Hurwitz Spaces of Genus 2 Covers
of an Elliptic Curve

1. Introduction

Hurwitz spaces: — introduced by Hurwitz in 1891.

— classity covers f Y — X of degree N over a fixed
curve X/ K with w ramification points Ry C X.

Problem (Hurwitz) Fix X/K, N, w and R C X.

1) Investigate the totality H(X /K, N, w) of all cov-
ers [ Y — X with deg(f) = N and #R; = w.
2) Calculate the number #H (X /K, N, R) of such
covers with Ry = R.

Remarks: 1) Throughout, we always consider equiv-

alence classes of covers: (Y] Ly ) ~ (Y5 B x ) &

d¢ : Y] lYQWith foo = fi.
2) A cover f:Y — X is called simple if

f_l(x) > deg(f)—1, forallz € X.

Such covers constitute an important subclass of all
COVers.



Theorem A (Hurwitz, 1891): If K = C, then
(a) H(X/C, N,w) is a “Riemannian space”.
(b) Hsmple(PL/C, N, w) is a connected manifold of
dimension w (provided that w > 2N — 2 and 2|w).

(¢) The discriminant map
§ - HS™PE(PLC, N, w) — (B A,

is finite and ctale. Thus, #HS™Ple(Pl/C N, R)
depends only on w = #R.

Observation (Hurwitz): RET = the calculation
of #H(X/C, N, R) is a purely group-theoretic prob-
lem, albeit one that is “highly complicated” (Hur-
witz).

Hurwitz (1891/1901) found a “satisfactory solution”
for calculating np 4, == #Hsmple(pl/C N R):

30 = HEU1=3), (ng =1
Ny = %(2“’_2 — 4)(3w=1 —3), etc.

Question: What about other ground fields?
Hurwitz (1891): partial results for K = R.
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Fulton (1969): consider covers of curve families/.S:
f:y— P}g — P! x S, Sany scheme.
Thus: 1) The fibres fg : Vs — (IP%)S = IP/£<S> of f

are covers of curves in the previous sense.
2) The assignment S +— HSimple(IP’g/S, N, w) de-
fines a functor 'H Nuw: Sch — Sets.

Theorem C (Fulton, 1969): If N > 3, then the

functor H v, 18 (finely) representable by a scheme
Hp /7 of finite type. In particular, for any field

K we have H ,,(K) = HS"e(PL/ K, N, w).

In addition, the restriction of the discriminant map
to HN,’LU X Z[l/N'] C HN,wa

51 Hy o ® Z[1/NY| — (Pl )™\ Ay,

1s finite and etale.

Remark: Little seems to be known about the geomet-
ric structure of Hpy 4.

Aim: Study analogues of these results in the case that
X = F is an elliptic curve (and w = 2).



2. The Case X = F and w =2 (= gy =2).
Reference: IEM Preprint No. 9 (2001), IEM Essen.

(See also www.mast.queensu.ca/ kani.)

Let E/K bean clliptic curve over a field K (char # 2).
1) E(K) acts on E and hence on H(E /K, N, 2) via
translation: frTpo f. Thus H ~ H' x E.

/
2) Fach Y L Efactosasy L B Y E, where
ufr E' — FE is the max. unramified subcover of f.
Thus: H(...) is a union of components which are
indexed by subgroups G < E with #G|N (and
#G # N); explictly, G = Ker(u ).
Definition: a) f is called minimal if deg(us) = 1.

b) A cover f Y — E with gy = 2 is called nor-
malized if 1t 1s minimal and if

FW) C B2 and (£ (05) N W) = {

where W = Fix(oy) denotes the set of 6 Weier-
strass points of Y. (Here: oy is the hyperelliptic
involution of Y.)

3 NN odd
0 else
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Notes: 1) If f: Y — Fisminimal, then 3'z € F(K)
such that T\, o f 1 Y — E is normalized,
2) If f is normalized, then f ooy = [—1]g o f.
Thus Disc(f) is symmetric with respect to [—1]| g,
i.e. [—1]5Disc(f) = Disc(f).
Example: Let
E: = (x—a)(z—0b)z—c), abc+0
Y. §°=(t—a)t* = bt — o).
Then the cover f : Y — FE, given by f*z =
t2, f*y = s, is normalized and of degree 2.

Remark: The notion of normalized curve covers can
be extended naturally to familics of curve covers f
Y — Eg=FE x § so as to obtain a functor

H=Hg/k N Schg — Sets

given by S +— H(S) ={Y J, Eg : fis normalized,
deg(f) = N'}.
More generally, if £//S is a family of elliptic curves
over a basc .S, then one obtains in a similar way a
functor

HE/S,N : M/S — Sets.
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Theorem 1:If N > 3 and char(K) { N, then the
functor Hg /KN is finely represented by a smooth.
affine and geometrically connected curve H g /KN /K.
More precisely, Hp /¢ y 1s an open subscheme of
a certain twist Xp JK,N,~1 of the modular curve
X(N) of level N. In particular,

—_open
Remarks: 1) If K = C, then X'(N) = T'(N)\$
and X (N) = I'(N)\$H™, which is a Galois cover of
X(1) ~ P! of degree
SI(N) = SLo(Z/NZ) /{=1}]|

2) Theorem 1 extends to families of elliptic curves

E /S, where S any scheme (with ﬁ c95).
Example: Let S = X/(N)/Z[CN,l/N] and £ = F(N),

the universal elliptic curve over X/(N) (with level N

structure). Then 'H E(N)/X'(N),N 1s represented by
an open affine subscheme

Hp(ny/x(N) N C X'(N) x X'(N).



Theorem 2: Let
Dg/rn =X(N) g\ (Hp i n ® K)

denote the degeneracy locus. Then

#Dp /i N < (BN +6)sl(N),
and equality holds if and only if char(K') { N!.

— reinterpretation of results of Crelle J. 485 (1997)
+ J. No. Th. 64 (1997).

Theorem 3: The assignment (Y J, FE) — Disc(f) is
represented by a quasi-finite morphism

6 =0p kN Hpien — Pl = (B,

Furthermore, if char(K') 1 NI then ¢ is finite and
etale outside of Tp(F[2]) c PL.

Theorem 4: If char(K) 1 N!, then
deg(0p/ ) = BV = DSI(N).
Remarks: 1) This degree can be viewed as a measure
of non-rigidity of coverings (— Volklein).

2) H. Volklemn proved Theorem 4 for N = 3,5, 7 by
using eroup theory (and a computer).



3. Some applications

(a) Rationality Questions (K a number field)

Since IX(N) = 2 for N > 7, we have by Faltings’
theorem (= Mordell’s Conjecture):

Corollary 1: #HE/K,N(K) < oo, if N>T.
Question: Is Hp /i y(K) =0, for N >> 07

This is false (even for N prime), for there exist
curves Y/K with oo’ly many fy : Y — E for
which N = deg(fy) is prime.

Conjecture (*) Foreach F/K there exist only finitely
many genus 2 curves Y /K which have a (minimal)
morphism f : Y — E of degree N > 7.

Remark: ABC conj. = Asym. Fermat = Conj. (*).

Moreover, the converse: Conj. (*) = Asym. Fermat
is “almost true”: it implies a slightly weaker version
of [rev's Conjecture 5 (which by Freyv and Wiles
is equivalent to the Asymptotic Fermat Conjecture

(for K =Q).)



(b) Moduli

Question: For which curves Y/ K does there exist a
(minimal) morphism f : Y — E of degree N7

Corollary 2: For every N there exists a morphism

iN  Hpovy xinvy,n — M2
to the moduli space of curves of genus 2. Moreover:
a) Im(p ) = Humbert surface with Inv. A = N2,
b) deg(puy) = 2sl(N); more precisely,

() ~ Z3¢™, = (X(N) x X(N)/(Ay,_1,7).

where 7(x,y) = (y, x) and
An_1=1{(g,2-1(9)) : g € SLo(Z/NZ)/{£1}},

where a_1(g) = Q_19Q "1 with Q_1 = (_01 ?)

In particular, the normalization (and compactifica-

tion) of the Humbert surface Im(upy) is the symmet-

ric Diagonal (Quotient Surface Z}S\%T’l.



(c) Counting Covers: (K = K)

Corollary 3:If N > 2 and char(K) 1 N, then for
every R C E with #R = 2 we have

2
=Yy m = 5(No3(N) — N°o1(N)),
feH*(E/K,N,R)
where o1 (N) = > _an d¥. Thus, if char(K) = 0,
then Fy(q) == 3 eng” is a quasi-modular form of
weight 6; explicitly we have

1 F: 10E> — 6E-Ey — AFE
(1)  Fylq) = 51840( 5 oIy 6)
—24, b4 = 240 and by = —504.

Remarks: 1) The identity (1) was first proven by R.

Dijkgraaf (1995) by using the methods of mirror
symmetry.

2) Theorem 4 = Corollary 3 by using the identities

S o1(n)sl(N/n) = a3(N),

n|N

> noi(n)sl(N/n) = N?oy(N).

n|N
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(d) Curves with minimal degeneration:

Let H = Hp gy C X = X (N) be the moduli space,
f Yy — Eg = FE x H the universal cover,
p: Y n — X the minimal model of Y over X

hYN X = deg X(p*wng / ) 1ts modular height.

Corollary 4: The curve Y /X (N) is semi-stable and
has bad reduction at X \ H. Furthermore, its Ja-
cobian J = Jy has bad reduction at X (N )y =
X(N)\ X'(N), and its modular height is

hy o ix = hyx = 5(29x(n) = 2+ #X(N)oo).

In particular, for N = 3 one thus obtains a semi-
stable family p : Y — P! whose Jacobian has pre-
cisely 4 places of bad reduction.

Remarks: 1) By a theorem of Faltings it follows (in
char = 0) that for any such curve we have the in-
equality

hy x = xS 520 () — 2+ #X(N)oo).

2) In a recent preprint E. Viehweg and K. Zuo study
the structure of families of abelian varieties with
such “minimal degeneration”.
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4. The Basic Construction

Reference: Frey /K., Curves of genus 2 covering ellip-

tic curves ... (Texel Conference, 1989)
Given:
Y Y
fl~ o  \. ~9:ENZ EYN.
E E B+

(via the duality theory of Jy.)

Conversely: given anti-isometry v : E[N| — E'[N],
one can recover a (normalized) genus 2 cover
However: the curve Yy, may be reducible!
= Hp/g N C XE/K N1

Note: 1) The moduli space X e 1 classifies pairs
(E', %), where ¢ : E[N] — E'[N]is an anti-isometry.

2) This construction also works for families! (Cf.
[EM Preprint, op. cit.): = Theorem 1.
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5. Study of Degenerations

Let H = Hp JRN denote the moduli space,

JH Yg — Eg = E X3 H the universal cover,
X = X(N) D H the natural compactification,
Y /X the minimal model of the generic fibre of Y.

Facts. 1) The fibres of Y /X are semi-stable.

2) fp extends to a morphism f = fy : Y — Ey
which is finite if and only if char(K) 1 N!.

Theorem 5: Suppose char(K) 1+ N!. Then:

(a) The fibres Y, of Y /X are stable curves with at
most one singularity.

(b) Y is singular if and only if z € D, RN =

Xoo U X7, where X is the set of cusps of X.
(Note that # X~ = sl(N)/N.)

(¢) If # € Xoo, then Y, is an irreducible curve
whose normalization is a curve of genus 1.

(d) If x € X{, then Y, = 21U By 9 is the union
of two curves of genus 1 which meet transversely in
a unique point F.
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6. Calculation of Intersection Numbers

Let F' = k(X)) denote the function field of X = X (V),
frp:Yp — Ep the generic cover over F

D = Diff( fr) the different divisor of fp,
We,. € Div(YE) the hyperelliptic divisor of Y,

D and W their respective closures in Y,

Y /X the relative dualizing sheaf of py - Y - X.

Theorem 6: The modular height of Y /X is

hy = des((pp)elel ) = 1—12§<N>,

and the self-intersection number of w&

0 2_ L X “ X

——(7TN — 6)Sl (N).
Remark: The proot uses Theorem 2, the Noether for-
mula and Mumford’s formula (which holds if g = 2):

h:w2+50+51 and 5w2:50+751,

0
Y/X
is the number of singular points of all fibres which

do not (respect. do) disconnect the fibre.

where h = h?/X’w = w-, ), and g (respect. d7)
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Theorem 7: (a) D is an irreducible curve on Y which

O Y
represents the Wy /X D.

(b) If gy =pryo fip: D—E and g2 = prao fip
D — X, then tpoq = 5ENOC]27 where § : X —
Pl is the unique extension of § : H — P!, Thus

deg(9) = deg(q1) = (w%/X-f*(P x X)).

(¢) We have 6D ~ 2W + f*(E x A), for some
A € Div(X), and hence

N N 0 9 9
deg(q1) = Edeg@‘l) 36(9(W7/X) - W).
(d) The self-intersection number of W is
§ 9 3 —
2 2
W2 = 24X, — 202 = — 2 (N — 2)5I(N).
# X1 — nw” = = )sl(N)

Remark: To compute W2, consider the pullback W*
of W to (the desingularization of) ¥ x y X(2N),
and observe that W* = W7 + ...+ Wy + B, where
the W;’s are 6 and B is a

supported on the fibres over X (2/V)c



