Mazur’s Question on Mod N
(alois Representations

Introduction
Let £/ K be an elliptic curve over a number field K,
N an odd prime,
PE KN - G — Aut(E[N]) ~ GLy(Z/NZ)
its associated GGalois representation modulo V.

Question: To what extent is the isogeny class of £/ K
cletermined by the isomorphism class of pg /K, N7

Mazur (1978): 37 E and E'/Q with E « E’
such that PE/K.N ~ PE'/K,.N for some N > 77

Kraus-Oesterlé (1992): Yes! (for N = 7).

Frey -+ group (~ 1993): Computer search: lots of
examples for N =7, 11.

Halberstadt-Kraus (1997): 9 oo’ly many exam-
ples for N = 7.

K.-Rizzo (1999): 3 oo’ly many families of examples
for N =11.



Note: Faltings” Theorem (=Mordell Conjecture) =

Sne(K) = {E'/K : pgr/c N =~ PE /K N+ =
is finite, for all N > 7.

Conjecture 1 (Irey, 1985): Ja constant Mg g s. th.

S, p(K) ={E €Sy p(K): E' % E} = ¢,
tor NV Z ME,K-

Theorem 0 ([rey, 1996): For K = Q, Conjecture 1
is equivalent to the Asymptotic Fermat Conjecture:

(AFC) For every a, b, c € Z,abc # 0, the set
Fa,b,c — ngll {(@n, yn, 2n) € AR axy + byy = czy,

. . (Zn, Yn, 2n) = 1}
is finite.

Conjecture 2 (Darmon, 1994): 3 constant M s. th.

S (K) = EyKS%,E(K) = ¢, VN> Mk.

Conjecture 3 (Darmon, 1994): 3 constant M s. th.
4#(S'y(K) /twists) < oo, VN > M.

Conjecture 3': Conjecture 3 is true for M = 23.



Note: We can alternately define the set Sy(K) as
Sv(K) = {(F, E’)/K : E o E" and 3G g-isom.
Y : E[N] = E'[N]}/~ .
Definition: A G g-isomorphism v : E[N] = E'[N]
is called trivial if it is “induced by an isogeny of

very small degree” | 1.e. there exists a cyclic isogeny

f: E — E"with deg(f) <27, (# 22,23,26) s. th.
v==k- fign), forsomek,(k,N)=1

Conjecture 4: The set
Sy(K) = {(F, E/)/K: Jnon-trivial G p-isom.
Y : E[N] = E'[N]}/~ .
is finite modulo twists, for all N > 23.

Remarks. 1) Clearly, Conjecture 4 = Conjecture 3’
(because Si(K) D Sy(K)).
2) On the other hand, the set
Ty(K) = {(FE, E’)/K : dtrivial G -isom.
Y : E[N] = E'[N|}/~ .

is always infinite!



1. The Functor Zy
The assignment K +— Zp(K), where

2n(K) = {(E, E'\v) i - ¢:E[N] = E'[N]}/=,

naturally extends to a Zn : Sch /Q — Sets.
We have a natural decomposition (of functors)

IN(K) = 1 Zy(K),
ec(Z/NZ)™
where

LN (K) = {(E,E'¢) € Zn(K) : det()) = e};
here, the determinant of 9 is defined by

K (W(P), $(Q)) = eX(P, Q)] vP,Q € E[N].

Proposition 1: The tunctors Z v and Z . are coarsely
representable by normal affine surfaces Zy and Zy .
over Q. Moreover, the surfaces Z . are the con-
nected components of Zp, and each Zy . is geo-
metrically connected.

Proposition 2: The representation map
ryn.K :AN(K) — Zy(K)

is surjective, and is injective up to



Remarks: 1) Thus, the classification of isomorphisms
between the ﬁE/K7N78 1S the
study of rational points on the surtaces Zy; ..

2) By considering (as in ) general-
ized elliptic curves (for which the order of the Néron
polygon is divisible by N), we can define a com-
pactification Zp (resp. Zy o) of the above moduli
functors. These are then coarsely represented by
normal surfaces Zy and 7 Ne-
3) Let X(N) /g denote 's canonical model /Q
of the X(N)je = I'(N)\H". Then

we have natural (Q-rational) morphisms
X(N)jg x X(N)jg % Zy . 5 X(1) 19 x X(1) g
Moreover, both are finite covering maps of degree

deg(p) = deg(vh) = 5|SLa(2/NZ)| .



2. The Geometry of 7y
Let X () denote the modular curve/C of level N,
Y(N) = X(N) \ {cusps},
Gn = SLo(Z/NZ)/{=£1},
e € Aut(G ) be defined by

_ e 0
&g:gl_)Qc‘ngE 17Where Qc‘f: (O 1)

Proposition 3: We have

ZNge®C = ANY(N) x Y(N)),
Zn:®C = ANX(N) x X(N))

where Az = {(g,a:(9)) : g € Gy} < Gy X Gy.

Thus, Zy ¢ (and Z N.e) may be called a modular diag-
onal quotient surface.

Remarks: 1) Z N.e ® C may also be viewed as a “de-
oenerate Hilbert modular surface” of discriminant

A = N?. (Point of view of C'_I'. Hermann)
2) Each surface Z N.e ® C has a finite number of

(isolated) cyclic quotient singularities. We let Z Ne
denote the minimal desingularization.



Theorem 1 (C.F. Hermann; K.-Schanz): The rough
classilication type ot Zpy . 1s completely determined

by its geometric genus pg = pg(Zy ¢ ); in particular,
its Kodaira dimension is
/{<ZN,€> = min(pg — 1,2).
Corollary: Z N 18 of general type Ve < N > 13.

Remark: We also have:

The surface 2771 is rational — Halberstadt-Kraus.

The surface 21171 is elliptic — K. -Rizzo.



3. Hecke Curves on 75 and Conjecture 4

Need: a geometric interpretation of the condition
“ is induced by an isogeny”.

Recall: The modular curve Yy(n) = Xg(n) \ {cusps}
coarsely represents the functor

K — Yo(n)(K) = {(E,E', f) i : E L E' eyelic.
deg(f) =n}.
Thus, if n, k satisfy (nk, N) = 1, then the rule

(E,E' f)— (E,E' (kf) g
defines a morphism of functors and of varieties:
Tk Yo(n) — Z and Tk Xo(n) — Zy.

We call the image T}, , = Im(7,, ) C Zy - a Hecke
curve; here e = nk?(mod N).

Remarks: 1) The map 7,, ;. : Xo(n) — T}, i is finite
and birational. If T nk denotes the total transform
of T}, Jeon 7 N, then T,  has ordinary singularities
on Z N . \1cuspidal Curves} and singularities of type

2@ = o “at infinity”.



2) In the finite part, the curves Tn’ 1. intersect only at
CM-points (=generalization of Heegner points), and
their intersection multiplicity can be computed in
terms of representation numbers of binary quadratic
forms.

3) As the name suggests, the 7, n.k S are closely con-
nected to the Hecke correspondences Ty, on X (N):

T, ~ T, CY = X(N) x X(N)

Pn / \pnown
X(N) | X(N) ~ n’k:(<k>xid)TnCY

I Xon) | Re |
/ \ i
X(1) X(1)  TopCZ=ANY

4) Thus, the set Ty . has the following ccometric
iterpretation:

TNe(K) = U Ty (K)\ cusps(K)

n, k
g(Tn,k) <1

In addition, we have

g(Thp) <1 < n<27,n#22 23,26



Note: Thus we have:

ZNe(K) =Ty (K) USN(K) U cusps(K)

infinite finite for N > 13

Conjecture 5: It N > 23, then every curve C' on
Z N of genus g(C') < 1 is modular,
Le. C =T, }, for some n, k.

Remark. Conj. 4 = Conj. 5

S via Lang’s Conjecture
Lang’s Conjecture: If 7 is a surface of general type
and
Lege = o gZ Ca
g(C) <1

then a) Zez e consists of finitely many curves;
b) the open variety Z \ Zeg is Mordellic.

Remark. Conjecture 5 = Lang’s Conjecture, part a)
for ZN,E-




4. Evidence for Conjecture 5

a) G -equivariant curves:

Proposition 3. If N > 23, then
a) H< Gy = g(H\X(N)) > 2.
b) Every curve C' on Zy . with g(C') <1 lifts to a
Ac-equivariant curve C' on X (N) x X(N):

~

C

SN
X(N) | X(N)

1o ¢ On |

YA
X(1) X1

However: 4 o0’ly many Ac-equivariant curves C' on
Z N ¢ with sufficiently large genus g(C') >> 0.



b) Minimal models:

Conjecture 6: (Hermann, 1991) If N > 7, then the
minimal model Zx72" of Zy . is obtained by blowing
down “known curves”.

Remarks. 1) Conj. 5 = Conjecture 6 ( for N > 23).
2) Conjecture 6 < explicit formula for Py(Z")

& explicit formula for K %mm
In particular: Conject. 6 = K2 . — KQZ < 6.
(Note: Vanishing thms = K2 . — K% < f(N),
where f(N) is a quadratic polynomial in N.)

3) Conjecture 6 is a natural analogue of a Conjec-
ture of Hirzebruch/Zagier for Hilbert modular sur-
faces; this latter conjecture was proven by C.F. Her-
mann in 1987 in many cases. His method also yields:

Theorem 2 (Hermann) If N = 7(mod 8) and ¢ =
—1 (mod N), then Conjecture 6 is true.

Theorem 3: Conjecture 6 is true for N < 13.



5. Hecke Curves and CM-Points

CM-Points: these are points of the form
P =(E,E' ),

where £ has CM and 0 # h € Hom(E, E') ~ 7°.

Notes: 1) Each CM-point P defines a positive definite
binary quadratic form g = ¢ EE = deg\Hom( E.E)
2) Given a positive definite binary quadratic form ¢,
there exist finitely many pairs (E, E') with

4. B ™~ 4-
The number ¢, > 0 of such pairs is given by an
explicit formula.

3) A CNepoint P need not be rational over Q; its
precise field of definition can be determined (by class
field theory).

Fact: Distinct Hecke curves meet only at cusps and at
CM-points.



Local Intersection Numbers of Hecke curves:
Let Ry(n) be the set of primitive representations of
n by q, l.e.,

Ry(n) = {(z,y) € 2*: qlz,y) = n, ged(z, y) = 1},
and put

rq(n, k, n' k'y N)
= #H{Tx 7 €Rp X Ry : k' = k' (mod N)}.

Then the local intersection number (at the CM-
points associated to (E, E’)) is

<Tn,k ' Tn’,/-c’>(E,E’) = (Tn,k ' Tn’,k’)(E,E’,w)

= 2

)

Y,

= e—qrq(n,k,n kN,
where ¢ = qp pr and eq = [Aut(q)|.

Thus we have

(T k- T’k’)fm %6—(1 (n,k,n/,k/;N).



6. The case N =11

Theorem 4 Let Z,,;n denote the mini-
mal model of (the desingularization of ) the modular
diagonal quotient surface Z = (Z11 1) 0 Then the

defines an elliptic fibration
Jean © Zmin — P}Q

which has an infinite number of sections
S; IP%Q — Lin,-

Notes: 1) The surface Z,;;, is obtained from the min-
imal desingularization Z of Z by blowing down 5
(explicit) curves (cf. ).

2) The sections S; are constructed as follows. We
start with two sections Sy and S of fean
which arise as components of the desingularization
curves of the quotient singularities at the cusps of
Z. Since these meet on Z,,:,,, S1 defines a point of
infinite order on the associated (taking
Sp as the origin), and so the i-th multiples S; of S

define infinitely many distinct sections of foqn.



Corollary. There exist infinitely many
of (isomorphism classes of) pairs (E, E') of
non-isogenous elliptic curves E, E' defined over Q
whose associated mod 11 are
symplectically isomorphic:

PE/Q,11 = PE'/Q,11-

Notes: 1) By a one-parameter family of such pairs
(E, E') we mean that the associated j-invariants of
E and E’ depend rationally on a parameter ¢t € Q.

2) If we replace the 11 of the above theorem by any
N > 13, then the resulting statement is expected to
be talse.



Curves on the Su e 211,1

g=12

L~

(Py x X(11)] -

(X(11) x Py} +—F

(P x X(11)

(X(11) x P,y

(X(11) X Py) —
~ X;(11)

—11

(Py X X(11)] —
~ X;(11)



