Equivariant Atkin-Lehner Theory

Introduction

Atkin-Lehner Theory:
Atkin-Lehner (1970), Miyake (1971), Li (1975):
theory of newforms (4 T-algebra action)
= a canonical basis for S..(I'1(N)) and hence also

for SL.(I'(N)).
However: The group
G =SLy(Z/NZ)

acts on the space Sp.(I'(IN)), but newforms are not
compatible with the group action!

Problem: (FEquivariant A-1L) Describe a (canonical)
basis of the G-isotypic components of Sp.(I'(V))
in terms of oldforms/newforms.

Remark: This a variant of Hecke’s Problem: con-

struct an explicit basis of the G-isotypic compo-
nents of So(I'(p)). (Hecke, 1928)



Applications: 1) Study S.(I'(IN)) as an M-module,
where

M C Endg(Si(T'(N))
is the algebra of all modular operators: M =
(T, G).
How large is MI7

2) In particular, for k = 2, how large is Ml com-

pared to E := End?@(JX<N))? [s M =E?

3) What are the Q-isogeny factors of J X( N)?
4) Calculate the rank
rank(NS(Z 1))

of the Neron Severi group of the modular diagonal

quotient surface Zp 1 = A\(X(N) x X(N)).

5) Study modular forms, particularly T ® T-eigen-
forms, on Zpy 1. (D. Carlton).

6) Computational: a canonical basis of S.(I'(N))
can be derived from one of S3.(I'(N)) and Sp.(I'1 (V)
by twisting: f — fy.



1. Fundamental Newforms

-joint work with Satva Mohit
Fix: k, N and put V = S.(I'(V)).
Recall: Atkin-Lehner Theory =
(1) V = ynew q jyold

such that: V" has a basis of T-eigenforms
Vol — (12%) L comes from lower level.

Caution: The Atkin-Lehner Theory for I'(IV) is trans-
ported from that of I'{(N?) via By (](\)[ 10)

By T(N)By =Ty = T1(N?),
where
FN:{(g’S) cl'(l):a=d=1(N),c=0(N?)}.
Thus, the A-L level for T(N) is N2, not N.
Example: N =p. k=2 =
Vo = S(I'(N)) + So(TH ().

Basic Difficulty: G = SLyo(Z/NZ) acts on V', but
(1) is not a decomposition of G-modules, due to
the following twisting phenomenon:



Twisting Phenomenon: If

f(z) =2 angy, €V, where qy = ¢

and x is a Dirichlet character mod N, then its

X-twist .
fx — ZX(n)anqN c V,

and: 1) fy is often in V™" even if f € Vo
2) twisting can be done by group clements:

— _ 1 sy nN/M.
fx = fliRy, where Ry (%) > X(n)T :
here M = cond(x),T = ((1) %), g(x) = Gauss
sum. — variant of Shimura(1973), Atkin-Li(1978)

Definition. A normalized newform f € V"V is called
fundamental if fy 1s again a newform, for all char-
acters y mod V.

2miz /N
)

Notation: a) F = {fundamental newforms},
FM=A{feF: fy=f forsome x # 1},
Vfund _ Zféf Cf C |/ new
b) For any subset S C V', let Viz(S) = G-module
oenerated by S, and write

VG—Old _ VG<vold> B VOld,
VG—neW _ (VG—old>J_ C |new



Remark: It turns out that a newform f € V is
& f is p-primitive in the sense of
, for all primes p| V.

Theorem 1: We have Veew — y/imd g4 77Gnew

)

and V& are M-modules, where M = (T, G),

and we have the M-module decomposition
V = VG—Old D VG_HGW.
Corollary. If f € F, then

Va(f) = 22 Cfy,

so Vz(f) has a basis consisting of all twists of f
and hence is an M-module. In particular, if f &

FM then |
dim Ve (f) = o(N).
Theorem 2:If f € F\ F then Vg(f) is an
M-module, and we have:

Valf) = Va(f)  Valf) =Valf) & [ = fy

Remarks: 1) Since M has an involution *, we can
define the contragedient W* of an M-module W,
and W is called symmetric if W* ~ W.

2) f € FN = Va(f)* 2 Valf)



3) For N = p, is true for an arbitrary
normalized newform f € V"% and so
we get the following multiplicity 1 decomposition:

V= valf).
feN

4) Va(f) is frequently irreducible as a G-module,
but not always. If N = p, then have a classifica-
tion. (This uses the knowledge of the irreducible

representations of G = SLo(Z/pZ.).)

Proof (of Irreducibility).

f € F = Ry acts bijectively on Vi(f)

= Va(f )| p = direct sum of irreducible, pairwise
non-isomorphic B-modules which are

U x D. [Here B = Borel subgroup, U =unipotent
subgroup, D=diagonal subgroup of G']

This decomposition is incompatible with the T-
module decomposition = irreducible.

Remark. Such induced modules were considered (for
SLy(Fy)) by , who called them fun-
damental representations. In representation the-
ory, they are also called



2. Example: V = Sy(I'(p))

Dimension Formulae:

dim V/ =g = 5:(p+2)(p = 3)(p — 5)

dim V'Y = g —2g, = 51(p = 5)(p* = 3p +8)

dim VEnew — = ~(p—1)(p*—2p—17)+b
dim Veold = g 4 vl = L(p+1)(p? — 10p+33) — b
dim Vol = 2¢) = 5(p—5)p—7),

where g; = g(Xi(p)), and b = 5~ 1an‘l:ha—]il—go,O<
agg.

The G-Generation of V:

feNy = NTy(p)) = dim Vg (f]5,) =p
feN = NTip) \NTo(p) = dmVe(f]B)=p+1
feN: = N(lo(p®)) \ W*UN;) = dim Ve(f|B3,) =p —1
f e N; = CM-forms in N(I'y(p?)) = dim Va(f|5,) = 5,

where

= [ JNTolp, x*)|R .

If we let N; = N/~ (identifying quadratic twists), then

(EB VGfﬁp) (@ VGfﬁp)-
FENYUN feNUN3



Furthermore,

#Ny = go(p)
#N1 = g1(p) — g0(p)
#MNo = go(p?) — g1(p) — 290(p) — h(p)

h(Q(v=p)) if p =3 (mod 4)
0 if p=1 (mod 4)



3. Geometric Interpretation (k = 2)

Recall: The Shimura Construction:

T-cigenform f — Ag C J(N) abelian subvariety
Note: dim Ay = [K ¢ : Q], where Ky = Q({an(f)})-
Put: Af,G = ZgEG g(Af) C J(N).
Observations: 1) A ¢ is defined over Q.
2) Te(Ara) = 226 Valf?) = Xrpce Valf?),
where ' :_{0 € G : [7 = fy for some x} >
Gf L= Gal(@/Kf)
Theorem 3:If f € F\ F™ then

dimAs g = ¢(N)[Z;: Q] = ¢(N)|Gr: T,
where Zf = FiX(Ff) C Kf
Furthermore, if My C End%(A £.c) denotes the
projection of Ml onto Ay ¢, then

a) Z(Mf) — Zf,
b) dimg M = ¢(N)*[Zs : Q].
Remark: Ribet(1950) calls Gal(Ky/Z¢) the group

of inner twists. Using his results (and Shimura’s),
one can show:



Theorem 4:1If f is a non-CM T-eigenform, then

Ay ¢ is a (complete) J(N) /g and
Afc~ B,
for some abelian variety B/Q.

Furthermore, it f € F, then Z; is the centre of

Ey:=Endg(Ay ), ie. Zp = Z(Ep) and

dimgE; = ¢(N)*[Z; : Q] = dimg M.
Note: The above assertion is false for f € FM:
feFM Sl Af ~ E" E: CM elliptic curve
= Af,G ~ Em,

where m = (]%1) h(p) (if N = p). Thus

E, = End?@(Af,g) = M (K),
where K = Q(,/—p), but
h
My = D Mpa(K),
1=1
since the Vi (f9)’s are M- and pairwise

non-isomorphic.



Application 1: An [sogeny Relation:

T(p) ~ TP x (J(0)/ Jo)E x 27 x IR,

Here J; C Jy(p %) is the abelian subvariety Whose

e

cotangent space “18
TE(Jp) = Nj Te(Jy) = » Cf
feNs
(= dim Jy = g#./\/é), and Jopy ~ E", where E is
an clliptic curve with EndY(E) = Q(/—=p).

Note: If A < Jyx is an abelian subvariety (here X
is any curve), then the polarization induces a sur-

jection N4 : Jxy — A and hence an injection
can

N TE(A) — TE(Jx) = HY(X,0k).
Application 2: Comparison of Algebras:

Recall: M = (T, G) C E = End?@u(p)). Then:

dmT = g = 2 (g0(p?) = g0(p)) + 91(p)
dimM = (p — 1)9 +(p+ Dg1(p) — g0(p)
dimE = dimM + 1(p — 1)*h(h — 1)

dim Cg(M) = 57(p — 1)(p — 5) + gy + h

dim Co(E) = dim Ca(M) + 2h(h — 1),

where y = go(p) — (—1)]%1% (1 + (]%))

p 1



4. Numerical Examples
N =T7:Here ¢g = 3,

g0 = g1 =0,
1/ Gold _ 11+1g ! 11 Lo = 0,

dim
dim V&' = ¢ — dim VG old — 3.
90(7") = (T = 1)(7T=5)+g0 = 1,
#N> = go(7°) — g1 — 290 — h(p) =0,
dim Jr = %#NQ = 0.
Thus, the above isogeny relation becomes
J(7) ~ E°,
where £ = Joy 1s the CMl-elliptic curve with
End(E) = Q(v-7).
N = 11: In this case we have:
g = 20,
g0 = g1 =1,
dim VOO = Ll 11y
dim V&1 = g — dim V&1 = 15:
go(11%) = (11 = 1)(11 = 5) + gg = 6,
#N> = go(11%) — g1 — 290 — h(p) = 2,
dim J; = S#N, = 1.



Here the isogeny relation becomes:
J(11) ~ E{! x B3 x E3
where F| = Xy(11), Ey = Jf and F3 = Jo.
This relation is (essentially) due to Hecke(1928);
cf. also Ligozat(1976).
N = 13: In this case we have:
g = 90,

g0 = 0,
a1 iﬂ3—®G3—ﬂ—2
VG—Old L 13—|—1g ‘I‘

dim go = 14,
dim V&' = ¢ — dim VG old — 36:
90(13%) = 13(13 = 1)(13 = 5) + g = 8,
#No = go(11°) — g1 — 299 — h(p) = 6,
dim Jy = %#NQ = 3.
Here one has the isogeny relation:
J(11) ~ Jy(13)" x JI*,
where dim J¢ = 3 and dim J1(13) = 2.



5. Application to Zy ;

Situation: If G < Aut(X) acts on a curve X,
= G acts diagonally on the surface Y := X x X.

Then:
tk(NS(Y)) = 2+ dim End’(Jx)
tk(NS(G\Y)) = 2+ dim Crr(End’(Jy)),

where Co(E) = {a € E : ga = ag} denotes the
centralizer of G in E = End"(Jy).

Now: if X = X (), then the quotient
Zle = G\(X X X)
is the modular diagonal quotient surface of deter-
minant 1, and so, by Application 1 above we have

Theorem 5: It N = pis a prime, then
tk(NS(Zn 1)) = 2+ dim Cg(E)
= 2+ dim Cg(M) + 2h(h — 1)
=24 51(p—1)(p—5) + 3y + h.
In particular, NS(Z le) ®Q is generated by mod-

ular correspondences <> either p =1 (4) or p =

3 (4) and h(p) = 1.



