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Modular Diagonal Quotient Surfaces

1. Introduction

Aim: Let N >3 and e € (Z/NZ)*.

We want to study the properties of a certain (affine)
surface Zy . defined over Q, called the modular di-
agonal quotient surface (MDQS) of type (IV, €).

Analytic Description:
(ZN,e)/C — AN,@\(ﬁ X 573)7

where ANﬁ < I'(1) x I'(1) is a certain subgroup
containing I'(N) x I'( V).
More precisely, A N 18 such that the quotient
Ane = Ane/(T(N) x T(N))
= {(g,0:(9)) e G X G g € G}
is the twisted diagonal subgroup of the group
G =Slo(Z/NZ)=T(1)/T'(N)

with respect to the automorphism

ac(9) = Q:9Q-',Q= = () € GLa(Z/NZ).
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Since the analytic properties of these surfaces are
analogous to those of the usual Hilbert modular sur-
faces, they may also be called degenerate Hilbert
modular surfaces of discriminant N2. (Terminology
of C.F. Hermann).

Modular Description: The surtace Zy . “classifies”
isomorphisms (of determinant €) between mod N
Galois representations attached to elliptic curves £/ K

This can be used to understand:

o Mazur’s Question on isomorphisms between mod
N Galois representations attached to elliptic curves.

— construction of oo’ly many such isomorphisms
for N =11 (IK.-Rizzo)
— explanation of the examples of [<raus/Oesterle,
Halberstadt/Kraus for N = 7.

e [rey’s Conjecture (« Asymptotic Fermat Conjec-
ture) and Darmon’s Conjectures.
+ other related conjectures.



2. The Modular Interpretation
The Functor Z pr: The assignment K +— Zn(K), where

ZN(K) ={(E, B, ¢) i :: E[N] = E'[N]}/ =~
naturally extends to a functor Z : Sch /Q — Sets.
We have a natural decomposition (of functors)

ZN(K) = H Z’Ne(K>

€(Z/NZ)*
where

LK) ={(E, E',¢) € Zy(K) : det(sh) = e};
here, the determinant of ¢ is defined by

X W(P), ¥(Q) = eK(P.Q)* ¥ vP,Q € BN

Theorem 1: The tunctors 2 and Z )y . are coarsely
representable by normal affine surfaces Zy and Zjy .
over (0. Moreover, the surtaces Zp . are the con-
nected components of Zpy, and each Zp . is geo-
metrically irreducible; in fact, we have

ZNe® C~ <ZN,€>/C = AN,e\(g’ X 9).

where AN’g <I'(1) x I'(1) is as above.
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Theorem 2: For every number field K, the represen-
tation map

ry. i AN(K) — Zn(K)
is surjective, and is injective up to simultancous twists.

Remarks: 1) Thus, the classification of isomorphisms

between the pp /K, N8 1s essentially the same as the
study of rational points on the surtaces Zy; ..
2) By considering (asin Deligne/Rapoport) general-
ized elliptic curves (for which the order of the Néron
polygon is divisible by ), we can define a com-
pactification Zy (resp. Zy ) of the above moduli
functors. These are then coarsely represented by
projective normal surfaces Zn and Z Ne-

3) Let X(N) /g denote Shimura’s canonical model /Q
of the modular curve X(N) ¢ = D(N)\H*. Then

we have natural (Q-rational) morphisms

X(N) g x X(N) g5 Zn . 5 X(1) g x X(1) g

Moreover, both are finite covering maps of degree

deg(p) = deg(t)) = } [SLa(Z/NZ)|.



3. CM-Points and Singularities

CM-Points: A CM-point (or ") P on
Z N is a point of the form

P = Pg g, = (E, E' hygay),

where F has CM and 0 # h € Hom(E, ') ~ 77
(= (deg(h), N) = 1). For fixed elliptic curves £, £’
with CM we let

25 5. ={Pp.p € Zn - h € Hom(E, E')}.
denote the set of CM-points of type (E, E').

Notes: 1) Fach P = Pg vy, defines a
| gp of discimi-
nant N2disc(qE)E/), where qp g = deg|Hom (B, B
Explicitly, gp is given by gp = deg|Zh +NHom(E,E'):
Thus, the number of CM-points of fixed type is given
by (a quotient) of class numbers of binary quadratic
forms.

2) Each Pg g, 1s clearly rational over
any field over which F, E’ and h are defined (and
in some cases can be rational over a smaller field).
However, in general they will not be over

Q.



6

Example: Take £ = E' = E}., k = 0,1, where E}
has CM by Oy = Z[Cyyop] (s0 D¢ = Zli], 01 =
Z|w], w? = 1). Then the map h — (Ey, E, hi, )
defines a bijection

(Or/NDL) ™ /(Or) = Sy = = 7§, B,
Thus, if S]J\;,kﬁ = SJJ\;J{ N ZN ¢, then one has

S 0. = sh(—4N?%), if (4, N)
3

1
Syie = 3h(=3N%), if (3, N) =1,

Remark: It is sometimes useful to also consider the
twist PY9) = Pp g, o = (E E' hypix o g) of a
CM-point P = Pg gy, € ZNE 7 by an element
g € Aut(E|N]) ~ GLQ(Z/NZ)

In particular, each P=Pg p.ne 8;& 1
gives rise to a unique anti-CM-point P~ = P<w’~ﬂ>7
where wj = (0 L ) (with respect to a basis of E.|N]|

10

of the form { P, ak(P)} where O° = (o). Thus we
have a bijection S;&k — S]:fk = {P P c ST k}



7

Theorem 3: The singularities of Zj are the points
SN oUSN 1, where Sy . = S]j\Lf,kUSKZ,M and all are
. More precisely,
cach point P € Sy is a cqs of type (2, 1),
cach point P € S;\rm is a cqs of type (3, 1),
cach point P € Sy is a cs of type (3,2).

Remarks. 1) Thus, Z is desingularized by:
e replacing each P € Sy by a (=2)-curve Ep,
e replacing each P € S;{,l by a (—3)-curve Ep,

e replacing each P € Sy, by a chain E'p consisting
of two intersecting (—2)-curves Ep;: —

2) Each Z ) . is compactified by adding two (smooth)
curves isomorphic to Xq(N). These give rise to fur-
ther SN .o located “at
the cusps” which are of type (n,q) with n|N and
(n,q) = 1. Each P € Sy of type (n,q) is then
resolved by a Pl-chain

EPZEPJU...UEP,T,

where r and the self-intersection numbers E12Dz —

—n,; are determined by the (modified) continued

fraction expansion of %.



Example: The Case (N,¢) = (11,1).
Here we have
+ _ 1S | —
Si10al = S04l =3
+ __ — _
Si11al = 181111 =2

1S11.00.1] = 5.

Furthermore, the 5 singularities at the cusps have
the following types:

Type r Continued Fraction
11 '
(11, 1) 1 - = [11]
11 '
(11, 3) 2 = = (4,3
11 '
(11, 4) 2 T = 3, 4]
11 '
(11, 5) 5 v =13,2,2,2,2
11 '
(11, 9) D T =12,2,2,2,3]
For example,
11 1 11 1
— =4 - o) — =3 — ’
3 3 5 2 — 11
2_2_—l



Basic Curves on the Surface le,l

g=12

y ]

(Py x X(11)f -

(X(11) x By) —

(P x X(11)

(X(11) x P,V

(X(11) X Py ) —
~ X;(11)

—11

(P x X(11)] —
~ X;(11)
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4. The Geometry of Zy .

Recall: For any smooth projective variety V/K of di-
mension n, its geometric genus is the dimension

pg(V) = dimg Q) e
of the space Q@ K of holomorphic n-forms on V.
Theorem 4 (C.I. Hermann; K.-5chanz): The rough

classification type of the desingularization Zp . of
Z N ¢ 18 completely determined by its geometric genus

Pg = pg(ZNﬁ):
7 N.e is a rational surface if pg = 0,
Z Ne 1s ablown-up K3 surface if pg =1,
Z N.e 1s an honestly elliptic surface if pg = 2,
7 N 1s asurface of general type if pg > 3.

In particular, its Kodaira dimension is
“(ZN,a‘) = min(pg — 1,2).

Remark: One has a natural identification

0 9, e ™ Oxpye ® e
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and this leads to an explicit formula for py(Z Ne):

Pg = GN,&“ — SN,€7
where

m(N—12 1 1 1 1
GN’gz <144N )_1+§¢(N)+3TO+GT1+ZTOO

1 —
SN,E — _8<‘S]—|\_f15‘ ’SN,l,e‘) _|_SN,OO,€7

in which m = §|SL2(Z/NZ>|7 ri = |Sn el for
k=0,1,00and Sy ¢ is asum of certain Dedekind
sums.

In fact, all the Betti and Hodge numbers of Z N.e
have similar explicit expressions.

However: No explicit formula is known for any of
the plurigenera
Pn(ZNjg) = dim HO(ZNjg,w@m), forn > 2
where w = W7y denotes the canonical sheaf on
€
ZN e (Of course, P = pg is known by the above
formula.)

In particular, one does not know how many
on Z . have to be blown down so as
to arrive at the minimal model.
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Corollary: ZN,g is Ve & N > 13.

Remark: A complete list of all (N,e) for which the
surface Zy . is (i.e. rational, K3 or elliptic)
is given in . In particular:

The surface 27’1 is rational —

The surface le)l is elliptic —

Note: In a recent paper, introduced the
notion of cusp forms (in two variables) of weight
(k1, k9) on Zp and uses the isomorphism (1) to es-
tablish the isomorphism

S22)(ZN) = @QZNE/C

He further shows that the Hecke Algebra T & Ty
naturally acts on the space S k2>(Z ) of cusp

forms of weight (k1, ko) and develops a (weak version
of ) Atkin-Lehner Theory for such cusp forms.



5. Modular Curves on Zy .
Recall: The modular curve Yy(n) = Xg(n) \ {cusps}

coarsely represents the functor
K — Yo(n)(K) = {(E, E, f) ) - B & B eyelic,
deg(f) = n}.

Thus: if n, k satisty (nk, N) = 1, then the rule
(E,E' f) = (E,E' (kf) g

defines a morphism of functors and of varieties:
Tk - Jo(n) — Zyand 7, ;. - Xo(n) — Zy.
We call the image
Tog=1m(7, 1) C Zn e
a modular or Hecke curve; here e = nk?(mod N).
Remarks: 1) The map 7,, ;. : Xo(n) — T}, i is finite
and birational. It T}, ;. denotes the total transtorm

of T n.J ON 7 N, then T n.k has ordinary singularities

on Z N . \1cuspidal curves}, and singularities of type

b((

% =y’ “at the cusps”.
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2) In the finite part, the curves Tn, 1. intersect only
at CM-points, and their intersection multiplicity can
be computed in terms of representation numbers of
binary quadratic forms and /or as sums of class num-
bers (— Hurwitz).

3) From the above modular description it is clear
that the 7, ;.’s are defined over Q.

4) As the name suggests, the T n.k S are closely con-
nected to the modular (Hecke) correspondences Tr,
on Y(N) = X(N) x X(N) which were already
studied by IKlein, Gierster, Hurwitz in 18801t

T, ~ T, CY = X(N) x X(N)

pn/ \pno’wn
X(N) | X(N) ~ Tpp=((k) x id)Ty C ¥

L Xon) | Re |

(1) T CZ=AY
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(11,1) -

Example: The case (N, ¢)

Notes

2
n,k
—1

0

*
*

Not smooth

Not smooth

Not smooth

Not smooth

0
0
0
4
2
2

o O o oo 4 4 O = AN O N A NN ™M — AN

O O O OO 4 H O 4 N O™ 4 N <t <A

25341258412573 .

LN LN LN LN [N LN LN LN

e R Y e N M B B =T I Lo ST Nl o e (= o

— — — N AN AN AN AN MDD D M



Curves on the Surface 7

(Py x X(11))

(X(11) x P,y

(X(11) X Py) —
~ X;(11)

(Py X X(11)] —
~ X;(11)
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6. Intersection Numbers of Modular Curves

Fact: Distinct Hecke curves meet only at cusps and at
CM-points.

Local Intersection Numbers: Let R,(n) be the
set of primitive representations of n by g, i.e.,

Rq(n) = {(2,y) € Z°: q(x,y) = n, ged(z, y) = 1},
and put

TQ(na k? nla kla N)
— H{x T € Rp X Ry - k' = k' (mod N)}.

Then the local intersection number (at the CM-
points associated to (E, E')) is

(T - Tn’,k’)(E,E’) = Z(Tn,k ' Tn’,k’)<E,E’,¢>
(0
_ e—lqrq(n,k,n/, KN,

where ¢ = qp pr and eq = [Aut(g)|.
Thus we have

C
(T’n,k ' Tn’,k’)fz'n — Z e_grq@% k, nla kl; N)a
q
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If, instead of the irreducible curve T, 1., we consider
J

the divisor
Tog = Lo ko
d?|n

then the intersection numbers become simpler:

Theorem 5: If n = k% (mod N), then
2)  (Ti1T ) = H 2 1. (n) + 2 i (n),
where

Z min(dy, do).

dldgzn
dl Ed2 E:l:k’(N)

An — 2
Hyopn) = > H( nNQx ) |
n,k)

xESNQ(

=] =

In2 (1) =

with
Syo(n, k) = {z € Syp(n) : w = £2k + 152 (2N},
Sy2(n) ={x € Z: 22 < dn, z° = 4n (N9}

Furthermore, if n > 0, then H (n) denotes the (weighted
number of classes of positive definite binary quadratic

forms of discriminant —n, i.e.



Hin) = 3" hi=n/f2),

f?n
where
X : —
A(A) — { 2|CUON)|/|OX], it A =0, 1 (mod 4),

0 otherwise;

here On C Q(+/A) denotes the order of discrimi-
nant A. In addition, we put H(0) = —1—12.

Remarks. 1) This formula generalizes a formula of

(who considered only the case that

N = pis prime). It corrects a (trace) formula of
(which is incorrect when 8| N).

2) From the above formula one can compute arbi-
trary intersection numbers between the 7, ;.’s and
hence between the 7}, ;.’s. Indeed,

aS

(Tn,k-Tm,l>: Z (Tl,l-Tmn/dQ’ln/@d))a
d|(n,m)

if nk=? = mi~2 (mod N), and is 0 otherwise.

3) The above intersection numbers of curves on Z
are in general (since Zp ¢ is sin-
gular). The corresponding intersection numbers on
Z N e require a small correction term.
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7. Some Geometric Conjectures

Conjecture 1:If N > 23 is prime, then every curve
C on Zp . of genus g(C) < 1is modular, i.e. C' =
T, ), for some n, k.

Conjecture 2: (Hermann, 1991) If N > 7, then the
minimal model Z N o of 7 N 1s obtained by blowing

down “known curves
Remarks. 1) Conjecture 1 = Conjecture 2
(if N > 23 is prime).
2) Conjecture 2 < explicit formula for Po(Z Ne)

3) Conjecture 2 is a natural analogue of a Conjec-
ture of Hirzebruch/Van de Ven/Zagier for Hilbert
modular surfaces; this latter conjecture was proven
by C.F. Hermann in 1957 in many cases. His method
also yields:

Theorem 6 (Hermann) If N = 7(mod 8) is prime
and € = —1 (mod N), then Conjecture 2 is true.

Theorem 7: Conjecture 2 is true for NV < 13.
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8. Applications to Mazur’s Question

Question: To what extent is the isogeny class of F/ K
cletermined by the isomorphism class of pp /K, N7

Mazur (1978): 37 F and E'/Q with E « E’
such that PE/K,N ~ PE'/KN for some N > 77

Kraus-Oesterlé (1992): Yes! (for N = 7).

Frey -+ group (~ 1993): Computer search: lots of
examples for N =7, 11.

Halberstadt-Kraus (1997): 3 oo’ly many exam-
ples for N = 7.

K.-Rizzo (1999): 3 oo’ly many families of examples
for N = 11.

Note: Faltings” Theorem (=Mordell Conjecture) =
Sn.e(K) ={E'/K : ppryg N = Ppjk.N» ™~
is finite, for all N > 7.

Conjecture 3 (I'rey, 19358): Ja constant Mg g s. th.
Sy p(K) ={E €Sy p(K): E' % E} = ¢,
for V Z ME,K'
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Theorem (Frey, 1996): For K = Q, Conjecture 3 is
equivalent to the Asymptotic Fermat Conjecture:

(AFC) For every a, b, c € Z,abc # 0, the set

Fope = U {(xn, Yn, 2n) € 73 - ax, + by = cz/,
n>4

. . (x’na y’na ZTL) — 1}
is finite.

Conjecture 4 (Darmon, 1994): 3 constant M s. th.
Sh(K) = | Sy p(K) = ¢, VYN > M.
E/K
Conjecture 5 (Darmon, 1994): 3 constant M s. th.
#(S'y(K) /twists) < oo, VN > M.

Conjecture 5': Conjecture 5 is true for M = 23.

Remark: Via Lang’s Conjecture, Conjecture 5 is es-
sentially equivalent to the (geometric) Conjecture 1.

Indeed, if P = (E,E',¢) € Zy(K), then E ~ E'
if and only if P lies on (a twist of) some T}, j.
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On the other hand, for small N's one does not expect
that such finiteness statements are true. For example,
this is false for V = 11 because we have

Theorem 8 Let Z,,;n denote the mini-
mal model of (the desingularization of ) the modular
diagonal quotient surface Z = (271 1) 0 Then the

defines an elliptic fibration
fean @ Zmin — P(l@
which has an infinite number of sections

S; IP’}Q — Lmin-

Notes: 1) The surface Z,,,;;, is obtained from the min-
imal desingularization Z of Z by blowing down 5
(explicit) curves (cf. ).

2) The sections .S; are constructed as follows. We
start with two sections Sg and St of fean
which arise as components of the desingularization
curves of the quotient singularities at the cusps of
Z . Since these meet on Z,,;,,, S1 defines a point of
infinite order on the associated (taking
Sp as the origin), and so the i-th multiples S; of S
define infinitely many distinct sections of fqqn.
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Corollary. There exist infinitely many
of (isomorphism classes of) pairs (E, E') of
non-isogenous elliptic curves E, E' defined over Q
whose associated mod 11 are
symplectically isomorphic:

PE/QI1 = PE'/Q,11-
Note: By a one-parameter family of such pairs (£, E')

we mean that the associated j-invariants of £ and
E’ depend rationally on a parameter ¢ € Q.
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9. Néron-Severi Groups

Recall: The geometric Conjectures | and 2 ask whether
all curves on Zp; of a certain type are modular.

Somewhat related to this is the following question.

Question. How large is the subgroup generated by the
modular curves in the Néron-Severi group of Zp .7

Recall: The Néron-Severi Group of a surface Z is
NS(Z) = Div(Z)/DivV(Z),

where Div!(Z) denotes the subgroup of divisors D =
0 which are algebraically equivalent to 0. Recall that
NS(Z) is finitely generated (Theorem of the Base)
and that hence NSY(Z) := NS(Z) ® Q is a finite-

dimensional Q-vector space.

Remark: A similar question was asked by Hirzebruch /Zag
for the HMS’s. Harder/Langlands/Rapoport gave a
partial answer to this in 1950, which was then com-

pleted in 1987 by K. Murty/D.Ramanakrishnan and
by . Klingenberg (independently).

Notation: Let NSO(ZN’g, T) C NSO(ZNjg) denote the
subspace generated by all modular curves T), 1. (to-
gether with the “basic curves”). Furthermore, let
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NSO(ZN,sa M) C NSO(ZN,e & @)
denote the subspace generated by all the twisted

modular curves o((¢d X g)(T},)) (together with the
“basic curves”).

Remark: Let NSU(Z Ne B) = Q? denote the sub-
oroup generated by the “basic curves”. Then there
is a natural embedding

v NSO(ZN,€ X @>/NSO<ZN,€7 B) — [,
where E := End’(J(N)) denotes the endomorphism
algebra of the Jacobian J(N) = Jy X(N)eQ of the

curve X (N) @ Q.
Theorem 9:If e =1 and N > 3 then

Y(NSY(Zy . ® Q) = Cp(G)
Y(NSY(Zy ) = Cr(G)“C

Y(NSY(Zy . M) = Cy(G)

(NS (Zy .. T)) = Z(M)*™,

where Ml = (G, T) C E denotes the algebra of all

modular correspondences.

Remark: The first three assertions of are
relatively straightforward, but the last requires a
deeper understanding of the algebra M.
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Theorem 10: If e =1 and N = p is prime, then
dim Z(M)™™ = Li(p — 1)(p — 5) + Sh(p),
dim Cp(G) = dim Z(M)*¥™ + L(y + h(p)),
dim Cg(G) = dim Cy(G) + 2h(p)(h(p) — 1),
dim Cg(G)“Q = dim Z(M)*"™ (if p = 1(4)),

where

h(Q(/=p)) if p =3 (mod 4
hip) = { MO Z e D

=44 (- ()
Thus: If N =p (and p = 1(4)), then
NS'(Zp,1) = NS(Z,,1,T),

i.e. the modular curves generate the Neron-Severi
oroup of ijl / Q. Furthermore:

NSO(ZpJ & @) N
| > 2h(p)(h(p) — 1)
NSY(Z,1,M) <
| >
NSY(Z,1) -

(y + h(p))

DNO| —

Remark: The case ¢ # 1 “can be reduced to” the case
e = 1.
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10. Zeta-functions

The methods of T heorem 1 generalize to prove:

Theorem 1’: The functors Z n and Z N are coarsely
representable by normal affine surfaces Zy and Zjy .

over Z[%] which have natural compactifications Z

and Z) . (which are proper over Z[%]) Moreover,
the Zy . are the connected components of Zp, and
each Z . has geometrically irreducible fibres.

Theorem 11: (5. Mohit, 2001) If N = p is a prime,
t_hen the zeta-function of the arithmetic threefold
Zn has the form:

C((Zn,s) = Fn(s)L(s)
where F'y(s) is a product of Riemann zeta-functions
and

Lis)= 1] Ln(fix fo.s)
(f1./2)

is a product of Rankin convolutions associated to
(certain) pairs (f1, fo) of T p-eigenfunctions f; €

So(X(N)).
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Consequences: 1) ((Zy, s) has a meromorphic an-
alytic continuation to C.

2) 5. Mohit can compute the order of the zero/pole
of ((Z,s) at s = 2 and can thus compare it to the
rank of the Néron-Severi group of Z

= Tate’s Conjecture for 2.



