The K-rational Fundamental Group
1. Introduction

Let K be a number field (or any f. gen. field)
C'/K a (smooth. . .) curve of genus g
F = k(C) its function field (= F/K regular)
P € C(K) a K-rational point
Definition Let Fj,. p be the field generated by the

finite unramified Galois extensions F”/F such that
P splits completely in F'. Then its Galois group

m(C, P) = Gal(Fn’r,P/F>
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2. Some Results about 7;(C, P)
—joint work with (-, Freyv and . Volklein
Note: g =0= m(C, P) =m(Cg;, P) ={1}.
Theorem 1 (Merel) There is ¢ such that for all el-
liptic curves £/ K and P € E(K) we have
T (E, P)| < cg.

Mazur: cg = 12.
Proposition 1: 7w (C, P)ab is always finite.

Theorem 2: Let K D Q(z) (or K D Fp(i)). Then
for every g > 3 there exist (many!) curves C'/ K of
genus g with a point P € C(K) such that w1 (C, P)
is infinite.

Remark: The above situation form(C, P)is very sim-

ilar to that of the fundamental group m(K) of a
number field K

m(K) = {1} for some K's (K = Q,Q(7), etc.)
1 (K)®| = h(K) is always finite.

m(K) is often infinite (— Class field towers: e.g.
K = Q(—30030.)



3. Outline of the proof of Theorem 2

Theorem 2’:2 Let b € K*, b*# +1, and put ¢ = 1+b*
and a = % Let C'/ K be defined by

st=4(t" = 1)(t — a)g(t),

where ¢(t) € K|t] is any polynomial with g(a) =
1 and g(0)g(1)g(—1) # 0, and put P = (a,0) €
C(K). Then m(C, P) is infinite; more precisely, for
every prime p = 5 (mod 12) (with p # char(K)),
the group PSL3(p) is a factor of m(C, P).

Step 1: If T'= {(P,..., Py),(e1,...,eq)} is a given
“type”, construct, for each p = 5 (mod 12), a
PSL3(p)-extension L,/ K (t) with ram. type 7.

Consequence: if F' = k(C') is any Galois cover of
K (t) with the same ramification type T, then F =
LpF' is unramified over F'. (Abhyankar’'s Lemma).
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Step 2: (hard) Investigate when a given P € C(K)

with P|P; splits completely in L, F.



4. Constructing PSL(p)-extensions

-via of Jacobians of curves over K(t).
Theorem 3: Let C'/K = K (t) be the curve defined
by

yV =clz — )" (= )
where: tq,...,t,_1 € K are distinct,
tr =t,and ce K*; () € K;
ged(my,...,m,, N) =1, 0 <m; < N,
mi;+...+m, =0 (mod N),
m; # N —m,,for 1 < <r—1.
Then the Jacobian Je of C' has an
A = J"W of dimension %gb(N )n, where
n = r — 2, such that for every p = 1 (mod N)
we have:

(1) Alp] = @Vj is a direct sum of ¢(N) irreducible
G -modules V;, each of dimension dimg, (V;) = n.

(2) For each i, the extension Lpz = K(P(V})) is

~

over K t1,...,t,—1 with ramifica-
tion order dividing N. Moreover, if (n,p—1) =1,
then Gal(L,, ;/K) ~ PSLy(p).

(3) K(Alp]) is over 11 ZW-



Remarks: 1) J"Y = complement of J old " where:

JO — sum of all Jacobians of
of f:C — PL.
2) The proof of (2) requires 's theory of

Thompson tuples which completely describes the
ramification structure and Galois group of the ex-
tension Zp,i /K.

3) The proof of (3) uses a detailed analysis of the re-

duction of the Néron model of J~ (— :
SGA 77, Exposé 1X).

Corollary. J"*" has U ever-
where; i.e. there is finite extension F'/K such that
J"Y @ F has good reduction everywhere.

Remark. By imposing further (mild) restrictions on
the m;’s, one can show by an inductive argument
that Jo itself often has potentially) good reduc-
tion everywhere. We thus obtain many examples of

having bad reduction at prescribed points but
whose have good reduction everywhere.



5. Thompson Tuples

Definition: A Thompson tupleisaset {g1, ..., gns1}
of elements g; € GL;,(q) such that

(1) G ={g1,---,9n+1) < GLp(q) is an irreducible
subgroup;

(2) each g; is a perspectivity (has an eigenspace of
dimension n — 1);
3) g1 - gnr1=1

Remarks. 1) Thompson tuples generalize Belyi triples
(the case n = 2).

2) Each Thompson tuple is weakly rigid. If, in ad-
dition, we have

(1) Nar,()(G) =G - Fy,
then the Thompson tuple is quasi-rigid.

Theorem (Volklein) Let g1,. .., gy.1 bea Thomp-
son tuple and let Pp,...,P,11 € PYC) be dis-
tinct points. Put P = (P},...,P,1) and C =
(C1,...,Cha1), where C; deotes the conjugacy class
of g;in G =(g1,...,9n+1). Then we have:



(a) There is a unique Galois extension L/C(z) of
ramification type |G, P, C].

(b) If the tuple satisfies (1), and L = Fix(Z(G)
denotes the fixed field of the centre Z(G) of G, then
the extension L/C(x) is defined over any subfield

K C C containing all the P; and all roots of unity
of order ord(g;).



6. Study of K-rational points

In the situation of , suppose 1n addition:
F/K is a finite Galois extension and
1) Pye {P,...,P._1} is totally ramified in [’
2) Nlepw(R). i
= A = J"" ® F has good reduction Ap at P|F,

( )

Proposition. Let S C Alp| be a G p-submodule, and
let S C Ap|p| denote its image. If

(%) every K-isogeny & of the reduction Ap
with kernel Ker(a) C S is K-rational,

then P splits completely in F'(P(S)).

Theorem 4: In the situation of et =
k(C) D K, and let C'/K be defined by

y' = ca(e® = 1) — 0w — )

Le. (ty,...,t4) = (0,1,—=1,a) and (my,...,ms) =
(1,1,1,3,2). Then for P = (a,0), the reduction Ap

of A= JA new o [ at P is K-isogeneous to E°,
Ap ~ ExE X E,

where E/K is the elliptic curve 4 = 2° — z. In

particular, every V; C A[p| satisfies condition (x).



Remarks. 1) Without the judicious choice of a and c,

viz.c = 1+b'and a = 2—22,
defined over K.

2) The proof of Theorem 4 depends on a careful
analysis of the of J" and J"" @ F

and their relation to the of the curve C
(which has bad reduction at P).

the above isogeny is not



