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Endomorphisms of Jacobians of Modular Curves

1. Introduction

Let Γ be a congruence group with Γ1(N) ≤ Γ ≤ Γ0(N),

XΓ = Γ\H∗ be the associated modular curve,

X = XΓ,Q its canonical model over Q,

J = JX , its Jacobian variety of dimension gX ,

E = End0
Q

(J) = EndQ(J)⊗Q, its endomorphism algebra.

Problem 1: Determine E, i.e. find explicit generators for E.

Recall: The Hecke operators (correspondences) Tn on X give rise
to a commutative subalgebra called the Hecke algebra,

T = 〈Tn : n ≥ 1〉 ⊂ E.

It contains the (semi-simple) subalgebra

T
′ = 〈Tn : n ≥ 1, (n,N) = 1〉 ⊂ T ⊂ E.

Then we have

dimQT = dim J, (Shimura)

dimQT
′ = #N (Γ), (Atkin-Lehner)

where N (Γ) ⊂ S2(Γ) denotes the set of normalized newforms
of weight 2 of all levels, i.e. if f ∈ N (Γ), then f is a normalized
newform of level Nf |N .

Note: IfN = p is prime, then by Ribet we have that T′ = T = E,
but in general these three algebras are different.
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Reason: For each pair (M,d) with Md|N , there is a degeneracy
morphism (Mazur)

BM,d : X → XM ,

where XM is the corresponding curve of level M , and these
give rise to new endomorphisms

DM,d := B∗M,1 ◦ (BM,d)∗,
tDM,d := B∗M,d ◦ (BM,1)∗ ∈ End(JX).

Theorem 1: E = 〈T′, {DM,d,
tDM,d : Md|N}〉.

Corollary: Z(E) = T′.

Thus: T′ has an intrinsic interpretation.

Remark: The above results also apply to other modular curves
such as the principal modular curve

X(N) = XΓ(N),Q,

where Γ(N) = Ker(SL2(Z) → SL2(Z/NZ)). Indeed, since
Γ(N) is conjugate to the group

Γ[N ] := βNΓ(N)β−1
N =

{
( a bc d ) : a ≡ d ≡ 1 (N), c ≡ 0 (N 2)

}
,

(where βN = ( N 0
0 1 )), we have Q-isomorphisms

X(N) ' XΓ[N ],Q and J(N) ' JXΓ[N ],Q

which are compatible which the action of the Hecke algebras.
Note, however, that Γ[N ] has level N 2, i.e.

Γ1(N 2) ≤ Γ[N ] ≤ Γ0(N).
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Problem 2: For each ε ∈ (Z/NZ)×, determine dimQTε, where

Tε =
∑

a2n≡ε(N)

QTa,n.

Here Ta,n = T (a, a)Tn, where T (a, a) = 〈a〉 denotes the dia-
mond operator. Note that by definition we have∑

ε

Tε = T′.

Theorem 2: If X = X(N), then

T
′ =
⊕
ε

Tε.

Remarks: 1) Thus, we might expect that

dimTε
?
=

1

φ(N)
dimT′ =

1

φ(N)
#N (ΓN).

This is almost true, but the presence of CM elliptic curves in
J(N) makes the actual result a bit more complicated. (See
Theorem 5 below.)

2) As we shall see, Tε also has an intrinsic interpretation in
terms of the algebra M of all modular correspondences.

3) The group Tε is closely related to the Neron-Severi group
NS(ZN,ε) of the modular diagonal quotient surface (MDQS)

ZN,ε = (X(N)×X(N))/∆ε,

where ∆ε ≤ GN×GN is a certain (twisted) diagonal subgroup
of the group GN = SL2(Z/NZ)/±1.
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2. The Degeneracy Algebra D

Recall: The algebra E acts faithfully on the Q-vector spaces

H0(J,Ω1
J) ' H0(X,Ω1

X) ' S2(Γ,Q),

where S2(Γ,Q) = space of all weight 2 cusp forms on Γ with
Q-rational Fourier expansions. Thus:

EC = E⊗ C acts faithfully on S := S2(Γ).

Aim: Study the action of suitable subalgebras of EC on S.

Basic Fact (Atkin-Lehner Theory): The isotypic decompo-
sition of S as a T′

C
-module is given by

S =
⊕

f∈N (Γ)

Sf , where Sf =
∑

d|(N/Nf )

Cf |βd.(1)

Note that f |βd(z) = f (dz) and that hence

nf := dimSf = σ0(N/Nf).

Definition: The degeneracy algebra is

D = 〈T′, {DM,d,
tDM,d : Md|N}〉 ⊂ E.

Remark: Recall from the introduction thatDM,d = B∗M,1◦(BM,d)∗
and tDM,d = B∗M,d ◦ (BM,1)∗. Since

f ′|B∗M,d = f ′|βd, if f ′ ∈ S2(ΓM) ⊂ S,

f |(BM,d)∗ = trM(f |βd), if f ∈ S = S2(Γ),

we see that

f |DM,d = trM(f |βd) and f |tDM,d = trM(f )|βd, if f ∈ S.
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Theorem 3: Each Sf is an irreducible DC-module, and every
irreducible DC-module is isomorphic to a unique Sf . Thus
Z(DC) = T

′
C

and DC = CS(T′
C

), the centralizer of T′ in
EndC(S).

Remark: There is an analogous statement for the space Sk(Γ) of
cusp forms of arbitrary weight k.

Proof (Sketch). It easy to verify that each Sf is a DC-module,
and hence the Atkin-Lehner decomposition (1) is a decompo-
sition of DC-modules.

Suppose Sf were reducible. Then Sf = V1⊕ V2 because DC is
semi-simple (being ∗-closed). Now

tr := trNf : Sf → S2(ΓNf ) ∩ Sf = Cf (by A-L theory)

is surjective, so tr(Vi) 6= 0 for some i = 1, 2 and ∃g ∈ Vi
such that tr(g) = f . Thus g|DNf ,d = f |βd, for all d|N/Nf ,
and hence Vi = Sf . This means that Sf is an irreducible
DC-module.

Thus, by Wedderburn and the Atkin-Lehner decomposition (1)
we have

DC '
∏

f∈N (Γ)

Mnf (C),

and so dimZ(DC) = #N (Γ) = dimT′
C

. Since T′
C
⊂ Z(DC),

we see that T′
C

= Z(DC). The rest of the assertions follow
easily.

Note: S has multiplicity 1 as a DC-module!
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3. The Structure of E = End0
Q

(J)

Fact (Shimura construction): Each f ∈ N (Γ) defines an
abelian subvariety (or quotient) Af/Q of J of dimension

dimAf = [Kf : Q], where Kf = Q({an(f )}).

Here the an(f )’s are the Fourier coefficients of f =
∑
an(f )qn.

Theorem 4 (Ribet) a) End0
Q

(Af) ' Kf , for all f ∈ N (Γ).

b) If f, g ∈ N (Γ), then Af ∼ Ag ⇔ f = gσ, σ ∈ GQ, where
GQ = Gal(Q/Q) denotes the absolute Galois group.

Remark: Theorem 4a) was proved in Ribet’s 1980 paper, and
part b) can be proved with similar methods (see a recent
preprint of M. Baker et al.)

Corollary: We have the isogeny relation

JX ∼
∏

f∈N (Γ)/G
Q

A
nf
f ,(2)

and hence
E '

∏
f∈N (Γ)/G

Q

Mnf (Kf).

Proof of Theorem 1: SinceD ⊂ E, we have Z(E) ⊂ CS(E) ⊂
CS(D) = T′ (Theorem 3). But by the above Corollary we have
dimZ(E) = #N (Γ) = dimT′, and so Z(E) = CS(E) = T

′.
Thus D = E by the double centralizer theorem.
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4. Examples

Example 1: X = X0(p2), p a prime.

Let η = Bp,1 : X0(p2) → X0(p) be the usual covering map
and η′ = Bp,p : X0(p2)→ X0(p) the twisted covering, and put
τ = η∗ ◦ η∗, τ ′ = (η′)∗ ◦ η′∗. Then Theorem 1 (+ a refinement)
gives

E = 〈T′, τ, Tp, tTp〉 = 〈T′, τ, τ ′〉.
Indeed, τ = Dp,1, Tp = tDp,p, and tTp = Dp,p. Moreover,

dimT′ = g0(p2)− g0(p)

dimT = g0(p2)

dimE = g0(p2) + 2g0(p)

where g0(gk) = gX0(pk) denotes the genus of the curve X0(gk).

Example 2: X = X(p), p a prime.

Let η : X(p) → X1(p) and η′ : X(p) → X1(p) be the usual
covering maps, and put τ = η∗ ◦ η∗, τ ′ = (η′)∗ ◦ η′∗. Then
Theorem 1 (+ a refinement) gives

E = 〈T′, τ, Tp, tTp〉 = 〈T′, τ, τ ′〉.

because we have τ = Dp,1, Tp = tDp,p, and tTp = Dp,p via the
isomorphism X(p) ' X [p]. Moreover,

dimT′ = g(p)− g1(p)

dimT = g(p)

dimE = g(p) + 2g1(p)

where g(p) = gX(p) and g1(p) = gX1(p).
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5. CM-forms and the Dimension of Tε

Notation: Let f, g ∈ N (Γ). If χ is a Dirichlet character with
conductor cond(χ)|N , then we write

fχ ∼ g ⇔ χ(n)an(f ) = an(g), ∀n ≥ 1, (n,N) = 1.

Definition: f ∈ N (Γ) is called a CM-form if fθ ∼ f , for some
Dirichlet character θ 6= 1.

Let N (Γ)CM ⊂ N (Γ) denote set of all CM-forms on Γ.

Remarks: 1) If fθ ∼ f , θ 6= 1, then θ2 = 1 and θ = θf is
uniquely determined by f .

2) #N (Γ)CM can be calculated explicitly in terms of class
numbers of imaginary quadratic fields. (Shimura)

3) f ∈ N (Γ)CM ⇔ Af ⊗ C ∼ Em, where E is a CM elliptic
curve. (Shimura, Ribet)

Notation: If f ∈ N (Γ), let λf : T′ → C denote its associated
character, i.e. λf is given by

f |T = λf(T )f, for all T ∈ T′.

Note that we have

λf(Ta,n) = χf(a)an(f ),(3)

where χf : (Z/NZ)× → C
× denotes the Nebentypus character

of f .
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Observation 1: If fχ ∼ g, where cond(χ)|N , then by (3) we
have

λg(T ) = χ(ε)λf(T ), for all T ∈ Tε.(4)

In particular, if f ∈ N (Γ)CM and θf(ε) 6= 1, then

λf(T ) = 0, for all T ∈ Tε.(5)

Notation: If f, g ∈ N (Γ), then we write

f ≈ g ⇔ fχ ∼ g, for some χ with cond(χ)|N.

Moreover, for ε ∈ (Z/NZ)× put

Nε(Γ) = {f ∈ N (Γ) : f /∈ N (Γ)CM or
f ∈ N (Γ)CM and θf(ε) = 1}.

Observation 2: We have

dimTε ≤ #Nε(Γ)/≈ .(6)

[Indeed, let f = {f1, . . . , fr} be a system of representatives of
Nε(Γ)/≈, and consider the map

λf : Tε → C
r

defined by λf(T ) = (λf1(T ), . . . , λfr(T )). Now λf is injective,
for if λf(T ) = 0, then by (4), (5) we have λf(T ) = 0, for all
f ∈ N (Γ), and so T = 0. This proves (6).]
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Theorem 5: We have

dimTε = #Nε(Γ)/≈ .

Remark: By Observation 2 and a reduction step, it is enough to
verify Theorem 5 for Γ = Γ(N).

Observation 3: Let Γ = Γ(N), and let χ ∈ ẐN , where ZN =
(Z/NZ)×. Then for every f ∈ N (Γ) there is a unique fχ ∈
N (Γ) such that fχ ∼ fχ.

Thus, the group ẐN acts on the sets N (Γ) and Nε(Γ), and

the equivalence classes N (Γ)/≈ are the ẐN -orbits under this
action. Therefore

#N (Γ)/≈ =
1

φ(N)

(
#N (Γ) + #N (Γ)CM

)
,

and hence (exercise!)∑
ε

#Nε(Γ)/≈ = #N (Γ).(7)

Proof of Theorems 5 and 2: We have

#N (Γ) = dimT′ ≤
∑
ε

dimTε
(6)

≤
∑
ε

Nε(Γ)/≈ (7)
= #N (Γ),

and so we must have equality throughout. Thus (6) is an
equality (Theorem 5) and the sum T

′ =
∑
Tε is a direct sum

(Theorem 2).
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6. The Algebra M of Modular Correspondences

Fact (Klein, Gierster, Hurwitz, . . . ) Each α ∈ GL+
2 (Q)

defines a modular correspondence

TΓ(α) ⊂ XΓ ×XΓ

and hence induces an endomorphism fα ∈ EndC(XΓ). We
call the Q-algebra M ⊂ End0

C
(XΓ) generated by the fα’s the

algebra of modular correspondences.

Remarks: 1) As Shimura explains in his book, the additive group
generated by the fα’s forms a ringMZ ⊂ EndC(XΓ), and hence
M = MZ ⊗Q.

2) The Hecke correspondence Tp (p any prime) is given by
Tp = fαp, where αp =

(
1 0
0 p

)
.

3) It turns out (see the example below) that

M ⊂ E′ := End0
KN

(XΓ), where KN = Q(ζN).

Thus, the group ZN ' Gal(KN/Q) induces a natural Galois
action on E′ and on M via

τa(f ) = τ̃a ◦ f ◦ τ̃−1
a , a ∈ ZN ,

where τ̃a is the lift of τa ∈ Gal(KN/Q) to J ⊗KN .

Example: Let Γ = Γ(N). Then

M = 〈T, GN〉, where GN = SL2(Z/NZ)/{±1},

viewed as acting as a group of automorphims on X(N) and
hence on J(N).
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The Galois action of ZN on M is given by

τa(T ) = T, if T ∈ T,
τa(g) = βagβ

−1

a , if g ∈ GN ,

where βa = ( a 0
0 1 ) ∈ GL2(Z/NZ).

Observation: In the above situation we have

Tg = τε(g)T, for all T ∈ Tε, g ∈ GN .(8)

Notation: Let ρ : MC := M ⊗ C → EndC(S) be the represen-
tation afforded by S = S2(Γ) (viewed as an MC-module), and
put

EndM,ε(S) = {f ∈ End(S) : fρ(x) = ρ(τε(x))f, for all x ∈M}.

Thus EndM,ε(S) = HomM
C
(S, S(τε)), where S(τε) denotes the

MC-module S with action twisted by the automorphism τε.

Theorem 6: ρ(Tε ⊗ C) = EndM,ε(S).

Proof: The relation (8) shows that ρ(Tε⊗C) ⊂ EndM,ε(S), and
so by Theorem 5 it is enough to show that EndM,ε(S) has the
right dimension. This follows from:

Theorem 7: For each f ∈ N (Γ), the space V (f ) :=
∑

g≈f Sg is
an irreducible MC-module, and so

S = ⊕f∈N (Γ)/≈ V (f )

is the MC-module decomposition of S. Moreover,

S
(τε)
f 6' Sf ⇔ f ∈ N (Γ)CM with θf(ε) 6= 1.



13

7. Application to NS(ZN,ε)

Definition: The modular diagonal quotient surface of type (N, ε)
is the quotient surface

ZN,ε/C = (X(N)/C ×X(N)/C)/∆N,ε

where ∆N,ε = {(g, τε(g)) : g ∈ ΓN} ≤ GN ×GN .

Note: ZN,ε/C has a canonical model ZN,ε over Q, even though

the automorphism group is only defined over KN = Q(ζN). In
addition, the quotient map

Ψ : X(N)×X(N) → ZN,ε

is defined over Q.

Remark: The MDQS’s have the following modular interpreta-
tion. Let

Z ′N,ε = ZN,ε \ ∪{cuspidal divisors}.

Then: Z ′N,ε is the (coarse) moduli space for the functor classi-
fying isomorphisms of mod N Galois representations of elliptic
curves, i.e.

Z ′N,ε(K) “=” {(E,E ′, ψ) : E/K,E ′/K are elliptic curves,
ψ : E[N ]

∼→ E ′[N ] is a GK-isomorphism of
determinant ε (via the Weil pairings)}/(twists).

Special Case: ε = −1 ; Hurwitz spaces

Z ′N,−1 ⊃ HN : classifies normalized genus 2 covers f : C → E
of degree N of some elliptic curve E.
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Key Open Question: If N = p > 19, is every curve C ⊂ ZN,ε
of genus ≤ 1 a modular curve, i.e. of the form C = Ta,n?

- via Lang’s Conjecture, this would have interesting Diophan-
tine consequences.

Simpler Question: Up to (algebraic) equivalence, are all the
curves/divisors on ZN,ε modular?

Notation: Let NS0(ZN,ε) = NS(ZN,ε) ⊗ Q, where NS(ZN,ε)
denotes the Neron-Severi group of ZN,ε, i.e.

NS(ZN,ε) = Div(ZN,ε)/(algebraic equivalence).

In addition, we write

NS
0
(ZN,ε) = NS0(ZN,ε)/〈cl(Ψ(P ×X)), cl(Ψ(X × P ))〉,

where X = X(N) and P ∈ X(Q), and, as above, Ψ denotes
the quotient map

Ψ : X ×X → ZN,ε.

Recall: For any curve X/K, there is a close connection between
the Neron-Severi groupNS(X×X) of the product surface and
the endomorphism ring EndK(JX) of its Jacobian JX . Indeed,
by the theory of correspondences we have an exact sequence

0 → κ→ NS(X ×X) → EndK(JX) → 0.

where κ = 〈cl(P ×X), cl(X × P )〉 (if X(K) 6= ∅).
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Proposition: We have a canonical identification

NS
0
(ZN,ε) ' End0

GN ,ε
(J(N)),

where

EndGN ,ε(J(N)) = {f ∈ End0
Q

(J(N)) : gf = fτε(g), ∀g ∈ GN}.

Corollary: For any (N, ε) we have a natural embedding

Tε−1 ⊂ NS
0
(ZN,ε)

Theorem 7: If N = p is prime, then

NS
0
(Zp,ε) ' Tε−1.

Proof (Sketch) Use Example 2 and Theorem 6.

Conclusion: Thus, up to algebraic equivalence, all divisors in
Zp,ε are modular, i.e. they are Q-linear combinations of the di-
visors Ψ(Ta,n) with a2n ≡ ε(N), together with the two curves
Ψ(P ×X) and Ψ(X × P ).

Corollary: We have

rk NS(Zp,ε) = 2 +
1

24
(p− 1)(p− 5) +

1

2

(
ε

p

)
h(p),

where

h(p) =

{
h(Q(

√
−p) if p ≡ 3(4)

0 if p ≡ 1(4)
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Proof of Theorem 7 (Details). Recall from Example 2 that

E = 〈T′, τ, τ ′〉.

Since τ, τ ′ ∈ Q[G], we see that

M = 〈E, G〉 = 〈T′, G〉.

But since T′ = Z(E), we have

fT = Tf = τε(T )f, ∀f ∈ E, T ∈ T′,

and so

EndM,ε(E) := {f ∈ E : fx = τε(x)f,∀x ∈M}
= EndG,ε(J(p))

Now it follows from Theorem 6 that

EndM,ε(E) = Tε−1,

which proves Theorem 7 (via the Proposition).


