Diagonal Quotient Surfaces
and a Question of Mazur

Introduction
Let E/K be an elliptic curve over a number field K,
N an odd prime,
PE/K N G — Aut(E[N|) ~ GLy(Z/NZ)
its associated GGalois representation modulo V.

Question: To what extent is the isogeny class of £/ K
cletermined by the isomorphism class of pg /K, N7

Note: By definition, PE/K.N = PE'/K.N <
3 G g-isomorphism ¢ : E[N] = E'[N].

Mazur (1978): 37 E and E'/Q with E « E’
such that PE/K,N =~ PE'/KN for some N > 77

Kraus-Oesterlé (1992): Yes! (for N = 7).

Frey -+ group (~ 1993): Computer search: lots of
examples for N =7, 11.

Halberstadt-Kraus (1996): 3 oo’ly many exam-
ples for N = 7.



Conjecture 1 (Frey, 1953): Ja constant Mg g s. th.
SnE(K) S {E" /K pprig N = Prjrn B 7 B}~
— gb, for N > ME,K'

Note: Faltings’ Theorem (Mordell Conjecture) =
#SN p(K) < oo forall N > 7.

Theorem 0 ([rey, 1996): For K = Q, Conjecture 1
is equivalent to the Asymptotic Fermat Conjecture:

(AFC) For every a, b, c € Z,abc # 0, the set

Fope = ng4 {(xn, yn, zn) € 73 - axr, + by = cz,

(33717 yn» Zn) — 1}

is finite.
Conjecture 2 (Darmon, 1994): 3 constant M s. th.

SN(H) = EVKSN,E([Q = ¢, YN > M.

Conjecture 3 (Darmon, 1994): 3 constant M s. th.
#SNy(K) < 00, VN > M.

Conjecture 3’: Conjecture 3 is true for M = 23.



Note: We can alternately define the set Sy (K) as
Sy(K) = {(E,E’)/K . E o E" and 3G g-isom.
Y : E[N] = E'[N|}/~ .
Definition: A G g-isomorphism 1 : E[N] = E'[N]
is called trivial if it is “induced by an isogeny of

very small degree” | 1.e. there exists a cyclic isogeny

f: E — E'with deg(f) < 27, (# 22,23,26) s. th.
v =Fk- figny), forsome k, (k,N) = 1.

Conjecture 4: The set
SV(K) = {(E, E) /i - Anon-trivial G g-isom.
Y : E[N] = E'[N]}/~ .
is finite, for all N > 23.

Remarks. 1) Clearly, Conjecture 4 = Conjecture 3’
(because Sy (K) D Sy(K)).
2) On the other hand, the set
Ty(K) = {(F, E’)/K - dtrivial G pe-isom.
Y : E[N] = E'[N|}/~ .

is always infinite!



1. Diagonal Quotient Surfaces

Given: X a (smooth, projective) curve over K
G < Aut(X) a group of auto’s of X/ K
a € Aut(G) an automorphism of G
Let: Y = X x X denote the product surface
Ao =1(g:a(9)) 1 g€ G} <G XG
— the “twisted diagonal subgroup”
Z = Zx @.q the diagonal quotient surface
o : Z — Z its desingularization
Proposition 1: The functor 2y ., defined by

2n(K) = {(E,E'\¥) ¢ : ¥: EIN] % E'[N],
det() = e}/

is (coarsely) representable by an open subscheme Z fV,S
of the diagonal quotient surface (“modular diagonal
quotient surface”)

ZN,E: = ZX,GN,OZE‘7

where X = X () is the modular curve of level NV,
Gn = SLo(Z/NZ)/{£1},

1. e 0
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Remarks. 1) Z N, may be viewed as a “degenerate

Hilbert modular surface” of discriminant A = N2.
(point of view of C'. . Hermann)

2) Just like the curves X (N), the surfaces Zy . have
canonical models defined over @, and the quotient
maps

X(N) x X(N) % Zy . 5 X(1) x X(1)
are also Q-rational (even though the elements of G
are only defined over Q({) ™).
Thus, the classification of iso.’s between the pp /K, NS
< the study of rational points on Zp .

ZNe(K)" ="TN(K) USN(K) U cuspsy -(K)

finite union of curves

Theorem 1 (C.F. Hermann; K.-Schanz): The rough
classification tyvpe of Zpy . 18 completely determined

by its geometric genus pg = py(Zy ); in particular,
its Kodaira dimension is

“(ZN,@*) = min(pg — 1,2)

Corollary: Z N 18 of general type Ve < N > 13.



2. Modular DQS’s and Conjecture 4

Need: a geometric interpretation of the condition
“2 1s induced by an isogeny” .
— Hecke correspondences Ty, on X (V)

T, ~ T, CY = X(N) x X(N)

pn/ \pnown
X(N) | X(N) ~ T = () x id) T C Y

L Xon) L By
/ N .
X(1) X(1) Thr CZ =AY
Note: T, j. is Ag-invariant < k’ne = 1 (mod N).

Proposition 2: The set Ty . has the following oco-
metric mterpretation:

Ty e(K)= U Typ(K)\ cusps(K)
9(Tnr) <1
In addition, we have
_ n < 27,n # 22,23, 26
ginp) =1 < k’ne = 1 (mod N).



Remark. Thus we have:

ZNe(K) =Ty (K)USy(K) U cusps(K)

infinite finite for N > 13

Conjecture 5: If N > 23, then every curve C' on
Z N of genus g(C') < 1 is modular,
Le. C =T, }, for some n, k.

Remark. Conj. 4 = Conj. 5

S via Lang’s Conjecture
Lang’s Conjecture: If 7 is a surface of general type
and
Lege = o gZ Ca
9(C) <1

then a) Zez e consists of finitely many curves;
b) the open variety Z \ Zeg is Mordellic.

Remark. Conjecture 5 = Lang’s Conjecture, part a)
for ZN,E-




3. Evidence for Conjecture 5

a) G -equivariant curves:

Proposition 3. If N > 23, then
a) H< Gy = g(H\X(N)) > 2.
b) Every curve C' on Zy . with g(C') <1 lifts to a
Ac-equivariant curve C on Y = X(N) x X (N):

~

C

SN
X(N) | X(N)

1o ¢ On |

YA
X(1)  X(1)

However: 4 o0’ly many Ac-equivariant curves C' on
Z N ¢ with sufficiently large genus g(C') >> 0.



b) Minimal models:

Conjecture 6: (Hermann, 1991) If N > 7, then the
minimal model Z}/ mm of Z N 1s obtained by blowing
down “known curves”

Remarks. 1) Conj. 5 = Conjecture 6 ( for N > 23).
2) Conjecture 6 < explicit formula for Py(Z")
& explicit formula for A %mm
In particular: Conject. 6 = K2 . — KQZ < 6.
(Note: Vanishing thms = K2 . — K% < f(N),
where f(N) is a quadratic polynomial in N.)

3) Conjecture 6 is a natural analogue of a Conjec-
ture of Hirzebruch for Hilbert modular surfaces; this
latter conjecture was proven by .. Hermann in
1987 in many cases. His method also yields:

Theorem 2 (Hermann) If N = 7(mod 8) and ¢ =
—1 (mod N), then Conjecture 6 is true.

Theorem 3: Conjecture 6 is true for N < 13.



