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1 Introduction

Let K be an arbitrary field, and let E, ..., E, be isogenous CM elliptic curves over K.
The basic problem considered in this paper is to find suitable criteria for determining
whether or not a given abelian variety A’ is isomorphic to the product variety A =
Ey x ... x E,. A special case of this problem is to determine this in the case that
A'=FE] x ... x E! is also a product variety.

In the case that K = C and n = 2, Shioda and Mitani[24] presented a solution
of this subproblem in terms of the period lattices L; and L. of the elliptic curves
E; =C/L; and E] = C/L}, and a similar criterion is implicit in the work of Schoen[22]
for arbitrary n.

In this paper we present a criterion that is partially similar to the complex-analytic
approach but has the advantage that it works over an arbitrary ground field. Here the
role of the (isomorphism class) of the lattice L; is replaced by the ideal class

]E(Ez) = HOIH(EZ‘, E)?Ti,

where F is a fixed suitable elliptic curve which is isogenous to E; and 7; : E — F; is
any isogeny. It is immediate that Ix(E;) is an End(F)-ideal whose ideal class does not
depend on the choice of the isogeny 7;. Here, “suitable” means that the conductor
fE = fendae) of E is a multiple of those of E; and E; for all i. We then have:

Theorem 1 Let E/K be a CM-elliptic curve and let Ey, ..., E,, E', ..., E! be elliptic
curves isogenous to E with fg,|fr and fp/|fe, for 1 <i <n. Then

Eix...XxE, ~ E{x...xE & Ig(E)®...®Ig(E,) ~ Ig(E)®...0Ip(E)
as End(E)-modules.

Note that this result is actually a special case of a very general result about iso-
morphisms of product abelian varieties; cf. Theorem 43.

At first sight the criterion of Theorem 1 does not seem to specialize to that of [24],
Proposition 4.5. However, by using results due to Steinitz[25] and Borevich/Fadeev|1]
on the struture of R-modules when R is a quadratic order, one can easily deduce their
result from that of Theorem 1; cf. subsection 4.4.

It turns out that general isomorphism problem can be reduced to the previously
considered subproblem in many cases, for we have the following result.



Theorem 2 Let E/K be a CM elliptic curve, where K is either algebraically closed
or finite. If A/K is an abelian variety which is isogenous to E™, for some n > 1, then
there exist CM elliptic curves Ey, ..., E,/K such that A~ FE; x ... x E,.

In the case that K = C, this theorem was proved by Shioda and Mitani[24] when
n = 2 (see also Ruppert[21]), and their work was extended to the general case by
Lange[19]. Moreover, Schoen[22] gave a beautiful analysis of this theorem; cf. Remark
59 below.

Over a general ground field K, the analogue of Theorem 2 seems to be more
subtle. The following generalization of Theorem 2 uses the concept of the central
conductor fa = fena(a) which is the conductor of the centre Z(End(A)) as an order
in I/ = Z(End(A)); cf. §4.3 below.

Theorem 3 Let E/K be a CM elliptic curve, where K is an arbitrary field, and let
A/K be an abelian variety which is isogenous to E™, for some n > 1. Then there exist
CM elliptic curves Ey, ..., E,/K such that A ~ Ey X ... x E, if and only if fa|fE,,
for some elliptic curve Ey/K with Ey ~ E.

Note that if we combine Theorem 3 with Theorem 1, then we get an indirect
solution of the isomorphism problem mentioned at the beginning. A more intrinsic
solution (similar to Theorem 1) is given below; cf. Corollary 56.

In the case that n = 2 and K = C, Shioda and Mitani[24] also showed that one
can classify the abelian surfaces A with A ~ E? by equivalence classes of binary
quadratic forms. While their theorem does not directly carry over to an arbitrary
ground field, the following refinement is true in general. To state it, it is useful to
employ the following terminology. If E/K is a CM elliptic curve, then its discriminant
is the discriminant Ag = A(End(F)) of the order End(E); thus Ap = f2Ap, where
Ar is the discriminant of the imaginary quadratic field ' = End"(E). Moreover, if
A/K is an abelian surface, then its discriminant A(A/K) is the discriminant of its
Néron-Severi group NS(A) (with respect to the intersection pairing). We then have
the following result:

Theorem 4 Let E/K be a CM elliptic curve of discriminant A = Ag. Then there is
a bijection between:

(i) the set of proper equivalence classes of positive definite binary quadratic forms
q with discriminant A(q) = A;

(ii) the set of isomorphism classes of abelian surfaces A/K with A ~ E* and
discriminant A(A/K) = —A.

Note that in the above bijection, the binary quadratic forms ¢ need not be primi-
tive, i.e. their content cont(q) need not be equal to 1.

The above Theorem 4 will be deduced in §4.4 from the following generalization to
abelian varieties of arbitrary dimension n.



Theorem 5 Let E/K be a CM elliptic curve with discriminant Ap = faAp. If
n > 2, then there are natural bijections between the following sets:

(i) The set of sequences (E'; f1,..., fn_o) where E' ~ E is an isomorphism class
of elliptic curves with fp/|fr and the f;’s are positive integers with fe/|fi|...|fo2|fE-

(ii) the set of sequences (I; f1,..., fn_a) where I is an isomorphism class of non-
zero End(E)-ideals whose associated order R(I) has conductor frip|fil...|fa—2|fe-

(iii) the set of sequences (q;ci, ..., Cn_o) where q is a proper equivalence class of
positive binary quadratic forms of discriminant A and c1|. .. |c,_o|cont(q).

(iv) the set of isomorphism classes of End(FE)-submodules M of End(E)" of rank
n with (M : M)p:={f € F: fM C M} =End(F);

(v) the set of isomorphism classes of abelian varieties A ~ E™ with central con-
ductor fa = fE.

Note that the above theorem can easily be extended to classify the isomorphism
classes of abelian varieties A ~ E™ with fa|fg; cf. Remark 62(b) below.

The basic technique for proving these theorems is the method of Deuring[10],
Shimura and Taniyamal[23], and Waterhouse[26] of constructing isogenies: for a given
left ideal I of End(A), this method defines a finite subgroup scheme H (/) of A and
hence an isogeny 7y : A — A/H(I). This theory, together with some extensions, is
presented in some detail in §2.

In order to be able to apply this theory, it is useful to know which finite subgroup
schemes H of A are of the form H = H(I) for some ideal I of End(A); such subgroup
schemes are called ideal subgroups in this paper. A key result here is the following
theorem (see also Theorem 54 below) which classifies the ideal subgroups of A = E™.

Theorem 6 Let E/K is a CM elliptic curve, and let H be a finite subgroup scheme
of E™. Then H = H(I) for some left ideal I of End(E™) if and only if the central
conductor fgn/y of the quotient E"/H divides the conductor fg of E.

This paper is organized as follows. In §2 we review and extend the theory of
Deuring, Shimura/Taniyama and Waterhouse. This is then worked out in detail in §3
for the case of a CM elliptic curve. Here Theorem 18, Corollary 19 and Proposition
36 are basic tools for the rest of paper. In §4 we study products of abelian vari-
eties: the general case is analyzed in §4.1 and then applied to products of CM elliptic
curves in §4.3. To this end we also review and extend the results of Steinitz and of
Borevich/Faddeev[l] in §4.2. Finally, in §4.4 we consider the case of abelian surfaces
and show how the present results are related to those of Shioda and Mitani[24].

This research was partially supported by a Discovery Grant from the Natural
Sciences and Engineering Research Council of Canada (NSERC), and also by the
Graduiertenkolleg of the Institute of Experimental Mathematics (IEM) of the Univer-
sity of Duisburg/Essen. I would like to express my appreciation to Gerd Frey and to
the IEM for their hospitality, and to thank him for helpful comments on this paper.
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2 Isogenies, subgroups and ideals

2.1 Kernel ideals and ideal subgroups

In this section we review and augment the method of constructing isogenies of via
ideals; cf. Waterhouse[26], §3.2. This method is due to Deuring[10] in the case of
elliptic curves, and was generalized to abelian varieties by Shimura and Taniyama[23],
7.

Throughout this paper, K is an arbitrary field, and A/K is an abelian variety. All
morphisms are tacitly K-morphisms, and all subvarieties are K-subvarieties.

We first review some basic facts about finite subgroup schemes. If H is finite
subgroup scheme of A, then the quotient variety Ay = A/H with quotient morphism

g A — Ay = A/H

exists by [20], p. 111, and is again an abelian variety. Thus, (Ay, 7x) is characterized
by the universal property that for any H-invariant morphism f : A — X there is a
unique morphism fg : Ay — X such that f = fy omy. Note that 7y is an isogeny of
degree deg(my) = |H|, where |H| denotes the rank of the finite subgroup scheme H.

Conversely, if 7 : A — A’ is an isogeny of abelian varieties, then Ker(7) is a
finite subgroup scheme of rank |Ker(w)| = deg(w). Since 7 is faithfully flat (use [11],
Ex.II1.9.3(a) or [4], 7.3/1), it follows that 7 : A — A’ is a quotient of A, i.e. there
is an isomorphism ¢ : A" 5 Aker(r) such that mge ) = ¢ om. Thus, we have a
bijection between finite subgroup schemes H of A and isogenies w : A — A’, modulo
isomorphisms.

If H; and H, are any two (not necessarily finite) subgroup schemes of A, then we
write Hy < Hj if the canonical inclusion morphism jg, : H; — A of H; factors over
that of Hy, i.e. if jy, = jm, o h, for some h : H; — H, (necessarily an immersion).
Since a homomorphism h : A — A’ of abelian varieties is Hy-invariant if and only if
Ker(hy) < Ker(h), it follows from the universal property of quotients that if H; and
H, are finite, then the condition H; < H, is equivalent to the existence of a morphism
(necessarily an isogeny) 7y, m, = (7w, )i, © Ax, — Ap, such that 7y, = 7y, m, 0 7o, .
In particular, we see that |H;| = deg(my,) | deg(mm,) = |Hs| in this case. From this it
follows that the relation < is a partial order on the set of finite subgroup schemes of A;
in particular, H, < Hy and Hy < H, = Hy; = H, (because 7y, g, is an isomorphism
if |Hi| = [Ha).

For any finite collection H,..., H, of subgroup schemes of A, their intersection
H Nn...N H, = Hy X4...%x4 H, is a subgroup scheme of A, which is the greatest
lower bound of Hi,..., H, with respect to the partial order <. Note that NH; is
finite if at least one of the H; is finite. We can thus extend the definition of to an
infinite collection { H;};c; of subgroup schemes provided that at least one of the H; is
finite, because then the definition reduces to a finite subcollection (because the finite
subgroup schemes satisfy d.c.c.).



We now present the Deuring/Shimura/Taniyama/Waterhouse method of construct-
ing finite subgroup schemes via left ideals. However, instead of fixing an identification
of End(A) with an abstract ring R (as in [23] and [26]), we shall work directly with

R=Ry := End(4) and R= R, :=End’(A) =End(4) ®Q

because A is usually fixed. Note that R is canonically embedded in R. Later in §2.3
we shall study what happens when we replace A by an isogenous variety A’.

Let I be a regular left ideal I of R = End(A), i.e. I is a left R-ideal which contains
an isogeny. Then as in [26], §3.2, we put

= [ Ker(f)

which is finite subgroup scheme of A. Note that [ is finitely generated and that
(1) H(I) = Ker(hy) N...N Ker(h,), if I = ZRhl,

because for all f,g € R we have

(2) Ker(g) < g7'(Ker(f)) = Ker(fg) and Ker(f) N Ker(g) < Ker(f +g).
From (1) it follows immediately that for any two regular left R-ideals Iy, I we have
(3) H(I,+1,) = H(I)NH(l)

because I; + I5 is generated by I} U Is.
Here we complement this construction by the following “dual construction”. Given
a finite subgroup scheme H of A, put

I(H) = Hom(Ay, A)tyg = {f € R: H < Ker(f)},

where the second equality follows from the universal property of (Ay,7y). It is im-
mediate that I(H) is a left ideal of R. Moreover, I(H) is a regular ideal because
H < Ker([ng|a), where ng = |H| (and [n]a = n - 14 denotes the multiplication-by-n
map), and so [ng|a € I[(H). For later reference we observe that it thus follows from
the above equality that there exists a unique 7%, € Hom(Ay, A) such that

(4) myomy = [nu|a and that hence also 7y o 7wy = [ny)a,.

If I, I and I are regular left R-ideals and H;, H, and H are finite subgroup
schemes of A, then we have

(5) L Cl, = H(lL) <H(L),
(6) Hi < Hy = I(H,) CI(Hy),
(7) I c I(H(I)),
(8) H < H(I(H)).



Indeed, (5) and (6) are clear from the definitions. Moreover, if f € I, then Ker(f) >
H(I) = NgerKer(g), so f € I(H(I)) and hence I C I(H([)), which proves (7).
Similarly, since H < Ker(f), for all f € I(H), we have H < NyepmKer(f) =
H(I(H)), which yields (8).

From the above properties we see immediately that

(9) H(I) = H(I(H(I))) and [(H) = I(H(I(H))).

Indeed, by (8) (applied to H = H(I)) we have H(I) < H(I(H(I)). On the other
hand, since I C I(H(I)) by (7), it follows from (5) that H(I) > H(I(H(I)), and so

the first equation of (9) follows. The second is proved similarly.

Definition. A regular left R-ideal I is called a kernel ideal if we have that I = I(H([)).
A finite subgroup scheme H of A is called an ideal subgroup (scheme) if we have
H=H(I(H)).

Remark 7 (a) Waterhouse[26], p. 533, calls an ideal I a kernel ideal if we have
I ={fe€eR: fH(I) =0} Since fH(I) =0 < H(I) < Ker(f), it is clear that
{fe€eR: fH(I)=0} =1(H(I)), and so his definition agrees with the one above. (He
does not define “ideal subgroups”.)

(b) It follows from the definition and (9) that [ is a kernel ideal if and only if
I = I(H), for some finite subgroup scheme H of A. Similarly, we see that H is an
ideal subgroup if and only if H = H(I) for some regular left R-ideal I.

(c) If f € R is an isogeny, then it clear that
(10) H(Rf) = Ker(f) and I(Ker(f)) = Rf

(the latter by the universal property), and so Rf is a kernel ideal and Ker(f) is an
ideal subgroup. More generally, we have for any regular left R-ideal I, any finite
subgroup scheme H of A and isogeny f € R that

(11) H(If) = f'(H(I)) and I(f'(H)) = I(H)f.

Indeed, the first equality follows from the fact that intersections commute with inverse
images, and the second follows because the faithful flatness of f implies that

(12) H < Ker(g) & f7H(H) < f(Ker(g)) = Ker(gf), VgeR.
From (11) it thus follows that
(13) [(H(If))=I(H(I))f and H(I(f'(H)))=f""(H(I(H))),

and so we see that if I is a kernel ideal, then so is I f. Similarly, if H is an ideal
subgroup, then so is f~1(H). In fact, the converses of these assertions are also true:

(14) I is a kernel ideal < [If is a kernel ideal;
(15) H is an ideal subgroup <« f~'(H) is an ideal subgroup.
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Indeed, if If is a kernel ideal, then by the first part of (13) we have I(H(I))f =
I(H(If)) =1f, and so I(H(I)) = I because f is a unit in R > R. Thus [ is a kernel
ideal, which proves (14). Similarly, if f~*(H) is an ideal subgroup, then by the second
part of (13) we have f~(H(I(H))) = H(I(f~*(H))) = f'(H), and so H(I(H)) = H
by the faithful flatness of f. Thus H is an ideal subgroup, which proves (15).

(d) For any regular left R-ideal we have

(16) I(H(I)) c I" == (] RS,

Rf>I

where the intersection runs over all f € R such that Rf D I. Indeed, if f = f /n with
feRandn e N, then I C Rf implies that In C Rf and so by (11), (5), (6) and (10)
we have that I(H(I))n = I(H(In)) C I(H(Rf)) = Rf, and hence I(H(I)) C Rf.
This verifies (16).

In particular, if I = I*, i.e. if I is a divisorial ideal (cf. [5], p. 476), then it follows
from (8) and (16) that I = I(H(I)). Thus every divisorial ideal is a kernel ideal. In
particular, if R is commutative, then every invertible R-ideal I is a kernel ideal by
[5], p. 118, 476. Thus, if R is a Dedekind domain, then all non-zero ideals are kernel

ideals.

(e) If K'/K is any field extension, then we have an injective ring homomorphism
5]{//}( : End(A) — EDd(A X K/)

given by base-change f +— f ® K'. If this is surjective (hence an isomorphism), then
it is clear from the definitions that for a finite subgroup scheme H of A and R-ideal
we have

H(I)® K" = H(Byx(I)) and I(H®K') = Boyx(I(H))

because Ker(f ® K') = Ker(f) ® K, for all f € End(A). Note, however, that in
general A’ := A® K’ has more finite subgroup schemes than A, i.e. A" may have finite
subgroup schemes which are not of the form H ® K'.

2.2 The invariant [4(B)

Given an abelian variety B which is isogenous to A (notation: B ~ A), we shall define
an “invariant” I4(B) which is an isomorphism class of left R-ideals, where, as before,
R = R4 = End(A). This invariant is defined by the rule

I4(B) = Hom(B,A)r = I(Ker(m)) where 7: A — B is any isogeny.

As we shall see presently, the R-module isomorphism class of the right hand side does
not depend on the choice of the isogeny m : A — B. For this, we first observe the
following.



As before, let H; and H, be two finite subgroup schemes of A and let I; and I
two regular left R-ideals. It is then easy to see (cf. [26], p. 532) that we have
(17) Ay, ~ Ay, < fY(H) =[n]"Y(Hy), forsome f € RNR* and n € Z,
(18) L ~I, & I,=1Ff, forsome fe RX.

From this we see that
(19) I ~ 1, = Ap) ~ Aum)

because the hypothesis implies by (18) that I; = I,f, where f = f/n with f € RN R
an isogeny, and so I)n = If. Thus, by (12) we have [n|"'(H([,)) = H(Iin) =
H(I,f) = f~'(H>), and hence A1,y >~ A,y by (17). This proves (19).

Similarly, we have
(20) Ap, ~ Ay, = I(Hy) ~ I(H,).
Indeed, by (17) the hypothesis implies that there exist f, n such that f~'(H;) =
[n]~1(H,), and so by (11) we have I(H,)f = I(f~Y(H,)) = I([n]"Y(Hy)) = [(Hy)n, so

I(Hsy) = I(Hy) f with f = %, and hence I(H;) ~ I(Hs), which proves (20).

While in general the converses of (19) and (20) are false, we note that if I; and I
are kernel ideals, then it follows from (19) and (20) that the converse of (19) holds.
Similarly:

(21) Ay, ~ Ay, & [(H)) ~I(Hy), if Hy and H, are ideal subgroups.

We now apply this to the invariant I,4(B). It follows from (20) that the isomor-
phism class of 14(B) does not depend on the choice of the isogeny = : A — B, for
if m : A — B is another, then Age(r) >~ B ~ Ager(r), and so by (20) we have
I(Ker(m)) ~ I(Ker(m)), as asserted.

As was mentioned above, it can happen that I4(By) ~ [4(B;) yet By % Bs.
However, if B; and B, have the “ideal property” that there exist isogenies 7; : A — B;
such that Ker(m;) is an ideal subgroup, then we have by the above discussion that

I4(By) ~ IA(Bs) & By ~ By, provided that B;, By have the ideal property.

Remark 8 It is useful to observe that the “ideal property” of B can be decided by
considering a single isogeny 7 : A — B because if H; and H, are two finite subgroup
schemes, then we have:

(22) If Ay, ~ Ap,, then H; is an ideal subgroup < H, is an ideal subgroup.

Indeed, by (17) the hypothesis means that f~'(H;) = [n]|~'(Hy), for some isogeny
f € R and n € N and so the conclusion follows from (15).

Similarly, the property of being a kernel ideal is a property of the isomorphism
class: if I, J are two regular left R-ideals, then we have:

(23) If I >~ J, then I is a kernel ideal <« J is a kernel ideal.
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Indeed, by (18) we have I f = Iyn, for some isogeny f € R and n € N, and so the
conclusion follows from (14).

2.3 Homomorphisms

The discussion of the previous subsection drew attention to the importance of ideal
subgroups, and so it is of interest to classify them. Now while it is frequently the
case that all regular left R-ideals are kernel ideals (for example, if R is a Dedekind
domain; cf. Remark 7(d)), it rarely happens that all finite subgroups schemes of A are
ideal subgroups. The reason for this is that if H = H (/) is an ideal subgroup, then
End(Apg) has additional properties which are not necessarily satisfied by End(Ag) for
an arbitrary finite subgroup scheme H.

To explain this in more detail, let H; and Hs be two finite subgroup schemes of
A, and consider the subset H(Hy, Hy) := Im(®y, y,) C R which is the image of the
map

(I)H1,H2 : Hom(AHl,AHQ) — R = EndO(A)
defined by the rule

1
(24) (I)Hl,Hg(h) = ETF;{Q oho THy, for h € HOIH(AHI,AHQ).
2

Here, as before ny, = deg(7mp,) = |Ha| and 7, is defined by (4).
Remark 9 (a) Note that & = &y, g, is injective because it follows from (4) that
(25) T, ®(h)my, = ngh, for all h € Hom(Ap,, An,).
Thus, ® defines an isomorphism (of additive groups)
® : Hom(Ap,, Ay,) — H(H,, Ho)
which extends to an isomorphism
®°: Hom®(Ay,, Ay,) = Hom(Ap,, Ap,) ®Q 5 R.

(To see that ® is surjective, note that if f= % € R with f € R, n € N, then
7rH2f7rH € Hom®(Ay,, Aw,) and ®°(h) = f.) Thus, H(H,, H,) is a lattice of

h=
R, ie. 1t is an additive subgroup of R which contains a Q-basis of R.

Note that the lattices H(Hy, Hy) can be viewed as a generalization of I(H)-
construction. Indeed, if we take Hy = 0, then we have
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because ®po(h) = hry as here ny, = 1, Ay, = A and 7y, = 7y, = 14.

(b) The map ®g, g, is multiplicative in the sense that if Hj is another finite sub-
group scheme of A, then for h; € Hom(Apy,, An,,,), i = 1,2, we have that

i+1)
(26> ®H2,H3<h2)®H1,H2(h1) = CI)H1,H3<h2 © hl)

Indeed, writing m; = 7g,, 7 = 7y, and n; = ny,, for i = 1,2,3, we have by using (4)
that (I)HQ,H;;(hQ)(I)Hl,HQ(hl) = %ﬂ'ghQﬂ'Qéﬂ'ghlﬂ'l = iﬂ'ghghlﬂ'l = (le,Hg(hQ e} hl)
In particular, if H; = Hy, = H, then ®y = ®y i defines a ring isomorphism

Oy End(Ay) = E(H) :=H(H, H),

and so E(H) is a subring of R. (Note that ®y(14,) = -~y my = 14.) We observe

ng
that since @y (myhnly) = ngh, Vh € R, we have the inclusions

(27) ngyR C &H) C R,

nH

(C) If H S H/, then (I)H,H’(']TH,H’) = 1A because (I)H,H’(']TH7H’) = nLH,W}I’WH,H’WH =
nLH,W}J,WH/ = 14. Thus, if H; > H] and Hy < HJ, then it follows from (26) that

Py 11, () = Pty by (Tt 1) Py 1, (R) Pty b1y (Tg 1y) = Py iy (T 11y © B0 Ty ),
for all h € Hom(Apg,, An,), and so it follows that

We now want to describe H(Hy, Hs) in terms of the ideals I(H;). For this, it is

useful to introduce the following notation. If S, T are subsets of R, put
(S:T) == {feR:TfcCS} = {feR:tfcS,VteT}.
We then have the following description of H(H, Hs).

Proposition 10 If H{, Hy are finite subgroup schemes of A and if Iy, Iy are reqular
left R-ideals, then

(29) H(Hl,Hg) C (](H1>I(H2)),
(30) (L1 : I2) C H(H(L), H(I2)).

Moreover, if Hy is an ideal subgroup, then equality holds in (29), and if I is a kernel
ideal, then equality holds in (30).
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Proof. To prove (29), let h € Hom(Ap,, An,) and f = f'mg, € I(Hs), where f' €
Hom(Ap,, A). Then by (4) we have f®(h) = f/WHziﬂ'/thﬂ'Hl = f'hry, € I(Hy),
and so the inclusion (29) follows.

In order to prove (30), we first observe that

(31) H(Hy, Hy) = {L:feRneNand n] '(H)) < f'(Hs)}.

Indeed, if f € H(Hy, Hy), then f = L where n = ny, and f = 7y hry,, for some
h € Hom(Apy,, An,). Then 7y, f = nhry, = h(nmy,), so f~1(Hy) = Ker(rg, f) =
Ker(hnry,) > Ker(nmg,) = [n]7'(H;). Thus, the left hand side of (31) is contained

in the right hand side.

Conversely, suppose that f € R and n € N satisfy [n]'(Hy) < f~!(Hs), ie.
Ker(nry,) < Ker(my, f). Then by the universal property of quotients 3h € Hom(Ay,, Apy,)
such that 7y, f = hnry, = nhry,. Then ny,f = 7y, mh,f = 7y nhry,, so f =
Ty, hw, = n®, gy (h). Thus fi=1=0ay u(h) € H(H:, H,), and so we have
verified that equality holds in (31).

Now we prove (30). For this, let f = % € (I; : I) with f € R, n € N, and write
H; = H(I;) and m; = my, for i = 1,2. We first claim that

Ker(nm) < Ker(af), Va € Is.

Indeed, since & f = af =: 8 € I, we have af = nf3. Since H, = H(L) < Ker(f), we
thus have Ker(nm ) < Ker(n(3) = Ker(af), which proves the above claim.

Now since Hy = H(ly) = NiKer(w), if I = ), Roy, we see that Ker(mf) =
Y Hy) = nif Y (Ker(oy)) = NiKer(a; f). Tt thus follows from the above claim that
Ker(nm) < Ker(myf), and hence f € H(Hy, Hy) by (31). This proves (30).

By combining (29) and (30) we obtain

(32) H(Hy, Hy) C (I(Hy) - [(Hy)) C H(H(I(Hy)), H(I(Hz))) C H(Hy, H(I(Hy))),

where the last inclusion follows from (28) (together with (8)). Thus, if Hy is an ideal
subgroup, i.e. if Hy = H(I(Hs3)), then equality holds throughout, and hence equality
holds in (29). Similarly, combining (29) and (30) yields

(33) (1) CH(H(L), H(I2)) C (I(H(L)) - I(H(L))) € (I(H(1)) : I2)
and so equality holds throughout if I; is a kernel subgroup.

As an application, we obtain that ideal subgroups H satisfy the extra condition
that Z(R) C E(H), where Z(R) = {z € R : xz = zx,Yx € R} denotes the centre of
R. This condition is usually not true for arbitrary subgroup schemes of A, as we shall
see in Remark 17(b) below.
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Corollary 11 If H is an ideal subgroup of A, then Z(R) C E(H).

Proof. By hypothesis, H = H(I), for some regular left R-ideal I, and so (I : I) C £(H)
by (30). Now Z(R) C (I : I) because [ is a left R-ideal (for z € Z(R) = [z = zI C I),
and so the assertion follows.

The following result, which is a variant of a result of [26], p. 534, shows that the
subgroup scheme associated to a product of ideals has a natural interpretation in terms
of composition of maps.

Proposition 12 Let I be a reqular left R-ideal and let J be a reqular left R'-ideal,
where R = E(H(I)). Then 1.J is a regular left R-ideal and

(34) H(1J) = Ker(ﬂ-H(q);l(J)) © TH (1)),

where &1 = ®p(py : End(Agy) = R and Th@(J) Ay — (AH(I))H(q)I_l(J)) is the
canonical quotient map.

Proof. Put H = H(I). Since J C E(H) C (I(H) : I(H)) by (29), we have I.J C
I(H)J C I(H) C R, and hence IJ is an R-ideal. Moreover, I.J is regular because by
hypothesis 3o € IN R* and 8 € JN R*, and so a8 € IJ N R*, which means that I.J
is regular.

To prove (34), note first that it follows from (25) that n®;'(J) = 7Ja’, where
n=ny, ™ =7y, and 7 = 7y, and so ®;'(J)m = 7J. From this it follows that

(35) Ker(nf) = NgerKer(gf), Vf e

where we view 7f € Hom(A, Ay) since 7f = fim for some f, € ®;*(J) C End(Ap).
To verify (35), write f = fo/n with fo € R and n € N. Then
[n] ' (Ker(nf)) = Ker(nfo) = fy'(Ker(m)) = f3 ' (NgerKer(g))
Nyerfs ' (Ker(g)) = NgerKer(gfo) = [n] 7 (NgerKer(gf)),

the latter because gf; = gfn and gf € R, for all g € I. From this, equation (35)
follows because [n]| is faithfully flat.
Using (35), we therefore obtain that
Ker(wH(¢;1(J))7r) = 7T_1(K€I'(7TH(¢,;1(J)))) = W‘l(ﬂfe(b;l(J)Ker(f))
= NyesKer(rf)) = Npesf (Ker(m)) = Npesf~ (NgerKer(g))
= Nyes Nger Ker(gf) = H(1J),

which proves (34).
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2.4 The quadratic case

We now specialize the discussion to the case that R is a quadratic field F > Q. Since
R is finitely generated (as a Z-module), it follows that R is an order of F = R, i.e. R
is a subring of F' which is lattice. We first recall some basic facts about such orders
and lattices (cf. [3], §I1.7 or [6], ch. 7).

Every order R of F'is contained in the maximal order O g, the ring of integers of F,
and is uniquely determined by its conductor fr := [Op : R]. Indeed, if A(R) := f2AF,
where Ap = A(Op) is the discriminant of F' (or, more correctly, of D), then we have

1
(36) R = RA = Z+ Zwa, wherewa = §(A+\/Z)

Thus, R is also uniquely determined by its discriminant A(R). Conversely, for each
integer f there is unique order of conductor f. Moreover, if Ry, Ry are orders in F
then we have

(37) Rl C R2 <~ fR2|le and hence leRz = (le?fRQ)’ leﬁRz :1Cm(fR1,fR2).

Let Latr denote the set of lattices of F', i.e. the set of finitely generated subgroups
L of F such that LF = F. If L € Latp, then R(L) := (L : L) is an order of F', and
for a given order R, the set

Lat(R) = {L € Latp : R(L) = R}

is the set of invertible R-submodules of F', and hence forms an abelian group under
the multiplication of lattices. Here the identity is R and the inverse of L is

(38) L™ = (R(L): L) = o(L)N(L)™,

where 0 € Gal(F/Q) is the unique nontrivial automorphism of F' and N(L) € Q* is
the norm of L. Moreover, the group

Pic(R) = Lat(R)/{fR: f € F*}

is a finite abelian group whose order is denoted by h(R) = h(A(R)).
For later reference we recall the following useful formulae (cf. [6], p. 151):

(39) R(LiLy) = R(L1)R(Ls) and N(LiLs) = N(L1)N(Ly).

In addition, we have following formulae (40) and (41) will be used several times
below. Since there does not seem to be a suitable reference, we provide a proof of
these identities. Note that (41) is stated without proof on p. 71 of [12].
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Lemma 13 If Ly, Ly € Latp are any two lattices of F, then
(40) (Ll . LQ)LQ = (R(Ll) : R(L2>>L1
Thus, if fi = fr,) = [OF : R(L;)], fori=1,2, and if f = (f1, f2), then we have

(41) (Li: Ly) = [R(LOR(LY) : RILOIL; = D015

f
Proof. Put R; = R(L;) and Ry = RiRy = R(L1L,). Note that (L; : Ls) is an
Ro-module, for if ¢ € (L; : Lg) and r; € R(L;), then eriry € (Ly : Lg) because
ricrolo C ricly C riLy C Ly. In particular, (R : Rs) is also an Ry-module (because
R(R;) = Ry).

Now let ¢ € (L; : Ly). Then (cLi*Ly)Ry = cLi'Ly = cLyLit C L1Ly' = Ry, so
cLyLi' C (Ry : Ry), and hence (L; : Lo)LyLi* C (Ry : Ry). Thus (Ly : Ly)LoRy =
(Ly: L)Ly 'Ly C (Ry : Ry)Ly. But since (L; : Ly) is an Ry-module (as Ry C Rp), we
have that (L : Lg)LoRy = (L : La) Lo, and so the left hand side of (40) is contained
in the right hand side.

To prove the other inclusion, let 7 € (Ry : Ry). Then (rLiLy") Ly = rL iRy =
rRyLy C RiLy = Ly, so vl Ly* € (Ly : Ly), and hence (Ry : Ry)L Ly" C (Ly @ Ly).
Thus (Ry : Ry)L1Ry = (Ry : Ry)L1Ly Ly C (Ly : Ly) Lo, and so the other inclusion of
(40) holds because (Ry : Ro)L1Ry = (Ry : Ry)Ly (since (R; : Rs) is an Ry-module).
This proves (40).

The formula (41) follows immediately from (40) once we have shown that

(12) (R(L1): R(L)) = §R<L1>R<L2> and %: [R(LOR(Ly) : R(LY)]

Indeed, multiplying (40) by L; ', we obtain with (42) that (L, : Ly) = f—flRleLlL;l =
f—flLlLQ_ ! where the last equality follows from the obvious fact that Lfﬂ is an R;-
module, for ¢ =1, 2.

It thus remains to verify (42). For this, we first note that since f = fr, by (39), we

have that [Ry : Ry] = %, which is the second equality of (42). Thus, %Ro is largest

Ry-module which is contained in Ry, and hence (R; : Rs) C %RO because (R : Ry) is
an Ro-module which is contained in ;. On the other hand, since %Rg C J%Ro C Ry,
we have the opposite inclusion %RO C (Ry : Ry), which proves (42).

Corollary 14 FEvery non-zero ideal of an order in F is a divisorial ideal.

Proof. Let R be an order of F' and let I be a nonzero R-ideal. Then I € Laty and
R C R(I). Applying (41) to Ly = R and Ly = I yields

(43) (R:1) =[R(I): R

14



because here fo|f1, so f = fo and f—f1 = [R(I) : R]. Next, apply (41) to Ly = R and
Ly = (R : I). Since R(Ly) = R(I™') = R(I) by (43), we see that in this case (41)
gives

(R:(R:1)=[R(): R(R: 1) = [R(D) : RI[RUI): R]"' (1) = 1

Since I* = (R : (R : I)) by [5], p. 476, we thus have that [ = I'*, and so [ is a divisorial
ideal in the sense of Remark 7(d).

We now apply the preceding results to abelian varieties.

Proposition 15 Let A/K be an abelian variety such that R = End°(A) is a quadratic
field. Then every non-zero ideal of R = End(A) is a kernel ideal, and hence we have
Jor any two non-zero ideals I, J of R that @1 ; := @y, defines an isomorphism

~

(44) (I)[’J = (I)H(I),H(J) : HOID(AH(I)7AH(J)) — ([ : J)
Moreover, we have that Agqy ~ Apy <& 1~ J (as R-modules).

Proof. Since R is an order of R = F, we know by Corollary 14 that every non-zero
ideal of R is divisorial and hence a kernel ideal by Remark 7(d). This proves the
first assertion, and hence the other assertions follow from Proposition 10 and from the
discussion after (20).

Corollary 16 In the above situation, let R' be an order of R with R C R'. Then there
exists an abelian variety A'/K which is isogenous to AJ/K such that End(A") ~ R'.

Proof. Take I = [R' : R|R' C R. Then [ is a non-zero R-ideal with R(I) = R'. Then
A" = Ap(p is isogenous to A and End(A’) ~ (I : I) = R(I) = R by (44).

Remark 17 (a) Note that if we drop the hypothesis R C R’ in Corollary 16, then
the corresponding statement is in general no longer true; cf. §3.3 below.

(b) We can use the above Corollary 16 to construct an abelian variety A" with a
finite subgroup scheme H’ such that £(H’') ¢ End(A’). In particular, H' is not an
ideal subgroup by Corollary 11.

Indeed, suppose there exists an abelian variety A/K such that R := End(A) C F
but R # Op. Then by Corollary 16 there is an R-ideal I such that A" := Ap;) satisfies
End(A’) ~ Op. Consider H' = Ker(my ). Since mpyy : A" — A is an isogeny, we
have (A)gr ~ A, so E(H') ~ End(A) = R. Thus O = End(A") ¢ E(H'), and so H’
is not an ideal subgroup of A’.
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3 CM elliptic curves

3.1 Kernel ideals and ideal subgroups

We now apply the theory of the previous section to the case that A = E is elliptic
curve over K with complex multiplication. By this we mean that E/K is an elliptic

curve such that o
End’(E) = End (E®QK) = F

is an imaginary quadratic field F', where K denotes the algebraic closure of K. Note
that this definition is slightly more restrictive than that of (say) [18], since we assume
here that all K-endomorphisms are already defined over K.

If E/K is a CM elliptic curve, then R = End(FE) is an order in F. Thus, R
is uniquely characterized by its conductor fr := [Op : R] or by its discriminant
Apg := A(R), which we call the conductor and discriminant of E, respectively.

The main results about kernel ideals and ideal subgroups are summarized in the
following theorem which can be viewed as a refinement of results of Deuring[10] and
Waterhouse[26].

Theorem 18 Let E/K be a CM elliptic curve and R = End(E). Then:

(a) Every non-zero R-ideal I is a kernel ideal. Thus
(45) @]17]2 = @H(]1)7H([2) . HOIIl(EH(Il),EH([2)) g (Il . IQ)

1s an isomorphism for all non-zero ideals I, Is of R.

(b) If H be a finite subgroup scheme of E, then
(46) H is an ideal subgroup <  fg,|f&.

Thus, if Hy, Hy are finite subgroup schemes of E' such that fg,, |fE, fori=1,2, then
(47) (I)H1,H2 : Hom(EHnEHz) = H(H1>H2) = (I(Hl) : I(H2)>v

and we have
(48) Ey, ~ Ey, < I(Hy) ~ I(Hs).

Proof. (a) This is a special case of Proposition 15.

(b) We first observe that it is enough to verify (46), for then (47) follows immedi-
ately from Proposition 10 and (48) follows from (21).

To prove (46), we first note that since E(H) ~ End(Ey), it follows from (37) that
Jey|fe < R C E(H). Thus, the one direction (=) follows directly from Corollary 11.

Conversely, suppose that fg,|fg or, equivalently, that R C R := E(H). By (15)
it is enough to show that H, := [n]7'(H) is an ideal subgroup, for some n € N.
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For this, put f = [R' : R], I = fR', and E' = Ey(;). Then by (45) we have
End(R') ~ (I : I) = R'. Moreover, if 7 := mp () : £ — E' and n := deg(7), then by (4)
we have my[n] = my7'T, where 7' = 7y, and so [n] "' (H) = Ker(my[n]) = 7~ (H'),
where H' = Ker(mgy7') is a finite subgroup scheme of E’.

Since myn’ : E' — FEp is an isogeny, it follows that (E')g ~ Ep, and hence
End((E")y) ~ End(Fy) ~ E(H) = R’ ~ End(E’). Thus, by the abovementioned
result of Deuring/Waterhouse (which is proved via ¢-adic representations; cf. [10] or
26], p. 541), there is an ideal I’ of End(E') such that H' = H(I'). If I' = &(I')
is the corresponding ideal of £(H(I)) = R', then by Proposition 12 we have that
H(II") = Ker(rgy o ) = 7 “(H') = [n]"'(H). Thus, [n]"'(H) is an ideal
subgroup of E, and hence so is H (by what was said above).

We can apply the above results to obtain information about the following subset
Isog™ (E/K) of the set Isog(E/K) of elliptic curves isogenous to E/K.

Notation. Let Isog(E/K) = {E'/K : E' ~ E}/~ be the set of isomorphism classes
of elliptic curves E’/K which are isogenous to F, and let

Isog™(E/K) = {E' € Isog(E/K): fe|fr}.

Corollary 19 If E/K is a CM elliptic curve, then the map E' +— Ig(E') induces a
bijection
I} Tsog" (E/K) = Id(Rp))/ =,

where Id(Rg)/ ~ denotes the set of isomorphism classes of non-zero ideals of Rg =
End(E).

Proof. By the discussion of subsection 2.2 we know that the given rule defines a map
Ig : Isom(E/K) — Id(R)/~. We denote its restriction to Isom™ (E/K) by I.

To show that I} is surjective, let I € Id(R), and put E' = Ep(. Then by
(45) we have that End(E’) ~ (I : I) = R(I) D R, This means that fg/|fg, and so
E' € Isog™ (E/K). Moreover, Ig(E') ~ I(H(I)) = I, and hence I}, is surjective.

To show that I}, is injective, let By, Ey € Isogt(E/K) such that Ig(E;) ~ I5(Es).
Thus, by definition, [(H;) ~ I(H;), where H; = Ker(m;) and 7; : F — E; are any two
isogenies, and we have fg,|fg. Since E; = Ep,, we have by (48) that I(H,) ~ I(H,),
and so I} is injective.

Remark 20 It follows from (45) that for any R-ideal I we have that
(49) End(Eny) = (I:1)=R(I) andso fg,, = fe[R(I): Rg|™".
Moreover, by (47) we have that

(50) End(E') ~ R(Ig(E')) and fg = fruuey, forall E' € Isog" (E/K).
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From this we see that if we restrict the map I}, to the subset
lsog" (E/K) = {F' € Tsog(E/K) : fu = fu},
then we obtain the (well-known) bijection
(51) Isog*(E/K) & {I eId(Rg):R(I)=Rg}/~ 5 Pic(R).
Thus, Isog"(E/K) is a finite set of cardinality h(Ag) := h(Ra,). Moreover, since
tsog* (B/K) = | {E' € Tsog(E/K): fyy = [} = |JIsog(E/K).
flfe flfe

where E; ~ E is an elliptic curve of conductor f|fg (which exists by Corollary 16),
we see that Isog™ (F/K) is also finite set of cardinality

(52) #(Isog"(E/K)) = > h(Ap/f?).

ffe

On the other hand, the set Isog(FE/K) is often infinite; for example, this is the case
when K is algebraically closed.

We can also give a “numerical criterion” to detect ideal subgroups; cf. Corollary
23 below. For this we first prove the following result which is also of independent
interest.

Proposition 21 If I is a non-zero ideal of R = End(FE), then
(53) |H()| = deg(mnm)) = [R:1].

Remark 22 If I is not invertible (i.e. if R(I) # R), then the above formula (53)
contradicts the formula on p. 211 of Deuring[10], who asserts that |H(I)| = [R() : I]
in place of |H(I)| = [R : I].

In fact, Deuring’s proof of his statement contains an error. While his proof in the
case that R([) = R is correct, his proof of the general case is not. To be precise, on
p. 218 he uses a result of W. Weber incorrectly because that result only applies to
invertible ideals (and is, in fact, false otherwise).

Proof of Proposition 21. We first note that if f € R = End(FE), then

(54) deg(f) = [Ker(f)] = N(f),

where N = Np/q denotes the usual field norm. Indeed, by e.g. [20], p. 180, we know
that Py(f) = 0 where Pp(X) = X?+tX +deg(f), for some ¢ € Z, and so (54) follows.
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From (54) we can conclude that

(55) deg(mrn) [ gcd({N(f) : f € 1}) = N() = [R(I): 1]

because if f € I, then H(I) < Ker(f) and so |H(I)| = deg(mun)|deg(f) = N(f)
by (54). Thus, the indicated divisibility holds. The last equality of (55) is just the
definition of N(I), and the first equality is well-known. (It follows from one of the
steps needed to verify the bijection between equivalence classes of binary quadratic
forms and equivalence classes of invertible R'-modules (where R’ = R([)).)

Suppose first that I is invertible (i.e. R(I) = R). Then o(I) is also an invertible R-
ideal (where o € Gal(F'/Q),0 # 1) and N(o(I)) = N(I). Moreover, [o(I) = N(I)R
by (38). Since E(Enry) = (I : I) = R(I) = R, we can apply Proposition 12 to
J = o(I) to obtain H(Io(I)) = Ker(ry(I')) o m(r)), where I' = ®;'(c(I)). Thus,
|H(Io(I))| = |H(I")| - |H(I)|. Since H(Io(I)) = Ker([N(I)]), we thus obtain from
(54) and (55) that N(I)? = |H(I")| - |[H(I)| | N(o(I))N(I) = N(I)?, and so it follows
that we must have equality throughout, so |H(I)| = N(I) = [R : I]. This proves (53)
when [ is invertible.

In order to prove (53) in the general case, we first verify it in the special case that
I = fR', where R' O R is an order and f = [R': R]. More precisely, we show that

(56) \H(fR)| = f = [R: fR], if RC R and f=[R:R)].

First note that the second equality is clear because [R' : fR'] = f?. To prove the
first equality, we shall induct on the number v = v(f) of primes (counted with mul-
tiplicities) which divide f. If v = 1, then f = p is a prime. Since p € pR', we have
H(pR') < Ker([p]), and so by the universal property there exists ¢ € Hom(E’, E') such
that [p| = gm, where E' = Eypr) and 7 = mypr). Thus deg(m) | deg([p]) = p*.
Now deg(m) # 1 because otherwise E' ~ FE. which is impossible since End(E’) ~
E(H(pR)) = R ¢ R = End(F). Similarly, deg(m) # p? because otherwise g is an
isomorphism and then again £’ ~ F, contradiction. Thus deg(7) = p, and so (56)
holds in this case.

Now suppose v > 1. Then f = f’p, where p is a prime and v(f’) > 1. Let Ry be
the unique order such that R C Ry C R and [R; : R] = p (and hence [R': R;] = f).
Put 7 = Tupry) : £ — By := Egpr,). By what was just shown, deg(m) = p. Now
consider I’ = CID;I%( f'R") C End(FE;). By the induction hypothesis (applied to E; in
place of E) we have deg(m;:) = f’. Thus, since pR; f'R' = fR', we have by Proposition
12 that H(fR') = Ker(myy o m), so deg(msp) = deg(mp)deg(m) = f'p = f, which
proves (56).

We can now verify (53) for an arbitrary R-ideal I # 0. Put R’ = R(I) and
f = [R : R]. Since I is an R'-ideal contained in R, we have I C fR', and so
I' = %I C R'. Thus I’ is an invertible R'-ideal. Since E(H(fR')) = R, we see that
I" = (19]7}12,([’) is an invertible End(FE,)-ideal, where Ey := Epy(sr, and so, by what
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was proved above, deg(mymy) = [R' : I'] = [fR' : I] because fI' = I. Now since
(fR)I' = R'I = I, we have by Proposition 12 that H(I) = Ker(m» o m¢p/), and so
deg(mu(ry) = deg(mv) deg(mpr) = [fR' : I][R : fR'] by (56). Thus deg(mun) = [R :
I], which proves (53) in general.

Corollary 23 If H is a finite subgroup scheme, then |H| | [R : I(H)], and equality
holds if and only if H is an ideal subgroup.

Proof. Since H < H(I(H)), we have |H| | |H(I(H))| = [R: I(H)] by (53). Moreover,
H is an ideal subgroup < H = H(I(H)) < |H| = |H({ ( )| < \ | = [R: I(H)],
and so the assertion follows.

Corollary 24 Let Hy and Hy be two ideal subgroups of £ and let f; = fg, . Then
the norms of the ideals I(H;) and of the lattice H(Hy, Hs) are given by

e lem(f1, f1) [Hi
(57) N(I(H;)) T |H;| and N(H(Hy, Hs)) wcd(fr. o) [l
Proof. Put n; = |H;| and L; = I(H;). Since R(L;) = E(H;) D R by (46) and (47),
we have [R(L;) : R] = fu/fi, and so N(L;) = [R(L:) : L] = 2[R : I(H;)] = L£n, by
Corollary 23. This proves the first equality of (57).
Now by (47) and (41) we have H(Hy, Hy)) = (L1 : Lo) = %Lle_l, where f =
ged(f1, f2). Thus, using the first equality of (57), we obtain

f1 ( 1) f_12(fE/f1)711 _ f1f2ﬂ
fQN( ) f2(fE/f2>n2 f? ny’

which proves the second equation of (57) because lem(fy, fo) = %

N(H(Hy, Hy)) =

For later purposes we briefly consider how the constructions I(-) and H(-) behave
under specializations.

Proposition 25 Let E/K be a CM elliptic curve defined over a number field and p
be a prime ideal of K with residue field k = Ok /p. Assume that E has good reduction
Ex/k atp. Then:

(a) Ey/k is a CM elliptic curve if and only if p = char(k) splits in F := End’(E).
If this is the case, then the conductor of Ey is fg, = fg/p", where p"||f&.

(b) Assume that the condition of (a) holds, and that p t fg, so that the reduction
map defines isomorphisms

re s End(E) = End(E;) and r2:End”(E) = End’(Ey).
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If H is any finite subgroup scheme of E, then its reduction Hy is a subgroup scheme
of the same rank, i.e. |Hg| = |H|, and we have

(58) re(I(H)) C I(Hy) and r)(E(H)) C E(Hy).

Furthermore, both inclusions are equalities if H is an ideal subgroup or if (p, |H|) = 1.
In addition, we have

(59) H(I), = H(rg(I)), for all non-zero ideals I of End(FE).

Proof. (a) Lang[18], Theorem 13.12 (p. 182).

(b) We first recall how the reduction map 7y is defined. Let O, = (D), denote
the local ring (valuation ring) at p, and let £/9, denote the minimal (Néron) model
of E/K (with respect to p). Then 7 is defined as the composition of the base-change
maps

r, =rE: End(E) & End(E) — End(E)).

Now let H be a finite subgroup scheme of E. To define Hy, we shall use the
hypothesis that E/K has good reduction at p, i.e. that £/S := Spec(9,) is an abelian
scheme (of relative dimension 1). Then Ey ~ E also has good reduction at p (by
the criterion of Néron-Ogg-Shafarevich or otherwise), and so my extends by the Néron
property to a homomorphism 7y : £ — Ejy. By 4], 7.3/6, Ty is an isogeny. Moreover,
since 7y is proper (because Ey /S is proper), it follows that 7y is finite and flat by
(the argument of) [4], 7.3/2, and hence H := Ker(7y) is a subgroup scheme of E
which is finite and flat over S and whose generic fibre is H. Thus, its special fibre
H, = H xg Spec(k) is a finite subgroup scheme of FEj of the same rank as H, i.e.
|H| = |Hy|. Note also that the above shows that (Ej)gy, is the reduction of Ey.

As a special case of this construction we see that

k

(60) Ker(g)r = Ker(g) xs Spec(k) = Ker(ri(g)), forall g € End(FE).

From this, equation (59) follows immediately because intersections (i.e. fibre products)
commute with base-change.

To prove the first part of (58), let h € I(H), so h = gy with ¢ € Hom(Ey, E)
and hence h = iy and ri(h) = hy = 0:(Te)e = grmm, € I(Hg) because gy €
Hom((Ew)k, Ex) (and (Ex)r = (Ek)m,)- This proves the first inclusion of (58).

The second inclusion follows immediately from the fact that

(61) r(Py(h)) = @Hk(rf’{(h)), for all h € End(FEy),

which in turn follows from the functoriality of the construction of r, for we have that
nar(Pu)(h) = ri(ryhme) = (wy)kbe(ma)k = 7,757 (W) ww, = n, P, (rg (R)).
Note that it follows from (61) that

(62) r(E(H)) = EHy) < ptfean = fea
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because by part (a) we know that rf " is surjective if and only if pt fg,,.

Now suppose that H is an ideal subgroup scheme. Since fg,|fg by (46), it follows
from (62) that we have equality in the second part of (58). Moreover, since H = H(I)
for some ideal I, we see from (59) that Hy, = H(r(I)) is also an ideal subgroup. Put
R = End(FE). Since r(R) = End(E}), we obtain from Corollary 23 that [R: I(H)] =
|H| = |Hg| = [ri(R) : I(Hy)], and so we must have equality in the first part of (58) as
well.

Finally, to prove that equality holds in (58) when (|H|,p) = 1, we first observe
that although the map H — Hj, is not injective in general, we do have

(63) H<H < (H),<(H)y if (Hlp) =1

To see this, recall first that we also have a reduction map r,f(K) : E(K) — Ex(k)
on the group of rational points and that by base-change this extends to a map 7y :

E(K) — E(k) whose kernel has no non-trivial points of order prime to p = char(k).
We thus have an isomorphism

Fl(cp) : E(E)(p) -~ Ek(k‘)(p)

tor tor»

where E (F)(p ) denotes the group of torsion points in E(K) of order prime to p, and

tor

Ey (E)gl is defined similarly. Now if H is a finite group scheme of £ with (|H|,p) = 1,
then H is an etale group scheme, and so we can identify H, @ k and H @ K with
subgroups of E(k) and of E(K) of the same order and we have chp )(H ®K)=H,®k.

From this, the assertion (63) follows immediately, provided that also (p, |Ha|) = 1.
To prove it without this hypothesis, note that we can reduce the assertion to this case
as follows. Put ny = |H;| = |(H1)k|. Since H; < Ker([ny]), we see that H; < Hy <
H, < Hyny| :== Hy N Ker([ny])), and similarly, (Hy)r < (H2)r < (H1)r < (Ha)x[ma] =
(H3[n1])g. Thus, since p 1 |Ha[ny]l, it follows that (63) is true.

We are now ready to prove that equality holds in (58) when p 1 |H|. Indeed,
since fecm)|n®fg by (27), it follows from (62) that equality holds in the second part
of (58). To prove this also for the first part, let g € I(Hy), so H < Ker(g). Since
7, : End(E) — End(E}) is an isomorphism, there exists a unique ¢; € End(FE) such
that 7,(g1) = g. By (60) we know that Ker(g;)r = Ker(g), and so it follows from (63)
that H < Ker(g1). Thus ¢; € I(H) and so g = rx(g1) € rx({(H)). This shows that
equality holds in the first part of (58) as well.

3.2 The case K =C

In the case that K = C, every elliptic curve E/C has an analytic description, i.e. there
exists a lattice L C C and an isomorphism of compact Riemann surfaces Ec ~ C/L,
where E¢ denotes the compact Riemann surface associated to the (algebraic) curve

22



E. As we shall see, it is very illuminating to relate the previous constructions to the
lattices appearing in the complex theory.

To make this analytic description more precise, recall first that if L C C is any
lattice, then the existence of the Weierstrass p-function g; shows that the Riemann
surface C/L can be identified with a unique elliptic curve E; C P?(C) (given by the
Weierstrass equation y? = 42® — go(L)x — g2(L)) and that we have an isomorphism

pr:C/L = EL(C) given by z + L — (pr(2) : () : 1) € P*(C).

Conversely, given any E/C, then F is isomorphic to a Weierstrass curve £’ C P?(C),
and for each such £’ : y? = 423 — az — b there is a unique lattice L such that g(L) = a
and go(L) = b; cf. Cox[7], p. 224. In particular, £, = F' ~ E.

Via this isomorphism we have a natural identification

(64) U,:(L:L)c = {AeC:ALC L} = End(Ep)

given by A — my, where m) = 7¥ € End(Fy) is defined by m\(pr(2+ L)) = pr.(Az+ L);
cf. [18], §1.4.

From this one sees easily that Ey, is a CM elliptic curve if and only if (L : L)¢c # Z.
If this is the case, then (L : L)¢ is an order in some (unique) imaginary quadratic field
F c Cand L = ALy, for some lattice Ly C F and A € C*. Since Ej, ~ E; , we can
and will henceforth assume that L = Ly € Latp.

If £y is CM elliptic curve with L € Latp, then its finite subgroup schemes H can
be identified with lattices Ly D L, as we shall now see. Via this identification we can
determine I(H) and H(I) as follows.

Proposition 26 Let L € Latgr, where F' is an imaginary quadratic field. For every
lattice L' € Latp with L C L', the group Hp = pr(L'/L) is a finite subgroup scheme
of Er, and conversely every finite subgroups scheme H of Ey, is of the form H = Hy,,,
for a unique lattice Ly € Latp with L C Ly. Moreover,

In addition, if I is a non-zero ideal of End(FE}), then we have

(66) I(H) = VY. ((L:Ly)),
(67) H(I) = po((L:¥L(I))/L).

Proof. Since every finite subgroup scheme of Ej, is reduced (and etale), we can identify
them with the (abstract) finite subgroups of FL(C) ~ C/L. Thus, if L’ € Latr with
L < L', then [L' : L] < oo and so L'/L is a finite subgroup of C/L. Clearly, every
finite subgroup H of C/L has the form H = Ly /L, for a unique subgroup Ly with
L <Ly <C. Since Ly C %L, where n = |H|, it follows that Ly € Latp.
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Since the inclusion L C Ly defines a surjective analytic homomorphism 7 : C/L —
C/Ly with kernel Ly /L, it follows that (Er)g ~ Er, and |H| = |Lg/L| = [Ly :
L]. Thus E(H) = ¢x(End((FL)y)) ~ End((EL)y) ~ End(EL,,) = Vi, (R(Ly)) ~
R(Ly), which proves (65).

Let 0 # A € R(L). Since Ker(my\) = pr((3L)/L), we see that A € U, (I(H)) <
pr(Ly/L) <Ker(m\) & Ly < 3L < LyA < L < X e (L: Ly), which proves (66).

To prove (67), put I' = W, *(I). Then by definition

H(I) = () Ker(m) = () pe((A\'L)/L) = pr(H(I')/L), where H(I') = (] A'L.

el 0£AET! 0£AET!

Now H(I') = (L : I') because z € (L : I') & 2\ € LYAN € '\ # 0 & z €
Nozxer AL, and so (67) follows.

Corollary 27 If L, L' € Latr are two lattices, then Ig, (Er/) ~ L(L')~ .

Proof. Since E;, ~ E,; and L(L')™' ~ nL(L')7!, for any n € N, we may assume
without loss of generality that L C L'. Put H = py(L'/L). Since (Ep)y ~ Er/, we
have Ig, (Fp) ~ I(H) = ¢ ((L : L')) ~ (L : L") by (66). This proves the assertion
because (L : L') ~ L(L")~! by (41).

We can use the above proposition to give not only a quick proof of Proposition 21
and of its Corollary 23 in the case that K = C but also an important refinement of
these results.

Proposition 28 Let E/K be a CM elliptic curve, where K is an arbitrary field. If
R = End(FE), then for any finite subgroup scheme H of E with char(K) { |H|

(68) R(I(H)) = E(H)R,

Proof. By base-change (cf. Remark 7(e)), it is enough to consider the case that K = K
is algebraically closed. Moreover, since E ~ Ey ® K for some Ey/P, where P C K is
the prime subfield (and since all finite subgroups schemes are defined of P), we can
assume that either K = Q or K = Fp.

Case 1: K = Q.

By base-change again, we can assume here that K = C. Then E ~ FE, for some
lattice L € Latp and some imaginary quadratic field F', and H = pr(Ly/L), for some
LH € LatF with L C LH

Put Ly = L and Ly = Ly, and R; = R(L;) and R' = Ry Ry. Then R, = ¥ (R) ~
Rand Ry ~ E(H) by (65). Thus [E(H)R: E(H)] = [R': Ry] = £, where f; = f, and
f = fr = (fi, f2). Now by (66) and (41) we have W' (I(H)) = (L, : Ly) = f—flLngl.
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From this we see on the one hand that R((L; : L)) = R(L1)R(L;") = R’ by (39),
which proves (68). On the other hand we obtain

2
%[R I(H)] =R : (L : Ly = N(%Lngl) = %N(Ll)N(LQ)_l.

But since L; C Ly we have N(L;)N(Ly)™! = %[LQ : L1] because if we choose n € N

such that nLy C Op, then %N(Ll)N(LQ)_l = %N(nLl)N(nLg)_l =[O : nl4]|[OF :

nLy|™' = [nLy : nLy] = [Ly : Ly]. Thus f—fl[R : [(H)] = %[LQ : L4], and so (69)
follows because |H| = [Lq : L] by (65).

Case 2: K =T,

By the Deuring Lifting Theorem ([18], p. 184) there is a number field K'/Q and a
CM elliptic curve E'/K’ and a prime p|p of K’ such that E’ has good reduction EJ,
at p and E; ® Fp ~ F and such that the reduction map induces an isomorphism
re : End(E') = End(E}) ~ End(F), where k = O /p is the residue field. Note that
we have that pt fg; cf. Proposition 25(a).

By enlarging the ground field K’ if necessary, we may assume without of loss of
generality that the n-torsion points of E are K’-rational, where n = |H|. Then the
n-torsion points of K are k-rational, and so we can identify H with a subgroup of
E,(k) of order n, which therefore lifts uniquely to a subgroup H' of E’(K’) which
we view as a subgroup scheme of E’ of rank n. Thus (H'), = H in the notation of
Proposition 25(b), and so by Proposition 25 we have

I(H)=r,(I(H)) and rA(E(H)) = E(H).
Since (68) is true for H' by Case 1, it follows from the above that
R(I(H)) = rp(R(I(H")) = r(E(H')R) = E(H)R,

where R’ := End(£’) and R := r(R') = End(E},). Thus (68) holds for H.

Similarly, from the above we obtain that [R' : I(H')] = [R : I(H)] and also that
E(HNR : E(H")] = [E(H)R : E(H)]. Thus, since (69) is true for H' by Case 1, it
follows that (69) also holds for H because

[R: I(H)] = [R": I(H")] = [E(H') R E(H)]|H'| = [E(H)R : £(H)]|H].
The above formulae (68) and (69) allow us to prove the following useful fact.
Proposition 29 In the situation of Proposition 28, let Hy and Hy be two finite sub-
groups of E with (|Hy|,|Hz2|) =1 and E(H;) C R, fori=1,2. If char(K)) t |H,|, for

1=1,2, then
E(H1+ Hy) = E(Hy) N E(H,).
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Proof. First note that for any two finite subgroups H;, H, of E we have

Indeed, since H; < H; + Hs, we have I(H; + Hs) C I(H;) by (6) and so the second
inclusion of (70) follows. To prove the first inclusion, let f; € I(H;), so H; < Ker(f;).
Since f1fy = fof1, we have H; < Ker(f;) < Ker(fif2) and so Hy + Hy < Ker(f f2).
Thus f1fo € I(Hy + Hs), and so the first inclusion of (70) holds.

Put n; = |H;|, e; = [R: E(H;)] and N; = [R : I(H;)], so N; = e;n; by (69) (together
with the hypothesis that £(H;) C R). Since H; < Ker([n;]), we have n; € I(H;), and
so Rn; C I(H;), which implies that N; = [R : I(H;)]|[R : Rn;] = n?. Thus, since
(n1,mn2) = 1, we see that also (N7, N3) = 1 and hence that (e, es) = 1.

In addition we have that I(Hy) + I(Hy) = R because n; € I(H;) and (ny,ng) = 1.
Thus, by elementary ideal theory we have that I(Hy)I(Hs) = I(Hy) N I(H,), and so
equality holds throughout in (70). Using (68) and (39), we obtain for H = H; + Ho
that

E(H)R = R(I(H)) = R(I(H1)I(H,)) = R(I(H1))R(I(H)) = R- R = R,

because R(I(H;)) = RE(H;) = R by (68) and the hypothesis. Thus £(H; + Hy) C R.

Next we note that H1NHy = 0 (because |HiNHy| | (n1,ne) = 1), and so |H1+Hs| =
niny. Moreover, since I(Hy + Ho) = I(Hy) N I(Hs), we see that [R : I(H, + Hy)| =
(R : I(Hy) + I(H2)] = N1Ny, the latter because I(Hy) + I(Hy) = R. Thus, by (69)
(applied to H = Hy + H,) we obtain njejnges = Ny Ny = [RE(H) : E(H)|ninsg, and so
R : E(H)] = erea. Thus, if f = fg, then £(H) has conductor fejes = lem(fey, fes)
because (e1,ep) = 1. Since fem,) = fe;, it thus follows from (37) that £(H) =
E(H,) NE(H>), as claimed.

Coming back to the case that £ = Ep, we now generalize the above formula (66)
for I(H) by giving a similar interpretation of the lattice H(H;, Hs).

For this, we first observe that the identification map Wy, of (64) can be generalized
as follows. If Ly, L, € C are any two lattices, then by [18], §1.4, we have a bijection

(71) \IIL1,L2 . (LQ . Ll)(C :> HOHI(ELNELQ)
which is given by the rule A — m, = Wfl’LQ € Hom(Ey,, Er,), where 7, is defined by
71')\(le (Z + Ll)) = PLQ()\Z + Lz), for \ € (Lg . L1>(C = {)\ e C: )\Ll C Lg}

Note that these maps ¥ are multiplicative in the sense that if Lj is a third lattice,
then we have

(72) mile = ot onitt? if Aj € (Lot Li)c and Ay € (Ls : Lo)c.

We now prove the following generalization of (66).
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Proposition 30 Let L € Latp, where F s an imaginary quadratic field, and let
H; = pr(Ly,/L) be two finite subgroups of Er,. Then we have

(73) H(Hi, Hy) = U} ((Lu, : Luy)),
where W9 : F' = End®(EL) is the canonical extension of Uy, to F.

Proof. First note that if H = py(Ly/L), then we have

Ly,L

_ LLug I
(74) T =T and 7y = m, T,

where ny = |H|.

Indeed, since 7""" : E, — Ey,, is surjective and has kernel H = p;(Ly /L), we see
that (EL,,,70"") ~ ((EL)u, ) is a quotient of £ by H. Thus, the first equality
of (74) holds. Moreover, since ny = [Ly : L] by (65), we have ngLy C L and so
ng € (L: Ly). Thus, 7}m" exists, and by (72) we have nl#t oy = wlF = [nylg, ,

ny
/ Ly,L.
and so Ty = mH"; cf. (4).

We next observe that
(75) ®H1,H2(\IILH1,LH2 ()\)) = \I/%(/\), for all A € (LH2 : LHl)(C~
Indeed, from the definitions and (74) and (72) we obtain
1 1 1
D12 (Vi 1y V) = — Ty = — el = =Wy (ng ) = T (M),
ng ny ng

which proves (75). From this, equation (73) follows immediately because ®p, g, ©
W1y, Ly, 18 an isomorphism from (Lp, : Ly,) to H(Hi, Hy); cf. (71) and Remark 9(a).

Remark 31 (a) It follows from (73), (41) and (65) that
(W)~ (M0, H)) = (Ly: L) = [RE(H): E(H)|LyL™",

where R = End(E}) ~ R(L). Thus, we can partially recover the lattice Ly (which
defines the analytic curve C/Ly ~ (Ep)y) from the “algebraic lattice” H(0, H).

(b) If E/K is any CM curve over K C C, then it follows from (73) that for any
two finite subgroup schemes Hi, Hy of E we have that
[RR1 Ry : RRy]

[R1Rs : Ry

where R = End(E) and R; = £(H;). Indeed, as in the proof of Corollary we can

assume that K = C, £ = Ef, and H; = pr(L;/L). Then in view of (73), (67) and
(65), the formula (76) follows from the following formula (which is easily deduced from

(41)):

(77) ((L: Ly):(L:Ly)) = [RRiRy: RRyJRL\Ly" =

(76) (I(Hy):1(Hy)) = RH(Hy, H,),

[RRlRQ : RRQ]
[RlRQ . RQ]

(Ll : L?)Ra

in which R = R(L) and R; = R(L;).
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3.3 Endomorphism rings

In the sequel it is sometimes useful to know which orders of an imaginary quadratic
field F' can be endomorphism rings of CM elliptic curves E/K or, more precisely, to
describe the set of conductors fp for E' € Isog(£/K). Note that the answer for the
corresponding question for the subset Isog® (E/K) follows from Corollary 19: an order
R of F = End’(E) is the endomorphism ring of some E’ € Isog™(E/K) if and only if
we have fg|fr. However, the characterization of the set of conductors in Isog(£/K)
is more delicate and depends on the nature of the ground field K.

We begin with the case that K is algebraically closed. Here the set of CM curves
in Isog(E/K) can be characterized as follows.

Proposition 32 Let K be an algebraically closed field, and let E1/K and E3/K be
two CM curves. Then Ey ~ Ey if and only if End®(E;) ~ End’(E,).

Proof. Clearly, if Ey ~ E,, then End®(E;) ~ End’(E,). To prove the converse, suppose
first that K = C. If End’(E,) ~ End°(E,) =: F, then by the discussion of the previous
section we know that E; ~ Fp, for some L; € Latp, and then Hom(FEy, Ey) ~ (Ls :
L1) #0. Thus E; ~ Es.

From this, the assertion follows for an arbitrary field K of characteristic 0. Indeed,
any two CM curves over K are defined over Q (cf. [18], p. 40), i.e. F; = E? ® K for
some E?/Q. Since F = End(E;) = End(E?) = End(E? ® C), and Hom(E?, E9) =
Hom(EY ® C, EY ® C), we conclude from what was just proved that EY ~ EY and
hence also F| ~ Fj.

Now suppose that char(K) = p # 0. Then E; = E? ® K, for some CM curves
E}/F; (and some r > 1); cf. [18], p. 184. By the Deuring Lifting Theorem ([18], p.
184), there exists a number field L and CM elliptic curves F;/L whose reduction is E?
and such that End’(E;) = End’(E?). By the characteristic 0 result, there is a finite
extension I//L such that E; ® L' ~ F,® I/, and hence E? @ F, ~ EY ®F,, and hence
also £ ~ Es.

In view of the previous result, the following result classifies the possible conductors
of elliptic curves in Isom(E/K) (when K is algebraically closed).

Proposition 33 Let K be an algebraically closed field and let A < 0 be a discrimi-
nant.

(a) If char(K) = 0, then there exists a CM elliptic curve E/K with A = A.
(b) If char(K) = p # 0, then there exists a CM elliptic curve E/K with A = A
if and only if (%) =1.

Proof. (a) This follows easily from the complex theory (together with the reduction
steps as in the proof of Proposition 32); cf. Deuring[10], p. 263.
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(b) Deuring[10], p. 263. Note that the condition (%) = 1 is equivalent to the
following two conditions: (i) p splits in F = Q(v/A) and (ii) p1 fr,.

If K is a finite field, then the results of Waterhouse[26] furnish a solution to the
above question.

Proposition 34 Let K = F, be a finite field and let E/F, be a CM elliptic curve.
Let
hek(X) = X? —appX +4q

be the characteristic polynomial of the Frobenius endomorphism of E/K, and put
Alhg/k) = aQE/K —4q. If A € Z, then there is an elliptic curve E' ~ E with Ap = A
if and only if A(hg/k)/A =n?, for some n € N.

Proof. Let ¢p/k € R := End(E) denote the Frobenius endomorphism of £/K, and
let R ¢ R = End’(E) be an order. Then by [26], Theorem 4.2, there is an elliptic
curve £'/K with £’ ~ E and End(E’) ~ R’ if and only if ¢/ € R'. Since Z[¢g k]
is a order of discriminant A(hg/ k), we see that the latter condition is equivalent to
A(hg/k) = An? (with n = [R' : Z{¢g/k]).

For fields of characteristic 0, we have the following partial analogue of Proposition
34. Here we shall use the modular function j which is defined on the upper half
plane $ and which can be viewed as a function on the set of lattices of C by the rule
J(L) = j(wi/we), if L = Zw; + Zw, C C with Im(w; /we) > 0.

Proposition 35 Let K C C, and let R be a quadratic lattice of discriminant A =
A(R) < 0. Then there is a CM elliptic curve E/K with End(E) ~ R if and only if
Q(WA,j(R) C K.

Proof. Suppose first that E/K is a CM elliptic curve with End(E) ~ R. Put F =
End’(E) = Q(v/A). Then by §3.2 there is a lattice L € Latp such that F® C ~ E,
and R(L) ~ R. Then j(L) = jg € K. Moreover, by [18], DIFF 3 (p. 119), we know
that FF C K (because End(F) = End(E})), and so F(j(L)) C K. But F(j(L)) =
F(j(R)) by the First Main Theorem of complex multiplication (cf. [7], Theorem 11.1),
and so Q(VA, j(R)) = F(j(L)) C K.

Conversely, suppose that Q(v/A, j(R)) C K. Since R is a lattice in F := Q(v/A)
and since j(R) € K, there is an elliptic curve E/K such that £ ® C = Eg. Since
End(Eg) ¥ R C F and F C K, it follows from [18], DIFF 3, again that End(E) =
End(Eg) ~ R. Thus, E/K is a CM curve with End(F) ~ R.

The following result shows that the set of conductors appearing in Isog(E/K)
forms a sublattice of N with respect to the partial order fg|fg.
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Proposition 36 Let E/K be a CM elliptic curve. If Ey, ..., E, € Isog(E/K), then
there is an elliptic curve E' ~ E such that fg =lem(fg,,..., [g,)-

Proof. By induction, it is clearly enough to verify the case n = 2.

Since E; ~ E, we can view R; := End(FE;) as a subring of F = End"(E) which
is uniquely determined by the condition that [Of : R;| = fg,. Put R = R;Ry and
fi = [R': R;]. Since R’ has conductor f = (fg,, fg,) by (37), we see that (f1, f2) = 1.
Note that char(K) 1 f; = 1 by Proposition 33(b).

Next, consider the R;-ideal I; = f; R’ and put 7; = 7y, : £ — E = (E) -
Since by (45) we have E(H(1;)) ~ R(I;) = R(f;R') = R/, it follows from Remark
20 that there is an invertible R'-ideal I such that (E})py ~ Ej. Furthermore, by
replacing I by ¢l if necessary (where ¢ € F'*), we can assume that (N(I), f1) = 1 and
that char(K){ N(I).

Put H, = Ker(m}) and Hy = Ker(mp o m(p)). Clearly (E)m, ~ E;, and so £(H;) ~
R, C R ~ End(E}]). Furthermore, |H,| = deg(n]) = deg(m) = fi, and |Hy| =
deg(7y) deg(mw(ry) = fo2IN(I), so (|H:|,|H2|) = 1. In addition, we have that char(kK) {
|H;|. Thus, by Proposition 29 we have E(H; + Hs) = E(H,) NE(Hy) = Ry N Ry, which
has conductor lem( fg,, fg,) by (37). Thus (E{)n,+m, has conductor lem(fg,, fr,), and
so the assertion follows because £ ~ E| ~ (E}) g, 41, -

3.4 The quadratic form g¢g, g,
Let F1/K and E,/K be any two isogenous elliptic curves, and put

qE1,E2(f) = deg(f)v for f € Hom(Eh E2>'

Since Hom(FE, B) ~ 7", where r = rank(Hom(E}, Ey)) = dimg(End"(E;)), we see
that by fixing a basis of Hom(FE}, E»), we obtain an explicit positive definite quadratic
form in r variables. Thus, by varying over all bases of Hom(Fi, F5), we obtain a
GL,(Z)-equivalence class of quadratic forms in r variables.

In the case that E; is a CM elliptic curve, we have r = [F' : Q] = 2, so ¢g, g, defines
an equivalence class of positive binary quadratic forms, i.e. ¢p, g, ~ az*+bry+cy =: ¢,
for some a,b, c € Z with A(q) = b* — 4ac < 0. Note that the discriminant A(q) and
the content cont(q) = ged(a, b, ¢) are invariants of the GLy(7Z)-equivalence class of ¢.

In order to determine ¢g, g,, we introduce the following notation. Given a lattice
L € Latp, where F'is an imaginary quadratic field, put

qr.(A) = %, for A € L,
where, as before, N(A) = Np/g(A) denotes the field norm. Note that gr(\) € Z; cf.
(3], §I1.7. Thus, by choosing a basis {«, 3} of L = Z«a + Z(3, the map q;, defines an
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integral quadratic form

QL,aﬂ(fL’yy) = qL(xa + y6)7 for T,y € Za

and hence ¢, defines an equivalence class of positive binary quadratic forms. Moreover,
we have by [3], §I1.7 that

(78) A(qr) = A(R(L)) and cont(qr) = 1.
We now prove:

Proposition 37 Let E/K be a CM elliptic curve and Ey, Ey € Isogt(E). If f; = f&,,
then

lem(f1, f2)

(79) ey B, ~ cqu, where L =Ig(E)Ig(Ey)™" and c= gcd(fi, f2)

In particular, ¢ = cont(qg, g,) and
(80) Algp,.m,) = —lem(|Ag |, |AL|) = lem(fi, f2)?Ap, where F = End’(E).

Proof. Let m; : E — E; be an isogeny and put H; = Ker(m;) and n; = deg(m;).
Moreover, put ® = @y, y, and H = H(H,, Hz). We first show that

(81) 4B, B, (h) = cgn(®(h)), for all h € Hom(E), Es);

here we used the identification E; = Ey,.
Since the H,’s are ideal subgroups by (46), we have by (57) that N(L) = ci2.

Moreover, since we have by (54) that deg(f) = N(f), for all f € R = End(F),
we see from the definition of ® that N(®(h)) = N(%mhm) = %deg(ﬂghm) =

ni% deg(ms) deg(h) deg(m) = L deg(h), and so

qg, B, (h) = deg(h) = @N(@(h)) _ N(@(h)

=c———, forheH Ey, E).
o CN(H)’ or h € Hom(Fy, Es)

This proves (81) and hence also (79) because by (47) and (41) we have that H =
(I(HL) - 1(Hy)) = £ T(H)I(H,) ™ = 2L, and 50 g ~ g5,

Since ¢y, is primitive by (78), we have from (79) that cont(qg, g,) = ¢ - cont(q) =
c.  Moreover, by (78) we have that A(qr) = A(R(L)). Now since R(I(H;)) =
E(H;) ~ End(E;) has conductor f;, it follows from (39) and (37) that R(L) =
R(I(H,))R(I(H,)) has conductor f = (fi, f2), and so A(qr) = f*Ar. Thus we
see that A(qg,.m,) = 2A(qr) = (cf)*A(f) = lem(f1, f2)*AF, and so (80) follows.
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Remark 38 If L. € Latyp is any lattice, then we had seen above that ¢y naturally
defines a GLy(Z)-equivalence class of positive binary quadratic forms. As is well-
known, one can also associate to L an SLy(Z)-equivalence class of forms by restricting
the set {qr g} to those forms that arise from oriented bases {«a, 5} of L, i.e. those for
which Im(3/a) > 0 (where we view F' C C). Thus, if we write cq/ = {cqrap: L =
Za+ Z3,Im(3/a) > 0}, for ¢ € N and L € Latp, then it is well-known that the rule
I— g :=[R(I) : Ralq; induces a bijection

qa: Id(Ra)/~ =  Qa/SL2(Z)

between the set of isomorphism classes of non-zero ideals of the order Ra of discrim-
inant A < 0 and the set of proper equivalence classes of positive binary quadratic
forms of discriminant A.

Now if we combine this bijection with the bijection I} defined in Corollary 19,
then we obtain a bijection

qf ¢ Isog™(E/K) = Id(End(E))/~ = Qa,/SLy(Z)

which is given by the formula
(82) dpp = ap(E") = ar(Ie(E)) = [R(Ie(E)) : Rela), ) = f—EqI* )
B(E) fer E5(E)

where the last equality follows from the second equation of (50).
On the other hand, if fz/|fg, then equation (79) tells us that

f
QE,E’ ~ qu,E ~ fE qIE(El) a,l']_d A(QE/,E) = AE
E/

Comparing this with (82), we therefore obtain the important relation that
(83) Qe ~ G, for E' € Isog" (E/K),

where, as before, the symbol ~ (for quadratic forms) means GLy(Z)-equivalence. Note,
however, that qur? 5 denotes a proper (or SLy(Z))-equivalence class of quadratic forms
and hence is a finer invariant than the GLy(Z)-equivalence class ¢g . In fact, it
follows from the above that if E', E” € Isog" (E/K), then we have that

pp ~ qep & Ip(B") ~Ip(E'") or Ig(E") ~ Ix(E)™,

and so there are two non-isomorphic elliptic curves in Isog™ (E/K) which have the
same form ¢, except when ¢ is ambiguous, i.e. when Ig(E') ~ Ig(E')~1.
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Corollary 39 Let FE1/K and FEy/K be two isogenous a CM elliptic curves with
End(E;)) ~ F. If f; = fg,, then

lem(f1, fo)
ged(f1, fa)

Proof. By Proposition 36 there is a CM elliptic curve E such that £ ~ E; and fg,|fE,
for i = 1,2. Thus E; € Isog"(E), for i = 1,2, and so the assertion follows from
Proposition 37.

(84) Agg, 5,) = lcm(fl,fQ)QAF and cont(qg, g,) =

4 Product abelian varieties

4.1 Kernel ideals and ideal subgroups of A"

Let A= A x Ay X ... X A, be the product of the abelian varieties Ay, ..., A, /K, and
let p! : A — A; denote the ith projection and eJA : A; — A be the jth inclusion map.
If A" = A} x A, x...x Al is another product abelian variety, then (as is well-known)
the group Hom(A, A’) can be identified with a set of m xn “matrices”. More precisely,
we have the isomorphism

Tan:Hom(AA) = M(AA) = @@HemA Al

=1 j=1

given by the rule Ty a(h) = (hi;), where h;; = pf o ho et € Hom(A;, 4)). We
shall refer to the elements of M (A, A") as “matrices”. Note that this identification is
multiplicative in the sense that if A” = A} x ... x A} is another abelian product, then
we have the rule

(85) TA7A//(h/ o h) = TA/7A//(h/) . TA7A/(}‘L), if h € HOHI(A, A/), = HOHI(A,, A”),

where the product on the right hand side is the product of “matrices” which is defined
by the rule (hj,)(hg;) = (hj;), where hj; = >, hj; o hy;. This follows easily from
the identity >, _, ef/p?' = 1. In particular, if A = A7, then T4 4 defines a ring
isomorphism

Taymn = Taa: End(A7) =  M(A},AY) = M,(End(4,))

between End(A") and the ring of n x n matrices with coefficients in the ring End(A;).

In order to study abelian varieties which are isogenous to A = A7, we shall use
the theory of kernel ideals and ideal subgroups of section 2. For this, we need to
understand the ideals of M, (R), where R = End(A;). To construct such ideals, we
shall use the following notation.

33



Notation. Let R be a ring. If o = (o) € M,(R) is an n X n matrix, then we let
a; = (a1, ..., Q) € R" denote the ith row of a. Moreover, if M is subset of R", then
we put

Z.(M) = Ip,(M) = {a€ My(R): o, € M, for 1 <i<n}.

Proposition 40 The rule M +— I,(M) induces an inclusion preserving bijection be-
tween the set of left R-submodules of R"™ and the set of left ideals of M,,(R). Further-
more, if My and My are two R-submodules of R"™, then

M, ~ My as R-modules << Z1,(M;) ~ I,(Ms) as M,(R)-modules.

Proof. This follows almost immediately from the fact that {R, M,,(R), R", (R")*} is a
Morita context; cf. Curtis-Reiner[8], p. 64. Indeed, if P = R", with standard basis
z ={x1,...,2,}, then we have (as in [8]) the identification 7, : Endg(P)® = M, (R)
(which is given by 7,(a) = (a;;), where z;a = 3, a;;x;). Furthermore, by Morita (or
otherwise) we have the canonical identification 6 : P* @ P — Endg(P)°? which is
defined by 6(z* ® y)z = x*(2)y for 2* € P* = Homg(P, R) and y,z € P. Now if {z}}
denotes the dual basis of P* (with respect to the basis {z;}), then 0(z} ® z;) = &5,
where €;; = (0,10, denotes the matrix whose (7, j)-th entry is 1 and is 0 otherwise.
From this it is immediate that

O(P*®@r M) = I,(M),
and so all the assertions (and more) follow from the Morita Theorem ([8], p. 60).

We now apply this to study kernel ideals associated to the product abelian variety
A", where A is a fixed abelian variety. Recall from above that we have a canonical
identification

Tayn:End(A") = M,(R), where R:=End(A).

For what follows, it is useful to introduce the following abbreviation. If Iy, ..., I, are
left End(A)-ideals, then we write

(L]... L) = T;;(In(ll ®...81,)),
which is a left End(A")-ideal. Note that we have that
(86) Tan((IL|lz] .. L) = {(auy) € Mp(R) = ouj € 1, for 1 <i,j <n}.
Proposition 41 If Hy,..., H, are finite subgroup schemes of A, then
(87) I(Hy x Hy x ... x Hy) = (I(H\)|I(Hy)|...|I(H,)).

Thus, if I, ..., I, are kernel ideals, then (11| ...|I,) is also a kernel ideal.
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Proof. Write m; =7y, : A — A, = Ay, and m=m X ... xm, : A" — A) X ... X A,.
Since Ker(w) = H := Hy x ... x H,, we can identify 7y, «_ xp, with 7. Thus I(H) =
Hom(A%},, A™)r.

Write T' = Tup, T" = Tan an, and T" = Tyn an. Since T'(m) = diag(my,...,m,)
is the diagonal “matrix” with entries m; € Hom(A, 4;), we see that if f € End(A"),
then f € I(H) & f = f'm, for some f' € Hom(A}, A") < T(f) = T"(f)T"(n),
for some T"(f") € M(A};, A"). Thus, if we write T(f) = (a;;) with a;; € End(A),
then h € I(H) & (o) = (6;;)diag(m, ..., m,), for some 3;; € Hom(A;, A). Since the
(i, j)-th entry of (5;;)diag(m, ..., m,) is Bi;m;, we see that f € I(H) & T(f) = (o)
with a;; = f;;7; € Hom(A;, A)m; = I(H;), and so the first assertion follows; cf. (86).

The second assertion is clear: if the I;’s are kernel ideals, then I, = I(H;), for
some finite group scheme H;, and so by the first assertion we have that (I4]...|l,) =
I(Hy x ... x H,) is a kernel ideal; cf. Remark 7(b).

We also have the following result which is partially dual to Proposition 41.
Proposition 42 If I,..., 1, are left ideals of End(A), then
(88) H((L|L|... |I,)) < H(I}) x H(Iy) x ... x H(I,),

and equality holds if I,..., I, are kernel subgroups. Thus, if Hy,..., H, are ideal
subgroups of A, then Hy x ... x H, is an ideal subgroup of A™.

Proof. Let f; € I;, where i = 1,...,n. Since T4 ,(f1 X ... x f,) = diag(f1,..., fn), we
see that fi x ... x f, € (I1|...|],). Thus

H((L]|1]. ﬂ ﬂ Ker(fix...xf,) = (ﬂ Ker(f; ) ><< ﬂ Ker(fn)> )

1<i<n f€l; fiel fn€ln
Since the right hand side equals H([;) x H(I,), the first assertion follows.
To prove the second assertion, put H = H (I;), so I(H;) = I; by hypothesis.
Thus, by (88), (8), and (87) we obtain H((L1]...|l,)) < Hy x ... H, < H(I(H, x
X Hy))=H((I(Hy)|...|I(Hn))) = H(({1] - .- |In)), and so we must have equality

throughout. This proves the second assertion, and from this the last assertion follows
immediately. Indeed, since each I; := I(H;) is a kernel ideal, we obtain from (87) that
H(L|...|I,) = H(I) x...x H(I,) = Hy X ... X Hy, the latter because each H; is an
ideal subgroup. But this means that H; x ... x Hs is an ideal subgroup; cf. Remark
7(b).

We can now put together what we proved so far to conclude the following result
which partially generalizes Theorem 1 of the introduction.
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Theorem 43 Let Hy,...,H, and Hy,..., H), be ideal subgroups of A. Then

Proof. Since H := Hy x ... x H, and H' := H{ x ... x H/ are ideal subgroups of A"
by Proposition 42, we have by (21) that A% ~ A%, < I(H) ~ I(H'). Now by (87) we
have I(H) = (Iy|...|I,) and I(H') = (11| ...|1},), where I; = I(H;) and I = I(H]).
Thus, since T' := T4, is an isomorphism, and since T'(I(H)) = T((L1]...|I,)) =
I,(L&...®1,) and T(I(H") = Z,(I] ® ... ® 1I])), we see that [(H) ~ I(H') (as
End(A™)-modules) & Z,([; @ ... ®1,) ~Z,(I1® ... ® 1)) (as M,(End(A))-modules)
ecLe..ol,~1[&...86 I (as End(A)-modules), the latter by Proposition 40.
This proves the assertion.

Note that Theorem 1 follows easily from this and the results of section 3, as we
shall now see.

Proof of Theorem 1. Let 7; : E — E; and 7, : E — E! be isogenies. Since fg,|fr and
fe|fr, we know by (46) that H; = Ker(m;) and H] = Ker(m;) are ideal subgroups,
and so the assertion follows from Theorem 43 because F; ~ Ey,, E! ~ Epy; and
I5(E;) ~ I(H;) and Ip(E!) ~ I(H)). ’

4.2 The theorems of Steinitz and of Borevich and Faddeev

In order to derive further properties about abelian varieties which are isogenous to a
product A", we shall use the results due to Steinitz[25] and to Borevich and Faddev][1]
about the R-module structure of the submodules of R".

Theorem 44 (Steinitz) If R be a Dedekind domain, then every submodule of R"
18 isomorphic to a direct sum of R-ideals. Moreover, if Iy,..., 1, and Jy,...J, are

R-ideals, then

2

Proof. See [8], p. 85.

This theorem does not generalize to arbitrary orders in a number field F', for already
the first assertion of theorem may be false. As Borevich and Faddeev[2] observed, one
needs the extra condition that the order R be cyclic in the sense that Or/R is a
cyclic R-module. In their papers, they prove the following generalization of Steinitz’s
theorem.

Theorem 45 (Borevich/Faddeev) Let R be an order in a Dedekind domain O.
Then:
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(a) The order R is cyclic if and only if for alln > 1 we have that every R-submodule
of R™ is isomorphic to a direct sum of R-ideals.

(b) Let R be a cyclic order, and let M be an R-submodule of R™ of rank n. Then
there exist R-ideals Iy, ..., I, such that

(89) M~5L&...&I, and R(I) C R(ly) C...R(l,),

and the orders R(I;) C ... C R(I,) and the ideal class of the product I --- 1, are
uniquely determined by the isomorphism class of M. More precisely, if Ji,...,J, are
R-ideals with R(Jy) C ... C R(J,,), then we have

90) L ...01, ~ 1 &...®&J, & n=mand R(Iy) = R(Jx), for 1 <k <n,
and Iy -1, ~ Jy - Jp.

Proof. (a) This is the main theorem of Borevich/Faddeev[2].

(b) The existence of the Iy, ..., I, satisfying (89) is proven in [1], Theorem 3.
The uniqueness of the orders R([;), ..., R(l,) and of the product I; - - - I,, is proven in
Theorems 5 and 6 of [1], and the assertion (90) is the content of [1], Theorem 7.

Remark 46 (a) Since a Dedekind domain is trivially a cyclic order (in itself), it clear
that Theorem 45 generalizes Theorem 44.

(b) Every order Ra = Z + Zwa in a quadratic field F = Q(v/A) is cyclic because
Op = 2L+ Zwpr = Ra + Rawp. Thus, Theorem 45(b) applies to all orders in quadratic
fields.

(c) It follows from the above Theorem 45 (cf. [1], Theorem 8) that the rule
(Rl,...,Rn;I) — Rl@@Rn_l@I

induces a bijection between the following sets:

(i) the set of lists (Ry,...,R,; 1) where R C Ry C ... C R, C Op are orders
containing R and I € Pic(R,) is a class of invertible R,-ideals;

(ii) the set of isomorphism classes of finitely generated torsion-free R-modules of
rank n.

Corollary 47 Let V be an n-dimensional F-vector space, where ' O Q is a quadratic
field, and let L be a lattice in V', i.e. L C V is a finitely generated subgroup which
contains a basis of V. Then Rp(L) := (L : L)p = {x € F : L C L} is an order
of F, and L is an Rp(L)-module. Furthermore, there exists a sequence of orders
Ry = Rp(L) C Ry C ... C R, an invertible R, -ideal I and a basis xy,...,x, of V
such that

(91) L = Rll'l + RQIEQ + ...+ Rn—lxn—l + Il’n

37



Proof. Since L is finitely generated, it follows easily that Rp(L) is a subring of Op.
Thus, Rr(L) is order of F' provided that dOpr C Rp(L), for some d. To see this, fix
a basis {x1,...,2,} of V, and put Ly = > Opz;. By the usual argument there is a
n € N such that n. C Lo, and d := [Ly : nL] is finite. Since Rp(Lg) = Op, we see
that dOp C (nL : nL) = Rp(L).

Put R = Rp(L), so clearly L is an R-module. By Remark 46(b), (c) we see that
there exist orders Ry C ... C R,, and an invertible R,, ideal I such that L ~ L’ :=
Riyy + ... + Ru1Yn—1 + 1y, (as R-modules), where {y1,...,y,} is any basis of V.
But any such isomorphism extends to an isomorphism of FL =V to FL' =V and
hence is given by g € Autp(L). Thus, L has the form (91) with respect to the basis
r = gil(yl% sy = gil(yn)'

Finally, we observe that if L has the form (91), then Rp(L) = Ry N...NR,_1 N
R(I) = Ry, which proves the assertion that Rr(L) = R;.

For later applications we note the following variant of the bijection mentioned in
Remark 46(c).

Corollary 48 Let R be an order in quadratic field F' and assume that n > 2. If I
is a non-zero R-ideal and if f1,... fu_o are positive integers with frp|fil|...|fa—2|fr,
and if R; denotes the unique order of F of conductor f;, then

M(I;f1>~--7fnf2) = I@fRRl@@fRRn72€BR

is an R-submodule of R™ with Rp(M) = R. Moreover, the map pigy : (I f1, ..., fa—2) —
M(I; f1, ..., fa_2) induces a bijection between:

(i) the set of sequences (I; f1, ..., fu_2) where I is an isomorphism class of non-zero
R-ideals and frlfil .- | fa—zlfr;

(ii) the set of isomorphism classes of R-submodules M of R" of rank n with
Rp(M) =R.

Proof. It (I; f1,..., fu_2) is a tuple as in (i), put I = frR;, for 1 < k < n — 2.
Clearly R(I;) = Ry, for 1 <k <n—2,and so R(I) D R([;) D ... D R(I,_2) D R.
Furthermore, since [R; : R]|fr = [OF : R], we see that I, C R, and hence each I}, is
an R-ideal. Thus M := M(I; fi1,..., fn_2) is an R-submodule of R™. Furthermore,
since (M : M)p = R(I)NR(I;)N...N R(I,—2) N R = R, we see that ug, defines a
map from the set described in (i) to the set described in (ii).

To see that up, is injective, suppose that M (I; fi, ..., fo—o) >~ M5 f1, ..., [l _5),
and put Iy = I, Iy = frRr, 1 < k <n—2and [,_; = R, and define I}, similarly
using (I f1,..., f1_5). Since R = R(l,-1) C R(I,—2) C ... C R(lp) and R =
R(I)_,) C R(I]_,) C ... C R(I}) are linearly ordered, if follows from Theorem 45(b)
that R(x) = R(I},) for 0 < k <n—1 and that Iy---1,—y >~ I},---1],_,. Thus f = f/,
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for k=1,...,n — 2. Moreover, since Iy---1I,, 1 = fp 2l and I}---I! | = fp2I', we

see that I ~ I', and so ug, is injective.

To see that g, is surjective, let M be an R-submodule of R" of rank n with
(M : M) = R. Then by Corollary 47 we know that M ~ R, @ ... ® R, 1 & I,
where Ry C ... C R, are orders and [ is an invertible R,-ideal and that R; = R
because (M : M) = R by hypothesis. Put f; = fr,_,_, for 1 <i <n — 2 Then clearly
frl C frR,, so frl is an R-ideal which is isomorphic to I, and so it is clear that
M(frl; fi,. . fo2) ISR, o2& ... R & R~ M, and so ug, is surjective.

One of the disadvantages of Theorem 45 is that it does not give a recipe for
determining the orders Ry and ideals I such that (89) holds when M is given. For
this we prove the following result (which is similar to Lemma 8 of [1], but without the
restrictive hypothesis that Ry C Ry):

Proposition 49 Let Ly and Ly, € Latg be lattices in a quadratic field F', and put
R = R(L1) N R(Ls). Then there is an R-module isomorphism

Proof. Put R; := R(L;) and f; := [R; : R]. Then (fi, fa) = 1 by (37). We first claim:
(93) A, A\ € F* such that A\ L; + AsLo = R.

Indeed, by replacing L; by m;L; we may assume that the L;’s are R-ideals, and so
L; C f;R. Then L} := %Li C R; is an invertible R;-ideal, and so d\y € F* such that
XLl + fiRy = Ry (cf. [18], p. 93) or, equivalently, that (N(X2L5), f1) = 1; cf. [7], p.
143). Put (f1, f2) = 1, we thus have (N(L}), f1) = 1. Note also that mq := [R: L] =
foN (Ao L)), so (ma, f1) = 1. Next choose A\; € F'* such that \{L] + myR; = Ry and
put L = \MLy = fiv L} C fiRy C R. Then my := [R : L]] = fiN(\L}) and so
(my, my) = 1. From this it follows that L] + L5 = R, which proves (93).

To prove (92), we may assume in view of (93) that L; + Ly = R because Ly & Ly ~
MLy ® ALy, Thus, there exist o; € L; such that a; — ap = 1. Define the map

B:Li®Ly— R®LiLy by [(A,A2) = (A + Ao, Aag + Aeaz)

Clearly,  is R-module homomorphism with 3(L; & Lg) C R @ Ly Ly. It is clear that

[ is injective because det((l Z;)) = ap — a; = —1. Moreover, 3 is surjective because

if r € R, A\ € L1Ly C Ly N Lo, then B(agr — A, X — agr) = (r,\). Thus § is an
isomorphism, which proves (92).

Remark 50 It follows from the above result by induction that if Lq,..., L, € Latp
and R = N;R(L;), then there is an R-module isomorphism
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For later applications we also want to explain the connection between the (conduc-
tor of ) the order Rr(L) defined above and the so-called central conductor of a suitable
order in the matrix ring M, (F"). This central conductor is defined as follows.

Definition. Let R be an order in M, (F), i.e. R C M,(F) is a subring which is finitely
generated as a Z-module and which contains an F-basis of M, (F'). For convenience,
assume that F' O Q is a quadratic field. Then the centre Z(R) of R is an order of
F = Z(M,(F)), and hence is uniquely determined by its conductor

fr = fzr)y = [Or : Z(R)],

which we call the central conductor of R. Clearly, this is an invariant of the isomor-
phism class of R. Note that this term is closely related to that of [8], p. 604: there
the central conductor is the ideal frOp.

Proposition 51 Let R be an order in a quadratic field F' and let M be an R-submodule
of R"™ of rank n. Put

R(M) = (Z,(M) : T,(M)) = {g € My(F): T,(M)g C T,(M)}.

Then we have R-ring isomorphisms

(94) End(M)*? & R(M) and Rp(M) = Z(R(M))

and hence the central conductor of R(M) equals the conductor of Rp(M), i.e. frin) =
fRF(M)'

Proof. Put M := M,(R), and view M as a left M-module. Then (as for any ring)
we have the canonical identification pps : M = End (M) given by g — p,, where
pe(g') = ¢'g denotes the right multiplication map. Combining this with the identifica-
tion 7, : Endg(R")? = M defined in the proof of Proposition 40, we thus obtain an
isomorphism p := py 0 7, : Endg(R")? = End (M), which extends to an isomor-
phism j : Endg(F™)? = End ¢ (M), where M = M, (F).

Since M is a lattice in F, every f € Endg(M)® extends uniquely to f € £ :=
Endp(F™)°, and so we can identify Endg(M )% with the subring (M : M) = {f €
E:Mf C M} of £ It is then immediate from the definition of Z, (M) that

B(M : M)e) = (T,(M) : T,(M)) = R(M).

This proves this first isomorphism of (94), and from this the second follows because
Z(M:M)e)=(M :M)enNZ(E)=(M: M)p =Rp(M).
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4.3 Products of CM elliptic curves

We now apply the results of the previous subsections to the case that A = E is a CM
elliptic curve (in the sense of §3.1). The first result is the following.

Proposition 52 Let E/K be a CM elliptic curve and let I be a regular ideal of
End(E™), where n > 1. Then I is a kernel ideal and there exist non-zero ideals
L,.... I, of End(FE) such that I ~ (I|...|I,). Furthermore,

(95) E?I(I) ~ EH(h) X ... X EH(In) and g(H(I)) ~ EndR(]1 D...D ]n)op.

Proof. Let I be an ideal of End(E™), and put R = End(E). Since T = Tg, :
End(E™) = M, (R) is an isomorphism, it follows from Proposition 40 that I = Z,,(M),
for some R-submodule M C R"™. Moreover, since [ is regular, we see that M has
finite index in R". Since F = End"(E) is an (imaginary) quadratic field, we have by
Corollary 47 that there exist orders R; with R C Ry C ... C R, of R, an ideal I of
R,, and a basis {z;} of F" such that M has the form (91). Put f = [R,, : R]. Then
fR; C Ris an R-ideal for all 7, and so

I = Lo+ Lay+ ...+ L2,

where I; = fR; for 1 <i<nand [, = fI and o} = %xl Thus, if g € M, (F) is the
matrix that takes the standard basis of F"™ to the basis {z}}, then we see that

(96) [ = (L]...|I)h,

where h = Tg ,(g)"' € End’(E™) and I, ..., I, are non-zero R-ideals. Thus [ ~ I’ :=
(I1]...]I,). Since each [} is a kernel ideal of End(E) by Theorem 18, we have by
Proposition 41 that I’ is a kernel ideal, and hence so is I by Remark 7(c). This proves
the first two assertions.

Since the I;’s are kernel ideals, we have H(([4|...|I,) = H([;) x ... x H(I,)
by Proposition 42. Thus, by (19) we have Eyoy = By = Ermyx.xm,) =
Eryy X ... X Ey1,), which proves the first isomorphism of (95).

To prove the second, note first that since I ~ [I" are kernel ideals of End(E™),
we have by (19) and Proposition 10 that E(H([)) ~ E(H(I')) = (I’ : I'). On the
other hand, since I' = Ty (Z,(I; & ... & I,,)) by definition, it follows from (94) that
(I':I') ~Endg(l; & ... ® I,)?, and so the second isomorphism of (95) follows.

The above result allows us to work out the central conductor fa of the abelian
variety A = Ap(r). This important invariant is defined as follows.

Definition. If A ~ E" is any abelian variety which is isogenous to E", then its central
conductor is the central conductor fa := fgna(a) of the order End(A) in End’(A) ~
End’(E") = M,(F). (Recall that fraa(a) was defined in §4.2).
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Corollary 53 If A~ F; x ... X E,, where Ey, ..., E, € Isog(E/K), then

fa=lem(fg,, ..., fe,)

Proof. By Proposition 36 there is an E, € Isog(E/K) such that fg, = lem(fg,,..., f&,)-
Thus, if m; : Ey — E; is an isogeny, then H; = Ker(m;) is an ideal subgroup of Ey by
(46) (because fg,|fg, by construction). Thus, H; = H(I;), for some Ry-ideal I;, where
Ry = End(FEjp). Note that by (45) we have that End(E;) ~ E(H;) = (I; : I;) = R(I;),
and so fg, = fr(,)-

Put H =Hy x...x H,. Then Ay ~ Ey, X ... x Eyg, ~ Fy x...x E, ~ A.
By Proposition 41 we have H = H(I), where [ = ([|...|I,). Thus, by (95) we
have End(A) ~ End(Ay) ~ E(H) ~ Endg,(M)?, where M = 1, & ... & I,, C Ry,
and so Z(End(A)) ~ Z(Endg,(M))? = (M : M)r = Rp(M) by (94). Now clearly
(M : M)p = R(L)N...NR(I,). Since the latter has conductor lem(frr,), - -, fr(,))
by (37), the assertion follows.

We next want to characterize the ideal subgroups of E". The following characteri-
zation shows that the necessary condition of Corollary 11 is also sufficient. Moreover,
this result can also be viewed as a generalization of the criterion (46) of Theorem 18.

Theorem 54 Let E/K is a CM elliptic curve, and let H be a finite subgroup scheme
of E™. Then:

(97)  H is an ideal subgroup of E™ < Z(End(E")) C E(H) & fewm) | fe.
Before proving this, we note the following immediate application.

Corollary 55 If A ~ E™ is an abelian variety which is isogenous to E™ with fa|fE,
then there exist elliptic curves Ey, ..., E, € Isog" (E/K) such that A~ Ey x ... x E,,.

Proof. Let m : E™ — A be an isogeny, and let H = Ker(w). Then E}, ~ A and
End(A) ~ E(H), so fa = fewm)- It thus follows from the hypothesis and (97) that H
is an ideal subgroup. Thus, H = H(I), for some regular left ideal I of End(£"), and
hence by (95) we have A ~ Ay ~ Ey x ... x E,, where E; := Eyz,, for suitable ideals
I; of End(E). Since H(I;) is an ideal subgroup of E, we have by (46) that fg,|fg, and
so E; € Isog" (E/K), as claimed.

Another application of Theorem 54 is the following result which can be viewed
as a solution of the isomorphism problem which was posed in the introduction of
this paper. Note that it applies to an arbitrary tuple Ej,..., E,/K of isogenous CM
curves because by Proposition 36 we can always find an elliptic curve E/K such that
Ey,...,E, € Isog" (E/K).

42



Corollary 56 Let E/K be a CM elliptic curve and Er, ..., E, € Isog"(E/K). If
A ~ E™ is an abelian variety isogenous to E™, then the following conditions are
equivalent:

(98) A ~ E;x...xEy;

Proof. Fix isogenies 7 : E™ — A and 7; : E — E;, for 1 <i <n, and put H = Ker(n)
and H; = Ker(m;). Also, put A" = E; x ... x E,. Since fg,|fg by hypothesis, we
know by (46) that H; = H(I(H;)) is an ideal subgroup of F, so H' := H; x ... x H,
is an ideal subgroup of E™ by Proposition 42. Furthermore, we have that Iga(A") ~

I(HY=(I(Hy):...: I(H,)) ~{Ug(Ey):...: Ig(E,)) by (87).
Now suppose that (98) holds. Then by Corollary 53 we have that fa = fg, «x..xg5, =
lem(fg,,..., fe,)|fe. Moreover, Ipn(A) ~ Ign(A’) ~ (Ig(E}) : ... : Ig(FE,)), and so

(99) holds. Conversely, if (99) holds, then H is an ideal subgroup of E™ by Theorem
54, and so A ~ A’ by (21). Thus, conditions (98) and (99) are equivalent.

To prove the equivalence of conditions (99) and (100), consider the submodules
My := End(E)" Qguacen) Ien(A) and My = Ig(E1) & ... ® Ig(E,). Then by definition
we have TE}I(In(Mg)) = (Ig(F4) : ... : Ig(E,)) and by Morita equivalence (cf. the
proof of Proposition 40) we have TE_,L(LL(Ml)) ~ Ign(A). Thus, since M; ~ M, (as
End(FE)-modules) < TLT;LIn(Ml) ~ Tg;lIn(Mg) (as End(E™)-modules) by Proposition
40, the equivalence of conditions (99) and (100) follows.

As first step towards establishing Theorem 54, we prove the following result.

Proposition 57 Let H be a finite subgroup scheme of E™, where E/K is a CM elliptic
curve. Then H is an ideal subgroup of E™ if and only if

(101) Ag ~ E; X ...x E,, where E; € Isog" (E/K), for1<i<n.

Proof. Suppose first that H = H(I) is an ideal subgroup. Then by (95) we have
E}y ~ Ey x ... x E, where E; = Ey(,). Since H(1;) is an ideal subgroup of E, we
have by (46) that fg,|fg, i.e. that E; € Isog™ (E/K).

Conversely, suppose that (101) holds, and fix an isogeny m; : £ — E; for 1 <
i < n. Then by (46) we know that H; := Ker(m;) is an ideal subgroup of E, so
H' .= H, x ... x H, is an ideal subgroup of E™ by Proposition 42. Since E; ~ Ey.,
we have by the hypothesis (101) that E}, ~ Ey, x ... x Ey, ~ E7,, and so it follows
from (22) that H is also an ideal subgroup of E™.

As we shall see presently, Theorem 54 follows easily from the following result.
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Theorem 58 Let E/K be a CM elliptic curve, where K is an algebraically closed
field. If A ~ E™ is an abelian variety which is isogenous to E™, then there exist
elliptic curves Ey, ..., E, ~ E such that A~ FE; x...x E,.

Remark 59 In the case that K = C, Theorem 58 was first proven by Lange[19], using
the results of Shioda and Mitani[24] (who proved the case n = 2). A different proof of
this was given by Schoen; cf. [22], Satz 2.4. His proof is based on the above Theorem
45(b) of Borevich and Faddeev[1] and hence is closely related to the one given below
(in the case K = C).

In his paper, Schoen[22] also proves the following interesting “converse” to Theorem
58 in the case K = C. Suppose that A/C is an abelian variety with the property that
if B~ A, then B~ A; x...x A,, for some simple abelian varieties A;. Then either
A is simple or A ~ E" where E/C is a CM elliptic curve.

Before proving Theorem 58, let us see how Theorem 54 follows from it.

Proof of Theorem 54 (using Theorem 58). First note that the second equivalence
of (97) is trivial because we have End(F) = Z(End(E")) C £(H) < End(E) C
Z(E(H)) < fean|fe-

Next we note that the one direction (=) of the first equivalence of (97) is true by
Corollary 11. It thus remains to prove the other direction.

Thus, suppose that Z(End(E™)) C E(H). Since E is a CM elliptic curve, we have
that End(E") = End(E" ® K), and hence also that End(A) = End(A ® K). (To
see this, note that End’(E") = End"(A) (because A ~ E"), and that End’(E") =
End’(E" ® K), and so the assertion follows because End(A ® K)/End(A) is always
torsionfree.) Thus, we have that £(H ® K) ~ End(A® K) = End(A) ~ £(H), and so
Z(End(B" © K)) € Z(E(H @ K)). Thus fa,_. = foram fpore = fo

By Theorem 58 we have that Az ~ E1 X...X E,, for some elliptic curves E; /K.
By Corollary 53 we have fg, fAH®?|fEa and so E; € Isog" (E® K /K). Thus, condition
(101) holds for H® K, and so H ® K is an ideal subgroup of (E ® K)" = E" ® K by
Proposition 57. It thus follows from Remark 7(d) that H is an ideal subgroup of E™.

Proof of Theorem 58. We shall divide the proof into several cases.
Case 1. K =C.

Here E ~ Ep, where L € Laty is alattice in ' = End’(E); cf. §3.2. Thus E" ~ C"/L",
where " =L &...& L C F". Let m: E™ — A be an isogeny. Then Ker(w) = L'/L",
for some subgroup L’ C C". Since [L' : L"] = deg(m) < oo, it follows that L' is a lattice
in F' (in particular, L’ C F™) and hence by Corollary 47 we know that L’ has the form
(91). Put L" =L ®...® L), C F", where L; = R, for 1 <i<mn—1and L}, = I and
the R;’s and [ are given by (91). Thus L' = L"g, for some g € Autp(F") C Autc(C"),
andso A~C"/L' ~C"/L" ~C/L| x...xC/L! and so the assertion follows because
L} € Latg (and hence C/L, ~ Ey).
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Case 2. char(K) = 0.

As was mentioned in the proof of Proposition 32, there is a CM elliptic curve Ey/Q
such that Fy® K ~ E. Furthermore, if 7 : E™ — A is an isogeny with kernel H, then
there is a subgroup scheme Hy of Ej such that Hy ® K = H, and so Ay = (E})n, is
an abelian variety over Q with Ay ® K ~ A. It is thus enough to verify the assertion
for K = Q.

Thus, let K = Q. By Case 1 we know that there exist CM elliptic curves
Ey,...,E, € Isog(E ® C/C) such that A® C ~ E; X ... X E,. As before, there
exist CM elliptic curves E; /K such that E;p ® C ~ E;. Put A’ = Ejg X ... X Epy.
As was just mentioned, every finite group scheme of A ® C is already defined over K,
and so it follows that the condition A ® C ~ A’ ® C implies that A ~ A’. This proves
the assertion in this case.

Case 3. K = Fv.

Let K# denote the quotient field of the ring W (K) of Witt-vectors. For any ordinary
abelian variety A/K, its Serre-Tate lift A# /K# exists and is uniquely characterized by
the property that all endomorphisms of A/K lift to A#; cf. [9], p. 238, or [13], p. 2368,
and the references therein. Since E and hence A ~ E™ are ordinary abelian varieties,
their Serre-Tate lifts exist; note that (E#)" ~ (E™)#. Since Hom((E™)#, A%) =
Hom(E™, A), it thus follows that A% ~ (E#)". By Case 2 we know that there is a finite
extension K'/K# and elliptic curves E}, ..., E/ /K’ such that A#@ K’ ~ E} x...x E!.
Since each E! ~ E# @ K’ has good reduction E;/K, we obtain that A ~ E; x ... x E,
because A is the reduction of A% @ K.

Case 4. char(K) =p # 0.

This is partially similar to the proof of Case 2, but extra care has to taken here in
descending A. To be precise, note first that there is a CM elliptic curve Ej /Fp such
that Fy ® K ~ F; cf. the proof of Proposition 32. Furthermore, if 7 : E™ — A is an
isogeny with kernel H, then by Lemma 60 below, there is a subgroup scheme Hj of
Ep such that Hy® K = H, and so Ay = (E}')pg, is an abelian variety over Q with
Ag® K ~ A. By Case 3 there exist F, ..., F, ~ Ey such that Ag ~ E; x ... x E,,
and then A~ Ay ®@ K ~ E] X ... x E/, where £ = F; ® K ~ E, as desired.

In the above proof we made use of the following fact.

Lemma 60 Let E/K be a CM elliptic curve where K is an algebraically closed field,
and let n > 1. Then E™ has only finitely many subgroup schemes H of fized rank N.
Thus, if K'/K is any extension field, then every finite subgroup scheme of E™ @ K' is
of the form H ® K', where H is a finite subgroup scheme of E™.

Proof. If char(K') = 0, then every finite subgroup scheme is etale and the assertion is
trivial. Thus, assume that char(K) = p # 0. Since F is ordinary, we have for any r > 1
that E[p"| .= Ker([p"|g) ~ Z/p"Z % pi,r, and hence that E™[p"| >~ (Z/p"Z)"™ x ()™
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Thus E™ does not contain any local-local subgroup scheme (in the sense of [20], p. 136),
and so by the structure of finite commutative group schemes ([20], p. 137) we have
that any finite subgroup scheme H of E™ is isomorphic to He X (Z/p™Z)" X ()",
where H,.; is an etale subgroup scheme of rank prime to p and r;,t; > 0 are integers.
Thus, there are only finitely many (isomorphism classes of) finite subgroup schemes
of fixed rank N which are embeddable in E™.

Now let H/K be a fixed finite subgroup scheme of rank N = p” N’ with p 4 N’ which
is embeddable in E”. Then Hom(H, E™) = Hom(H, E"[N)), and so Hom(H, E™) =
Hom(H,;, E[N']) @ Hom((Z/p™)",(Z/p"Z)"™) & Hom((ppr2)™, (p1pr)™) is finite (since
each piece of the decomposition is finite). In particular, there are only finitely many
embeddings of H into E™, and so it follows from the above that there are only finitely
many finite subgroup schemes of fixed rank N.

To prove the last assertion, note that since A/K is projective, it follows from
the theory of Hilbert schemes that the set of subgroup schemes of fixed rank N is
represented by a quasi-projective scheme Hy. By what was just shown, Hy(K) is
finite, and so it follows that dimHy = 0. Thus Hy(K') = Hy(K), for all K'/K,
which yields the last assertion.

Remark 61 As the above proof shows, the assertions of Lemma 60 are true for any
ordinary abelian variety A/ K (in place of E™/K). On the other hand, both statements
are false for non-ordinary abelian varieties. In particular, if E is a supersingular elliptic
curve, then already E? has infinitely many subgroup schemes which are isomorphic
to a,, and their cardinality equals the cardinality of K (and hence increases when we
enlarge K).

This concludes the proof of Theorem 58 and hence also of Theorem 54, as was
proven above. We next prove Theorem 3 of the introduction, which is an easy conse-
quence of Theorem 54.

Proof of Theorem 3. If A~ F; x...x E, with F; ~ E, then by Corollary 53 we have
fa =lem(fg,, ..., fr,). By Proposition 36 there exists an elliptic curve Ey ~ E with

fr, =lem(fp,, ..., fr,), and so fa = fg,.
Conversely, suppose there exists Ey ~ E such that fa|fg,. Then A ~ E" ~ E3,

and so there is an isogeny 7 : B — A. Put H = Ker(n). Then (Ef)y ~ A and so
ferry = falfe, by hypothesis. By Theorem 54 we therefore know that H is an ideal
subgroup of £ and so it follows from Proposition 57 that A ~ (Ef)g ~ Ey X ... X E,,
for some elliptic curves Ey, ..., E, ~ Ej.

Next we shall use Theorem 3 to prove Theorem 2 of the introduction.

Proof of Theorem 2. If the field K is algebraically closed, then this is Theorem 58.
Thus, assume that K is a finite field.
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Let ha/k(X) € Z[X] (respectively, ma/k(X) € Z[X]) denote the characteristic
polynomial (respectively, minimal polynomial) of the Frobenius endomorphism ¢4 of
A/K. Since A ~ E™, we have ha g (X) = hg/r(X)" and ma,x(X) = mg/k(X). Note
that mp/x = hg/k is irreducible over Q since £/K is a CM elliptic curve.

Since ¢4 € Z(End(A)) € Z(End°(A)) ~ F = End’(E), we see that Z[p4] is an
order in F' (because my,k is irreducible of degree 2). Thus, since Z[¢4] C Z(End(A)),
it follows that falfzs,. Now by Waterhouse (cf. Proposition 34 above) there is
an elliptic curve Ey/K with Ey; ~ E such that Ag, = A(hg/k). Thus, since the
discriminant of the order Z[p4] is A(ma k) = A(hg/k), we see that fz1s, = fg, and
that hence fa|fg,. It therefore follows from Theorem 3 that A ~ E; x ... x E,, for
some elliptic curves Ey, ..., FE, ~ Ey~ E.

We now turn to the proof of Theorem 5 of the introduction.

Proof of Theorem 5. We will construct bijections between the various sets defined by
the conditions (i) — (v).

(i) «» (ii): Let (E'; f1,..., fa—2) be a tuple as in (i), and put @1 (E'; f1,..., fn) =
(Ig(E"); fi,- ., fan—2). Since fg/|fr, we know by (46) that if 7 : E — E’ is any
isogeny, then Ker(w) = H(I) for some ideal I of End(F). Thus Ig(E") ~ I because [
is a kernel ideal by Theorem 18(a) and also End(E’) ~ End(Eg ) ~ R(I) by (49).
Thus fer = fra), and so (Ig(E'); fi,..., fa—z) is in the set described by condition (ii).
By Corollary 19 we thus see that ¢; defines a bijection between sets (i) and (ii).

(i) « (ili): If (I; f1,..., fu—2) is a tuple as in (ii), and put po(I; f1,..., fu—2) =
(ga(D); f1/f1, -+, fa—e/f1), Where ga is the bijection constructed in Remark 38 and
fr = fray)- Here Ra ~ End(E) (because E has discriminant A). By construc-
tion, ga([) has content cont(ga(f)) = [R(I) : Ra] = f&/fru), and so we see that
(ga(D); f1/fr, -+, fa—e/fr) is in the set described by condition (iii) and that @9 is a
bijection.

(ii) <> (iv): This is Corollary 48.

(iv) <> (v): For an R-module M as in (iv), put @4(M) = T]E;(IN(M)), which is
a regular left End(E™)-ideal. By Proposition 40 and Proposition 51 we know that ¢,
induces a bijection between the set described by (iv) and the following set:

(iv') the set of isomorphism classes of regular left ideals I of End(E™) ~ M, (R)
with Z((I : I)) = R.

Next, if [ is an ideal as in (iv'), then put ¢5(I) = A; := Ejy;y. Since [ is a kernel
ideal by Proposition 52, we have that End(A;)) ~ (I : I), and so Z(End(A4,)) = Z(({ :
I)) = R = End(F), which means that fa, = fg. Thus the isomorphism class of A; is
an element of the set described by (v). By (19) and the sentence before (21) we know
that @5 defines an injection from the set described by (iv') into the set (v). Finally,
this map is surjective. Indeed, if A ~ E™ with f4 = fg, and if 7 : E" — A is any
isogeny, then by Theorem 54 we know that H is an ideal subgroup, so Ker(r) = H(I)
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for some regular left ideal I of End(E™). Thus A ~ Ef(ry- Furthermore, by the above
computation we have Z((I : I)) = R, and so I is in the set defined by condition (iv’).

Remark 62 (a) It is sometimes useful to have a direct description of the bijection
between the sets defined by conditions (i) and (v) of Theorem 5. Indeed, if we unravel

the bijections constructed in the proof of Theorem 5, then we obtain that this bijection
is given by the rule (E'; fi,..., fu2) — A(E'; f1, ..., fu_2; E), where

(102) AE"; f1,... fa; B) = E' X E X ...X E, 3 X E,

where E; = Ey(s,r,) and fr, = f;. To verify this, note first that the bijection is given
by 5 0 @40 piry © 1 in the notation of the proof of Theorem 5. Thus, if we put I} =
Ig(E"), Iij1 = feR;fori=1,...,n—2and I,, = R, then ug (o191 (E', fi,..., fa—2) =
I & ...® I,. On the other hand, p5(ps(l1 & ... ® 1)) = @5((L1 : ... : 1)) =
Ey,) X ... X Eg(,) by Proposition 41, and so the assertion follows.

(b) The bijections of Theorem 5 yield immediately a classification of all abelian
varieties A ~ E™ with f4|fg. More precisely, we have natural bijections between the
follow sets:

(i) The set of sequences (E'; f1,..., fn_1) where E' ~ E is an isomorphism class
of elliptic curves with fg/|fr and the f;’s are positive integers with fg|fi1]...|fo1|fE-

(ii) the set of sequences (I; fi,..., fu_1) where I is an isomorphism class of non-
zero End(E)-ideals whose order R(I) has conductor frin|fi] ... |fa-1|fE-

(iii) the set of sequences (q;ci, ..., cn—2) where q is a proper equivalence class of
positive binary quadratic forms of discriminant A(q) = A/m?, for some m € N, and
c1l ... |en_o|cont(q).

(iv) the set of isomorphism classes of End(FE)-submodules M of End(E)" of rank
n;

(v) the set of isomorphism classes of abelian varieties A ~ E™ with central con-
ductor fa|fe.

4.4 Abelian product surfaces

We now specialize the previous results to the case of abelian surfaces, i.e. to the case
n = 2. In particular, we shall prove Theorem 4 and show how the results of Shioda
and Mitani[24] follow from the above theorems.

We begin with the following refinement of Theorem 1 (in the case n = 2) which is
closely related to Proposition 4.5 of [24].

Proposition 63 Let By, By, B}, B} € Isog" (E/K), where E/K is a CM elliptic curve,
and put f; = fg, and f{ = fg. Then By X Ey >~ Ey X Ey if and only if

lem(fy, f2) = lem(f1, f3) and Ig(Ei)Ig(Es) ~ Ip(E))IE(Es).
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Proof. To prove this, we shall use the criterion of Theorem 1. Now by Proposition
49 we have that Ig(E)) @ Ig(Ey) ~ Ig(Ey) @ Ig(E)) < R® Ig(Ey)Ip(E) ~ R @
Ig(E))Ip(EY), where R = R(Ig(E1)) N R(Ig(Ey)) and R’ = R(Ig(EY)) N R(Ip(EY)).
Moreover, by Theorem (45) these modules are isomorphic if and only R = R’ and
Ig(Ey)Ig(Ey) ~ Ig(EY)Ig(ES). Since R(Ig(E;)) has conductor f; by (50), we see
that R has conductor fr = lem(fi, fo) by (37), and similarly fr = lem(f, f3). Thus
R = R’ if and only if lem(f1, fo) = lem(f], f5), and so the assertion follows from
Theorem 1.

If K = C, then above result can be restated in the following form which is essen-
tially Proposition 4.5 of [24].

Corollary 64 Let Ly, Ly, L, L, € Latg be lattices in a quadratic field F' and let
fi = fr, and f = [r(r;) be the conductors of their associated orders. Then

By, x B, ~ By x By & LiLy ~ L1Ly and lem(fy, f2) = lem(f7, f3).

Proof. Put E; = Er, and E] = Ep,. Since End(E,) ~ R(L;) by (64), we have
fe, = fi and similarly fpr = f/. Let R = R(Ly) N R(Lg) N R(L’) N R(Lj), and
choose n € N such that L := nR C L;N L}, for i = 1,2. Put £ = E. Since
End(F) ~ R C R(L;) ~ End(Ep,), we see that E; € Isogt(E/C) and similarly
E! € Tsog™(E/C). By Corollary 27 we have I5(E;) ~ L;'L and Ig(E}) ~ (L})7'L.
Thus Ip(E)Ig(Ey) ~ Ip(E)Ip(EY)) < Li'Ly'L ~ (L) "YLY) 'L < (LiLy) ™t ~
(L)L)~ the latter because R(L) C R(LyY) N R((L})™). Thus Igx(E))Ig(Ey) ~
Ip(EY)Ip(EY) < LiLy ~ L{ L), and hence it is clear that the corollary follows from
Proposition 63.

We next prove Theorem 4, which is clearly a special case of the following more
precise result.

Theorem 65 Let E/K be a CM elliptic curve of discriminant A = Ag. Then there
exist bijections between the following sets:

(i) the set Isogt (E/K) of isomorphism classes of elliptic curves E' /K with E' ~ E
and fE’ |fE;
(i) the set of non-zero ideal classes of End(E);

(iii) the set of proper equivalence classes of positive definite binary quadratic forms
q with discriminant A(q) = A;

(iv) the set of End(R)-submodules M of End(E)? of rank 2 with Rp(M) = R;

(v) the set of isomorphism classes of abelian surfaces A/ K with A ~ E? and central
conductor fa = fg;

(vi) the set of isomorphism classes of abelian surfaces A/K with A ~ E? and

discriminant A(A/K) = —A.
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More precisely, the bijection between (i) and (ii) is given by the map I}, of Corollary
19, the bijection between (ii) and (iii) is the map qa of Remark 38, the bijection between
(iv) and (v) is given by the rule M — (EQ)H(T;Q(I”(M)))P and the sets (v) and (vi) are
identical. In addition, the bijection between (i) and (v) and (vi) is induced by the rule

E'— E x E"

Remark 66 Note that the bijection between the sets described by conditions (iii)
and (vi) of Theorem 65 (which is the same as that between the sets (i) and (ii) of
Theorem 4) is not given explicitly. However, it can be described as follows: given
q € Qay/SLa(Z), let E, = E}, , € Isog™ (E/K) be such that qEE(,I = ¢, where ¢f, 5, is
as in Remark 38. Then the map ¢ — A, = E' x E induces the bijection between the
sets (iii) and (vi).

Proof. The equivalence of conditions (i) — (v) is just a restatement of Theorem 5 in the
case n = 2. Moreover, by the proof of that theorem and by Remark 62(a) we know
that the bijections are as indicated.

It thus remains to show that the sets (v) and (vi) are identical. For this, suppose
first that condition (v) holds. Then by what was just said, it follows that A ~ E' x E,
for some E’ € Isog™(E/K). Thus f4 = lem(fg/, fr) = fg by Corollary 53. It thus
follows from Proposition 67 below that A(A/K) = —f3Ar = —f2Ap = —A, and so
condition (vi) holds.

Conversely, suppose that condition (vi) holds. Since A(A/K) = —Ag, it follows
from Proposition 67 below that A(A/K) = —f3Ap, and so f4 = fg because Ap =
f2AFr. Thus condition (v) holds.

In the above proof we had used the following fact.

Proposition 67 Let A/K be abelian surface which is isogenous to E X E, where E/ K
is a CM elliptic curve. Then there is an integer m such that the discriminant of A/ K
is A(A/K) = —m2f2Ap, where F = End’(E). Moreover, m = 1 if there exists an
elliptic curve Ey ~ E such that either fa|fg, or such that A(A/K)|Ag,.

Proof. Suppose first that A ~ E; x E,, for some CM elliptic curves E;/K which are
isogenous. Then by [16], Proposition 22, we have NS(A ® K) ~ Z? @ Hom(FE, E,),
where E; = E; ® K. Moreover, since Hom(Ey, Fy) = Hom(FE1, E5), the explicit
isomorphism shows that NS(A) = NS(A ® K); cf. [17], (proof of) Lemma 63. Let g4
be the intersection form on NS(A), i.e. ga(D) = 3(D.D), where (D.D) denotes the
self-intersection number of a divisor (class) D € NS(A). Then by [16], Proposition 22
(or [17], equation (6)) we have

(103) qa ~ xy L 4E,,Es,
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where xy denotes the quadratic form associated to the hyperbolic plane and ¢g, g, is
as in §3.4. From (103) it follows immediately that

(104) A(qA) - _A(qE17E2) = _1cm<fE1va2)2AF = _félegAF7

where the last two equations follow from equation (80) and Corollary 53, respectively.
Thus, the asserted formula holds in this case (with m = 1).

Next, suppose that there exists an elliptic curve Ey such that fa|fg,. Then by
Corollary 16 there is an elliptic curve E; ~ Ejy such that f4 = fg,, and then by
Theorem 5 there exists B’ € Isog™ (F,/K) such that A ~ E' x E;. Thus, the assertion
follows from the previously discussed case.

Now suppose that A/K is any abelian surface with A ~ E?. Then NS(A) ® Q ~
NS(E?)® Q = NS(E? ® K) ® Q, the latter by the discussion at the beginning of this
proof. Thus NS(A4) ® Q = NS(4) ® Q, where A := A® K, and so m := [NS(A) :
NS(A)] < oo. It thus follows that A(A/K) = m?A(A/K). Now by Theorem 58 we
have that A ~ E; x E, for some elliptic curves E; ~ F® K, and so by the previously
discussed case we have A(A/K) = — f2Ap. Since fi = f7 (as was explained in the
proof of Theorem 54), we obtain that A(A/K) = —m?f3AFp, as claimed.

Finally, suppose that A(A/K)|Ag, = f# A, for some elliptic curve Ey/K. Since
we have that A(A/K) = —m?f3Ar by what was just shown, we see that mfa = fg,
and so fa|fr,. But in this case we showed above that we must have m = 1.

In view of the close relationship (103) that exists between the quadratic form gu
defined by the intersection pairing on NS(A) and the form qE’ 5 which defines the one
of the bijections of Theorem 65 (cf. Remark 66), it might be tempting to try to use
g4 in place of qE i to classify the abelian surfaces A/K with A ~ E?. This, however,
does not lead to a bijection, as the following result shows.

Corollary 68 Let E/K be a CM elliptic curve with discriminant A = Ag, and let
q € Qa be a positive binary quadratic form of discriminant A and content c. Then
the number

Ny =#{A~EXxE:qa~wy L (—q)}/~)

of isomorphism classes of abelian surfaces AJ/K which are isogenous to E* and whose
intersection form qa is equivalent to xy L (—q) is equal to the number of primitive
forms in the principal genus of primtive forms of discriminant A = A/c?. Thus, if
g(A’) denotes the number of genera of discriminant A, then we have

h(A)

(105) N, = 5

where A" = A(q) /cont(q)>.

Proof. Let ¢# denote the (proper) equivalence class of binary forms of discriminant A
which corresponds to A/K via the bijection of Theorem 65. Then by (103) and (83)
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we have g4 ~ zy L (—q*). Thus, g4 ~ 2y L (—q) & 2y L (—¢*) ~ 2y L (—q) & ¢*
and ¢ are in the same genus, the latter by Remark 27 of [17]. Since the number of
such forms ¢* equals the number of forms in the principal genus (and is given by the
formula of (105)), the assertion follows.

We also note that the above Proposition 67 allows us to reformulate Theorem 3 in
the case of surfaces as follows.

Theorem 69 Let A/K be an abelian suface which is isogenous to E X E, where
E/K is a CM elliptic curve. Then there exist CM elliptic curves Ey, Eo/ K such that
A~ Ey X Ey if and only if A(A/K)|Ag,, for some elliptic curve Ey/K with Ey ~ E.

Proof. If A ~ E; x E,, then by Theorem 3 we know that fa|fg,, for some Ey ~ E.
Thus, by (104) we have that A(A/K) = — fiAp|fz,Ar = Ap,, as claimed.

Conversely, suppose that A(A/K)|Ag,, for some Ey ~ E. Then by Proposition
67 we have that A(A/K) = —f3Ap, and so it follows that fa|fg,. By Theorem 3 we
thus obtain that A ~ F; x Es, for some elliptic curves Fy, Ey/ K.

From the above Theorem 4 (or from Theorem 65) we can deduce the following
result which is essentially the same as Theorem 3.1 of [24]:

Theorem 70 Let K be an algebraically closed field of characteristic 0. Then there is
a bijection between the following sets:

(i) the set Q/SLa(Z) of proper equivalence classes of positive definite binary quadratic
forms;

(ii) the set of isomorphism classes of abelian surfaces A/K with Picard number
p(A) :=rank(NS(A)) = 4.

Remark 71 In the paper [24], the abelian surfaces A/C with p(A) = 4 are called
singular abelian surfaces; cf. [24], p. 459. This terminology unfortunately conflicts
with classical terminology of singular abelian varieties used in the 19th century: these
are abelian varieties with the property that End(A) # Z; cf. Hurwitz[15], p. 167, 187
(and the references therein) and Humbert [14].

Proof of Theorem 70. It follows from the classification theory of endomorphisms of
simple abelian surfaces in characteristic 0 (cf. [20], p. 202) that if p(A) = 4, then A
cannot be simple and so one sees easily that A ~ E? where E/K is a CM elliptic
curve. Thus the set (ii) is the same as the set

(il') the set of isomorphism classes of abelian surfaces A/ K with A ~ E?*, for some
CM elliptic curve E/K.

To describe the bijection, fix for each discriminant A < 0 an elliptic curve Ex with
Ag, = A (which exists by Proposition 33(a)). Let

A(A) == {A/K: A~ E; and A(A/K) = —A}/~
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denote the set of isomorphism classes of abelian surfaces A/ K which are isogenous to
Ea X Ea and have discriminant A(A/K) = —A. Now if A ~ E? where E/K is some
CM curve and if A(A/K) = —A, then it follows from Theorem 65 that £ ~ EA, and
so we see that the set A described by (ii’) is the disjoint union of the sets A(A), where
A runs over all negative discriminants. We thus see from Remark 66 that the rule
q+— Ea X By, , (notation as in Remark 66) induces the desired bijection

Q/SL2) = |JQa/Sla@) = (JAQ) = A

A<O0 A<O0

Remark 72 The same argument as above shows that if K is an algebraically closed
field of characteristic p # 0, then we have a bijection between the following two sets:

(i) the set Q@) /SLy(Z) of proper equivalence classes of positive definite binary
quadratic forms whose discriminant A satisfies (%) =1;

(ii) the set of isomorphism classes of abelian surfaces A/K such that A ~ E?, for
some CM elliptic curve E/K.
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