2 submatrix of its adjugate obtained by selecting rows ¢ and j
and columns 7 and j.

Lemma 2.2. Let G be a graph with an invertible skew-support F-matriz S.
Then vertices i,j are adjacent in G° if and only if det S(i, j) # 0.

PROOF. Jacobi’s identity (4) implies that C7; = det S(i, j) det S where C; ; =
(det S)(S71),; is the 4,5 cofactor of S. Thus, (S7');; # 0 if and only if
det S(7,7) # 0.

Lemma 2.3. Let G be a simple graph. Then:

1. If charF # 2, then some skew-adjacency F-matriz of G is invertible
(Sr(G) # 0) if and only if G has a perfect matching.

2. If charF = 2, then G has a unique skew-adjacency matriz and it s
wnvertible if and only if the number of perfect matchings in G is odd.

PRrOOF. 1. The necessity has already been observed in Lemma 2.1.
Suppose then that GG has a perfect matching, M. Let m be the number of
edges in G. Then m > |M|. We use induction on m to prove that Sp(G) # 0.
If m = | M|, then M is equal to E(G) and every skew-adjacency matrix of G
is invertible. Suppose then that m > | M| and that the result is true for every
subgraph of GG that contains M and has m — 1 edges. Let kl be an edge of G
not in M and let G = G — ki be the subgraph of G obtained by deleting the
edge kl. By the inductive assumption, GG has an invertible skew-adjacency
matrix S. Let S be the skew-symmetric matrix with s; ; = 5, ; when 75 # ki
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and with s;; = z, where z is an indeterminate. It is straightforward to verify
that det S = 22 det S(k, 1) — 22Cy, det S + det S where Cj,,; denotes the (k,1)
cofactor of S. If 6k,l # 0, then det S # 0 for some choice of x = £1. If
ék,, = 0, then det S = 2% det §(k3, [) + det S where, by Jacobi’s identity (4),
det S(k, 1) = 0 since (adj S)[k, 1] is a zero matrix. Thus, in each case, z may
be chosen so that S is an invertible skew-adjacency F-matrix for G.

2. If charF = 2, then 1 = —1 in F, so the adjacency matrix A of G is
the only skew-adjacency F-matrix of G. By (2), A is nonsingular in F if and
only if the number of perfect matchings in G is odd.

Remark 2.1. Suppose that charF = 2 and G is a graph of even order n.
Then the adjacency matrix A of GG is the only skew-adjacency F-matrix of
G and, by Lemma 2.3, it is invertible if and only if the number of perfect
matchings in G is odd. (Such graphs must have some vertices of odd degree,
otherwise det A = 0 (mod 2).) Equivalently, A is invertible if and only if
A = QNQ" where Q and N are invertible matrices with entries in GF(2)

and N is the direct sum of n/2 2 x 2 matrices (see, e.g., [6, p.183]

01
10
or [7, p.128]). Thus, A is nonsingular in F if and only if the vertices of G
may be labeled by vectors in a basis Q of GF(2)" (the rows of @) so that

vertices labeled with vectors u,v € Q) are adjacent in G if and only if
ULV + UgV1 + * + + + Up_ 1V + Upvy—1 =0 (mod 2). (5)

For example, if Q is the standard basis of GF(2)", then E(G) is a per-
fect matching. Also, if Q is the basis of GF(2)® consisting of the vectors
(1,0;0,0;0,0), (0,1;0,0;0,0), (1,0;1,0;1,0), (0,0;0,1;0,0), (0,0;1,0;0,0),
(0,1;0,1;0,1), then G is the graph in Figure 1.

When (2 is a spanning subset of GF(2)" that contains no zero vectors, the
graph with vertex set 2 and adjacency defined by (5) is called a symplectic
graph on Q [6, p.183].

It follows from Remark 2.1 that a graph G of order n has an odd number
of perfect matchings if and only if it is isomorphic to a symplectic graph on
a set € that is a basis of GF(2)".

Definition 2.1. Let G be a graph of order n. If n > 3, let G* (respectively,
G7) be the graph on the same vertex set, but with vertices 4, j adjacent if
G — i — j has a perfect matching (respectively, a unique perfect matching).

Ifn<2 let G =G% =G.



(0,1;0,0;0,0) (1,0;1,0;1,0) (0,0;0,1;0,0)

|

)
(1,0;0,0;0,00  (0,1;0,1;0,1)  (0,0;1,0;0,0)

Figure 1: A symplectic graph on a basis of GF(2)S.

We call G* the matchings dual (or, more briefly, the x-dual) of G. Clearly,
G* is empty (has no edges) if n is odd or if G has 3 or more connected
components with no perfect matching. Also, the skew-support matrices S of
G are all singular in these cases, so S(G) = 0.

If G and H are graphs, we write H C G if H is a subgraph of GG; that is,
if V(H) C V(G) and E(G) C E(H). If H is a subgraph of G obtained by
deleting a proper subset U of V(G), we say that H is an induced subgraph
of G and write H = G — U. A subgraph H of G is said to be a spanning
subgraph if V(H) = V(G).

The next theorem traps the skew-duals G° between G* and G*. Recall
that Sp(G) denotes the set of all invertible skew-support F-matrices of G.
Thus, if S € Sp(G), then G must have a perfect matching.

Theorem 2.4. If S € Sp(G), then G¥ C G° C G*.

PRrROOF. Let S € Sp(G) and let 4,5 € [n]. Then S(i,7) is a skew-support
matrix of G —1¢ — j, the induced subgraph of GG obtained by deleting vertices
1 and j.

If ij € E(G%), then (pfS(i,7))? = detS(i,j) # 0 by Lemma 2.2, so
G — i — j has a perfect matching and ij € E(G*). Thus, G° C G*.

If ij € F(G*) then G—i—j has a unique perfect matching, so det S(i, j) =
(pf S(i,7))? # 0 and ij € E(G®) by Lemma 2.2. Thus, G# C G*.

As the following example shows, sometimes G* and G# differ very little
and the skew-duals G° can be determined quickly.

Example 2.1. (A graph G and its S-duals.)



Figure 2 shows two different S-duals for a graph G. The skew-support
matrices used are the skew-adjacency Q-matrices S determined by the ori-
entations shown on the two copies of G. (Take s;; =1if i — j in G.) Since
G has a unique perfect matching, both matrices are invertible. Note that
G — i — j has two perfect matchings when {7, 5} = {1,6}, and at most one
perfect matching for all other vertex pairs {i,j}. It is then straightforward
to check that G is the fourth graph in the diagram and that G* is the sec-
ond. Using the definition of pfaffian, we see that det S(1,6) = 4 for the first
orientation and det S(1,6) = 0 for the second. Thus, by Lemma 2.2, {1,6}
is an edge of G° in the first case, but not in the second. Thus, G° = G* in
the first case while G° = G# in the second. Because G* and G# differ by
only one edge, Theorem 2.4 implies that they are the only possible S-duals
of G for any field F for which Sp(G) # 0.

G S GS=G* G S GS=G*
3 4 3 4 3 4 3%4
2 5 2 5 ZHS 2 5
1 6 1 6 1 6 1 6

Figure 2: A graph G and its S-duals G*.

Theorem 2.4 motivates the following definition.

Definition 2.2. A skew-support F-matrix S of a graph G is a x-support
F-matriz of G if S is invertible and G = G*.

The advantage of a #-support matrix S of G is that G° has a simple
graphical interpretation: G° = G*.

Let Sf(G) denote the set of all x-support F-matrices of G. Thus, Si(G) =
{S € S8(G) | G% =G*}. By Lemma 2.2, if S € Sg(G) then S € S§;(G) if and
only if S(i,7) # 0 whenever G — i — j has a perfect matching.

Lemma 2.5. If G has a perfect matching and X is the generic skew-support
matriz of G over F, then GX = G*.



PROOF. If7,j € [n], then X (i, ) is a generic skew-support matrix of G—i—j.
Also, because X (i, 7) is generic, det X (i, j) = (pf X (4,7))? # 0 if and only if
G — i — j has a perfect matching [3, p.317-323]. Thus, G* = G* by Lemma
2.2 and Definition 2.1.

The following corollary implies that if G has a perfect matching and
F O Q, then S(G) # 0. This implies that G* is itself an S-dual if G has a
perfect matching.

Corollary 2.6. If G has a perfect matching and charF = 0, then G has a
x-support F-matriz with integer entries.

Proor. It follows from Lemma 2.5 that if G is a graph with a perfect match-
ing, then X = X(G) is invertible and the zero-nonzero pattern of X ! is equal
to the adjacency matrix of G*:

(X1 # 0] = A(G"). (6)

Since the polynomial (det X) [],;cp(g) Ci,j(X) is nonzero for some choice
of rational entries (see, e.g., [2, Lem. 2.1]), it follows that the system of
conditions (6) has a solution X = S with rational entries and therefore a
solution with integer entries.

Recall that a skew-adjacency matrix has entries from {0, 1, —1}.

Problem 1. Which graphs with perfect matchings have a skew-adjacency
@Q-matrix that is a *-support matrix?

The following lemma provides graphs for which Sp(G) = Si(G). The
proof is an immediate consequence of Theorem 2.4.

Lemma 2.7. Suppose Sp(G) # 0, and G — i — j has at most one perfect
matching for each pairi, j of vertices in G. Then G* = G for all S € Sg(G);
that is, Sp(G) = Sp(G).

An odd-cycle graph is a graph with no even cycles. Of course, a graph

with no odd cycles (an even-cycle graph) is a bipartite graph. A graph is a
forest if it is both an odd-cycle and an even-cycle graph.
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Corollary 2.8. If G is an odd-cycle graph with a perfect matching and F is
any field, then all skew-support F-matrices of G are invertible and G* = G°
for all S € S(G).

Proor. If G is an odd-cycle graph, then no induced subgraph of G' could
have two perfect matchings because their symmetric difference would contain
an even cycle. Thus, G has only one perfect matching, so every skew-support
matrix is invertible. Also G — i — j has at most one perfect matching for all
1,7, and Lemma 2.7 applies.

The matchings dual G* of an odd-cycle graph G with a perfect matching
need not be an odd-cycle graph. For example, P is a tree, and therefore an
odd-cycle graph, but B} (the first graph in Figure 2) has an even cycle.

The following lemma characterizes the graphs G with x-support matrices
whose inverses are also *-support matrices.

Lemma 2.9. If S is a x-support matriz for a graph G, then S~ is a *-
support matriz for G* if and only if G = G**.

Note that the graph G in Figure 2 is isomorphic to its matchings dual,
G = G*. We say that a graph G is x-self-dual if G = G*. In Section 3, we
shall see that if G has a perfect matching, then G C G** and that equality
holds if and only if G is *-self-dual.

It then follows from Lemma 2.9 that the x-self-dual graphs are precisely
those graphs whose x-support matrices have inverses that are also x-support
matrices. The important class of *-self-dual graphs is examined in Section 4.

3. Properties of the matchings dual

Every graph G has a matchings dual G*. However, if G has odd order, then
G* has no edges. So, when determining G*, we only consider graphs G of
even order. If we restrict our attention to connected graphs with connected
x-duals, we shall see that the graphs and their x-duals must have perfect
matchings.

Example 3.1. (The matchings duals of some common graphs)

1. The nonempty graphs of order 4 and their *-duals are shown in Figure
3. All but two of the graphs there are x-self-dual. The remaining two graphs
satisfy G** = G.
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Figure 3: The 10 nonempty graphs G on 4 vertices and their matchings-duals, G*.

2. The complete bipartite graph K, ,, is *-self-dual if and only if m = n.
The complete graph K, is *-self-dual if and only if n is even. Also, the join
K, V K,, of a complete graph with an empty graph of the same order, is
x-self-dual.

3. If P, is a path with n = 2m vertices u; — vy —us — vy — -+ - — Uy, — Uy,
then it follows from Def. 2.1 that u;, is adjacent to v; in P} if and only if ¢ < j
(see also [1, 9]). In particular, P, and Py are x-self-dual, but P§ consists of a
4-cycle u; — vg — uy — v3 — uy with pendant edges uv; and vsus (see Figure
4).

4. If C, is an even cycle, n = 2k say, then C) = K}, the complete
bipartite graph with k vertices in each vertex part. If n and m are odd, then
the vertex disjoint sums C,+C,,, and K,+K,, both have *-dual Kym- Ifn=
2k and m = 2l are even, then (C,+Cp,)* = K x+K;; while (K,+K,,)* =
K,+K,,.

A subgraph H of G is said to be nice [8, p.125] if G — V(H) (the induced
subgraph of G obtained by deleting the vertices of H) has a perfect matching.

Let M (G) be the set of all those edges in G that are in perfect matchings
of G. Let Aut(G) denote the set of all automorphisms of G. The following
properties of the matchings dual follow directly from Definition 2.1 and hold
for all graphs, whether or not they have perfect matchings.

Lemma 3.1. The following properties hold for all graphs G of even order.

1. If G is bipartite, then G* is bipartite and the two graphs share a common
vertex bipartition.

2. If H 1s a spanning subgraph of G or a nice subgraph of G, then G* O H*.

E(G)NE(G*) = M(G).

4. G is x-self-dual if and only if there is a bijection o : V(G) — V(G)
such that G — o(i) — a(j) contains a perfect matching of G if and only
if 17 is an edge of G.

©w

12



5. Aut(G) C Aut(G*).

Lemma 3.1(3) implies that if G has a perfect matching, then G* has a
perfect matching as well. The following lemma implies a partial converse: in
the special case that GG is connected, if G* has a perfect matching then G
must have a perfect matching.

Lemma 3.2. Let G be a connected graph of order n > 2. If G* has no
isolated vertices, then G has a perfect matching.

PROOF. Let D(G) denote the set of all vertices in G which are not covered
by at least one maximum matching. Because G* has no isolated vertices,
for each vertex i in G there is a vertex ¢’ in G such that G — i — i’ has a
perfect matching, M, say. Suppose that G' has no perfect matching. Then
the matchings M, are maximum. Thus n is even and D(G) = V(G). But,
by the Gallai-Edmonds Structure Theorem [8, p.94], the components of the
subgraph of G induced by D(G) all have odd order. Thus the components
of G have odd order. But G is connected, so G has odd order. This is a
contradiction so G must have a perfect matching.

Let M be a matching in G. An path in G is M-alternating if it edges are
alternately in M and E(G)\M. An M-augmenting path is an M-alternating
path whose end vertices are not incident to edges in M. A theorem of Berge
asserts that a matching M in G has the maximum possible number of edges
if and only if G has no M-augmenting path (see, e.g., [11]).

Lemma 3.3. Let G be a graph with a perfect matching.

1. If either ij € M(G) or if there is some perfect matching M in G for
which there is an M-alternating (i, j)-path in G whose end edges are in M,
then ij € E(G").

2. Ifij € E(G*), then either ij € M(G) or for each perfect matching M
in G there is an M-alternating (i, j)-path in G whose end edges are in M.

PROOF. Let G' =G — i — 5.

1. Suppose that M is a perfect matching in G and P is an (i, j)-path in
G whose end edges are in M. Then P’ = P — i — j is an M-alternating path
in G whose end edges are not in M. The edges of M in GG’ that are not on
P’ together with the edges of P’ that are not in M form a perfect matching
in G'. Thus ij € G*.
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2. Suppose that ij € G*. Then G’ = G — i — j has a perfect matching.
Since GG has a perfect matching, each component of G has even order, so i
and 7 must be in the same component of G. If ij is in some perfect matching
of G, then ij € E(G*) by Lemma 3.1(3). Suppose then that G — ¢ — j has
a perfect matching and that 77 is in no perfect matching of G. Let M be a
perfect matching in G. Since ij is not in M, there are edges ¢’ and jj’ in
G that are in M. Let M’ be the restriction of M to G'. Then M’ covers all
of the vertices of G — ¢ — j except for ¢ and j’. Because G’ has a perfect
matching, M’ is not a maximum matching in G'. Thus G’ must contain an
M'-augmenting path P’. Because the end edges of P’ are not in M’ and 4’
and j’ are the only vertices of G’ that are not covered by M’, the path P’
must be an (7', j')-path in G’. Appending the edges i7’ and jj’ to the ends of
P’ yields an M-alternating path P in G whose end edges are in M.

Note that if a graph G has a perfect matching M, and H is a subgraph
of G that has a perfect matching contained in M, then H is nice and so
G* D H*.

If G has a perfect matching M, let oy : V(G) — V(G) be the bijection
that switches the ends of the edges in M. Thus, op(z) = 2’ where xa'
is the edge of M that is incident to x. Property 1 in the following lemma
asserts that oy is a homomorphism from G to G*. Because o), is a bijection,
property 1 also implies that G is isomorphic to a subgraph of G*.

Lemma 3.4. The following properties hold for a graph G with a perfect
matching M and associated bijection oy on V(G).

1. If zy € E(Q), then oy (x)on(y) € E(G*). Thus |E(G)| < |E(GY)|.
G 1s x-self-dual if and only if oy is an isomorphism from G to G*.
G C G**. Moreover, G = G* if and only if G is x-self-dual, G = G*.
If G is connected, then G has a spanning tree containing M.

G* is connected if and only if G is connected.

U W

Proor. If n =2, then G = K, and properties 1-5 follow immediately since
K3 = K, by Definition 2.1. Suppose then that n > 4.

1. lf vy € M then oy (2)om(y) =2’y =2y € M C E(G*). lf xy € E(G)
and zy € M, then 2’ —x —y — ¢ is a nice P, in G, so G* D P}. But 2’y is
an edge of P; so 2’y = op(x)on(y) is an edge of G*.

If zy is a 2-subset of V(G), let op(zy) := op(z)op(y). Then property 1
asserts that oy (FE(G)) C E(G*).
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2. The necessity is immediate. Suppose then that G = G*. Then
|E(G)| = |E(G*)|. Because oy determines a 1-1 correspondence on the
2-subsets of V(G), it follows from (1) that oy (E(G)) = E(G*) and that o is
an isomorphism from G to G*.

3. Because M is also a perfect matching in G*, oy (E(G*)) C E(G*)
by property 1. Thus E(G) = 0%,(E(GQ)) C o (E(G*)) C E(G*), s0o G is a
subgraph of G**. Moreover, if G = G, then equality holds throughout and
on(E(G)) = E(G*). Since oy is injective on E(G), it follows that o is an
isomorphism from G to G*. Conversely, if G is isomorphic to G*, then G*
must be isomorphic to G**, so G must be isomorphic to (and therefore equal
to) G**.

4. Of all the connected spanning subgraphs of G that contain M, let T
be one with the fewest edges. Then T can contain no cycles because a cycle
in T" would contain an edge not in M and deleting that cycle edge would
yield a spanning connected subgraph containing M but with one less edge.
Thus T is a tree.

5. Suppose that G* is connected. If G is not connected, each of its
components must have an even number of vertices since G has a perfect
matching. But then vertices ¢, j in distinct components Gy, G; of G could
never be adjacent in G*, since G —i and G;—j do not have perfect matchings.
But then G is not connected, a contradiction. Thus, if G* is connected, then
G is connected.

Suppose G is connected. By property 2, G has a spanning tree T' with
the same perfect matching M. By Lemma 3.1(2), G* O T™* so it is sufficient
to show that 7™ is connected. We argue by induction on the order n of T,
n even. If n = 2, T* = T. Suppose now that n > 4 and that the result
holds for trees of even order less than n that have perfect matchings. Let
uv be an edge in T' that is not in M, let T' — uv be the subgraph obtained
by deleting the edge uv (but not the vertices u,v) and let T, and T, be the
two components of T' — uv containing u and v respectively. Then T, and
T, have perfect matchings contained in M and, because uv &€ M, there are
vertices v’ in T, and v' in T, with edges uu’ and vv’ in M. The path P, with
u —u—wv—2is also a tree with a perfect matching in M. By Lemma 3.1(2)
and the strong inductive assumption, the duals of these three nice trees are
connected subgraphs of 7. Thus T™* is connected.

Corollary 3.5. If G is a connected graph with a perfect matching, then G**
is *-self-dual for some k.
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PROOF. By Lemma 3.4(1), |E(G**)| = |E(G**+1)| for some (smallest k),
and so G** is *-self-dual by Lemma 3.4(3).

4. =x-self-dual graphs

If G has isolated vertices, then it is straightforward to check that G is *-
self-dual only if it is empty or if it is one of Ky+K,, P34+ K (the first two
graphs in Figure 3). Thus, in searching for %-self-dual graphs, it is sufficient
to restrict attention to those with no isolated vertices. The following lemma
shows that attention may be further restricted to connected graphs with
perfect matchings.

Lemma 4.1. If G has no isolated vertices, then G is x-self-dual if and only
if each of its connected components is x-self-dual and has a perfect matching.

PROOF. Let G = G+ ---+Gy where the G;, i € [k] are the connected
components of GG. Since G has no isolated vertices, each component G; of GG
has two or more vertices.

Suppose that each component G; is *-self-dual and has a perfect matching,
M; say. Then each G; has even order and is a nice subgraph of G, so G* =
G5+ - - +G;. Because each G is *-self-dual, each G} = o,;(G;) by Lemma
3.4(2). Thus G* = oy, (G1)+ -+ - +ou, (Gr) = ou(G), where M = UF_| M, is
a perfect matching in G. Therefore G* = G.

Suppose now that GG has no isolated vertices and G* = G. Then G* has
no isolated vertices. If £k = 1, then G; = G is *-self-dual and has a perfect
matching by Lemma 3.2. So we may assume that & > 2.

Let H = G1+---+Gj_1. Suppose that G}, has no perfect matching. Then
no two vertices in V(H) are adjacent in G*. But G* has no isolated vertices,
so each vertex w in V(H) is adjacent in G* to some vertex in V' (Gy). Thus,
H — u has a perfect matching for each u € V(H). Therefore H has only one
component, H = G, and G = G, +G5 where G; and G5 have odd order, and
(GG1—u has a perfect matching for all vertices u in G;. Since (G; has odd order,
it has no perfect matching, and the argument above implies that Gy — v has
a perfect matching for all vertices v in Go. Thus, G = G1+Gy = (G1+Gy)*
is complete bipartite, a contradiction. Thus Gy has a perfect matching. By
reordering the components of G, it follows that each component GG; of G has
a perfect matching, M; say. But then, as seen earlier, G* = Gi+--- +G}
and M = UF_, M; is a perfect matching in G. Then G* = o),(G) by Lemma
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3.4(2) and so G5+ - +G; = G* = oy (G) = oar, (G1)+ - - - +ou, (Gr), where
o, (Gi) C G for each i € [k]. Therefore G = o(G;) for each i € [k]. Thus
each component of GG is *-self-dual.

Example 4.1. (The *-self-dual connected graphs of order n < 6.)

The single vertex graph K is the only *-self-dual connected graph of odd
order.

The only connected graph of order 2 is K5 and it is *-self-dual.

From Figure 3, we see that there are precisely five connected x-self-dual
graphs on 4 vertices (the last five graphs in the figure).

Figure 4 shows the connected *x-self-dual graphs G on 6 vertices. To obtain
these graphs, we first note that Lemma 3.2 implies that each such graph G
must have a perfect matching. By Corollary 3.5, iterating the dual operation
will eventually yield a *-self-dual graph containing any desired connected
graph on 6 vertices that has a perfect matching. The first 3 graphs in the
figure contain Cg (and so contain Cf = K33). The next 7 contain Cj (and
so contain G where G is the graph obtained by attaching a pendant edge
to C5) but not Cs. Those in row 4 contain Fs (and so Py) but not Cs or Cg.
This accounts for all cases containing the tree Ps. The last 4 contain Tg, the
only other spanning tree of order 6 that has a perfect matching.

The corona graph of a graph G of order n is the graph C(G) of order 2n
obtained by attaching a vertex i’ to each vertex i of G. It has been observed
(refs) that if C'(G) is bipartite then it is an h-graph and C'(G)™ exists and is
isomorphic to C(G). The following lemma implies that C(G) is *-self-dual
for every graph G and that its skew-support F-matrices are all *-support
matrices.

Lemma 4.2. If C(G) is the corona graph of a graph G, then C(G) =
C(G)* = C(G)* for all skew-support matrices S of C(G).

PROOF. Let V' = [n] be the vertices of G and for each i € V| let i = i+n be
the degree 1 vertex attached to i in C(G). Note that the set V! =V +n of
attached vertices all have degree 1 in C(G) and the set M of pendant edges
ii’,i € Vi’ € V' forms the only perfect matching in C(G).

If ,7 are in V, then i, j are not adjacent in C(G) because C'(G) —i — j
has two isolated vertices (i and j") and so could not have a perfect matching.

Ifi € V, then ¢, are adjacent in C'(G) since M \{ii'} is a perfect matching
in G—i—14'. Also, 7' is the only vertex in V' adjacent to i in C(G) because, if
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Figure 4: The connected x-self-dual graphs on 6 vertices.

j" # 1 then C(G) —i — j" has an isolated vertex, ¢, and so could not contain
a perfect matching.

Finally, if ' and j' are both in V' then ¢, j’ are adjacent in C(G) if and
only if 7,5 are adjacent in GG. This follows because a perfect matching in
G — i — 5/ must cover all the degree 1 vertices in V'\{#', '} and so all the
vertices in V\{4,j}. This leaves the vertices 7, j, and they may be covered
by an edge if and only if 4, j are adjacent in G.

Thus, the correspondence that interchanges each vertex i € V with ¢/ € V'
establishes an isomorphism between C(G) and C(G)*.

Because C'(G) has a unique perfect matching, every skew-support matrix
of G is invertible. Also, it was shown above that C(G) — u — v has at most
one perfect matching for all vertices u,v of C(G). Thus, by Lemma 2.7,
C(G)* = C(Q)" for all skew-support matrices S of C(G).

Lemma 4.3. A tree of order n > 2 is x-self-dual if and only if it contains a
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perfect matching and is the corona of a tree.

ProoF. The sufficiency follows from Lemma 4.2.

For the necessity, suppose that T' is a tree and that T' = T*. The result
is clearly true when n = 2, so we may assume that n > 3. By Lemma 3.2,
T has a perfect matching, M say. Let ¢ be an edge in M. Then at least
one of 7,7 must have degree 1 in T, otherwise, by extending ¢5 from both
ends, it would follow that 7" would contain a path Ps on 6-vertices with a
perfect matching consisting of edges of M. But then 7" D P} would contain
a 4-cycle and so T* could not be a tree. Thus T' = C(Ty) where Tj is the
subtree of T" obtained by deleting the degree 1 vertices of T'.

If G is an odd-cycle graph, then C'(G) is an odd-cycle graph and Lemma
4.2 implies that C'(G) is *-self-dual. But, unlike the result in Lemma 4.3 for
trees, there are other x-self-dual odd-cycle graphs. Let H, be the odd-cycle
graph of order n obtained from the star K ,_; on n vertices by joining pairs
of vertices of degree 1 by edges. When n is odd, H,, will consist of (n —1)/2
triangles attached at a common vertex. When n is even, H,, will consist of
(n—2)/ triangles and a single pendant edge all attached at a common vertex.
When n is even, H, has a perfect matching and one of the matching edges
will be attached to the unique vertex of degree 1.

Lemma 4.4. The graphs H,, of even order n are the only connected x-self-
dual odd-cycle graphs with perfect matchings and one pendant edge.

Proor. Using the definition of x-dual, it is straightforward to check that
H» = H, when n is even.

Suppose now that G is an odd-cycle graph with a perfect matching M and
that G = G*. If n = 2, then G = K, is *-self-dual, so we may assume that
n > 4. Let uv be an edge in M. If each end of uv has degree greater than
1, then u has a neighbor u' other than v and v has a neighbor v’ other that
u. It is necessary that ' = v, otherwise u’ and v" would each be incident to
an edge of M and G so G would contain a nice path Py on 6 vertices and so
G* D P; would contain a 4-cycle. Thus, each edge of M is either a pendant
edge of G or is on a triangle in G.

Since n > 4, some edge uv of M is an a triangle v — v — w. Then w must
be incident to an edge wx of M. The matching edge wx must be a pendant
edge, otherwise it would be in a triangle wxy and y would be incident to
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another edge yz of M and then u —v —w —x —y — x would be a nice 6-path
in G, leading to a contradiction as before. There is only one pendant edge so
all but one edge of M is on a triangle attached to the remaining (pendant)
edge in M.

5. h-graphs, +-duals, and *-duals

The first matrix that comes to mind in defining a matrix dual for a simple
graph G is the adjacency matrix A of G. As long as A™! exists and has all
diagonal entries equal to 0, [A~! # O] is an adjacency matrix and we let
G4 be the associated graph. Then A~! is a support matrix of G4 and we
have (G4)A™" = G. As observed in Lemma 1.2, if G is an h-graph then

GA = G4 where A is the special skew-adjacency matrix in (1), so we may
use a skew-adjacency matrix in place of the adjacency matrix.

Recall from Section 1 that an h-graph GG with adjacency matrix A is said
to have a +-dual if A™! is sign-similar to an adjacency matrix (necessarily
that of G4). If (as in the last half of the paper [9]) the +-dual G is taken
to be the isomorphic copy of G4 obtained by interchanging the vertices on
the unique perfect matching, it follows from Lemma 3.4 that G is a subgraph
of G*. Moreover, if G has a +-dual, then so does Gt and G = G since
(GMHA =G,

The *-dual and the +-dual agree for many h-graphs for which the 4-dual
is known to exist.

Lemma 5.1. If G is an h-graph with adjacency matriz A and G™ is defined,
then Gt = G* if and only if A is a *-support matriz for G.

PROOF. G = G4 by definition and G4 = G’f‘i by Lemma 1.2, so GT = G*
if and only if G4 = G*, that is, if and only if A is a *-support matrix of G.

Corollary 5.2. Let G be an h-graph such that G — i — j has at most one
perfect matching for all vertices i,j in G. If G is defined, then GT = G*.

PRrOOF. For then, every invertible skew support matrix for G will be a skew
x-support matrix by Lemma 2.7.

Example 5.1. 1. It is observed in [9] that if G is bipartite, then C'(G) is
an h-graph and C(G)" exists. Also, it was observed in Lemma 4.2 that
C(G) — i — j has at most one perfect matching for all vertices 7, j in C(G)
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and that C'(G) = C(G)*. Thus, by Corollary 5.2, C(G) = C(G)* = C(G)*
for all bipartite graphs G. Thus, C(G) = C(G)™", as observed in [9].

2. Tt is also observed in [9] that if T is a tree with a perfect matching,
then Tt is defined. Thus, by Corollary 5.2, TT = T* whenever T is a tree
with a perfect matching. In particular, Pf = Py .

3. There are h-graphs whose +-duals exist and differ from the *-dual. For
example, if G is the *-self-dual graph P = By in Figure 4, then GT % G*
because GT = Py = Bs while G* = G.

Question 1. Suppose that G is an h-graph satisfying the conditions of the
corollary and that A is the adjacency matrix of G. Then A~ exists and its
entries are all in {0,1, —1}. Must G™ be defined? Equivalently, must A~! be
sign-similar to a nonnegative matrix?
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