Diagonal Quotient Surfaces

E. Kani* and W. Schanz

Introduction

Let X be a smooth projective curve over C which admits a finite group G of
automorphisms. Then G x G acts on the product surface ¥ = X x X, and so for
each subgroup H < G x G, the quotient Z = H\Y is a normal algebraic surface.
Here we shall restrict attention to the case that the subgroup H is the graph of
a group automorphism a € Aut(G) of G, i.e. H = A, = {(g,a(g)) : g € G};
we propose to call the resulting quotient surface a (twisted) diagonal quotient
surface, and denote it by
ZX,G,a = Aa\Y-

Such surfaces occur naturally as the (coarse) moduli spaces of certain moduli
problems; cf. [17]. In this case X = X(N), the modular curve of level N, and
there is a close analogy between these surfaces and the Hilbert modular surfaces
studied by Hirzebruch and others (cf. van der Geer[6]).

The main objective of this paper is to analyze the geometry of the diagonal
quotient surfaces Zx ¢, and of their desingularizations Z, by calculating their
numerical invariants such as their Betti and Chern numbers, and to determine
their place in the Enriques-Kodaira classification table.

One might expect that all these invariants can be expressed in terms of data
involving the curve X and the group G, and this indeed turns out to be the case.
In fact, they can all be expressed in terms of the genus g = g(X) of X, the genus
g = g(X) of the quotient curve X = G\ X, and three fundamental invariants G,
So and L, which are essentially of a local nature in that they depend on the local
action of G at the fixed points. For example, we have the following result which
is a special case of Theorem 3.7 below:

Theorem 1 The irregularity, the geometric genus and the square of the first
Chern class of the desingularization Z, of the diagonal quotient surface Z, are
given by:

q =24, Py = Gy—S, and ¢ = 8(1—27+G,) — L, — 125,.
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Of course, the above result is only useful if we succeed in calculating the
invariants G,, L, and S,. Of these, G, is perhaps the simplest since it can
be expressed in terms of the genera gz, of certain subquotients Xz, of X or,
alternatively, as the inner product (hl,h') of the character h' afforded by the
G-module H'(X,C) (cf. Proposition 1.8). In a similar way, S, can be expressed
either as a weighted sum of Dedekind sums S(g,n) or in terms of certain inner
products involving the character w of the G-module H°(X, Q%) of holomorphic
differentials (cf. Theorem 1.13). Finally, the invariant L,, which is closely related
to the nature of the singularities of Z,, is defined in terms of a weighted sum of
lengths of certain continued fractions; cf. Proposition 3.5. In both cases, these
weights are given by the “local invariants” s, (z,y) which are introduced in section
1.1.

From the knowledge of the Chern numbers it is often possible to determine the
Kodaira dimension x and hence the type of the surface according to the Enriques—
Kodaira classification scheme. In particular, we have a complete classification in
the case that either ¢ < 1 or that g > 1, as the following two theorems show (cf.
Theorems 4.1 and 4.2):

Theorem 2 a) If g =0 then Z is rational; i.e. k = —00.
b) If g=g =1, then Zo =~ Z,, is an abelian variety, so k = 0.
c)Ifg=1and g =0, then Zy is an elliptic surface with k < 0.
d)Ifg>2andg>1, then Zo s a minimal surface of general type, i.e. k = 2.

Theorem 3 Ifg =1 and g = 0, then p, < 1 and ¢§ < 0, and we have the
following three possibilities:

a) If p, = 0 and & < 0, then Z, is rational (k = —o0).

b) If p, =0 and ¢ = 0, then Zo is a minimal Enriques surface (k=0).

¢) If py = 1, then Z, is a minimal K3-surface (k= 0).

It should be remarked that all these possibilities actually do occur (cf. section
4.1).

The remaining cases (i.e. ¢ > 2 and g = 0) are more subtle in that the Chern
numbers themselves are often insufficient in determining the type of the surface,
as examples with modular curves show. Nevertheless, one might expect that if
m = |G| is small with respect to g, then Z,, is of general type. Theorem 4.8 gives
some evidence for this expectation; for example we have:

Theorem 4 If there are at least r > 8 points of X = G\X which are ramified
i X, then Z, is of general type.

In order to be able to classify the surfaces Z, in other cases, additional in-
formation seems to be necessary. Since it is difficult to calculate the plurigenera
P, of Z,, we rely instead on the existence of certain curves and/or curve con-
figurations on Z,. To this end we introduce two criteria which are useful for
distinguishing between elliptic surfaces and surfaces of general type. The first is
based on the invariant d(S,C) = 2p,(S) — 2 — (Ks.C) of a curve C lying on a
regular surface S, and the second studies what we call (—2)-joins of two curves
C: and Cs on S; the latter are divisors D = Cy + Cs + Ey + ... + E; formed by
the (—2)-chains FE; which join C to Cy (cf. Definition 4.16). More precisely, we
have results of the following type (cf. Theorem 4.12 and Proposition 4.17):
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Theorem 5 Let S be a smooth reqular surface with k(S) > 1.
a) If S has a curve C" with p,(C) > 2 and d(S,C) > 1, then S is of general

type.
b) If S has a (—2)-join D with D* > (Kg.D)?, then S is an elliptic surface.

Applying Theorem 5 to the curve configurations on Z, arsing from the reso-
lution of singularities leads to quite explicit criteria. To state these, let x € X
be point with non-trivial stabilzer group G, < G (i.e. x is a ramification point
of m: X — X = G\X), and let g, = g(X,.) denote the genus of the quotient
curve X, , = a1 (G;)\X, 14 the number of unramified points above z = 7(x)
in the covering 7, : Xz 0 — X, and let

ey—1
Z Z Spal(Z y and S, = Z Sep—da(T,T),
Jex v=1 dlesdtes

where, as before, s,,(Z,y) denotes the local invariant defined in section 1. (Note
that gz, and r1 ,, may also be expressed in terms of these local invariants; cf.
Remark 1.5.) Then the aforementioned criteria may be formulated as follows (cf.
Proposition 4.19):

Theorem 6 Suppose that g = 0.
a) If Gr0 = Gra-t = 0, oo = a1 = 1 and 11,4 > 0 for some (ramified)
point x € X, then Z, is rational.

b) If we have
Spa > 5 (k2 —lza)

for some x € X, where
kz,a = 2gx,a + QQx,a—l + Cx,a + Cra-1 — 4 and ix,a = 2T1,x,a — Cza — Cg -1,

then Z is not of general type, i.e. k(Z,) < 1. If, in addition, py,(Z.) = 1 and
Or.0 = Jra-1 =0 and ¢y o = Cpo-1 = 2, then Z, is a (blown-up) K3-surface.
¢) Suppose that k(Z,) > 1 and that for some x € X we have

2pg<2a) > 29x,a + Coc7a'

If either gzo > 2 07 Gyo = Guo =1 and 1144 > 0, then Z., is of general type.

In [17], the above theorem will be used to determine the Enriques-Kodaira
classification of the modular diagonal quotient surfaces Z, = ZXGa with X =
X (N), the modular curve. It is interesting to note that all except two of the cases
considered there are actually covered by the above theorem.
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1 Curves with a group action

1.1 The local invariants

Let X be a smooth compact complex curve of genus g = ¢g(X) and let G be a
finite group of order m which acts faithfully on X by holomorphic automorphisms.
Then the quotient X = G\ X is again a smooth compact curve, and the quotient
map 7 : X — X has degree deg(w) = m.

More generally, let H < G be any subgroup of G, and let Xy denote the
quotient of X with respect to H. We then have two associated coverings,

g X — Xg and g Xg— X,

of degree deg(my) = ng = |H| and deg(7y) = m/npy, respectively, whose com-
position is m = 7y o my. For future reference, we record the following elementary
facts.

Remark 1.1 a) If x € X is any point, then its stabilizer H, = {r € H : 70 = x}
is always a cyclic subgroup of H, and we have H,, = "H, = H™ ' = TH,77!, for
any 7 € H. Its order is the ramification index of 7y at x: e,(H) = e, (my) = |H,|.
Since e, (H) depends only on & = my(x) € Xy (see b)), we shall often write
ex(H) =e,(H).

b) Since the group H acts transitively on the points of the fibre 75" (75 (z)),
the map 7 — 72 induces a bijection

fo=fre: H/Hy = 7 (7 (2))

between the right coset space H/H, and the fibre at 7wy (z).
¢) Similarly, the map 7 +— 7y (7x) induces a bijection

fo=fre H\G/Gy = Xpg =7y (7)

between the double coset space H\G /G, and the fibre Xp; over T = 7(z). In
this case the ramification index of y = f,(HgG,) € 7 () is given by

_ _ G| |HgG,|
€y(H) = ey(ﬂ'H) = |ngG g_1| = . :

d) For any 0 € G there is a unique isomorphism oy : Xy — Xog such
that moy 0 0 = oy o my. Since (“H),, = H, for any = € G, it follows that
er("H) = e,(H) and that e,,z("H) = ez(H), for T € Xg.

e) The map 7y is ramified at the set Ty = {x € X : e, (H) # 1} of fixed points
of H. Since e,(H) = ez(H) depends only on = = my(z) € Xy, it follows that
Ty = 75 (Ry), where Ry = {P € Xy : ep(H) # 1} denotes the ramification
locus of wy. Let us denote the cardinalities of these sets by ry = |Ry| and
tg = |Ty|. Then by the Riemann-Hurwitz relation, the genus gy = g(Xpg) of
Xpg can expressed in terms of rg and tg as follows:

g—1 ( 1) g—1 ryg ty
1 =14+ —= 1——) =1 - = 4 =
) =1+ g o T2 T ons
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In addition to the ramification indices e,, there are further invariants attached
to the covering 7 which will be of paramount importance in the study of diagonal
quotient surfaces. These arise from the so-called “local action” of the stabilizer
G, at a fixed point x € T" = T;. We briefly recall this notion and thereby also
fix some notation.

Notation 1.2 For each (fixed) point 2 € X, we have a canonical linear action
of the stabilizer G, on the cotangent space m,/m2 ~ C at z, which gives rise
to a linear character A, = Ag, : G, — C. In terms of a local parameter (or
coordinate) t = t,, this character is given by:

(2) 7t = M\o(7)t (mod m?), for 7€ G,.

Alternatively, A\, could also be described as follows. By a more judicious choice
of the local coordinate t = t,, , we can arrange that the action is locally linear on
X, so that we have

(3) 't = A\ (T)t, for T € G,.

From either description is easy to see that ), is a faithful character and hence a
generator of the character group of G,; in particular, ord(\;) = |G| = e,. For
future reference, let us note the formula

(4) Aoz(T) = )\x<0717_0) =:N(7), forT€ Gy =G, = oGLo 1,
from which it follows that the induced characters
(5) Aik = Agar = indg (AF)

only depend on = w(x). Note that the latter characters satisfy the following
restriction formula: if H < G is any subgroup, then

(6) Aeap)ig = >, Awak

zer—1(z)

this follows in view of Remark 1.1c¢) immediately from Mackey’s Subgroup The-
orem (cf. [3], (10.13)) together with the fact that (A¥)-q,nu = A rok-

Although we are now ready to define the local invariants, it is best to defer
the definition for a moment because for the application to the twisted diagonal
quotient surfaces we require not only the local invariants themselves but also
certain “twisted versions” of these which depend on a group automorphism a €
Aut(G). The reason for this is that we need to consider not only the “standard”
action ® : G x X — X of G on X given by ®(o,z) = o - z, but also the twisted
action

b, Gx X —X

which is obtained by composing ® with «; explicitly, ®,(o,z) := ®(a(o),x) =
alo) - .

While this is essentially just a renaming of the group elements of G, and hence
does not significantly alter the geometry of the action, some care must be taken
with the action of subgroups, particularly if we consider several actions at the
same time. We observe:
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Remark 1.3 a) The quotient G\X = G\g,X is independent of «, as is the
covering m = 7g, : X — X and hence also the set T = Ty, ¢ of fixed points
of the action ®,. The stabilizer G, := Gs,, of a point x with respect to ®,,
however, is G, o = ofl(Gz) and hence is cyclic of order eg, , = e,. Note that if
T € G, then Go(ryza = "Gaa = TGy o7 . Similarly, the local character of z € X
with respect to the twisted action is given by:

)\x,a = )\<I>a,ar = )\$ o Qg

both are characters on G, = o }(G,).

In addition, if H < G is any subgroup, then we have H\g X = H*\sX and
To, H — 7T<I>,HC“77?€PDL,H = 7_Tq>7Ha, where H* = OJ_I(H).

b) If a = (3, is the inner automorphism (,(7) = o~ '70, then we had seen
above in Remark 1.1d) that Xy« ~ Xp. This, however, need not be true for an
outer automorphism «, as the case of the Fermat curve X, of exponent p shows:
here G = Z/pZ x Z/pZ acts on X,, and Aut(G) = Gl(Z/pZ) acts transitively on
the subgroups H < G of order p, but three of the quotients Xy have genus 0,
whereas the other p — 2 have genus £ (p — 1).

1

We now come to the definition of the (twisted) local invariants which are
fundamental for the study of diagonal quotient surfaces. Since these are closely
linked to the coverings 7y attached to stabilizer subgroups H = G, ,, we first
introduce some convenient abbreviations for this map and other related objects.

Notation 1.4 a) If H = G,, = o '(G,) is the stabilizer of a point z € X
with respect to the action ®,, then we write 7, o = 7y, Xs0 = Xu, go.0 = 9H,
Tz.a = TH, €tc. for the associated subcover, the genus, the number of ramification
points, and so on. Note that the isomorphism class of X, depends only on
T = 7(z), for if 2/ = a(o)r € 7 4(Z), then Gp o = G, = °H, and hence
Opo =01 Xpo — Xog = Xy o defines an isomorphism (cf. Remark 1.1b)). We
can thus write X; , = X, o and gz « = g2, in the sequel.

b) To define the local invariants, let x,y € X be two points, and put G, =
G»NGy q, which is the stabilizer of x with respect to H = G o. (Dually, a(G, 4 .0)
is that of y with respect to H = G ,-1.) Its order is denoted by

(7) (7, Y) = [Gryal = €2(Gya) = €y (Gra-1).
We now define the integer ¢ = ¢, (x,y) by the condition:
(8) (A2)ik = ((Aya)ix)? and 0 < g <n,
where K = G, 40 and n = n, = |K|. Such an integer exists because (\;)x

and (A\y.)x are both faithful characters of K and hence are generators of the
character group; thus, we also have that (n,q) = 1. We note that both n and ¢
depend only on the image & = m,,(z) of z in X, ,, so we can write n,(Z,y) =
ne(z,y) and q¢.(Z,y) = qa(z,y). For n this clear from its definition (7); for
q we observe that if 2° = 7o with 7 € H := G,,, then we have Gy, =
HnN7G,m ' =7(HNG,)T™! = K because H is abelian, and so by (4) we have
(Aa)icyr o = T((A)ix) = (M) i (using the commutativity of H again).

Finally, for Z € X and 1 < v < ¢,, we define s,4(Z,y) = |S,4(Z,y)| as the
cardinality of the set

(9) Sual,y) = {ieXx,y,a:qa@,y) = @Uey) and nq(Z,y) = <f”;y>}’
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where Xz 0 = Xpyz = Wya( z) denotes the fibre of Tya ab T. We note that
5,.(7,y) depends only on the image § = 7(y) of y in X, so that we can write
$v.0(T,Y) = $ua(Z,y). This follows from the fact that if ¥ = a(o)y € 7 1(7),
then o, 4 (S,.0(Z,y)) = Su.a(Z,y'), as is easy to check.

Remark 1.5 a) The local invariants s, ,(Z, ) may be viewed as a refinement of
the ramification numbers introduced earlier. Indeed, by definition each z € S, ,

has ramification index ez (7o) = na(Z,y) = (Vegy), S0
Tn,oz('fag) = Z SV,OL(:fug)a
v=1
(ve)=1
is just the number of points & € Xzy,o = 7, ,(Z) with ramification degree

ez(my.«) = n. For future reference, let us record here the formula

(10) == Y@

€z nlegy

which follows from the fact that there are “* points on X above each T € S,(Z,¥)

when n = (v,ey), combined with the fact that there are ™ points in the fibre

7 H(Z).

In a similar vein, if n > 1, then

e

Tn,a(g) = Z Tn,a(-i'vg) = Z 81/,01(@)7 where Sua Z Sl/a x y

zeX v=1 zeX
_e
(Vve)_g

is the number of points Z € X, , which are ramified of degree ez(m, ) = n, and
hence

. € _
Tga 1= TGyo = Z Tna(y) = Z Su,a(Y), respectively tj, :=tqg, . = Z —Tna(Y),

1<nle v=1 1<nle

is the total number of ramified points (respectively, the number of fixed points)
of myo : X = Xy 4. Thus, by the Riemann-Hurwitz formula (1), the genus gy
of X, is given by

tya

1 g—1
11) gja—1 = -1 o <1—>: — = .

From this it follows that the following quantity G, = G,(X) = G,(X, G), which
will occur frequently in many expressions below, can be computed from the num-
bers 7, () as follows:

Go = g+(g—1)g+3 > (9—95.a) = 25— 1+( + Y. D Tnaly (“%)

geX geX 1<nley
(12)
b) From their definition it is evident that the local invariants s,,(Z,7) are
closely linked to the local characters A, ,. This relation is made more explicit by
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the following inner product formula which is valid for any Z,7 € X and k,l € Z

when e = ey:
e

(13) ()\a’:,h)‘?j,a,Z)G = Z Su,a(j7g)
v=1
vk=(v,e)l (e)
which follows easily from the restriction formula (6) by using Frobenius reci-
procity.
c¢) Although the local invariants are defined asymmetrically, they satisfy a
certain symmetry formula. This formula applies when l/eT € N, which is no

restriction since otherwise s,(Z, y) =0 (cf. Prop081t10n L. 7c) below). Then there

is a unique integer v* with 1 < v* < e; such that (V* e—) = (Ve: ) and o Y =
»CxT "y

ez) (v,eg)
1 mod(

) and we have

(14) Sv,a(iag> = Syr a1 (y,f)

To see this, note first that the map o — «a(o)~" induces a bijection ay, :
Gyo\G/G; = Gy 0-1\G/G, and hence also via Remark 1.1c) a bijection @, :
Xaya =T o(T) = Xjaat = 7_7;134 1(g). Then for & € Xz, , we have n,-1(ay,(7),z) =
no(Z,y) and ga-1(ay,(Z), )qa(x y) = 1 (modn.(z,y)), and so it follows that
Ay y(S,(Z,y)) = Sy« (g, z), which proves (14).

d) The local invariants s,,,(Z,y) depend only on the image of « in the outer
automorphism group Out(G) = Aut(G)/Inn(G). Indeed, if 7 € G, then we
have ng o (2,y) = no(z, 7y) and gg.oa(z,y) = ga(x, 7Y), 50 Ty a(Sug.0a(Z,y)) =
S,.o(Z,7y), and hence it follows that s, 5 0a(Z,Y) = Sv.a(T, 7).

Since the local invariants s, ,(z,y) will play such an important role in the
sequel, it will be useful to have an efficient method for computing them. It turns
out that this can be done by determining the following “normalizing sets”.
Notation 1.6 For 0,7 € G put ¢ = 07,7 = 7%/" where s = |o|,t = |7| and
r = (s,t). Moreover, for any integer v > 1 put k = (v, r) and define the relative
normalizing sets

N,(0,7) = Nilo,7) = {g€G:ga"g ' € (7")} = {g€G:9(@")g" =(T")}
Ni(o,7) = Ni(o,7) = {g€G:g5°¢g' =7}
N(o,7) = Ni(o,7) = Ng(o,7)\ U Ny(o, 1)
d|k,dk
N;Z»(O', T) - Nl:,i(0-7 T) = N:<0-’ T) N Nli(O', 7—)7

where i € z. Clearly N)(o,7) = Ni(o,7) if i = j (modf) and Ni(o,7) =
0 if (4,7) # 1, and similarly for N};(o,7). Moreover, we have the following
decompositions:

G:UN:(O',T), N,(o,7) = U Ni(o,7) and N¥(o,7) U

k|r 1<i<r 1<i<r

Note that H, := (o) and H, := (7)) act on N! etc. by multiplication on the
right and left, respectively, and hence all these sets are unions of (Hs, H;)-double
cosets of G.
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If 7 = o then we shall write N, (o) = N,(0,0),N}(c) = N}(0,0), and so on.
Note that in this case Ny(0) = Ng({o)) and N} (o) = Cg(o) are just the usual
normalizer and the centralizer of (o), respectively.

These normalizing sets are connected to the invariants n,(x,y), ¢.(z,y) and
Su.a(Z, ) in the following way.

Proposition 1.7 For xz,y € X, let 0, and o, be generators of G, = (0,) and of
Gy = (0y). Let 6,,0, and r = (ey, e,) be defined as above, and let ¢ = ¢, (04, 0y)
be such that \;(0;) = Ay o(d,)¢. Moreover, let v > 1 and put k = (v,r). Then
for g € G we have:

a) g € Nj(ow,0y) < na(gz,y) = [ <= Ggaya =g(o3)g™" = (7,).

b) If g € N;(02,0y), then iqu(g9x,y) = ¢ (mod}). Thus, if ij = ¢ (mod
) and 1 < j < £, then g € Nj(0p,0y) = Nj(02,0y) = myalgr) €
Sjkey/r,a(fay)'

c) If vV :=v- - ¢ N orifv > ey, then s,,(Z,y) =0. If V' € Nand v < e,
then we have a natural bijection

Gy,a\N:',cD*(vaay)/Gr = SV,01<J_:7y)7

where * € N is such that v* - —%~ =1 (mod %), and hence
(vey) (vey)
SualZ,§) = |N:',cz7*(gw70y)|
v, Y (]/’ ey)ex

Proof. a) The first equivalence clearly follows from the following assertion:
g9 € Ni(oa,0y) <= 1 | nalgz,y).

To prove this, note first that if g € Ny(05,0,) then g(a¥)g™' = (7F) < gGog7' N
Gya = Ggaya, and so © = |<5’;>\ divides |G gy yal = na(gz,y). Conversely, if
FIne(gz, ), then g(ah)g~" and (5;) are subgroups of the cyclic group Gygy.o and
hence must be equal, which means that g € Ny(o,,0,). This proves the above
assertion and hence the first equivalence. Moreover, the above proof shows that
the second equivalence is also valid.

b) By the definition of ¢ := g, (g9x,y) we have A\, (gakg™) = A, .(g5%)1 =
Aya (@519 = Ay a(3y)™. On the other hand, we have Ay (9okg™") = A\o(0) =
Aya(0y)™, and so it follows that ig = ¢ (mod §), as asserted. Thus, if g € N,
then ¢ = j and so m,(gx) € S;, by the definition of S;, if 7 = jke,/r. This
proves one implication, and the converse follows from this since the sets Ny,
partition G and since ¢ and j determine each other.

c) Suppose S,,(Z,y) # 0, so there exists T = m,,(gx) such that n,(gz,y) =

(::y). Since ny(gz,y)|r = (eq,ey), we have <|(v,e,)|v, so v € N. This proves

the first statement. Moreover, we then have %~ = T YL o= L
(V7ey) (V ) (Vvey) ',r)

so by b) we see that the map f,. : g — 7,.(g2) of Remark 1.1c) induces the
desired bijection. Thus, N, ;. (0, 0,) is the disjoint union of precisely s,,.(7, )
double cosets G, 49G, with g € N, ,.(0,,0,). But each such double coset has
|Gz{7ang| = nae(’”g’;ﬁy) = ex(v, ey) elements, so [N ;- (04, 0y)| = 5,(7, §)ex (v, €y),
which proves the desired formula.

!

and , and
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1.2 The singular character i)

The action of G on X induces an action on the singular cohomology space
H'(X,C) as well as on the space H°(X,Q%) of global holomorphic differential
forms. The corresponding characters will be denoted by h! = hl and w = wy,
respectively. If we twist the action by a € Aut(G), then the twisted action
®,, induces a twisted action on H'(X,C) and H°(X,y), whose corresponding
characters are

(15) hy =hx,=hxoa and w,=uwyqs=wxoa.

We now want to compute the inner product (h*, hl)e of the characters A and
hl since it will be interpreted below as a Betti number of the twisted diagonal
surface Z,,.

Proposition 1.8 The character hl, of H'(X,C) with respect to the action ®, is
given by
(16) he =216 + (29 — 2)regg + Y (regg — (16,..)),

ZER
where regg denotes the reqular representation of G, R the ramification locus of
m: X — X, and (1g,,)¢ = ind% (lg,.) the induction to G of the trivial
character 1g, . of the stabilizer Gy = o *(G,) < G of any x € = '(z). Thus,
the inner product of h' with its twist by o is

(17) (hla h;)G = (h17 hiﬁl) = 4Go¢ - 4§ + 4(§ - l)g +2 Z (g - gi:,oz)
zeX
= 4g(g+ D) +2(r—2)g -2 gra

TER

Proof. By Serre [21], p. 106, hl = 2-1¢ + (2 — 2)reg; + Y zex az, where az
denotes the Artin character. Since we have tame ramification in characteristic 0,
it follows from the definition of a; that a; = reg; — (1¢, )¢, which proves (16).

The first equality in (17) is immediate, since for any two characters h, h' of G
we have (h,h/ oa)g = (hoa ', W)g = (W, hoa™!)g. Since the last two equalities
are immediate from the definitions, it is enough to verify the second. For this,
note first that for any subgroup H < GG we have

(18) (h', (1)) = 29

because (hl, (1H)G)G = (h1|H, 1H)H = dlm(Hl(X)H) = dlm(Hl(XH)) = 29[{ by
Frobenius reciprocity and the fact that H'(X)” = H'(Xy); cf. Proposition 2.7
below. Thus, from (16) we obtain

(' he) = 2(h'.16) + (29 — 2)(h' regg) + D ((h',regg) — (1!, (16;..) )

rzeX

= 45+ (25— 2)29+ > (29 — 29z.)) = 4Ga,
zeX

which gives the desired second equation of (17).
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1.3 The character wy

We now turn to the action of G on H°(X,QY). Tts character w was first deter-
mined by Chevalley and Weil [4] in terms of the local characters A, (cf. Notation
1.2). To state this theorem in a convenient form, we first introduce the following
ramification characters w,.

Notation 1.9 For z € X we define the ramification character on G, and on G

by
er—1

(19) Wya = WG,z,00 = Z k)\I;,a and Wz,a = Wa,z,0 = Z (wz,a)Ga
k=1 zen—1(z)

respectively; here, T = m(z). We note that the latter character can also be written
in the form

)

!/
wCE a T 7w_7047

T

where w} , = (wyq)® is independent of the choice of z € 7~ !(z) since for o =
a(1) € G we have gy = Apo = Aia © Br, with 3, as in Remark 1.3b)).

The formula of Chevalley and Weil[4] may now be expressed as follows (cf.
Kani[16], Corollary to Theorem 2):

Proposition 1.10 The character of HY(X,QY) as a G-module with respect to
the action ®, s given by

W =1lg+ (g - 1)1"€gG + Wa,
where Wy, = Wy o 1= % > zeR Wra = % Y rex (Wea)®.

Remark 1.11 The character w, is related to the singular character hl by the
formula
Wo Wy = hi;

this may be deduced either from Hodge-decomposition or from 1.10 and (16) since
it is immediate that w; o + Wz,a = maz = m(regg — (1a, . )%).

Thus, if w, is real-valued, i.e. if w, = Wy, then w, is exactly one-half of the
singular character hl. In general, however, this is not the case; the difference is
measured by the character p, := w, — Wy = w, — W, as follows:

(20) Wa = %(h; + o)
We observe that the correction term i, has a decomposition into local terms, for
if we put ji54 = Wy — Wy then clearly
1) -
Ha = m A Hg,o-
zeX

For future reference, let us note here that these local terms satisfy the following
restriction property with respect to a subgroup H < G:

m
(22) (hea)n = —— D [Hg;
ng . ~—5,_
zeTy (%)

this follows easily from Mackey’s subgroup theorem; cf. Kani[16], Proposition 2.
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We now want to derive a formula for the inner product (w,w,) which will later
be interpreted as a geometric genus (cf. Proposition 3.1). It turns out that this
inner product can be conveniently expressed in terms of certain Dedekind sums
which we now introduce.

Notation 1.12 Let ¢ and n be two relatively prime integers. Then the Dedekind
sum (cf. [20], [14]) is defined by

o= S (G (G) -2 () -0 () -

where, as usual, (x) = x — [z] denotes the fractional part of z and ((z)) is the
sawtooth function (i.e. ((z)) = (z) — 3, if v ¢ Z and ((x)) = 0 if z € Z). We now
put, for y € X and 7 € X o:

Sa(Z,y) = S(qa(T,y),na(T,y))

Sulfry) = Zsmw:=i%mw%7l %),

T€Xz y,a (nv ey) 7 (n7 ey)

where ¢,(Z,v),na(Z,y) and s,4(Z,y) = Sna(Z,y) are defined in Notation 1.4.
From the last equality we see that S,(Z,y) only depends on y = 7(y), so we can
write So(Z,¥) = Sa(Z,y). Finally, we define

) = £ 5= L s (556 )

z,5eX
where s, 4 = > jex Sna(,7) and e = lemyc ¢ (ep).

Theorem 1.13 Let 7,4 € X. Then the inner product of the local correction
terms is

(24) (M@ ,Ug,a) = 4m28a(f7 g)a

and hence the inner product of w with its twisted contragredient character is
(25) (wx,@xa) = 3(hx, hx o) = 1(1x, xa) = Ga(X) = Sa(X);
in particular, the inner product of the correction terms is (fx, fix.a) = 4Sa(X).

Proof. Before deriving (24), let us see how (25) follows from it. For this, we first
note that since clearly fig = —fia, we have (h, p1,) = 0 for any character h with h =
h. Thus, from (20) we obtain (w,ws) = $ (k' +p, h — pa) = (A, hL) — (1, pa)),
which proves the first equality of (25). The second follows directly from (24) and
the local sum formula (21). Finally, by substituting the formula (17) for (h', hl),
the second equality of (25) ensues.

It thus remains to prove (24). For this, we shall first derive the following
refinement (26). To state it, fix z,y € X, and put H = G, K = H, =
Grya, € = €y = |H|, T = myq(x). Moreover, put fi, o = Wy — Wya, SO fja =
2indf (f1y,o). Then we shall prove:

(26) (wH,:Ea ,uy,Oc)H - 262804 (‘%7 y)
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First note that (24) is an immediate consequence of this formula. Indeed, by
Frobenius reciprocity and the restriction formula (22) we have

2m

27) (s ga)e = 2(Wz Hga)a = 7(wz,ind§(uy,a))c
2m m\ 2
= ?(w@(ﬂy,a)m)lf = 2(;) Z (wH,:iaMy,a>7

Femy o)

and so, in view of the definition of S(Z,7), we see that (24) follows directly from
(26).

To prove (26), let us first compute (Agz 5, Wy o) for k € Z, where Ay ;4 is as
defined in (5). Putting n = |K| = n.(Z,v), ¢ = ¢.(Z,y), we claim that

(28) (AHgk, Wya)n =€ <<Z”]:> + ; (Z — 1)) .

To see this, put A = (A, q)jx. Then by the definition of ¢ we have /\’}{71 = \%* 50
by Frobenius reciprocity we obtain

e—1 e—1

(Amzp Wya)m = ()‘];{,xv(wy,a)lK)K = Zj(Aqka)‘]) = J
j=1 j=1

J=qk(n)

- (o) - ()3 G0)

which proves (28). From this we obtain:

(29) (ANH.5k» Hy0)H = € (2 <%> - 1) , if gk Z 0 (mod n)

n

because (Amzp, flyo)nr = Amir— Mdig Wya)d = Amik — Nzt Wya)H
= () +3E-0)) - () +1(-1)
() () - () )

provided that ¢k # 0 (mod n).
We can now finish the proof of (26) and hence the proof of the theorem. Indeed,

using the definitions and formula (29), we obtain

n—1 e enfl qk
; = S ks = O ke 2 ) 4
) = Fousen) = 5o (o {2) )
ik qk
= 2°Y ~((]) = 2%
B (%)) - 2o

which proves (26).

Before leaving the topic of Dedekind sums, let us note that there is a curious
relation between them and the lengths of finite continued fractions which will be
useful later on. To be precise, these lengths are defined as follows.
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Notation 1.14 Each fraction x = % > 1 has a unique continued fraction expan-
sion of the form
n 1
— = [[61,02, Ce 701"“ =C —
Coy —

where the coefficients ¢; > 2 are integers. Its length will be denoted by L(x) :=
r <gq.

Proposition 1.15 If0 < g < n and (n,q) = 1, then

where q* is such that q¢* =1 (mod n) and 0 < ¢* < n.

Proof. If ¢ = 1 then ¢* = 1 and so L(;"- )+ +q —n—1+%§n,whereas

if ¢ > 2 then L(;2.) + 1+ £ <n-—gq —|— 1+ 1 < n. This proves the asserted
inequality.
To prove the identity, let 2 = [[c1,...,¢]] denote the continued fraction ex-

pansion of 2. Since by Oda[19], Corollary 1.23 (p. 29) we have

ch—]L<n_q>+2L<g>—l,

it is enough to verify the formula (implicit in Hermann[11])

(30) 125(q, n Zcz—zm( >+ +%
For this, we shall induct on r = L(2). If r =1, then ¢ = 1 and then 128(1,n) =
n—3+ 2 by [20], p. 5. Thus, assume r > 1 and write [[co,...,¢,]] = L with
(n1,q1) = 1. Then % = ¢ — 37117 and son = ¢gny — ¢; and ¢ = n;. Thus
S(n,q) = S(einy — q1,m1) = S(—q1,n1) = —S(q1,n1), and so the Dedekind reci-
procity formula yields:

n 1
125(q,n) = 125(q1, m) + (—3 + = + — + ).
qg ng n

Applying the induction hypothesis to %, we therefore obtain

T4+1
128(q,n Zcz —3r+ = —|— it ,
=1 ng

where 0 < ¢f < n; and ¢1¢f = 1 (mod ny).

It thus remains to show that ng{ + 1 = gq¢*. For this, put ¢’ := (1 — q1q7)/n1 +
c1q; € Z. Then ¢¢' = 1 — q1¢; + (n + ¢1)gf = 1 + ngf, so in particular ¢¢' =
1 (mod n). Moreover, since 0 < ¢¢' = 1+ ngi < nny = ng, we have 0 < ¢’ < n.
Thus ¢’ = ¢* and so ngj + 1 = qq*, as desired.
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2 Diagonal quotient surfaces

2.1 Singularities

We now consider the product Y = X x X of the curve X with itself. Since G acts
on X, the product group G x G acts componentwise on the product surface Y.
We shall be particularly interested in the induced action of the “graph subgroup”

A, ={(0,a(0)) e G xG:0€ G}

defined by a group automorphism a € Aut(G) of G. Since the map 6, : 0 —
(0,a(0)) defines a group isomorphism 4§, : G = A,, this action can also be
considered as the action of G on Y given by (o, (z,2')) — (0 - z,a(0) - 2'). The
quotient
Zoy = G\Y = A,\Y

of Y by this “twisted diagonal action” will be called a (twisted) diagonal quotient
surface.

Let o = ¢o 1 Y — Z, = A,\Y denote the quotient map. Since A, < G x G,
we also have an induced quotient map v = v, from Z, to the product ¥ =
(G x G)\Y = X x X of X with itself:

Y=XxX-527,=G\Y 5L¥=XxX.
Moreover, for i = 1,2, we shall denote the composition of ¢ with the i-th projec-
tion of Y to X by ¢; = Yo = pr; 094 1 Zo — X.

We begin our study of these surfaces by analyzing their singularities. For this,
it is useful to first examine the fibres of the morphisms ¢, ¥, and ;.

Proposition 2.1 a) Let y = (z1,22) € Y be a point on the product surface Y.
Then Gy = Guypoa = Gay N H(Gy,) is the stabilizer of y with respect to the
G-action on'Y, so ¢ is ramified at y of order e,(¢) = |Gyal = na(z1,22), and
hence the map f, : T — Ty = (11, (T)2) induces a bijection

fy : Gy,a\G = 9071(90(3/»'

b) For i = 1,2 and for each T € X, the reduced fibre Cy; = jl(f)red s a
smooth irreducible curve on Z,. More precisely, if we put a; = o=V", then for
each x € m1(Z) we have isomorphisms

©i = Pai - X:E,ozi = azl(Gx>\X = C:E,i = wil(j)red C Za

which are characterized by the properties that v1(7,q-1(2")) = p(x,2') and po(7,.q (")) =
(@', x), if v’ € X. Moreover, they satisfy the relations ¥(¢1(%1)) = (T, Ty a-1(21))
and ¢(902(572)) = (ﬁ%a(ja)’ﬂ-(x))? fO’I” all 'i"L € Xz,ai-

c) The fibre of ¢ at § = Y(y) = (%1,Z2) € Y is the intersection of the two
curves Cy, ; and corresponds bijectively under ¢, 1 to the fibre Xz, 4, o1 0f Tyy a1
at To, as well as under g, 2 to the fibre Xz, 2,0 Of Ty o at T1:

77/]_1(@) = C(07:1,1 N 035272 = 90561,1(X£2,a:1,oﬁ1) = QOJE2,2(X97:1,9&2,04)-
In particular, the map T — @(T21,x2) induces a bijection
JFy t Gy o \G/ G, = ¢71(§)
between the double coset space Gy, o\G /G2, and the fibre of 1 over y.
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Proof. a) The first assertion is clear, and the second follows in view of Remark
1.1b) since G acts transitively on the fibres of ¢.

b) We first prove that Cz; is smooth. For this, consider the curve ¢’ =
¢ (Cs2) = Uger—1(:X X {2} on which G acts. Since the components of C’
are smooth and disjoint, C” is locally normal and hence so is the quotient G\C’
(cf. Mumford[18], p. 5). Thus G\C" is a normal, hence smooth curve. Since the
natural morphism G\C' — G\Y = Z, is a closed immersion with image Cj , it
follows that Cz 2 is smooth. Similarly, one shows that Cz; is smooth.

Next we construct the morphism ¢y. The map z' — p(2/,z) is a 1(G,)-
equivariant because ¢(72',1) = p(a’,a(t™z) = @(2',z) since a(r7!) € G,.
Thus, the map factors over m,,, and so there a unique morphism ¢ : X;, —
Z, such that po(mq(2')) = (2’ z). Moreover, if Ty = 7, 0(22) € X;a, then
U(pa(T2)) = VYo(za,x) = (m(x2),T) = (7Tma(x2) Z)), which yields the second
formula.

In particular we see that Im( 2) C ¥5'(Z)). To prove equality, let 3y =
(), xh) € Py ( ). Then E 7! (xq), so there is a 7 € G such that a(7)z = 2.
But then @a(77'21) = @(77'2,2) = p(a,a(T)z) = @(27,73) = ¢/, so ¢ is
surjective.

This shows that Czo = (X, o) is irreducible. Since we already know that
(3,2 is smooth, it will therefore follow that ¢ is an isomorphism once we have
verified that ¢ is injective.

To see this, let ¥} = 7, (7)), T4 = Tpa(2)) € X, be such that ¢o(F)) =
©2(745). Then we have p(z],x) = ¢(x},x), so there exits a 7 € G such that
oy = 2 and a(r)r = z. Thus 7 € a (G,) = Gua, 50 T = T 0(2)) =
Too(T7 ) = @, and hence ¢y is injective.

The proof for ¢; is entirely analogous.

c¢) The first three assertions are obvious; in particular, we see that the bijection
9 constructed above restricts to a bijection j;,y : Xayama — ¥Hy). Next,
consider the bijection f, = fgww t Gya\G/Gz, — Xiy 5.0 Which is defined
as in Remark 1.1¢) by 7 + T4y o(722). Then fo,(fo(7)) = fou(Tayal(T2)) =
o(Tx, x9) = fy, which shows that our desired map fy is well-defined and bijective.

We now investigate the singularities of Z,. It turns out that they are all cyclic
quotient singularities and hence are of the form A, , = G,\C?% cf. BPV][1], p
84. Explicitly, this means that the cyclic group G, acts on C? via o(z1,29) =
(x1(0)z1, X2(0)22), where the “weights” y; : G), — C* have order n and satisfy

X1 = X5

Remark 2.2 There is a slight ambiguity concerning the type (n, q) of a quotient
singularity A, , = G,\C? in that it depends not only on the analytic isomorphism
class of A, , but also on an ordering of the two weights ;. If we interchange
the weights, then we obtain an (isomorphic) singularity of type (n,q¢*), with
qq¢* = 1 (modn). However, this choice of an ordering is the only ambiguity, for
two singularities of type A, , and A,/ ; are analytically isomorphic if and only if
n=mn'and ¢ = ¢ or ¢¢ =1 (mod n); cf. Hirzebruch [12], 3.4(18).

In our case, each quotient singularity z = ¢(y) of Z, is induced by the action
of the stabilizer groups G, on the tangent space Ty, = T'x 4, ®Tx 2, ~ C* which
comes equipped with a natural ordered basis (of eigenvectors), the ordering being
induced by the ordering of the factors of ¥ = X x X. We thus have a natural
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ordering of the weights attached to this action, and hence (in this sense) a uniquely
determined type (n, q).

Theorem 2.3 a) A point z = p(y) = @(x1,19) € Z, is a singularity of Z, if
and only if e.(p) > 1 (cf. Proposition 2.1a)). If this is the case, then z is a
cyclic quotient singularity of type A, 4, where n = n(z) = ny(z1,22) = e,(p) and
q=q(2) = qu(x1,22), where q,(x1,22) is as defined in 1.4.

b) For each v > 1, the map 4,2 of Proposition 2.1b) induces a bijection

f2,y,y : Su,a(ﬂ—(xl)ax2) - Su,a<¢(z))

between the set S, o(m(x1),22) defined in 1.4 and the set S,.(¢(z)) of quotient
singularities of fized type (n,q) = ((%V), (GLV)) in the fibre =1 (1 (2)), where e =
€, In particular, the number of such singularities is s, o(7(z1), T(22)).

¢) In each fibre 1y ' () there are precisely 13, singularities, where 14 is as
defined in Remark 1.5. Similarly, in ;' (Z) there are Tz.a-1 Singularities, and
hence the total number of singularities of Z,, is

‘Sa’ — Z Tz,a = Z Tz,a-1-

zeX zeX

In particular, Z is smooth if and only if 7z * X — Xzo is unramified for all
z e X.

Proof. a) Let us factor g as ¢ : Y Y = Gya\Y 24 7., where Gy« denotes the
stabilizer of y with respect to G, and put § = ¢,(y). Then ¢; : OF  — O%”y
is unramified (cf. Bourbaki, Commutative Algebra, ch. V, §2.2, Prop. 4), hence
local-etale (since Z, is normal; cf. [5], Lemma 1.1.5) and thus an isomorphism
(cf. [5], Prop. 1.7). It follows that O%" _ is a quotient singularity with respect to
the group G| ,; in particular, if e.(¢) = e,(v) = 1, then 07"  ~ Oy, and so z
is a smooth point of Z,.

Now suppose that e,(¢) > 1. Choose local coordinates ¢; at x; which linearize
the action of G, as in (3). Then (¢1,ty) are local coordinates at y = (z1,22) € Y

and we have
ty (9t —1
* = f G a — x G:E )
g <t2> <)\2(g)t2 , for g€ G, Gz, Na™  (Gyy)

where Ay = A;; and Ay = A;, o. Thus, the weights of the action are (\)|x and
(A2) i, where K = G, ,. Fix a generator 7 of K, and write Ay (1) = e*™Px/" | =
1,2, where n = |K| = nq(x1,z2) by Proposition 2.1a). We note that (px,n) = 1
since (Ay)x are both faithful characters. By definition (8) of ¢ = ga(21,22),
we have \(7) = Xo(7)%, so it follows that gps = p; (modn), and hence by
Proposition 5.3 of BPV[1], p. 84, we have that z is a quotient singularity of type
Ay g

b), ¢) These assertions follow immediately from Proposition 2.1b) and Remark
1.5a).

Remark 2.4 It is possible for G to have fixed points, yet that Z, is smooth for
a suitable twist «, for it can happen that all 75, : X — X;, are unramified, as
the example of the Fermat curves shows (cf. Remark 1.3b)).
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For computational purposes, it is useful to restate the above theorem in terms
of the “normalizing sets” Ny ;(01,02) introduced in Notation 1.6.

Corollary 2.5 Let x1,z9 € X, and let o1 and oy be generators of G, = (o1) and
Gaya = (02), respectively. Put r = (e, e2) where e; = e,,, and let ¢ = c,(01,02)
be such that

(31) A (0777) = Aaa (0577

a) Let z € 7' (hp(x1,22)). Then z = (g1, x2) for some g € Ni(01,02),
where k and i satisfy 1 < klr, 1 <i <7 and (i,7) = 1. Furthermore, k and i are
uniquely determined by z.

b) The point z = p(gx1,xs) is a singularity of Z, if and only if k # r. If this
is the case, then its type (n,q) is uniquely determined by the relations

(32) n= % and  ig = ¢ (mod %)
c¢) Let (k,i) and (n,q) be related by (32), and put v = qeyk/r. Then the map

g — (g1, x9) induces a bijection

(33) Ga:ma\Nl:;,i(Ub 09)/ Gy — Sya(Pe(x1,21))

between the indicated double coset space of normalizing elements and the set of
singularities of type (n,q) which lie in the fibre Y= (Yo(x1, 21)).

Proof.  a) The first assertion is clear since the sets {IN},;(01,02)}ki)es, Where
S ={(k,i): 1 < klr,1 <i<r(i,;) = 1} form a partition of G (cf. Notation
1.6). The uniqueness assertion follows immediately from part b).

b) By Theorem 2.3 we have n = n,(gx1, z2) and ¢ = q,(gx1, z2). On the other
hand, by Proposition 1.7a) we have n,(gr1,72) = { and by Proposition 1.7b)
we see that ¢ satisfies the congruence (32). This determines ¢ uniquely since
(4,7) = 1 and since 1 < ¢ < n, = 1 by the definition of q.

¢) By composing the bijection of Proposition 1.7b), ¢) with that of Theorem
2.3b) we obtain a bijection between the two sets of (33). Now by (the proof of)
Proposition 2.1c) we see that this composite bijection is the map induced by the

map g — @(gx1,x2), and so the assertion follows.

As an application of (the proof of) Theorem 2.3, we can interpret the signature
defect def, (cf. Hirzebruch[13]) of a fixed point y € Y of G in terms of an inner
product of characters, and hence give a similar interpretation for the signature
sign(Z,) of Z,:

Corollary 2.6 The signature defect of a point y = (x1,22) € Y with respect to
G s )

_ e
(34) def, = —de, ()8a(F1,22) = =5 (g, s 1

2

where H = Gy, o, T1 = m(21) and gz, , foye are as defined in 1.11. Thus we
have

(35) Z defy/ = —

y'ep~p—1(g)

1

- z1 MT2,a :4 Sa7777
m(:u1 Kz, )G m (ml IQ)

where § = ¥ (¢(y)), and hence the signature of Z, is

(36) Sign(Za) = —(tix, fix.0) = —480(X).



Diagonal Quotient Surfaces 19

Proof. Comparing the above computation (in the proof of 2.3) to that of Hirze-
bruch/Zagier [14], p. 179ff, we see from their formula (17) that their ¢ = go (1, 22)
and p = ny(z1,x2). (Moreover, their n = 1 and their m = 1.) Thus, by [14],
formula (24) on p. 180, we obtain

s () () e

which yields the first equality of (34). On the other hand, by formula (26) we
have

(MH,.%l?MﬂTZ,Oé)H - 2(wH,i17,U/:v2,a)H = 4628(5%17 1’2),

where e = e,,, from which the second equality of (34) follows.

To prove (35), first note that the second equality is just a restatement of (24).
Next, since def, depends only on z = ¢(y), we obtain from (34) (and Prop. 2.1b))
and formula (27) that

1

m
Z defy = Z . ( )defz = - Z g(/va,fi;:U’fm,a)H = _E(Nilau@ﬂ)G?
yep—1u=1(7) sep1(y) G\P FE€Xzy an0

which proves the first equality of (35).

Finally, to prove (36), we shall apply the equivariant signature formula (cf.
[13], formula (24) or [14], p. 181):

m - sign(Z,) = sign(Y) + > _ def,.

yey

Since sign(Y’) = 0 by [14], Th. 2.1.2, p. 26, we obtain from (35):

1
Slgn Z Z defy = _W Z (/J@lvlu’i“ma) = —(/,Lx, /’LX,OA)'

er yE(bp)~1(7) z1,326X

This proves the first equality of (36), and the second follows from (25).

2.2 The Betti and Hodge numbers

We now turn to calculate the Betti numbers b;(Z,) = hi(Z,,C) as well as the
Hodge numbers h%(Z,) = h'(Z,,Oy,) of Z,. They can be computed from those
of Y via

Proposition 2.7 For all ¢ > 0 we have
HY(Z,,C) = HI(Y,C)? and HYZ,,Oy,) = HIY,Oy)?e
where ()¢ denotes the G-invariant subspace.

Proof. Grothendieck [9], Corollary to Proposition 5.2.3 and Griffiths [7], formula
(2.8).

Using this relation we find
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Proposition 2.8 The Betti numbers of Z, are
bo(Zy) =b4(Zs) =1,  bi(Zy) =b3(Zs) =4g,  by(Z,) =2+ (b1, Rh)) = 2 + 4G,
In particular, the topological Euler characteristic of Z, is

Xtop(Za) = 41 —=2+Gs) = 4(g—1)(g—1)+2D (9 — gz.a)-

ZER

Proof. The first equation is obvious. For the other equations we consider H*(Z,, C)
as a G-module with corresponding character h'(Z,). Using the Kiinneth formula
(and the fact that H(X,C) = 0 for i > 2 = dimg(X)), we get

H'(Y,c) = (H(X,c) ® H'(X,C)) ® (H'(X,C) ® H'(X,C)) = H*(Y,C).

Observing the twisted action on the second factor of each summand, this implies
h'(Z,) = h3(Z,) = h' + hl. Thus the preceding proposition gives b(Z,) =
b3(Zs) = (h'(Za), 1) = (h', 1) + (h}, 1) = 4g by formula (18).

Similarly we get ba(Z,) = (h3(Z,),1¢) = (lg + h' @ bl + 1g,1¢) = 2 +
(M*@hl,16) =2+ (R, h)) since hl is real-valued (cf. equation (16)). Moreover,
the inner product (h',hl) was computed in Proposition 1.8, from which the last
formula follows.

Proposition 2.9 The Hodge numbers h®? of Z, are
o0 = h0(Oz ) =1, A =h'(O0z) =25, h*?=0h%0z,) = (w,05) = Gy — Sa-
In particular, the arithmetic genus of Z,, is given by
Pa(Za) = (w,05) =29 = =1+ (g—1(g—1)+3 %;(g — gz.a) = Sa(X).
Proof. Let ' be the character of the G-module H (Y, Oy) for i = 1,2. From
the Kiinneth formula and Serre duality on X we obtain

X' = W4+w, and ¥? = W-w,.

Hence, applying the second part of Proposition 2.7, we obtain h' (O, ) = (x!, 1¢) =
2g by formula (18), and h?(0z,) = (¥, 1¢) = (@ - Wa, 1) = (w,wg). Finally, by
substituting the expression (25) for (w,wy), the formula for p, follows.

3 The desingularization of diagonal quotient surfaces

3.1 The geometric genus of Z,

Since the diagonal quotient surface Z, is almost always a singular surface (cf.
Theorem 2.3c)), we shall mainly focus our attention on its (minimal) desingular-
ization 3

0: Ly — Ly
In this subsection we shall to compute some of the numerical invariants of Z,, with

the help of the group action on Y, whereas in the subsequent sections we shall
take a closer look at the desingularization map o to compute further invariants.
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Proposition 3.1 The cohomology of the structure sheaf of Z,, is the same as that
of Zo. Therefore, the irreqularity q, the geometric genus p, and the arithmetic
genus p, of Z, are given by

q( ia) = hl(ZNav OZa) = qZ,) = (W 1) = 2¢,
pg(Zﬁ) = h2(Z~a> 9;.) .= py(Za) = (w,Wa) = Ga —Sa;
Pa(Za) = pg(Za) —q(Zs) = pa(Za) = (W,Wa) =29 = Gu—Sa—27.

Proof. Since o is birational and Z, is normal, we have 0.0, = Oz,. Moreover,
we have Rla*OZa = 0 because by Proposition 2.3 all singularities of Z, are cyclic
quotient singularities and hence are rational; cf. Barth et al. [1] IIT Prop. (3.1).
It thus follows from Hartshorne [10] Ex. II1.8.1 that

H(Z,, Oy )~ H (Zy, 0,05 ) ~ H(Z,,0z,) for all i > 0.

This proves the first statement, and the others follow immediately from this in
view of Proposition 2.9.

Corollary 3.2 If hl, = h' but w, # w, then py(Zs) > 0 if and only if g(X) > 0.

Proof. 1f (w,wy) = 0, then these characters have no common irreducible com-
ponents, so h! = w + W = w, + W, implies that w, = w, which contradicts the
assumption.

Corollary 3.3 If there is an automorphism @ of G such that wg = W, then

(

Py
Pyl

) = %(hlvhi)IQGoﬂ
) = _%(wax,a) = %Sign(za):_QSa'

ol

) + Pyl
-Dp

Za
Za) = 1y

Sl

Proof. By Theorem 3.1 we have
pg(Za) :l:pg( ~5) = (w7@) + (W’FE> = (W’Fa) + (wvwa) = %(W j:wW‘Taj:wa)’
where the last equality follows because (W, w0, £ w,) = (W, wo £Wa) = £(w,wa +

Wa). Since Wy +ws = hl and Wy — wa = — iy, the first two assertions follow. The
last equality is just a restatement of formula (36).

Remark 3.4 We shall see in [17] that the hypothesis of Corollary 3.3 is satisfied
when X = X(N) is a modular curve. Thus, the above formula

pg(Za) _pg( ~5) = %Sign(Za)

may be viewed as a generalization of Satz 3a) of Hermann|[11], where this formula
is proven in the special case that X = X (N).
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3.2 The Euler characteristic of Z,,

To compute the Euler characteristic of Z, we need to know that of the exceptional
divisor E. We recall the following description of E given in BPV [1] IIL5:

Proposition 3.5 If s € Z, is a singularity of type A, 4, then

1 ifli—j=1

1 _TS o e = pl 2= ¢y i-“j) =
o (S)_]L_chsu with C=Cs; 2P, Cf = —cs, <CZ'CJ)_{0 Flizgl>1"

where 2 = [[es1y .-+, Csn.]] is the continued fraction expansion ofg of length

L(%) = rs as in Notation 1.14. Thus, if S, denotes the set of singular points of

Za, then the exceptional divisor of o : Zy — Z4 18

E=> E, where E,=)Y C,j,

SESq 7j=1

(37)  La(X):= Y La(7,) where Lo(7,9)= Y. sy(f,g)m(f).

z,geX v=1
Proposition 3.6 The topological Euler characteristic of Z, is
Xtop(Za) = Xtop(Za) + #irreducible components of E = 4(1 — 2 + Gg) + L.

Proof. For every closed subset A of a compact topological space T' we have a long
exact sequence

- — H(T'\ A,C) — H'(T,C) — H'(A,C) — H*'(T\ A,C) — ---.
Applying this to (ZQ,E) and (Z,, S,) we get:

XtOP(ZCY) - XtOP(E) + Xzfop(ZOé \ E)?
Xtop(Za) = Xtop(Sa) + X?op(Za \ Sa)-

Since Z, \ E = Z,\ S, and S, consists of isolated points this implies

XtOP(Za) = Xtop(ZOt) + XtOP(E) - |Sa| = Xtop(Zoc) + Z (Xtop(ES) - 1)'

SES

Since
Xtop(Es) =rs+ 17

as is easily verified by using the Mayer-Vietoris sequence, the formula follows in
view of Propositions 2.8 and 3.5.
3.3 The Betti, Hodge and Chern numbers of Z,,

By using results of the previous two subsections, we can now reap the fruits of
our labour and compute the basic invariants of the surface Z,.
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Theorem 3.7 The Betti, Hodge and Chern numbers of the surface Z,, may all be
expressed in terms of the three fundamental invariants of X, which were defined
i 1.5, 1.12, and 3.5:

Go = g+ (@—1)9+3>. (9 9s.a) = 1(h',hl)
. zeX

50 = zzsn,m)s( " )) L) — (w0%)

zeX n=1 (n ei) (n>ef

= X E e (2),

zeX n=1 n

and hence also in terms of the numbers s, o(Z). Explicitly, we have the following
formulae:

ho’l(za) = q = %bl(za) = %bl(Za) = 29
hW2(Z,) = p, = h**(Z,) = G4 — Sa
WY Zy) = ba(Za) — 20,(Z,) = 242G, +2Sa + Ly
bo(Zy) = by(Za) +La = 244G, + L,.
sign(Za) = sign(Z,) — Lq = —4S, —L,
02(Zoz) = Xt0p<Za) = Xtop(Za) + Lo = 4(1 =27+ Ga) +La
A(Zy) = 2c9(Z,) + 3sign(Z,) = 8(1 —2g+ G,) — Ly — 128,

Proof. The first equality for G, is just its definition (12), and the second is derived
in Proposition 1.8. Similarly, the first equality for S, is its definition (cf. Notation
1.12), whereas the second is formula (25), combined with (17). Moreover, the
formula for L, is just its definition (37).

The formulae for h%' and h%? are merely a restatement of Proposition 3.1,
from which it also follows that by(Za) — b2(Za) = Xtop(Za) — Xtop(Za) = La, the
latter by Proposition 3.6. By substituting the values of by(Z,) and xtop(Z,) which
were obtained in Proposition 2.8, the indicated formulae for b2<Za) and Xtop(Za>
follow. (Recall that ¢y = xt4p by the Gauss—Bonnet formula; cf. [8], p. 416.) From
this the second identity for h'! follows immediately, whereas the first is just a
consequence of the Hodge decomposition for H 2(Z,,C).

We can now compute the signature of Z, via the formula

sign(Z,) = b — b~ = (2p, + 1) — (WM — 1) = 2p, — b + 2,
which follows from BPV/[1], Theorem (IV.2.6), together with the fact that b +
b= = by = 2p, + hM'. Substituting the above values for p, and h'!' yields
sign(Z,) = —4S, — Ly = sign(Z,) — L,, the latter by Corollary 2.6.

From this, the second formula for ¢? follows immediately, whereas the first
formula is the Index Theorem of Thom—Hirzebruch for Z, (cf. [1], p. 18).

Corollary 3.8 For eachn € N and T € X, let n nk be defined by the con-

T

Y

ditions 0 < n* < ez, (n*,ez) = (n,ez) and A nef))_ Then we
have

2(7 . €z n*
(387(Za) = 8(1=23+GCa) = D > 5nal7 ( (e—n)+e_+e__1>

zeX n=1

> 8(1-20+4Ga)— Y. Y. Thal(Z)(k—1).

zeX 1<kles
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In particular, if (as before) r = |R| denotes the number of ramified points in X,
then

(39Rc2(Za) > (Za) > (29=2)(r+4(G—1))+2 > (s — 2)(gza — 1)
ZER

Moreover, this lower bound is an equality if and only if ez = 2 for all * € R for

which 7z 4 : X — Xz @5 ramified.

Proof. From Proposition 1.15 and the definitions it follows that

(40) 125, + L Zef (z) (]L( o )+ ny 1)
o a — Sn,alT — - = ;
’ ez — "N €z €z

x€X n=1
from which the formula follows in view of Theorem 3.7. Moreover, the stated
inequality follows immediately from this and the inequality of Proposition 1.15,
together with Remark 1.5.

To prove (39), note first that from (40) we see that 12S, + L, > 0. Thus, by
Theorem 3.7 we have ¢? < 8(1 — 27 + G,) + 2L, = 2¢2, which proves the upper
bound on ¢f. To prove the lower bound, we use the estimate (k—1) < <2(k—1) =
ez(1 — ) and (11) to obtain

Y @k -1 <e Y rk,a(g:a)u_%)—(29_2)_61(2933,@_2).

1<klez 1<klez

Thus, since 1 — 2§+ Go = (g — 1)(9 — 1) + 5 Y zex (g — gz,0), We obtain

¢ >8(g— — 1)+ > (4(9 — gza) — (29 — 2) + €2(2¢5.0 — 2)),
J:EX

which yields the desired lower bound. Note that if this lower bound is an equality,
then so is that of (38), which happens precisely when 7, ,(Z) = 0 for n > 3 (cf.
the proof of Proposition 1.15). Moreover, from the above we see that we also
require that (k — 1) = % (k — 1) whenever 1y (Z) # 0, which means that ez = 2
it 7z o is ramified.

Remark 3.9 It follows from Remark 1.5d) that all the above invariants b;(Z,)
etc. depend only on the class of « in the outer automorphism group Out(G).
However, this may also be deduced more directly from the fact that if o/ = (3, 0q,
then the map id X 7 : ¥ — Y induces an isomorphism Z, = Z, which lifts to
an isomorphism Z, — Z, of the desingularizations.

3.4 The canonical divisor

Although we have already computed the self-intersection number ¢?(Z,) = K2 of
the canonical divisor class ¢1(Z,) = K,, it will be often useful to have an explicit
representative of the canonical divisor class at our disposal. Here we describe such
a representative in two steps. First we give a conceptual description in Theorem
3.10, and then we work out explicitly the terms involved in Proposition 3.13.

Theorem 3.10 Let Ky be a canonical divisor on' Y and let

(41) D) = 3 S (Co) — 0 (Co) + X0 30y

TER i=1 $E€Sq j=1
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where Con=IxY,Con=Y xZ and v~ (C) = (*(C))req (viewed as a divisor
on Zy). Then
Ko =4 Ky + D(4)

1 a canonical divisor of Z,.

Remark 3.11 a) The above theorem may be deduced from the general ramifi-
cation formula (Ilitaka [15], §5.6), viz.

Kz, ~ V"(Ky)+ Ry,
by showing that R; = D('(;) However, it is just as easy to prove Theorem 3.10
directly as it is to verify this identity.

7 H(Z) eq With re-
spect to o, which by Proposition 2.1b) is a smooth curve of genus ¢z ,. Then by
definition and 2.1, the divisor z/;_l((j’@-) consists of C; together with all the ex-
ceptional divisors of o which map to Cj;, all with multiplicity one. However, the

b) Let C}H denote the proper transform of the curve Cz; = 9;

pullback 1&*(6_}”) of C_’m is more complicated to describe and will be determined
in Proposition 3.13 below.

Proof of 3.10. Since the validity of the assertion does not depend on the choice
of the canonical divisor Ky, it is enough verify it for Ky = div(n), where 7 is a
two-form on Y such that Ky has no common component with Y e R(C_'m + C_’m).
Put 77 = ¢*(n) and

K, = div() = > ncC.

The coefficients ne can be computed locally as follows. For each z € Z, choose
local coordinates (21, z5) around ¥(z) of Y. Thus n = fdz A dz, (locally). If
there is a point z € C at which @E is unramified, then (z1, z3) (or more precisely
2; O 1/;) are local coordinates around z and thus n¢ is equal to the coefficient of
Y(C) in K;.

Thus, suppose that all points of C' are ramified with respect to ¢). Then either
C = C':z,i with Z € R or C' = C,; is an exceptional curve.

For C' = C’g—;,l with € R, choose a point z € C not lying over any (71, Z>)
where Z; € R. Then ¢ is ramified at z of index e; and we can find local coordinates
(21, Z2) around z such that z; = 2{ and z5 = Z5. Therefore 7 = fdzZ{" N dZy =
flez— 1)2?_16&1 AdZy. This implies n¢ = ez — 1 because Cj3 ; is not a component
of Ky.

The same argument also gives the coefficients for Cnm. Thus, any further
components of K, can only be exceptional ones, and hence

K, = &*(KY) + Z (ez — ]-)(éi,l + éiQ) + Dy,
zeX
where Dy € D(S,) := @, ; 2Cs; < Div(Z,) lies in the subgroup D(S,) generated
by the exceptional curves. On the other hand, from Proposition 2.1b) one easily
deduces that

V¥ (Csz,) = €:Czi + Dy,
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with D; € D(S,), and so it follows that D := K, — ¢*(Ky) — D(¢)) € D(S,).
Thus, to prove the assertion of the theorem (i.e. that D = 0), it is enough to
verify that

(D.Cs;) =0, forallseS,, 1<j<ry,

because the intersection matrix (Cs ;.Cy j1)s+ ;.5 s negative definite.
For this, fix s and j and write ©(s) = (%1, Z2). Then we have

((Z 77/;_1( _j7i> — Z Cslﬁj/) .OSJ') = ((éjl,l + Cs,l + ...+ Os,rs + éi‘z,Q) 'ng’) - C'f,j‘f'Q;
T, s'j!

where we have used Proposition 3.5 and also Lemma 3.12 below. On the other
hand, by the adjunction formula we have
(Ko.Cysj) = pa(Csj) — C2; = =2 - C7

87] ’

whereas the projection formula yields

(&*(KY/ + Z Oi,i)-cs,j) = ((Ky + Z C:E,i)'qz(cs,j» = 0.
Combining these equations gives (D.Cs;) = (=2 —CZ?;) =0+ (2+ CZ;) = 0,
which proves the assertion of the theorem.

In the above proof we made use of the following crucial fact.

Lemma 3.12 Let s € S, and write 1(s) = (%1,%2). Then for each T € X and
1 <5 <rs we have

(é’j’l.Cs’j) = 5i-jléj1 and (éf’g.c&j) = (5@52(5]'7.3.

Proof. Choose y = (x1,22) € Y such that ¢(y) = s. Then by Proposition 2.1,
o(xy x X) = Cz,1 and p(X x x9) = Cj,0; recall that by definition Cj, ; is the
proper transform of Cz ;.

As in the proof of Proposition 2.3b), let U be a small neighbourhood of y such
that G, acts linearly on U. Then, via the isomorphism U ~ C? constructed
there, the curves (z1 x X)NU and X NzyNU correspond to the coordinate axes
z1 = 0 and 29 = 0, respectively. Thus, it follows from the explicit construction of
the desingularization of the quotient singularity that the proper transform of the
image of z; = 0 (respectively, of 2z = 0) in Gy ,\C? meets the first component
Cs1 (respectively, the last component C ., ) transversally and none of the others,
as is explained in detail in van der Geer [6], p. 42-3. Note, however, that the
numbering used there is opposite of that used here. This proves the assertion if
T =T or T = Ty. In the other cases we have s ¢ Cz; or s ¢ Cz 1, so the curve
CN’N does not meet any Cj ;, and hence the assertion follows.

Although Theorem 3.10 is often already sufficient for many applications, it is
useful to complement it by describing the the pullback of the divisors ¢*(Csz;)
explicitly.

Proposition 3.13 For each T € X, the pullback of the divisors 61,1 =zxX
ande:Xx:Z’ onY via ) =1 oo is

(42) P (Cz,) = €:Czi + Z Z as,i ;Cs 5,

s€Sany; ! (z) =1
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where © = 1,2 and the coefficients as; ; are determined from the continued fraction
ezpansion of 7+ = [[cs1, ..., 85.,]] (¢f. Proposition 3.5) by the recursion relations

(43) Asijil = Csjlsij — Asij—1, 1< J <,

together with the boundary conditions as10 = As2r,4+1 = €z, Us1r,4+1 = As2,0 = 0.
Thus we have

a €x _ es

51,1 — niQs > Q512 > ... > Qs 1, = 73;7

a — £z . Ex %k
$,2,1 ’Vl,zs < a5v272 <...< a57277"s _7:;qs7

where ¢tqs = 1 (modns) and 0 < ¢& < ns. Furthermore, the divisor D(1) is
given by

D(y) = Z (ei—l)(0£,1+é£,2)+ Z i(as,l,j‘f‘asz,j—l)cs,j < (ez—1)D(®)red-
zeX 5€5, j=1
(44)

Proof. Clearly, 1*(C5;) has a representation (42) with as,;; € N. To determine
the coefficients, fix i = 1,2 and s € S, N ;' (z). The projection formula gives
(10*(C5.4).Cy ;) = (Criths(Cy ;) = 0 for 1 < j < 7. In view of Proposition 3.5 and
Lemma 3.12, this leads to the system of recursion relations (43), together with
the indicated boundary conditions, and these determine the a,;; uniquely.

On the other hand, since ?* = [[cs1,. .., ¢ ]], the sequence {y;} defined by
to = 0,1 = 1 and the recursion relation pj 1 = cg e — pj—1, 1 <5 <y, also
satisfies i, = ¢} and p,.+1 = ng, and similarly, the sequence {);} defined by
Ao = ns, A\ = ¢s and the same recursion relation also satisfies A\, = 1, ;.11 = 0;
cf. BPV [1], p. 81. Thus, as;; = ZNjy Q52,5 = i, satisfy the recursion relation
(43) and the boundary conditions. Furthermore, since by induction g4 — p; >
o2 —po=1land \j; —Aj 1 > ... > Ag— A\ =ng — ¢, > 1, we see that the
as,; ; satisfy the indicated values and inequalities.

The last formula/inequality follows immediately from the definition of D(v))
and from the inequalities p; + A; < ns.

Remark 3.14 [t is also possible to give determinantal expressions for the a ;’s.
Indeed, if for integers dy, ..., d, we put

d; 1 0
di,ody] =det | 1T and []:=1,
o 14,
then we have [—dy, ..., —d,] = (=1)"[dy, ..., d,] and the Laplace expansion gives

[dl,...,dn] :dl[dg,...,dn]—[dg,...,dn].

Comparing this recursion relation with (43) shows that we have

Ex €z
(45) CLSJJ' = —I[C&]‘_H, P 708,7‘3] and asjg’j = —x[CS’l, e 7Cs,j—1]‘
Ny Uz
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Corollary 3.15 For z € X we have

eg—1
~ q N
(Cr1)? = — Z n_s = — Z Z sl,,a(x,y);,
se€Sanyy Nz ° geX v=1 Y
N q* ez—1 e ¥
( 92,2)2 = - Z ns = - Z Z Su,a(yax);>
s€Sany1(z) ° geX v=1 *

where q& and v* = vk are as in 3.8. In particular, if a is such that o € Inn(G),
then C? 1= 022 Moreover for any z,5 € X we have

) = Tl,a(j7 g)

H\

Proof. We first note that 1/;
formula combined with (4
ea(Coi)’+ 3 Zaw Cs.i),

0= (" (C4)-Chi
s€Sam; ! (z) I=

SO (C}”)Q = — YseSanwl(@) Z;;l(asm/ex)(C’SJ.Cm Now for s € ¢! (Z) we have
that Zgll(as,m/@i)(Cs,j.éf,i) = as11/€z = L by Lemma 3.12 and Proposition
3.13. This proves the first equality, and the second follows in view of 2.3b). The
formulae for (C;2)? is proved analogously, and the identity C2, = C2, follows

from the symmetry formula (14) and Remark 1.5d). A similar computation for
(C’x 1. Cy 2), using the fact that (C’Ll Cyg) 1, leads to

1 m _ 1
(Cx 1. C ) —_— = Z — = _ Z Td@(l’,y)g,
eieg Se’[p_l(jﬂg) ns ei'e:lj

é’ i) = 2Cs;. Thus, since (C5;)? = 0, the projection
ylelds

(Ca
(
)
)

which, by formula (10), yields the desired formula.

Remark 3.16 Using the above formulae it is possible to compute the the self-
intersection number ¢ = K2 once more; this leads to a second proof of Corollary
3.8, one that does not use Proposition 1.15.

4 Classification theorems

4.1 General results

In this section we want to examine how the twisted diagonal surfaces Z, fit into
the classification scheme of Enriques—Kodaira. Since it is rather difficult to deter-
mine the Kodaira dimension x = k(Z,) in some cases, a complete classification
does not seem to be possible; nevertheless, it is possible to obtain a partial clas-
sification which will be presented in this section. In the next sections we study
criteria which are useful in handling some of the more subtle cases.

We begin by examining the effect of the genera ¢ = g(X) and g = g(X) on
the Kodaira dimension.

Theorem 4.1 a) If g =0 then Zo, is rational; i.e. kK = —o0.
b) If g=g =1, then Zo ~ Zy is an abelian variety, so k = 0.
c¢)Ifg=1and g=0, then Zy is an elliptic surface with k < 0.
d)Ifg>2andg>1, then Zo is a minimal surface of general type, i.e. k = 2.
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Proof. a) Since C(Z,) C C(Y) and Y = P x P! in this case, we see that Z, is
unirational and hence is rational by Castelnuovo’s theorem.

b) In this case Y = X x X is the product of two elliptic curves and hence is
an abelian surface. Moreover, since g = g, G' acts without fixed points and hence
consists of translations of X. Thus, A, < G x G consists of translations of Y
and so Z, = A,\Y is again an abelian surface. In particular, Z, is smooth and
hence Z, = Z,,. 3

c) Here Y is again an abelian surface, so k(Z,) < k(Y) = 0 (cf. [1], (1.7.4)).
Moreover, almost all of the fibres of the fibration ¢; : Z, — X ~ IE”I~ are isomorphic
to X (cf. Proposition 2.1b)), and hence are elliptic curves, so Z, is an elliptic
surface.

d) First note that p, > 1 because the canonical class formula 3.10 shows that
we can find D ~ K,, D > 0. (Here we use the fact that p,(Y) > 1 because
g > 1.) Thus, Z,, is not rational, so it is enough to show that K2 > 0, for then
also the invariant K2, > KZ of the associated minimal model Z,,;, is positive,
and 80 Z,,;, and Z, are of general type (cf. Beauville [2], X.1).

To show that K2 > 0, we use the inequality (39), which yields

Ky > (29-2)(r+4(g—1)) > 0

because gz o > g > 1. Thus Z, is a surface of general type.

Finally, we note that Z, is minimal. Indeed, the only rational curves on Za
are the curves Cs ;, for if C' # C ; were a rational curve on Z,, then 1;(C) would
be a rational curve covering X, which is impossible by Liiroth. But each Cj; has
self-intersection C7; < —2, so is not a (—1)-curve. Thus, there are no (—1)-curves

on Za, which means that 7, is minimal.

In the above theorem, we determined the Kodaira dimension of all the surfaces
except for those appearing in case c¢). This will be done next.

Theorem 4.2 If g =1 and g =0, then Z, is an elliptic surface with pg < 1 and
K2 <0, and we have the following three possibilities:

a) If p, = 0 and K2 < 0, then Z, is rational (k = —00).
b) If p, =0 and K2 =0, then Zy is a minimal Enriques surface (k= 0).
¢) If py =1, then Z,, is a minimal K3-surface (k = 0).

Remark 4.3 All the cases listed in the theorem can actually occur. Cases a)
and c) occur in the modular curve case, i.e. X = X(N) with N = 6; cf. [17].
Moreover, case b) also exists as we shall show now.

Example 4.4 An Enriques Surface.

Let X be an elliptic curve with origin Py, and let G = (o, 7), where o denotes
the minus map o(P) = —P, and 7 is the translation map by some point P; of
order 2. Then G ~ Z/2Z x 7Z/2Z, so there is an involution a € Aut(G) such that
a(c) = 7. We claim that then p,(Z,) = 0, K2 = 0, so that Z, is an Enriques
surface by Theorem 4.2.

To see this, note first that g = 0 since ¢ has a fixed point. Furthermore, we
have r = 4 and e; = 2 for all Z € R. Now G, = (o) for x € 771(Z), for two (say
T = I1,T3) of the four points Z € R, and hence gz, = 1 for these by our choice
of a. We thus have 7z, , = 0 for i = 1,2 and 73, o, = 4 for ¢ = 3,4. It thus follows
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from the definitions that G, =S, = 0 and L, = 8, and hence by Theorem 3.7 we

obtain p; = G, — S, = 0 and K2 = 8(1 + G,) — L, + 12S, = 0, which proves the

claim. )
Note that if we take o = id, then G4 = 1, S;y = 0 and L, = 16, so p,(Z;q) =

1, K2 = 0 and hence Z, is a K3-surface in this case.

The proof of Theorem 4.2 is based on the following facts.

Proposition 4.5 Suppose g>1and g=0. Then:
a) If H(Z,, —K4) # 0, then g = 1 and either K, = 0 or K2 < 0.
b) The second plurigenus Py = Py(Zy) satisfies the inequality

Py > K241+ p,,
except when g =1 and K, = 0, 1.e. except when Zo is a K3-surface.

Before we prove this Proposition, let us note the following important conse-
quence.

Corollary 4.6 If g > 1 and K2 > 0 then Z, is of general type (k= 2).

Proof. By Theorem 4.1b), d) we may assume that g = 0. Then, since K, # 0, we
have by Proposition 4.5b) that P, > K?+ 1+ p, > 0, so Z, cannot be rational.

Thus, since K2 > 0, it follows that Za is of general type (cf. proof of Theorem
4.1).

The proof of Proposition 4.5 depends on the following simple fact.

Lemma 4.7 Suppose that g = 0 and that D > 0 is an effective (non-zero) divisor
on Zy with (D.Cz;) < 0 for some & ¢ R and for i = 1,2. Then D is a linear
combination of the exceptional curves Cs; and hence D2 < 0 and (D.C'W) =0

forz ¢ R andi=1,2.

Proof. Since D := 1,(D) is an effective divisor on Y = P! x P! with (D.C;,;) =
(Dé’m) < 0, we must have D = 0. Thus D consists entirely of curves blown
down under . This proves the first statement, and the second follows since the
intersection pairing is negative definite on the space spanned by the C; ;’s. The
last is clear by the projection formula since D = 0.

Proof of Proposition 4.5. a) By hypothesis, there is an effective divisor D > 0
such that D ~ —K,. Let z ¢ R. Then C’%i = 0, so by the adjunction formula
(D.Cs;) = —(K,.Cz;) = —(2g—2). From Lemma 4.7 we therefore see that g < 1,
hence g = 1 and that moreover D? < 0 if D # 0. Since D ~ —K, the assertion
follows.

b) We may assume that K, > 0, for otherwise the statement follows from the
trivial inequality P» > p,. Then by part a) we have either g = 1 and K, = 0 or
hO(—K,) = 0. In the former case Z, is clearly (by definition) a K3-surface; recall
that ¢ = g = 0. In the latter case we have by Riemann-Roch (and Serre duality)
on Z,:

Py = h°(2K,) = h°(2K,)+h°(—K,) > ~(2K,).2Ky—K,)+1+p, = K2+1+p,,

[\'J|>—‘
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which proves the desired inequality.

Proof of Theorem 4.2. The hypotheses imply that ¢; : Z, — X is an elliptic
fibring; cf. 2.1b). The second assertion follows from the inequality pg(Za) <
pg(Y) = 1, and the third follows from Corollary 4.6 since we already know that
k < 0 by Theorem 4.1c).

a) Suppose not; then by Castelnuovo’s criterion we must have P, > 1 and
hence K = 0. Let D € |2K,| # 0. Then, as in the proof of 4.5, we have
(D.Cz;i) = 2(2g —2) = 0, for all z ¢ R, and so by Lemma 4.7 it follows that
all components of D are of the form C; ;; in particular, D does not contain any
(—1)-curves. But this means that Z, is minimal, for any (—1)-curve is contained
in some D € |2K,| because P, > 1. But there is no minimal surface with P, > 1,
K? < 0 and k = 0 (cf. Beauville[2], VIIL.2); contradiction. It thus follows that
Z., must be rational.

b) Since p, = 0, K, # 0, so from Proposition 4.5 we obtain P, > 0+1+0 = 1.
This shows that Z, cannot be rational, and hence x = 0. Thus, since pgy = 0 and
¢ = 0, this means that Z, is an Enriques surface; cf. Beauville[2], VIII.2.

c) If K, # 0, then Proposition 4.5 yields P, > 0+1+1 = 2, which is impossible
for a surface with x = 0. Thus K, = 0 and hence Z,, is a K3-surface.

Since Theorems 4.1 and 4.2 completely classify the cases that g < 1 or that
g > 1, we are left with the case that ¢ > 2 and g = 0. Here, however, it
seems to be impossible to give a classification based on the behaviour of g alone.
Nevertheless, one might expect that Z, is of general type if m = |G| is small
relative to g. Since the latter condition is true if r = |R| is large, the following
theorem substantiates this expectation to some extent.

Theorem 4.8 Z, is of general type if any one of the following conditions holds:

a)r>8;
b) r>6 and G is not cyclic;
c)r>4,9>2and gz o > 1, for all T € R.

Proof. In all three cases we shall apply Corollary 4.6 and hence have to verify
that K2 > 0 in these cases. Note that the hypotheses imply that g > 2 because
29—-2>m(-2+5)>0ifr > 5.

a) By Corollary 3.8, specifically by inequality (39), we have

Ka>(29-2)(r—4)+2) (ez —2)(gra—1) 2 (29 = 2)(r —4) — 2> (e — 2).

ZER ZER
Let r, = #{7 € R: ez = n}. Then ¥ cplez —2) = X gmra(d — 2), s0
m 1
Z(€£—2) < Z rg—(d—2) = — Z mry + 2 Z mrd<1——>
TER 1<d|lm d 1<d|m 1<d|m d
= —rm+2[(2g — 2) — m(2g — 2)].

Since we may assume that § = 0 (cf. Theorem 4.1d)), we obtain

K2 > (29 —2)(r —8)+2m(r —4) > 0.
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b) If G is not cyclic, then 7, = 0, so we have ry < F5rq for all d|m, and hence
in this case the argument of a) leads to the inequality

K2 > (29 —2)(r —6) + m(r —4) > 0.

¢) From Corollary 3.8 we see directly that K2 > 0. Suppose K2 = 0. Then
(39) is an equality, so r = 4 and also ez = 2 if 7z, is ramified by the last assertion
of Corollary 3.8. Now if e; = 2 for all Z € R, then 29 —2=m(-2+4-1) =0,
contradiction. Thus, there is at least one Z € R with ez > 3. Then 7z, must be
unramified, so gz, > 1. But then (39) yields K2 > 0, as claimed.

Remark 4.9 In Theorem 4.8, the main criterion employed for proving that Z,
is of general type was that K2 > 0; cf. Corollary 4.6. Now if Z, were minimal,
then this condition would be also necessary; however, the surfaces Z, are rarely
minimal, as specific examples show; cf. [17]. We also have the following example
of a more general nature:

The surface Z, is never minimal if o = id, r = 3 and § = 0.

To see this, we shall show that T’ := the proper transform of (the image of)
the diagonal I' = p({(z,z) € Y : 2 € X}) is an exceptional (—1)-curve.

Since the diagonal on Y is invariant under the untwisted diagonal action, we
have that I' is isomorphic to G\ X and hence is smooth of genus g, and the same
is true for . Furthermore, since ¢, = I is the diagonal of Y, the projection
formula and 3.13 imply

1= (C’jjzf‘) = ef(émf) + Z Za57i7j(057j.1~“).
SESy =1

Since all these terms are non-negative and e; > 2 if ¥ € R, it follows that

T.Czi) =0, Vi€ R and (Cy ;1) =0ss, Vs,7,

where s; = ¢(z,x) for € 7~1(z). It thus follows from (44) that (D(z/)).f)~: r
because as, ;1 = rs, = 1. Thus, the canonical class formula 3.10 gives (K,.I') =
(Ky.T) + (D(¥).I') = 4G — 4 4+ r, and so the adjunction formula yields I'"* =
2—2g—r. Thus, I'is a (—1)-curve if r = 3 and g = 0.

4.2 Criteria for general type

In order to be able to treat some of the cases for which the criterion of Corollary
4.6 may fail (cf. Remark 4.9), we introduce here the following invariant d(S, C')
which often helps to resolve the issue.

Notation 4.10 Let C be a curve on a smooth surface S. We put

d(S,C) = 2(pg(S) +q(S) = pa(C)) +(C.C) = 2(py(S5) +q(5) = 1) = (Ks.C),

where the last equality follows from the adjunction formula.

This invariant satisfies the following properties.
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Proposition 4.11 ) If f : S — S’ is a birational morphism of smooth surfaces
and C'is an irreducible curve on S such that f(C) is not blown down to a point,
then

d(S,C) <d(S", f(9)).

b) Let f : S — B be a (minimal) elliptic fibration with multiple fibres miFy, ..., mFy
where t > 0. If g(B) = q(S), then for any irreducible curve C' on S we have

d(S,C) = 2(p, +q — 1) — deg,(C) (pg—l-q—l—i-i(l—i)),

i=1 my

where deg;(C) = (C.f*(P)), for any P € B. In particular, if C is neither
a section of f nor a component of a fibre of f, then d(S,C) < 0, and even
d(S,C) < 0 if f has multiple fibres.

Proof. a) By the factorization lemma and induction, it is enough to verify this
when f is the blow-down map of a (—1)-curve E. Then K¢ = f*Kg¢ + E, and
hence we have (Kg.C) = (Kg.f.(C))+(E.C). Thus, since p, and g are birational
invariants, d(S,C) — d(5', f.(C)) = —(E.C) < 0 because C # E.

b) By Kodaira’s formula (cf. BPV[1], V.12.3) we have Kg = f*(D)+>¢_; (m;—
1)F;, where deg(D) = x(Os) — 2x(Op) = py + ¢ — 1 (since g(B) = ¢(S5)). Thus
(Ks.C) = (C.f(P))(pg+q—1+>(m; — 1)m%), and so the formula follows. The
second assertion is clear, since the we have deg;(C') > 2 in this case.

Theorem 4.12 Let S be a smooth regular surface with k(S) > 1. Then S is of
general type if any one of the following conditions holds:

a) There is an irreducible curve C on S of genus p,(C) > 2 and with d(S,C) >
1

b) There exist two intersecting elliptic curves Ey and Ey on S with d(S, E;) > 1.

c) There exist t > 1 distinct elliptic curves Fy, ..., Ey on S with d(S, E;) > 1
for 1 <i <t such that

t
(46) KZ > > E’.

1=1

Proof. Let S denote the minimal model of S and ¢ : S — S the associated
birational map. Suppose that S, hence S, is not of general type. Then x = 1, so
there is an elliptic fibration 7 : S — B to some smooth curve B (cf. Beauville[2],
IX.2) of genus g(B) = ¢(S) or g(B) = q(S) — 1 (cf. [2], Ex. IX.1). Since ¢(S) =0
by hypothesis, we must have ¢ = ¢ = 0. We shall now show that none of the
three cases under consideration is possible.

a) First note that since p,(C) > 0, C := o(C) is not a point, and so we have
Pa(C) > pa(C). Thus, C' cannot be a section of 7, for otherwise p,(C) = 0,
nor a component of a fibre, for otherwise p,(C) < 1 (cf. BPV[1], p. 150). It
thus follows from Proposition 4.11b) that d(S,C') < 0, which contradicts the
inequality d(S,C) > d(S,C) > 1 which we obtain from Proposition 4.11a) and
the hypothesis.

b) If E; := o(FE;) is not a component of a fibre of 7, then the proof of a)

shows that we have a contradiction. Thus, F; must be a component of a fibre
and hence must be equal to a fibre by Kodaira’s classification of elliptic fibres
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([1], loc. cit.). Tt thus follows that E; and E, are disjoint, hence so are E; and
E5, which contradicts the hypothesis.

c¢) By part b) we know that each E; = o(FE;) is a fibre of 7, so the E; are
disjoint smooth elliptic curves on S with (E;.E;) =0 for 1 <i < t.

Write 0 = 0,000y, where g; : S;,_1 — Sj is a blowup of one point P, € Si;
thus Sp = S and S,, = S. Put E; = oro---001(FE;); note that all these curves
are again disjoint smooth elliptic curves. It thus follows that the point Py can lie
on at most one elliptic curve Ej j; if this is the case, then we get

Efk = (01(Big)-Eig—1) = (Bij—1 + Cp).Eip1) = Ezk_1 +1,

where O = o, '(P,) denotes the exceptional curve. Thus, if we put E(k) =
Eig+...+ E}, then we have shown that E(k—1)* > E(k)>—1, for 1<k <n,
and so

t
m:=>» E?=F(0)*>E(n)’—n=—n.
i=1

On the other hand, since the self-intersection numbers of the canonical divisors
on S and S are related by the formula K% = K2 + n, we obtain from the
hypothesis (46) the inequality K2 > m+n > 0, which shows that S is of
general type.

4.3 Criteria for special type

In this section we want to establish some criteria which are useful for determining
that a given surface is of special type, i.e. not of general type. This is based on the
following property of surfaces of general type which is also interesting in itself.

Proposition 4.13 Let S be a surface of general type with minimal model f :
S — S, and let D be a reduced, connected divisor with D* > 0. Then we have

(Ks.f.DY _ (Ks.D)

(47) K3 < FDE = DT

and equality holds throughout if and only if K% D= (K.D)?* f*Kg and D does
not contain any blow-down curve of f.

Remark 4.14 a) As the proof below shows, one can weaken the hypothesis on
D slightly by allowing D to be sum of divisors of the above type. However, one
cannot drop the hypothesis entirely, for otherwise one could apply it to D € | K|
(assuming p, > 0 and K2 > 0), which, when S is not minimal, leads to the
contradiction K% < K2 < K2.

b) If Z, is a diagonal quotient surface of general type, then the above propo-

sition yields the following upper bound on the first Chern class of the minimal
model Z,, of Z,:

8(g —1)°

1) K3 < 2

and hence K%a — KZZQ < Lo + 128,.
Indeed, if we take D = C’:—C,l + C'j,g, where Z ¢ R, then D? = 2m and (Ks.D) =
4(g — 1), and so the first bound follows. The second follows from the first by
using the formula for Kg of Theorem 3.7 together with equation (12).
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The proof of the above proposition depends on the following useful fact.

Lemma 4.15 Let f : S — S’ be a birational morphism of smooth surfaces. Then
for any divisor D € Div(S) we have

(49) (f.D)* > D

and equality holds if and only if D does not meet any blow-down curve C' of f,
i.e. (D.C) =0 for every C such that f(C) is a point. Moreover, if D is reduced
and connected and if f.D # 0 (e.g. if D* > 0), then we also have

(50) (f:D.Ks) < (D.Ks).

Moreover, if D does not contain any (—1)-curve on S, then equality holds in (50)
if and only if D neither meets nor contains any blow-down curve of f.

Proof. Write f as f = f,o...0 fy, where f : Sp_1 — Sk is a blow-down map
with respect to a (—1)-curve Ejy_; on Sk_;. We now induct on n. If n = 1,
then for any divisor D we have f*f.D = D + (D.Ey)Ey, from which we obtain
by the projection formula that (f,D)?> = (D.f*f.D) = D? + (D.E)?. From this
the inequality (49) is immediate, as is the assertion about when equality holds.
Now suppose that D > 0 is reduced and connected and that f,D # 0. Since
(f«D.Kg) = (D.Kg)—(D.Ejy), the inequality (50) will follow once we have shown
that (D.Ey) > 0. The latter is clear if Fy is not a component of D, so assume the
contrary, i.e. D = Dy + Ey. Note that Fy £ D; since D is reduced. Moreover,
Dy # 0 since f.D # 0. Thus, since D is connected we have (D;.Fy) > 1, and
so (D.Ey) = (Dy.Ey) + E3 > 0, as desired. Now suppose n > 1, and write
"= fao...ofs. Then by induction (f.D)? = (f.fo,D)*> < (fo,D)*> < D?, and so
the first assertion follows readily. To prove the second, we note that if D is reduced
and connected and if f,D # 0, then D := f;, D is also reduced and connected, and
fiD # 0, so by induction we have (f.D.Kg) = (f.D.Ks/) < (D.Kg,) < (D.Kg),
which proves the inequality (50).

Finally, to prove the last statement, assume that some blow-down curve C'
meets D. If C is not a component of D, then the assertion is clear by the above,
so we may assume that every blow-down curve C' which meets D is already a
component. This, however, is impossible, for by hypothesis C' cannot be a (—1)-
curve, so there exists a blow-down map f” : S — S” (over which f factors)
such that on S” there is a (—1) curve C” which meets the (—2)-curve f(C). By
our assumption, C” must be a component of f(D). Replacing C by the proper
transform of C”, we see (by induction) that eventually there has to be a (—1)-
curve contained in D, contrary to our hypothesis.

Proof of Proposition 4.13. The second inequality follows directly from Lemma
4.15, as does the fact that we have equality here if and only if D does not meet
any blow-down curve.

Since KZ > 0, the Hodge Index Theorem (cf. [1], IV.2.15), applied to D =
K% f.D—(Ks.f.D)*- Kg, yields D* = (K2)*(f.D)* — (K5.f.D)?Kz < 0, which
proves the first inequality of (47). Furthermore, equality holds here if and only if
D = 0. Thus, if equality holds in both places, then D cannot meet (nor contain)
any blow-down curve, and then f*f,D = D, and hence the second assertion

follows since the converse is trivial.
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In order to be able to derive a useful criterion from the above result, we need
to find reduced connected divisors D on S for which (Kg.D) < D?. Such divisors
are often obtained by considering (—2)-joins of two curves which are defined as
follows.

Definition 4.16 Let S be a smooth surface. As usual, a (—2)-chain on S is a
reduced connected divisor £ = Ej + ... + FEs consisting of (—2)-curves E; such
that (E;.Eiq) =1for 1 <i<s—1and (E;,.E;)=0if |i — j| > 1.

If Cy and Cy are two distinct irreducible curves on S, then a (—2)-join of Cy
to Cy of breadth t > 0 is a reduced, connected divisor

D201+CQ+E1+...+Et,

where the E; = FE;j + ... + Ej, are (—2)-chains joining C; to Cy; ie. (C1.E;) =
(C1.E;1) > 0 and (C2.E;) = (Cs.E;s,) > 0. If all the chains E; meet each Cj
transversely and of all the E; are mutually disjoint, then we say that the (—2)-
join is simple.

The above proposition implies that on a surface of general type, the breadth ¢
of a (—2)-join has a bound in terms of invariants of C; and Cy alone, and so the
existence of a (—2)-join of sufficiently large breadth on S shows that the surface
cannot be of general type. More precisely, we have

Proposition 4.17 Let S be a surface of general type with minimal model f :
S — S, and let D be a (—2)-join of breadth t of two curves Cy and Cy on S. If
k(Cy, Cy) == (Ks.(Cy + C3)) and i(Cy, Cy) := (Cy + Cy)?, then we have

(51) K2 (2t +i(C1,C)) < K(Cy,Co)?,

and equality holds if and only if KD = k(D) f*Kg and if D is simple and does
not contain any blow-down curve of f.

Proof. We first note that by the definition of D we have (Kg.D) = (Kg.(Cy +
(s)) = k(Cy,Cy) and D? > 2t + (C} + Cs)?, and that equality holds if and only if
D is simple. Thus, since the inequality is trivial if 2¢4i(C, Cy) < 0, the assertion
follows immediately from Proposition 4.13.

As an application of the above, we analyze the following situation which occurs
in the modular curve case X = X (N); cf. [17].

Corollary 4.18 Suppose S is a surface of general type and D = Cy+Cs+ Fy+ Es
is a (—2)-join of breadth 2 of two (—3)-curves Cy and Cy on S with (C1.Cy) > 2.
Then:

a) D neither meets nor contains any blow-down curve, and the same is true
for any (—2)-chain which meets D.
D) Let E' = Cy + E bea(—3,-2,..., —2)-chain, i.e. Cy is a (=3)-curve and
E' = Ey + ...+ E; is a (—2)-chain such that (Co.E") = (Co.Ey) = 1. Suppose
that E' joins Cy and Cy. If E' meets a blow-down curve, then every (—2)-chain
meeting D' = D + E' is already contained in D'.

Proof. a) If, as before, f : S — S denotes the minimal model, then by (49)
and the hypotheses we have (f.,D)?* > D? > 2. Now if some blow-down curve
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meets (or is contained in) D, then by (50) we have (K3.f.D) < (Kg.D) = 2, so
(Kg.foD) < 1. But then 2 < K'g—y(f*D)2 < (Kg.f.D)* < 12, contradiction.

b) Suppose the blow-down curve C' meets E’; without loss of generality we may
assume C? = —1. Then by part a), C' can only meet Cy. Moreover, (C.Cy) = 1,
for otherwise f(Cp) is a singular curve on S with (Kg.f(Cy)) < —1, which is
impossible. But then f.(Cp) is a (—2)-curve on S, and so f,D’ is a (—2)-join
of f(Cy) and f(Cy) of breadth 3, and hence (f.D')? > 4 = (Kg.f.D')®. From
Proposition 4.17 we thus see that K% =1 and that f,D' =2Kjg.

Now suppose that E” is a (—2)-chain which meets D" and which is not con-
tained in D’. Then for some component E! of E” we have (D'.E!) > 0. Then
E = f(E)is by part a) a (—2)-curve meeting f,D’, which gives the contradiction
0< (f.D".E) = (2K5.E) = 0.

Applying the above proposition to the chains of exceptional curves lying on a
diagonal quotient surface Z, yields the following result.

Proposition 4.19 Let z,y € R, and let D = D(Z,y) be the (—2)-join of C’m
and Cyo formed by the (—2)-chains contained in the fibre ¢~'(z,y). Then D is
simple and has breadth

(52) tzy = Z Seg—d,a(f7 ?j)

d‘eg,d;ﬁeg

Moreover, @'(0@1, C(QVQ) = é§1 + 6’52 + 2r14(Z,9) and k(Cz1,Cy2) = 2¢z.0-1 +
2050 — C2, — C2, — 4, where C?, and C2, are given by 5.15. Thus, if

(53) 2tj7g > k(é@l, 6572)2 — ’i(éi’l, 0@2),

then k(Z,) < 1. If, in addition, p, = 1 and if Czy and Cyo are (—2)-curves,
then Z, is a (blown-up) K3-surface.

Proof. Since all chains contained in the fibre are disjoint, D is simple by Lemma
3.12. Now a singularity s € S, of type (n,q) gives rise to a (—2)-chain if and
onlyif 2 =1[2,2,... 2] & g=n—-1& 4= % — 16 5 € Sey—qal®,7), which
proves (52). The formula for i(Cy 1, Cy) follows from Corollary 3.15, and that
for k(é’j,l, ég’z) follows from the adjunction formula, using the fact that C‘i,,l and
C~'g,2 are smooth curves of genera g; ,—1 and g o, respectively (cf. Proposition 2.1).
Thus, since K% > 1, the hypothesis (53) implies that the inequality (51) cannot
hold, and hence Z, cannot be of general type by Proposition 4.17.

Now suppose that p, = 1 and that C’m and é’g’g are (—2)-curves. Then
/@(Za) > 0, and Z, is regular (because ¢ = g < gz.a-1 = 0). Since we already
know that x(Z,) < 1, it follows from the classification theory that the minimal
model Z of Z, is either a K3-surface or an elliptic surface. Since we are done in the
former case, we assume the latter, so we have a fibration f : Z — P! (cf. proof of
Theorem 4.12). Then by Kodaira’s formula we have Kz ~ >7 | (m; — 1) F;, where
miFy, ..., mgF; are the exceptional fibres of f, because p, + ¢ —1 =0 (cf. proof
of 4.11b)). Since no blow-down curve of Z, — Z meets D (otherwise Z, would
be rational), we may assume that D lies on Z. Now since D? > 0, at least one
component, say C', of D is not contained in any fibre of f because the intersection
pairing is negative definite on the space generated by the components of the fibres.
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Thus (C.F;) > 0, for 1 <i <5, and hence 0 = (Kz.C) = >;_;(m; — 1)(F;.C).

But this means that all m; = 1, so Kz ~ 0, and hence Z is a K3-surface in this
case as well.

Proof of Theorem 6 of the introduction: We first recall that (35,71 and Cﬂm are
smooth curves on Z, of genera gz ,-1 and gz, respectively, with intersection
numbers

52 52 5 A —
Ci1 = —Coa; Cfy=—Cpo and (C3,1-Cs2) = rga = 11(7,2);

cf. Proposition 2.1 and Corollary 3.15 (together with the symmetry formula (14)).

a) Here, the hypotheses mean that C‘;C,l and C’m are two intersecting (rational)
(—1)-curves, and so the surface is rational (cf. van der Geer [6], VII.2.2).

b) In view of the above intersection numbers, this is just a restatement of
Proposition 4.19.

¢) This follows from Theorem 4.12 by taking C' = C~';,;,2 and B = C’j,l, Ey = C},g
in 4.12a) and 4.12b), respectively.
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