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1 Rational Geometric Fundamental Groups

Let K be a finitely generated field with separable closure Ks and absolute
Galois group GK . By a curve C/K we always understand a smooth geomet-
rically irreducible projective curve. Let F (C) be its function field and let
Π(C) be the Galois group of the maximal unramified extension of F (C). We
have the exact sequence

1→ Πg(C)→ Π(C)→ GK → 1 (?)

where Πg(C) is the geometric (profinite) fundamental group of C×Spec(Ks)
(i.e. Πg(C) is equal to the Galois group of the maximal unramified extension
of F (C)⊗Ks).
This sequence induces a homomorphism ρC from GK to Out(Πg(C)) which
is the group of automorphisms modulo inner automorphisms of Πg(C). It
is well known that ρC is an important tool for studying C. For instance, it
determines C up to K−isomorphisms if the genus of C is at least 2 and K
is a number field or even a p−adic field (see [Mo]).

So it is of interest to find quotients Π̄(C) of Π(C) such that the induced map
of GK is not the identity but the induced representation ρ̄C becomes trivial.
We give a geometric interpretation of such quotients. For this we assume
that the sequence (?) is split and choose a section s which induces a homo-
morphism σ from GK to Aut(Πg(C)). Let U be a normal subgroup of Π(C)
contained in Πg(C). The representation ρC becomes trivial modulo U if and
only if the map σmodU has its image inside of Inn(Πg(C)/U).
Let Z be the center of Πg(C)/U and Π̄ = (Πg(C)/U)/Z. Our condition on
U implies that there is exactly one group theoretical section s̄ from GK to
(Π̄(C)/U)/Z inducing the trivial action on Π̄ and so Π̄ occurs as Galois group
of an unramified regular extension of F (C) in a natural way.

Thus, to find center free infinite factors of Πg on which ρC becomes trivial
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is equivalent with finding infinite regular Galois coverings of C. Choosing
as base point a geometric point of C we can say that “Π̄ is a factor of the
geometric fundamental group of C over K”.

Remark 1.1 If s̄ can be extended to a (group theoretical) section into
Π(C)/U then again it induces the trivial action on Πg(C)/U and hence this
group occurs as Galois group of a regular unramified extension of F (C). This
is always true if K is a finite field or if Π/U is abelian.

But there is a difficulty: The sections s̄ corresponding to different quotients
of Πg may not be compatible ( i.e. the composite of the corresponding
coverings are not regular) and so we do not have a “maximal unramified
regular covering” of C over K.

So we specialize, assume that C has a K−rational point P and choose a
splitting sP of (?) corresponding to P by identifying GK with the decompo-
sition group of an extension of the place corresponding to P in F (C) to its
separable closure . Now the finite quotients of Πg(C) on which sP (GK) op-
erates trivially correspond to unramified Galois coverings C ′ of C on which
the decomposition group of P operates trivially. Hence P has K-rational
extensions to C ′ and the choice of sP corresponds to the choice of such an
extension P ′. (If we make another choice, then the corresponding section is
replaced by a conjugate in Π(C).) We can regard C ′ as etale covering of C
with respect to the base points P resp. P ′.
Taking the limit we get the K-rational geometric fundamental group
of C with base point P :

Πg(C,P ) := Πg(C)/〈(sP (σ)− 1)Πg(C)〉σ∈GK .

Remark 1.2 The construction of unramified coverings with base points is
also of interest for coding theory:
Assume that g(C) ≥ 1. Since

g(C ′)− 1 = [C ′ : C](gC − 1)

and #{P ′ ∈ C ′(K)} divisible by [C ′ : C] we get (if C ′(K) 6= ∅) that

|C ′(K)|
g(C ′)− 1

≥ 1

(gC − 1)

and this means that C ′ lies in a “good family” of coverings and so it is
desirable to have infinite towers in this restricted sense over curves C (of
small genus).
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If K is a finite field such towers can be constructed by using class field theory
of curves over any finite field (cf. Serre[Se1]) or over fields of square order
by using Shimura curves (cf. [Ih]). By Ihara’s method one can even obtain
curves of genus 2 which are optimal. The curve given by y2 = x6 − 1 is such
an example.
All these known examples are defined over finite fields and are of very special
type.

In this paper we shall use either quartic coverings of the projective line or
quadratic coverings of elliptic curves with enough ramification points (in-
stead of quadratic coverings of the projective line as in the class field tower
constructions) to find for every genus g ≥ 3 curves with infinite geometric
fundamental group defined over Q(i) or over Fq(i) (where i is a forth root of
unity) and we find even parametric families of such curves over every ground
field containing i (cf. Theorem 5.22). 1

More precisely we get the

Result: Let K be a field of characteristic 6= 2, 3 which contains a fourth root
of unity. Take a = 2b2

1+b4
with b ∈ K∗, b4 6= 1.

Let C be a cyclic covering of degree 4 of the projective line given by an
equation

s4 = (1 + b4)t(t2 − 1)(t− a)g(t)

with a polynomial g(t) such that g(0)g(1)g(−1) 6= 0 and g(a) = 1. Then C
has an infinite K-rational geometric fundamental group with base point Pa
corresponding to the place t = a.

We apply this and get the

Consequence: Let b and a be as above.
Let Eb be the elliptic curve defined over K by the equation

Eb : y2 = (1+b4)x(x2−1)(x−a).

Then for every natural number g ≥ 3 there exist quadratic coverings C of
Eb defined over K of genus gC = g with infinite K-rational geometric funda-
mental group with base point lying over Pa, the point of Eb corresponding to
x = a.

1We remark that we do not have any example of a curve defined over Q with infinite
Q-rational geometric fundamental group.
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Example: Let K, b and a be as above. The curve

Ca : y4 = (1 + b4)x(x2 − 1)(x− a)

has an infinite K-rational geometric fundamental group with base point (a, 0).

We thus have examples of curves of genus g with an infinite K-rational ge-
ometric fundamental group for every g ≥ 3. No such example can exist for
curves of genus g = 1, as will be explained in the next section. This leaves
only the case g = 2. Here (cf. Example 4.13) we shall find very special curves
with an infinite tower of regular unramified Galois coverings but we cannot
decide there whether there are rational points in the tower.

There are other interesting aspects related to curves of genus 2 in the context
of the questions discussed in this paper which will be investigated in more
detail in the paper [FKV].

2 Abelian coverings

In this section we shall give a short review of the special case of abelian
unramified coverings.
The largest abelian factor of Πg(C) which appears as the Galois group of a
regular unramified extension of F (C) is Πg(C)ab/〈(sP (σ) − 1)Πg(C)ab〉σ∈GK
and so it is independent of the choice of P or of the choice of the splitting.
(But the coverings will depend on the choices.) Moreover, one sees that every
abelian group which can be realized as Galois group of a regular unramified
covering of C can be realized in such a way that a given point P ∈ C(K)
splits completely (cf. [V] or [Se]). So we do not have to distinguish between
extensions with or without K-rational base points as long as we only want
to describe the occurring Galois groups.

Let us begin by looking at elliptic curves. Here we have the following finite-
ness result:

Theorem 2.1 Let K be a finitely generated field. Then there is a num-
ber N = N(K) such that for all elliptic curves E defined over K we have
|E(K)tor| ≤ N .

Proof. We use induction with respect to the transcendence degree of K over
its prime field K0.

4



If K is a finite field the claim is obvious. If K is a number field the theorem
of Merel gives a bound N depending on [K : Q] only (cf. [Me]).
Let K be transcendental of degree dK ≥ 1 over K0. We fix a subfield K1 ⊂ K
such that K1 is finitely generated over K0 and such that K is a function field
of one variable over K1 of genus gK .
Let E/K be an elliptic curve with a K-rational point P of order n. Let K2

be the smallest extension field of K1 in K over which E is defined and over
which P is rational.
If K2 is equal to K1 we can use the induction hypothesis, otherwise K2 is a
function field over K1 with a K1-rational embedding of the function field of
the modular curve X1(n) into K2 and hence into K.
Thus, gK bounds the genus of X1(n) which is of size O(n2) (cf. Miyake[Mi],
if (n, char(K)) = 1 and Igusa[Ig], for n = `r, ` = char(K)), and so n is
bounded.

Corollary 2.2 There is a universal bound n = n(K) such that for all regular
unramified Galois covers φ of elliptic curves E over K we have deg(φ) ≤ n.

Proof. If φ is an unramified Galois covering of E, then the covering curve
E ′ is an elliptic curve too, φ is an isogeny and the Galois group GK acts on
the kernel of φ trivially, i.e. Ker(φ) ≤ E ′(K). Using the universal bound for
torsion points obtained in the theorem the corollary follows.

Next we consider the case that the genus of C is larger than 1, and study as
before the existence of regular unramified abelian Galois coverings of C.

Proposition 2.3 If φ : C1 → C is a regular abelian unramified covering,
then deg φ is bounded by a number depending on K and on C.

Proof. By Serre [Se] we know that there is an abelian variety A/K such that
φ induces an isogeny

φ∗ : A→ JC

with Ker(φ∗) ⊂ A(K) and |Ker(φ∗)| = deg(φ). If K is finite we have
|A(K)| = |JC(K)|, and so we are done. If K is a number field or a field
of transcendence degree larger than 1 over its prime field we can use reduc-
tion theory to get the result.

Remark: Since at present we do not have an analogue of Merel’s theorem
for abelian varieties, we can only find a bound depending on the genus and
on the conductor of C, and not only on K, even if K is a number field.
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3 Coverings of P1 with given ramification type

3.1 The Construction Principle

In the last section we had seen that for a given curve C over a finitely
generated field K, the degree of the abelian unramified regular extensions of
C/K is bounded.
The situation changes if we look for non-abelian coverings. Indeed, in the
next section we shall give examples of families of curves of arbitrary genus
g ≥ 3 defined over a finitely generated field K which have infinite towers of
unramified regular Galois coverings. However, it should be remarked that
the dimension of these families is small compared with the dimension of
the moduli space of curves of genus g and so it can be conjectured that
for “general curves”, the degree of a regular unramified Galois covering is
bounded by a number N(g,K).

The construction of these curves is based on the following principle. We
begin with the projective line P1 and choose a finite GK-invariant set S0

of points of P1. Then we look for Galois coverings C ′ of P1 with a simple
Galois group G (in our examples G is a projective linear group). We require
that this covering is unramified outside of S0 and that the ramification in
points Pi ∈ S0 has an order ePi which is small and prime to char(K). We
take a Galois covering C0 of P1 disjoint to C ′ which ramifies in all Pi with
an order which is a multiple of ePi . By Abhyankar’s Lemma it follows that
C ′×P1C0/C0 is unramified with Galois group G and, because of the simplicity
of G, regular.

To find C ′ we follow [FV] and use Hurwitz spaces which are moduli spaces for
the ramification cycle configuration inside of G; this boils down to proving
the existence of K-rational points on these spaces. This Diophantine problem
leads to interesting relations between arithmetic geometry and group theory.
Sometimes group theory or, to be more precise, the theory of rigidity implies
the existence of rational points on the corresponding Hurwitz spaces. This
is the case in our examples which are related to Thompson tuples, and so
in this case the existence of such coverings is obtained by pure group theory
(and Riemann’s existence theorem).
However, this method fails to produce K-rational points on these coverings
and so arithmetic-geometric methods have to be invoked in order to prove
the existence of such points (which is necessary for our considerations of
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K-rational fundamental groups).
In the case of the Thompson tuples, such a method is readily available, for
behind their very construction (cf. [V3]) lies a deep arithmetic reason, viz.
the existence of a family of abelian varieties with good reduction.

3.2 Rigidity

For the convenience of the reader we shall now give a very short overview over
rigid systems of conjugacy classes. We shall assume that char(K) = 0, but
actually it is enough to avoid fields with characteristics dividing the order of
the occurring Galois groups and we shall use this fact in our examples.
We want to describe the regular Galois coverings of the projective line. For
this, we recall the situation over the complex numbers over which we can use
as crucial tool the Riemann existence theorem.

We have the following invariants for a finite Galois extension L/C(x): its
Galois group G, the finite set P = {P1, ..., Pr} of branch points (which lie in
P

1(C) = C ∪ {∞}) and for each branch point Pi the associated conjugacy
class Ci of G consisting of the distinguished inertia group generators over
Pi. Define the ramification type of L/C(x) to be the class of the triple
(G,P ,C), where C = (C1, ..., Cr). We say that two such triples are in the
same class if the sets P are the same and if there is an isomorphism between
the groups that identifies the conjugacy classes associated with the same
point of P .

The extension L/C(x) is defined over a subfield K of C if there is a Galois
extension LK/K(x), regular over K, which becomes equivalent to L when
tensored with C.

C is weakly rigid if any two generating systems σ1, ..., σr of G with σi ∈ Ci
and σ1 · · ·σr = 1 are conjugate under an automorphism of G and if there is
one such generating system. By Riemann’s existence theorem, C is weakly
rigid if and only if there is exactly one Galois extension of C(x) of type
(G,P,C) (up to equivalence), see [V], Th. 2.17. This uniqueness can be
exploited to define the covering of P1 over a smaller field. To do this, we
sharpen the group theoretical conditions for the ramification type as follows.

C is quasi-rigid if it is weakly rigid and every automorphism of G fixing
each Ci is inner.
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Now suppose C is quasi-rigid and that L/C(x) is a corresponding extension.
Let L′ be the fixed field of the center Z(G) of G. Then the extension L′/C(x)
is defined over the field generated over Q by all branch points and by all roots
of unity of order ord(σ), σ ∈ C1∪...∪Cr. The exact minimal field of definition
of L′ may be even smaller and can be determined using the branch cycle
argument (see [V], 3.2 and 3.3.2). This construction principle for Galois
extensions of rational function fields (“rigidity criterion”) has successfully
been used to realize given groups as Galois groups.

4 Construction of infinite towers of unrami-

fied curve covers

4.1 Thompson tuples and Belyi triples

Let q be a power of the prime p, and n ≥ 3. We denote by F∗q the multiplica-
tive group of the field Fq with q elements. For any σ ∈ GLn(q), let c1, ..., cn
be the eigenvalues of σ (counted with multiplicities) and χσ(T ) =

∏
i(T − ci)

its characteristic polynomial (normalized to be monic). We call σ a per-
spectivity if it has an eigenspace of dimension n− 1.

Definition 4.1 Let r = n + 1 (respectively, r = 3). A Thompson tuple
(respectively, a Belyi triple) in GLn(q) is an r-tuple (σ1, ..., σr) such that
σ1, ..., σr generate an irreducible subgroup of GLn(q), their product satisfies
σ1 · · ·σr = 1 and σi is a perspectivity for all i = 1, ..., r (respectively, for
i = 3).

In [V1] one finds

Theorem 4.2 Suppose that (σ1, ..., σr) and (σ′1, ..., σ
′
r) are Thompson tuples

(respectively, Belyi triples) in GLn(q) with χσi = χσ′i for all i. Then there is
an element g ∈ GLn(q) with σ′i = g−1σig for all i. Thus σ1, ..., σr are weakly
rigid generators of G = 〈σ1, ..., σr〉, and they are quasi-rigid generators if the
normalizer of G in GLn(q) equals F∗qG.

We can apply the theory of rigid ramification types presented in the last
section to obtain (cf. [V], Theorems 2.17, 3.26 and 7.9):
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Corollary 4.3 Let (σ1, ..., σr) be a Thompson tuple or a Belyi triple in
GLn(q). Let Ci be the conjugacy class of σi in G = 〈σ1, ..., σr〉, and let
P1, ..., Pr be distinct points of P1(C). Put P = {P1, ..., Pr}, CPi = Ci, and
C = (CP )P∈P . Then we have:

(a) There is a unique Galois extension L′/C(x) of ramification type [G,P ,C].

(b) Suppose that the normalizer of G equals F∗qG. If L = Fix(Z(G)) denotes
the fixed field of the center Z(G) of G, then the extension L/C(x) is defined
over any subfield K ⊂ C which contains all the (finite) Pi ∈ P and all roots
of unity of order ord(σi). In particular, there is a regular Galois extension
L0 of K(x) with Galois group Ḡ = G/Z(G) with ramification type [Ḡ, P , C̄],
where C̄P is the image of CP in Ḡ.

Corollary 4.4 Suppose in addition that M is a regular extension of K(x)
which is linearly disjoint to the above extension L0 over K, and which has
the property that for each i = 1, . . . , r and each place m of M lying above the
place corresponding to Pi of C(x), the ramification index of m is a multiple
of ord(σi). Then the composite L0 ·M is an unramified Galois extension of
the function field M and its Galois group is isomorphic to Ḡ.

We therefore see that to find such field extensions L, it is enough to find
Thompson tuples or Belyi triples. These will now be investigated in more
detail. The first result in this direction (taken from [V1]) shows that they
can be characterized by their characteristic polynomials:

Theorem 4.5 Let f1, ..., fr ∈ Fq[T ] be monic polynomials of degree n with∏
i fi(0) = (−1)rn.

(a) There exists a Belyi triple (σ1, σ2, σ3) in GLn(q) with χσi = fi if and only
if f3(T ) = (T − c)n−1(T − d) for elements c, d ∈ F∗q satisfying abc 6= 1 for all
a, b ∈ F̄q with f1(a) = f2(b) = 0.

(b) There exists a Thompson tuple (σ1, ..., σr) in GLn(q) with χσi = fi if
and only if fi(T ) = (T − ai)n−1(T − bi) for elements a1, ..., ar, b1, ..., br ∈ F∗q
satisfying a1 · · · ar 6= 1 and bj

∏
i6=j ai 6= 1 for all j = 1, ..., r.

From Theorem 4.2 we see that the tuples (σ1, ..., σr) are classified by their
characteristic polynomials χσi , and so the group G = 〈σ1, ..., σr〉 depends
only on the χσi (up to conjugation). In the case of Thompson tuples there
is a complete classification of the related groups (cf. [V1] and [V4]). In the
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following Theorem 4.6 we shall state only that part of this classification which
will be relevant for us below.
In order to state the result, we require the following terminology. A Thomp-
son tuple (σ1, ..., σn+1) is called normalized if χσi = (T − 1)n−1(T − bi) for
i = 1, ..., n.

Theorem 4.6 Let n be odd and ≥ 3. Suppose (σ1, ..., σn+1) is a normal-
ized Thompson tuple in GLn(q) generating the group G with χσi(T ) = (T −
1)n−1(T − bi) for certain bi ∈ Fq for i = 1, · · · , n. If n = 3 assume that some
bi has multiplicative order > 3. Suppose that Fq = Fp(an+1, b1, · · · bn+1), and
assume that if q = q2

0 is a square, then not all the ai, bi have norm 1 over
Fq0. Then

SLn(q) ≤ G ≤ GLn(q).

4.2 Curves with infinite towers of unramified regular
Galois extensions

We now apply the above results to construct unramified Galois G-covers of
curves with group G = PSLn(p) for suitable values of n and p. In order to
be able to specify precisely which values are suitable here, we first introduce
the following notation.

Notation. Let n ≥ 3 be an odd natural number, and let d1, ..., dn+1 > 3 be
integers. Then we denote by P(n, d1, · · · , dn+1) the set of all prime numbers
p satisfying the following conditions:

(i) (n, p− 1) = 1;

(ii) there are elements b1, . . . , bn+1 ∈ F∗p with b1 · · · bn+1 = 1 such that each
bi has multiplicative order di in F∗p.

A trivial but useful fact is

Lemma 4.7 If d1, . . . , dn are prime to n and dn+1 = lcm(d1, . . . , dn), then
every prime p with p 6≡ 1 mod l for all primes l | n and p ≡ 1 mod dn+1

is in P(n, d1, · · · , dn+1). Moreover, there is a constant c (depending only on
n and d1, . . . , dn+1) such that for all primes l ≥ c there are infinitely many
p ∈ P(n, d1, · · · , dn+1) such that l does not divide the order of GLn(p).
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From now on, suppose that the integers d1, ..., dn+1 satisfy the conditions of
this lemma, and that K is a field of characteristic 0 containing a primitive
dth root of unity, where d = lcm(d1, . . . , dn+1, 2) = lcm(dn+1, 2). Moreover,
let p ∈ P(n, d1, · · · , dn+1) and choose bi ∈ F∗p such that condition (ii) holds.
Then by Theorem 4.5 there is a normalized Thompson tuple (σ1, ..., σn+1) in
GLn(p) corresponding to these bi with an+1 = −1. The order of σi equals di
for i ≤ n and it equals lcm(dn+1, 2) = d for i = n+ 1.
By Theorem 4.6 the group G = 〈σ1, ..., σn+1〉 contains SLn(p). Thus the
group Ḡ = G/Z(G) is isomorphic to the simple group PSLn(p) (because we
assumed (n, p− 1) = 1 ).
It remains to choose the ramification points.
Since the automorphism group of P1 acts sharply triple transitive we can
assume without loss of generality that Pn−1 = 0, Pn = 1 and Pn+1 =∞. The
other ramification points are then denoted by t1, · · · , tn−2 ∈ K.
Using Corollary 4.3 we see that for every p ∈ P(n, d1, · · · , dn+1), we get a
regular Galois extension F ′p of K(X) with Galois group PSLn(p) ramified
only in 0, 1,∞, t1, . . . , tn−2 with ramification indices dividing d.
Since for different primes p the Galois groups of the F ′p’s are non-isomorphic
simple groups, the composite field

F ′
P(n,d1,···,dn+1) =

∏
p∈P(n,d1,···,dn+1)

F ′p

has the same regularity and ramification properties.

Next, let Md be any regular extension field of K(X) such that every extension
of the places 0, 1,∞, t1, · · · , tn−2 is ramified with an order divisible by d. (For
instance, take Md as a cyclic cover of K(x) of degree d totally ramified at
0, 1,∞, t1, · · · , tn−2. In this case the genus of Md is equal to (n−1)(d−1)/2.)
Using Corollary 4.4, we get that F ′

P(n,d1,···,dn+1) ·Md is a regular unramified
extension of Md with Galois group equal to∏

p∈P(n,d1,···,dn+1)

PSLn(p).

Thus, if we take K = Q(ζd, t1, . . . , tn−2), where the t1, . . . , tn−2 are alge-
braically independent over Q, then we obtain:

Theorem 4.8 Let n ≥ 3 be an odd number and let d1, · · · , dn > 3 be in-
tegers prime to n, dn+1 := lcm(d1, · · · , dn) and d = lcm(2, dn+1). Then
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P(n, d1, · · · , dn+1) is an infinite set and there is an (n − 2)-dimensional ra-
tional family C of curves of genus (n − 1)(d − 1)/2 defined over Q(ζd) such
that for all p ∈P(n, d1, · · · , dn+1) there is an unramified regular Galois cover
Cp with Galois group PSLn(p) and the composite of these covers is an infinite
unramified regular Galois tower.

On the other hand, if we choose the ti’s to be algebraic over Q, we obtain:

Theorem 4.9 Let K be a number field. Let n be odd and at least equal to 3
and let d be as in the previous theorem. Then there are infinitely many curves
of genus (d − 1)(n − 1)/2 defined over K with infinite towers of unramified
regular Galois covers defined over K(ζd).

As was mentioned above, the Hurwitz space theory and the theory of Thomp-
son tuples works also over fields of characteristic l as long as l is prime to
the order of the Galois group. Using the second part of Lemma 4.7 we see
that Theorem 4.8 holds if we replace Q by Fl for almost all primes l. Hence
we have

Corollary 4.10 Let n and d be as above, and let l be a sufficiently large
prime such that there are infinitely many primes p with pi− 1 prime to l for
i = 1, . . . , n. Then there exist curves of genus (d− 1)(n− 1)/2 defined over
K = Fl(ζd) which have an infinite tower of unramified regular Galois covers
defined over K.

Now we discuss the simplest possibility and get the following example which
will play an important role in Section 5.3.

Example 4.11 Let n = 3 and d1 = . . . = d4 = d = 4, and let K be a field of
characteristic ≥ 5 which contains a fourth root of unity ζ4 = i. Furthermore,
let t ∈ K be such that t 6= 0, 1.
Then for every p ≡ 5 mod 12 we get an extension of P1 defined over K
whose Galois group is equal to PSL3(p) and which is ramified of order 4 in
{0, 1,∞, t}.
Fix an integer g0 ≥ 1. If g0 = 1, let C0 be an elliptic curve which covers P1

with ramification points {0, 1,∞, t}, and if g0 > 1, let C0 be a hyperelliptic
curve of genus g0 whose set of Weierstrass points contains {0, 1,∞, t}. Let
C be a quadratic extension of C0 ramified in the extensions of {0, 1,∞, t}.
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Then C has genus g := g0 + δ/2, where δ is the number of ramified primes in
the cover C/C0.
For example, if we choose C as a cyclic cover of degree 4 over P1 which is
ramified in the Weierstrass points of C0 with ramification order 4 and in s
additional points of P1 with ramification order 2, then g = 3g0 + s.

Hence we get

Corollary 4.12 Let K be a field of characteristic 6= 2, 3 which contains a
primitive fourth root of unity i = ζ4. Let t ∈ K, t 6= 0, 1 and let C0 be either
an elliptic curve (g0 = 1) or a hyperelliptic curve of genus g0 defined over
K with at least four K-rational points of order 2 respectively, Weierstrass
points equal to {0, 1,∞, t}.
Then for all non-negative integers s there are quadratic covers of C0 defined
over K of genus 3g0 + s with an infinite tower of regular unramified Galois
covers over K.

If we want to obtain examples as above for curves of genus 2, then we have
to use Belyi triples, but in that case we find only isolated examples. Here is
one of them:

Example 4.13 Let Φm be the cyclotomic polynomial of order m, and let
(σ1, σ2, σ3) be a Belyi triple in GL3(p) with characteristic polynomials χσ1 =
(T + 1)Φ6, χσ2 = (T − 1)Φ3, and χσ3 = (T − 1)2(T + 1). Then the images
σ̄1, σ̄2, σ̄3 generate the simple group PSL3(p) for p ≡ −1 mod 3, and there is
a corresponding extension Lp/Q(x) branched at 0,∞, 1. Take x = t6 and let
M/Q(t) be the genus 2 function field extension branched where t is a sixth
root of 1, i.e. M corresponds to the curve with equation

y2 = t6 − 1.

Then Lp ·M/M is unramified with group PSL3(p) and defined over Q. It
follows that the curve y2 = t6− 1 has an infinite tower of regular unramified
Galois extensions over Q and over Fl for all primes l ≥ 5.

We observe that although we obtain in this way the example of Ihara men-
tioned in the first section, we have actually realized different Galois groups by
this method. At present, however, we cannot answer the question concerning
the existence of rational points in the associated infinite tower.

Further examples (for PSL3(p) again) are obtained by taking χσ3 as above,
and χσ1 = (T − 1)Φ3, χσ2 = (T + 1)Φ4, or alternatively, χσ1 = (T + 1)Φ3,
χσ2 = (T − 1)Φ4. We thank G. Malle for pointing out these examples.
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4.3 Geometric Interpretation of Thompson tuples

In the last section, the examples of almost unramified covers of P1 were
constructed by using group theory. This construction did not provide any
method for determining the existence of rational points in the covers, nor did
it explain the arithmetical “reason” behind the existence of such examples.
However, both these aspects are greatly elucidated by using the results of
[V3] to relate the Thompson tuples to torsion points of Jacobians of curves
which are cyclic covers of the projective line.

The basic idea here is the following. If φ : C → P
1
K is a cyclic covering

with group Z = Aut(φ) defined over a field K and λ : Z → F
∗
q is a faithful

character, then the Galois group GK acts Fq-linearly on the λ-component
JC [p]λ of the group JC [p] of p-torsion points of the Jacobian variety JC of
C. Now it turns out that if the ramification points t1, . . . , tn+2 ∈ K of φ are
in “sufficiently general position“, then the image of the Galois group GK in
GLn(JC [p]λ) is (essentially) generated by a Thompson tuple, and conversely,
every Thompson tuple arises in this fashion.

In order to make this connection between cyclic coverings and Thompson tu-
ples more precise, it is useful to introduce the following alternate description
of Thompson tuples, using the Braid group.
For this, let s = n+2, and let Q1, . . . , Qs−1 be the standard generators of the
Artin braid group Bs on s strings. Mapping Qi to the transposition (i, i+ 1)
yields a homomorphism κ : Bs → Ss. The kernel of κ is called the pure braid
group, and is denoted by B(s). It is generated by the elements

Qij = Qj−1 · · ·Qi+1 Q
2
i Q

−1
i+1 · · ·Q−1

j−1, 1 ≤ i < j ≤ s.

The braid group Bs acts on tuples (g1, . . . , gs) of elements of any group by
the rule that Qi maps (g1, . . . , gs) to

(g1, . . . , gi−1, gi+1, g
−1
i+1gigi+1 , . . . , gs)

Lemma 4.14 (a) If ζ = (ζ1, . . . , ζn+2) is an (n+2)-tuple of elements ζi ∈ F∗q
satisfying the conditions

n+2∏
j=1

ζj = 1, ζi 6= 1, for all i, (1)

14



then there is a unique (up to conjugation) normalized Thompson tuple σ =
σζ = (σ1, . . . , σn+1) in GLn(q) such that

χσi(T ) = (T − 1)n−1(T − ζ−1
i ζ−1

n+2), 1 ≤ i ≤ n,

χσn+1(T ) = (T − ζn+2)n−1(T − ζ−1
n+1).

Moreover, every normalized Thompson tuple σ in GLn(q) is of the form σ =
σζ, for a unique (n+ 2)-tuple ζ satisfying (1).

(b) In the situation of (a) there is a homomorphism

Φζ : B(s) → GLn(q)

such that for i = 1, . . . , s − 1 the elements τi := Φζ(Qis) are perspectiv-
ities with χτi = (T − 1)n−1(T − ζ−1

i ζ−1
s ) and τ1 · · · τs−1 = ζ−1

s · id. Thus
(τ1, . . . , τs−2, ζsτs−1) is a Thompson tuple associated with ζ.

Proof. (a) Put s = n + 2. Recall from Theorem 4.5 that a normalized
Thompson tuple (σ1, . . . , σn+1) is characterized by the characteristic poly-
nomials of the elements σi and so by the s-tuples (b1, · · · , bn+1, a) ∈ (Fq)

n+2

which satisfy the additional properties that
∏n+1

i=1 bi ·an−1 = 1 and that a 6= 1,
bn+1 6= 1 and a · bi 6= 1 for 1 ≤ i ≤ n.
We associate to (σ1, . . . , σn+1) the s−tuple (ζ1, · · · , ζn+1, ζs) with ζi = (abi)

−1

for 1 ≤ i ≤ n, ζn+1 = b−1
n+1 and ζs = a. This tuple has the property that all

ζi are different from 1 and that
∏s

i=1 ζi = 1.
Conversely, if ζ1, . . . , ζn+2 ∈ F∗q satisfying condition (1) are given, then a :=

ζn+2, bn+1 := ζn+1 and bi := ζ−1
i ζ−1

n+2, for 1 ≤ i ≤ n satisfy the above
conditions and hence give rise to a Thompson tuple σζ = (σ1, . . . , σn+1) with

the indicated characteristic polynomials.

(b) For the definition of Φζ see [V4] and [MSV]. (It is essentially the Gassner
representation of B(s) associated with ζ). The first assertion follows from [V4],
Lemma 3 and relation (5). The relation τ1 · · · τs−1 = ζ−1

s · id follows from
the definition of Φζ and the fact that the element

Q1s · · ·Qs−1,s = Qs−1 · · ·Q2 Q
2
1 Q2 · · ·Qs−1

acts by sending (g1, . . . , gs) to (g1, . . . , gs)
gs . The τi generate an irreducible

group by [V1], Lemma 3.3.
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We thus see that ζ-tuples give rise to Thompson tuples and conversely. On
the other hand we can also attach to such tuples an (essentially unique)
cyclic covering φ : C → P

1 which is ramified at s = n + 2 prescribed points
t1, . . . , ts ∈ K as follows.

Lemma 4.15 Suppose ζ1, . . . , ζs ∈ F∗q satisfy ζ1 · . . . · ζs = 1 and di :=
ord(ζi) 6= 1, 1 ≤ i ≤ s. Let K be a field containing a primitive d-th root
of unity where d = lcm(d1, . . . , ds) and suppose that t1, . . . , ts ∈ K are s
distinct points. Then there is a cyclic covering φ = φt,ζ : C → P

1
K and a

faithful character λ : Z := Aut(φ)→ F
∗
q such that φ is unramified outside of

{t1, . . . , ts} and is ramified at ti in such a way that the distinguished inertia
group generator zi at ti satifies λ(zi) = ζi, for 1 ≤ i ≤ s. Furthermore, all
automorphisms of φ are defined over K.

Proof. This is elementary and well-known, but in order to be able to discuss
the examples below it is useful to make this precise. Thus, fix a primitive d-th
root ζ ∈ Fq (which exists by hypothesis). Then there exist unique numbers
m1, . . . ,ms with 0 < mi < d such that ζi = ζmi . Now consider the cyclic
covering φ : C → P

1 defined by the equation

yd = (x− t1)m1(x− t2)m2 · · · (x− ts)ms .

Since (m1, . . . ,ms) = 1, this is a covering of degree d and since m1+. . .+ms ≡
0 mod d, it follows that φ is unramified at infinity and hence also outside of
{t1, . . . , ts}. Now let σ be the unique generator of Z :=Aut(φ) such that
σ(y) = e2πi/dy. Then zi = σmi is the distinguished inertia group generator
at ti, and so if we let λ : Z → F

∗
q be the unique homomorphism such that

λ(σ) = ζ, then λ(zi) = ζi, as desired.

Now let JC denote the Jacobian of the curve C of Lemma 4.15, and let p
be a prime not dividing d. Then the group Z = Aut(φ) acts on the group
JC [p] of (K̄-rational) p-torsion points of JC , and so JC [p] is the direct sum
of its λ-components JC [p]λk = JC [p]⊗Fp[Z] Vλk , where Vλk ' Fqk denotes the
representation space of the linear characters λk : Z → F

∗
qk

of Z. Since the
automorphisms z ∈ Z are defined over K, the Galois action commutes with
the Z-action, and so GK acts Fqk-linearly on each space JC [p]λk (which has
a natural Fqk-vector space structure). Since JC [p]λ has dimension n = s− 2
over Fq (see [V3], or equation(3) below), this yields a homomorphism GK →
GLn(q).
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Theorem 4.16 Let ζ = (ζ1, . . . , ζs) be a ζ-tuple in Fq satisfying condition
(1) with the property that Fq = Fp(ζ1, . . . , ζs), and let σζ = (σ1, . . . , σs−1) be

the associated Thompson tuple in GLn(q), where n = s− 2. In addition, let
t1, . . . , ts−1 be distinct points in k, and let ts = X be transcendental over k.
Put K = k(X), and choose accordingly the cyclic covering

φ = φt,ζ : C → P
1
K

and character λ : Z → F
∗
q as in the previous Lemma. Let S = JC [p]λ be the

associated λ-component of the p-torsion points of JC, and let N = Nλ,Z′ be
the fixed field of the kernel of the homomorphism

ρλ,Z′ : GK → GLn(q)/Z ′

induced by the action of GK on S ' F
n
q , where Z ′ ≤ Z(GLn(q)) is any

subgroup containing λ(Z).

(a) The Galois group of the extension k̄N/k̄(X) is the subgroup

G′ = 〈σ′1, . . . , σ′s−1〉 ≤ GLn(q)/Z ′

generated by the images σ′i of the Thompson tuple in GLn(q)/Z ′. Moreover,
the ramification type of this extension is [G′, {t1, . . . , ts−1},C′], where C′ =
(C ′1, . . . , C

′
s−1) and C ′i denotes the class of σ′i in G′.

(b) If G′ is self-normalizing in GLn(q)/Z ′, then N is regular over k, and
hence Gal(N/k(X)) ' Gal(k̄N/k̄(X)) ' G′.

Proof. The analogous result for the case that the branch points t1, . . . , ts
are algebraically independent over k was proved in [V3], Theorem A. So we
have to carry through a specialization argument which essentially boils down
to replacing the pure braid group B(s) by its normal subgroup generated by
Q1,s, . . . , Qs−1,s.

As in the proof of Theorem A of [V3], let Os be the space of subsets of C of
cardinality s, and H(C) the Hurwitz space related to covers of type ζ; and
let p be a point of H(C) over the point p̄ = {t1, . . . , ts} of Os such that the
corresponding cover of P1 has ramification of type ζi over ti. We can proceed
as in that proof till to step 4.

There we specialize: O has to be replaced by the curve L̃ defined as fol-
lows: Let L be the curve on Os consisting of all {t1, . . . , tn+1, t}, t ∈ C \
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{t1, . . . , tn+1}, and L̃ the (absolutely) irreducible component of the inverse
image of L in Hs(G)(A1) that contains p1; here A1 = V · Z ′. The funda-
mental group π1(Os, p̄) can be identified with the braid group Bs in such a
way that Q1,s, . . . , Qs−1,s correspond to loops around t1, . . . , ts−1 on L that
generate π1(L, p̄). Let H be the stabilizer of L̃ in A0/A1

∼= GLn(q)/Z ′.
Let Φ′ζ : B(s) → GLn(q)/Z ′ be the composition of Φζ (see Lemma 4.14)
with the canonical map GLn(q) → GLn(q)/Z ′. As in [V5], Lemma 2.2
we see that H is conjugate in GLn(q)/Z ′ to the group G′ generated by
Φ′ζ(Q1,s), . . . ,Φ

′
ζ(Qs−1,s). We may assume H = G′.

Then similarly as in Step 4, the Galois action of Gk̄(X) on the subspace
S ∼= F

n
q of the p-division points of the Jacobian of C induces modulo Z ′ the

group H = G′. Furthermore, if we let N ′ = k̄N (which is the fixed field of
the kernel of the map Gk̄(X) → G′), then the extension N ′/k̄(X) is ramified
where t equals some ti, and Φ′ζ(Qi,s) is a corresponding distinguished inertia
group generator. This (together with Lemma 4.14) proves part (a) of the
theorem.

(b) Note that Gk̄(X) is normal in Gk(X). Thus, if G′ is self-normalizing in
GLn(q)/Z ′, then the image of Gk(X) in GLn(q)/Z ′ also equals G′, and so the
corresponding extension N/k(X) is regular over k.

Remark 4.17 Let K(Sλ) denote the extension of K obtained by adjoining
the coordinates of the p-torsion points in Sλ ⊂ JC [p] to K. Then clearly
K(Sλ) = Nλ,1 is the fixed field of the kernel of the representation

ρλ : GK → Aut(Sλ) ' GLn(q)

on Sλ, and hence is a Galois extension of K which contains the field(s)
N = Nλ,Z′ of Theorem 4.16. Moreover, K(Sλ) is cyclic over N with Galois
group Gal(K(Sλ)/N) ≤ Z ′. We shall see below in Theorem 5.14 that the
extension K(Sλ)/Nλ,Z′ is always an unramified extension.

The consequence of Theorem 4.16 is that the almost unramified families of
covers of P1 constructed in the previous section are obtained by adjoining
Galois invariant subspaces of torsion points of families of abelian varieties to
K(X). This imposes strong conditions on these abelian varieties.
In the next section we shall discuss some consequences of these conditions in
more detail.
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5 A family of curves with infinite geometric

fundamental group

5.1 The abelian variety JnewC

In order to interpret the results of the previous section geometrically, it is
useful to introduce the following “new part” JnewC of the Jacobian JC of a
cyclic covering π : C → C ′ of curves, which is (partially) analogous to the
new part of the Jacobian of the modular curve X0(N).

Definition 5.1 Let π : C → C ′ be a cyclic covering of curves defined over
an arbitrary field K, and let Z = Aut(π) ' Z/NZ denote its covering group.
For each subgroup H ≤ Z let πH : C → CH = C/H denote the quotient
map. Then we call the abelian subvariety

JoldC :=
∑
H≤Z
H 6=1

π∗HJC/H

the old part of JC , and its orthogonal complement (with respect to the canon-
ical polarization on JC) the new part JnewC .

For our purposes it is important to observe that JnewC and JoldC can be ex-
pressed in terms the following idempotent εnew of the group ring Q[Z]:

εnew =
∑
d|N

µ(d)εd,

where, for a subgroup H ≤ Z of order d,

εd = εH =
1

d

∑
h∈H

h ∈ Q[Z].

Lemma 5.2 If χ : Z → C
∗ is a fixed character of order N = |Z|, then

εd =
N−1∑
k=0
d|k

εχk and εnew =
N−1∑
k=1

(k,N)=1

εχk , (2)

where εχk = 1
N

∑
g∈Z χ(g)kg−1 ∈ C[Z] denotes the primitive idempotent as-

sociated to the character χk. In particular, εnew is a symmetric idempotent
of Q[Z] and

εd · εnew = 0, for all d|N, d 6= 1.
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Proof. Since the χk form a dual basis of the group ring C[Z], it is enough to
verify (2) after evaluating both sides by χk, for k = 0, . . . , N−1. Now for any
class function ψ on Z we have ψ(εH) = (1H , ψ|H), ψ(εχk) = (χk, ψ). Since for
a subgroup H of order d we have χk|H = 1H ⇐⇒ Ker(χk) ≥ H ⇐⇒ d|k, it

follows that χk(εd) = 1 if d|k and χk(εd) = 0 otherwise. From this, the first
formula of (2) is obvious and the second follows readily, using the fact that
s :=

∑
d|(k,N) µ(d) = 1, if (k,N) = 1 and s = 0 otherwise.

Thus, by (2) we see that εnew is a sum of pairwise orthogonal idempotents,
and hence is also an idempotent. Furthermore, εnew is symmetric since all εd
are symmetric.
Finally, if d 6= 1, then (2) shows that εd and εnew have no common compo-
nents εχk , and hence are orthogonal.

Corollary 5.3 Put ε̃new = Nε and ε̃old = N − ε̃. Then ε̃new, ε̃old ∈ End(JC)
and we have

JoldC = ε̃old(JC), JnewC = ε̃new(JC).

Furthermore, JC = JoldC + JnewC , and JoldC ∩ JnewC ≤ JC [N ]; in particular,
JC ∼ JoldC × JnewC .

Proof. By definition, Nεnew ∈ Z[Z] ⊂ End(JC), and so ε̃new, ε̃old ∈ End(JC);
note that ε̃old = N(1 − εnew) =

∑
1 6=d|N µ(d)Nεd. Put ε̃d = dεd ∈ Z[Z].

Then ε̃d(JC) = π∗Hd(JC/Hd), so it follows from the definition that ε̃old(JC) ⊂∑
1 6=d|N π

∗
Hd

(JC/Hd) = JoldC . On the other hand, by Lemma 5.2 we have

ε̃oldε̃d = Nε̃d, if d 6= 1, so π∗Hd(JC/Hd) = ε̃d(JC) = ε̃old(ε̃d(JC)) ⊂ ε̃old(JC)
and hence JoldC = ε̃old(JC). By construction, ε̃new + ε̃old = N , ε̃new · ε̃old = 0,
so JnewC := ε̃new(JC) is the orthogonal complement of JoldC , and hence the
isogeny relation follows.

Corollary 5.4 Suppose p 6= char(K) is a prime with p ≡ 1 modN . Then
there exist primitive characters λ : Z → F

∗
p and λ̃ : Z → Z

∗
p of order N and

we have natural identifications (of Z-modules and GK-modules)

JnewC [p] =
⊕

1≤k<N
(k,N)=1

JC [p]λk , and Tp(J
new
C ) =

⊕
1≤k<N

(k,N)=1

Tp(JC)λ̃k ,

where Tp(A) = lim
←−
A[pn] denotes the Tate-module of an abelian variety A.

In particular, dim JnewC = 1
2
φ(N)(2gC′ − 2 + r), where r = #{P ∈ C ′(K̄) :

eP (π) > 1} denotes the number of ramified primes.
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Proof. By the hypothesis on p, both Fp and Zp contain a primitive N -th
root of unity and so λ and λ̃ exist. Thus, if we replace χ by λ and λ̃ in
(2), the analogous formulae of (2) hold in Fp[Z] and in Zp[Z]. From this the
above decomposition follows because JnewC [p] = εnew(JC [p]) and JC [p]λk =
ελk(JC [p]), and similarly, Tp(J

new
C ) = εnewTp(JC) and Tp(JC)λ̃k = ελ̃kTp(JC).

(Note that this is also a decomposition of GK-modules since the Z-action
commutes with the GK-action.)
To work out the dimension of JnewC , we use the well-known fact (cf. Serre[Se2],
p. 106) that the character h1 of the representation of Z on Tp(JC) ⊗ Qp is
given by

h1 = 2 · 1Z + (2gC′ − 2)regZ + aZ

where aZ =
∑

P ′∈C′ aP ′ , and aP ′ = (regZ − 1∗DP ) denotes the (tame) Artin
character at P ′. (Here DP is the decomposition group of any P ∈ π−1(P ′),
and ∗ denotes induction.) From this it follows easily (by Frobenius reci-
procity) that if k 6≡ 0 modN , then the rank of Tp(JC)λ̃k (= dimFp(JC [p]λk))
is

(h1, λ̃
k) = (2gC′ − 2) + rk, where rk := (aZ , λ̃

k) = #{P ′ ∈ C ′ : eP ′ 6 | k}. (3)

Since rank(Tp(J
new
C )) = 2 dim(JnewC ), the asserted dimension formula follows.

Using the abelian variety JnewC , we can now give the following geometric
interpretation of the main result (Theorem 4.16) of the previous section.

Theorem 5.5 Let K = k(t), where t is transcendental over k and k contains
the N-th roots of unity. Suppose that t1, . . . , tn+1 are n+ 1 distinct elements
in k, and put tn+2 = t. In addition, suppose that m1, . . . ,mn+2 are integers
with 1 ≤ mi < N such that gcd(m1, . . . ,mn+2, N) = 1, m1 + . . .+mn+2 ≡ 0
mod N and mi 6= N −mn+2, for 1 ≤ i ≤ n + 1. Let π : C → P

1 denote the
cyclic covering of degree N defined by the equation

yN = c(x− t1)m1 · · · (x− tn+2)mn+2 , (4)

where c ∈ k∗, and let A = JnewC denote the new part of the Jacobian JC of
C. Then dimA = 1

2
φ(N)n, and for any prime p ≡ 1 modN we have:

(a) The group A[p] of p-torsion points of A is the direct sum of GK-invariant
subspaces Si = JC [p]λi, where (i, N) = 1, and λ : Z = Aut(π) → F

∗
p is a

primitive character. Moreover, GK acts irreducibly on each Si, and hence
semi-simply on A[p].
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(b) Let Li (respectively, M̃i and Mi) denote the fixed field of the kernel
of the action of GK on Si (respectively, on Si/λ

i(Z) and on P(Si)), so
Li ⊃ M̃i ⊃ Mi. Then Li/M̃i is a cyclic extension of order dividing N ,
and M̃i/K (respectively, Mi/K) is a Galois extension whose geometric part
G̃ := Gal(k̄M̃i/k̄K) ≤ GLn(p)/λi(Z) (respectively, Ḡ := Gal(k̄Mi/k̄K) ≤
PGLn(p)) is generated by the image of the Thompson tuple attached to the
covering. In addition, M̃i (and hence also Mi) is ramified only at t1, . . . , tn+1

with ramification order dividing N .

(c) The field K(A[p]) (which is generated over K by the coordinates of all
p-torsion points of A) is an abelian extension of the compositum M̃ of all the
M̃i’s of degree dividing Nφ(N). Moreover, M̃/K is ramified only at t1, . . . , tn+1

with ramification order dividing N .

(d) If (n, p− 1) = 1, (and N6 | 6 if n = 3), then Mi is regular over k and

Gal(Mi/K) = PGLn(p) = PSLn(p).

Proof. (a) The first assertion follows directly from the decomposition of
Corollary 5.4. Next, choose a “canonical generator” σ of Z as in the proof
of Lemma 4.15. Then for any i with (i, N) = 1, the hypotheses on the
mj’s guarantee that the (n + 2)-tuple ζ1 = λi(σm1), . . . , ζn+2 = λi(σmn+2)
satisfies condition (1) of Lemma 4.14 and so by Theorem 4.16(a) (with Z ′ =
Z(GLn(p))) it follows that the image of the Galois group Gk̄K on P(Si) is
generated by a Thompson tuple and hence GK ≥ Gk̄K acts irreducibly on Si.
(b) Since Gal(Li/M̃i) = Gal(Li/K) ∩ λi(Z) ≤ λi(Z) (viewed as subgroups
of AutFp(Si) ' GLn(p)), the first assertion is clear. The other assertions
follow directly from Theorem 4.16(a) by taking Z ′ = λi(Z) (respectively,
Z ′ = Z(GLn(p))).
(c) Since A[p] is the direct sum of the Si’s (cf. part (a)), we have K(A[p]) =∏
Li, and so both assertions follow from part (b).

(d) The hypothesis implies that n is odd and that PSLn(p) = PGLn(p).
Thus, from Theorem 4.6 it follows that the image Ḡ of the Thompson tuple
in PGLn(p) generates the whole group. In particular, Ḡ is self-normalizing,
and so Mi is regular over k by Theorem 4.16(b).

Remark 5.6 We shall see below in Theorem 5.14 that the extension Li/Mi

is always unramified; in particular, K(A[p]) is unramified over M̃ .

By applying a variant of the Serre-Tate criterion of potentially good reduction
(see below), we obtain
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Theorem 5.7 If C/K is as in Theorem 5.5, then the new part A = JnewC of
its Jacobian JC has potentially good reduction over K. In other words, there
is a finite extension K0 of K such that AK0 = A⊗K0 extends to an abelian
scheme A over the projective curve T0 with function field K0, i.e. for each
geometric point P ∈ T0(K̄) the fibre of A over P is an abelian variety.

Proof. By Theorem 5.5 (c), we see that for all primes p ≡ 1 modN , the
ramification degrees of the extension K(A[p])/K divide Nφ(N)+1, and so the
assertion follows from the following criterion:

Proposition 5.8 (Serre-Tate Criterion) Let K be a field with a discrete
valuation v, and let A be an abelian variety over K. Then the following
conditions are equivalent:

(i) A has potentially good reduction at v;

(ii) the ramification degree of v in K(A[m]) is bounded for all m prime to
char(κ(v));

(iii) there is a constant c such that the ramification degree ev(K(A[p])/K) ≤
c, for infinitly many primes p.

Proof. This is well-known, but for convenience of the reader we present the
proof.
(i)⇒ (ii): This follows from the criterion of Néron-Ogg-Shafarevich for good
reduction; cf. Serre-Tate[ST], Theorem 2.
(ii) ⇒ (iii): Trivial.
(iii)⇒ (i): By replacing K by a suitable finite extension K ′, we may assume
without loss of generality that A has semi-stable reduction at v. (For ex-
ample, we could take K ′ = K(A[p]), for any prime p ≥ 3, p 6= char(κ(v));
cf. Grothendieck[Gro], Prop. 4.7). In addition, we may assume that K is
henselian with separably closed residue field. Then the implication (iii) ⇒
(i) follows once we have verified:

Claim: If A does not have good reduction at v, then p|ev(K(A[p])/K),
for every prime p 6 |#(Φ(AK)) (p 6= char(κ(v))), where Φ(AK) denotes the
(finite) group of components of the Néron model of A/K with respect to v.

To see this, we first note that for p as above, #(A[p](K)) = #(A0[p](κ(v)) =
pt+2a, where t denotes the toric rank and a the abelian rank of the connected
component A0 of the identity of the reduction of the Néron model. (Note
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that t + a = d := dimA, and that t > 0 since A has bad reduction.) On
the other hand, for K ′ = K(A[p]) we clearly have #(A[p](K ′)) = p2d, and so
pt|#Φ(AK′). Thus, p|#(Φ(AK′)/Φ(AK)). On the other hand, the quotient
group Φ(AK′)[p]/Φ(AK)[p] has exponent ev(K

′/K); this follows from [Gro],
Th. 11.5, together with formula (10.3.5). Thus p|ev(K ′/K), as asserted.

Remark. In the above implication (iii)⇒ (i) we needed several deep results
from Grothendieck’s article [Gro]. However, all these can be avoided if in
condition (iii) we can assume in addition that K(A[p])/K is tamely rami-
fied for the primes p in question. (This is always the case if |GL2d(p)| is
prime to the residue characteristic char(K), but for the above application we
need to assume only that (char(K), N) = 1 since we already know that the
ramification degree divides a power of N .)
In that case the implication (iii) ⇒ (i) can be proved as follows:
Again, it is enough to prove this in the case that K is henselian with sepa-
rably closed residue field. If L denotes the compositum of the K(A[p])’s for
the primes in question, then the hypothesis (and tame ramification) implies
that L is a finite (cyclic) extension of K. By construction, L(A[p]) = L
for infinitely many p’s, so by the Néron-Ogg-Shafarevich criterion for good
reduction (cf. [ST], Theorem 1), A has good reduction over L and hence
potentially good reduction over K.

Let us now come back to Theorem 5.7. By imposing further restrictions on
the mi’s, we can conclude that all of JC has potentially good reduction:

Corollary 5.9 Suppose that C/K is as above and satifies in addition the
condition that mi 6≡ −mn+2 mod d, for every d|N with en+2 6 | d 6= 1, where
en+2 = N

(mn+2,N)
. Then JC has potentially good reduction over K.

Proof. Induct on the number of the divisors of N . If N is prime, then JC =
JnewC and so the assertion follows from the theorem. If N is composite, then
by the theorem it is enough to show that JoldC has potentially good reduction
or, equivalently, that every Jd := JC/Hd has potentially good reduction (for
d|N , d 6= 1). This is clear if e := en+2|d, for then Cd := CHd is unramified at
tn+2 and hence the covering is already defined over K. Thus, assume e 6 | d.
Then the ramification of Cd → P

1 satisfies the same hypotheses as C → P
1,

and so by the induction hypothesis we have that JCd has good reduction.
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5.2 Rational points on K(P(Si))

One of the advantages of the above geometric description of the extensions
generated by Thompson tuples is that it is possible to determine whether or
not the extension field has a rational point. This is based on the following
(well-known) fact.

Proposition 5.10 Let A be an abelian variety over K which has potentially
good reduction with respect to a discrete valuation v on K. Suppose that v is
unramified in K ′ = K(A[m]), where m ≥ 3 is an integer which is relatively
prime to the characteristic of the residue field k = κ(v) of v. Then:

(i) the reduction Av of A at v is an abelian variety over k;

(ii) if v′ denotes any extension of v to K ′, then its residue field is κ(v′) =
k(Av[m]).

Proof. The first assertion follows from [ST], Theorem 2, Corollary 2(b). To
prove the second, let k′ = κ(v′). Then the reduction map rv′ : A(K ′) →
Av′(k

′) induces an isomorphism A[m](K ′) ' Av′ [m](k′), so all m-torsion
points of Av are rational over k′. Thus k(Av[m]) ⊂ k′. To prove that equality
holds, let σ ∈ Gal(k′/k(Av[m])). Then σ lifts uniquely to an automorphism
σ̃ ∈ Dv′(K

′/K), where Dv′(K
′/K) ≤ Gal(K ′/K) denotes the decomposition

group of v′. Since the action of σ̃ on A[m] is (via rv′) the same as that of
σ on Av′ [m] = Av[m], this means that σ̃ acts trivially on A[m]. But then σ̃
and hence σ are both trivial, so k′ = k(Av[m]).

Corollary 5.11 In the above situation, suppose that S ⊂ A[m] is a GK-
invariant subspace. Let S̄ denote the image of S in Av′ [m]. Then κ(v′|K(S)) =

k(S̄) and κ(v′|K(P(S))) = k(P(S̄)). In particular, if m = p is a prime, then v

splits completely in K(P(S)) if and only if every k̄-isogeny of Av with kernel
in S̄ is k-rational.

Proof. By the same argument as in the proof of the proposition, we see
that Gal(k′/k(S̄)) ' Dv′(K

′/K) ∩ Gal(K ′/K(S)) = Dv′(K
′/K(S)), and so

the first assertion follows. To prove the second, we note that the group
Gal(K(S)/K(P(S))) consists of those σ ∈ Gal(K(S)/K) which act diag-
onally on S. Since Gal(k(S̄)/k(P(S̄))) is defined similarly, we see that
Gal(k(S̄)/k(P(S̄))) ' Dv′|K(S)

(K(S)/K(P(S))), and so the second assertion

follows.
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To prove the last assertion, we observe that by the above result v splits
completely in K(P(S))⇐⇒ k(P(S̄)) = k⇐⇒ everyσ ∈ Gal(k(S̄)/k) acts
diagonally on S̄⇐⇒ σ(Fps̄) = Fps̄, for all s̄ ∈ S̄ and σ ∈ Gal(k(S̄)/k)
⇐⇒ every isogeny ϕ : Av → A′ with kernel Ker(ϕ) = Fps̄ (where s̄ ∈ S̄−{0})
is k-rational ⇐⇒ every k̄-isogeny of Av with kernel in S̄ is k-rational.

The main difficulty in applying the above criterion to our situation is the
fact that we need to guarantee that v is unramified in K(A[p]) for some p.
Although we already know by Theorem 5.5 the ramification behaviour of the
extension K(P(Si))/K, there remains the problem of understanding that of
K(Si)/K(P(Si)). This will be analyzed next by using the following criterion.

Proposition 5.12 Let A/K be an abelian variety and let v be a discrete
valuation of K. Moreover, let I = Iv′ denote the inertia group of an extension
v′ of v to K ′ = K(A[p]), where p 6= char(κ(v)) is a prime. If S ⊂ A[p] is
a non-zero GK-invariant subspace and H = Gal(K ′/K(P(S))), then v′|K(S)

is unramified over K(P(S)) if and only if SI∩H 6= {0}. In particular, if
SI 6= {0}, then v′|K(S) is unramified over K(P(S)).

Proof. Let H0 = Gal(K ′/K(S)) ≤ H. Then v′|K(S) is unramified over

K(P(S)) ⇐⇒ I ∩H ≤ H0 ⇐⇒ I ∩H acts trivially on S ⇐⇒ SI∩H = S.
Thus, if v′|K(S) is unramified, then clearly SI∩H = S 6= {0}. Conversely, if

S0 := SI∩H 6= {0} and g ∈ I ∩H, then g acts diagonally on S and trivially
on S0, so g acts trivially on all of S. Thus I ∩ H ≤ H0, and so v′|K(S) is
unramified.

Corollary 5.13 Suppose in addition that S = A[p]λ where λ : Z → F
∗
p is

a character on a finite subgroup Z ≤ Aut(A). If either A[p]Iλ 6= {0} or if

Tp(A)Ĩ
λ̃
6= {0}, where λ̃ : Z → Z

∗
p is a lift of λ and Ĩ ≤ GK denotes the

absolute inertia group of an extention of v (and of v′) to Ksep, then v′|K(S) is

unramified over K(P(S)).
In particular, if the reduction Av of the Néron model of A/K at v is not
unipotent (i.e. the connected component of Av is not an extension of additive
groups), then v′ is unramified over K(P(A[p])).

Proof. If the second hypothesis holds, then also V := Tp(A)Ĩ
λ̃
⊗ Fp 6= {0}.

But then {0} 6= V ⊂ (Tp(A)λ̃ ⊗ Fp)Ĩ = A[p]Iλ, which means that the second
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hypothesis implies the first. Now if the first hypothesis holds, then SI∩H ⊃
SI 6= {0}, and so the conclusion follows directly from the proposition.
In particular, taking for λ̃ the trivial character (on Z = {1}), then by [Gro],

Prop. 2.2.5 (and (2.1.11)) we have rank(Tp(A)Ĩ) = n − λ(A), where n =

dim(A) and λ(A) denotes the unipotent rank ofAv. Thus, Tp(A)Ĩ = {0} ⇐⇒
Av is unipotent, and so the assertion follows from the previous criterion.

The above criterion can be used in our situation in the following way.

Theorem 5.14 In the situation and notation of Theorem 5.5, let vi denote
the place of K/k corresponding to the specialization t→ ti, for 1 ≤ i ≤ n+1.
Then:

(a) If v is any place of K/k with v /∈ R := {v1, . . . , vn+1}, then C and hence
JC and A = JnewC have good reduction at v.

(b) For each i with 1 ≤ i ≤ n + 1, let C̄i denote the normalization of the
curve

yN = c(x− t1)m1 · · · (x− tn+1)mn+1 · (x− ti)mn+2 ,

and let π̄i : C̄i → P
1
k denote the associated cyclic covering of degree N . Then

C̄i is the normalization of the reduction of C at vi, and the new part Jnew
C̄i

of

its Jacobian has dimension 1
2
φ(N)(n− 1).

(c) Let Jvi and Avi denote the reductions of the Néron models of JC and A =
JnewC at vi, and let J0

vi
and A0

vi
denote their respective connected components

of the identity. Then there are natural surjections of algebraic groups fi :
J0
vi
→ JC̄i and fnewi : A0

vi
→ Jnew

C̄i
.

(d) Let Ĩ = Ĩvi ≤ GK denote the inertia group of an extension of vi to Ksep.
Then for any prime p ≡ 1 modN (with p 6= char(K)) and any primitive

character λ̃ : Z → Z
∗
p, we have that rank(Tp(JC)Ĩ

λ̃
) ≥ n− 1.

(e) For p as above, let λ : Z → F
∗
p be a primitive character. Then for

any j with (j, N) = 1, the extension Lj = K(Sj) is everywhere unramified
over Mj = K(P(Sj)), and hence K ′ = K(A[p]) is ramified over K only at
the places of R with ramification index dividing N and is unramified over
M =

∏
Mj.

Proof. Recall that C is by definition the normalization of the projective plane
curve C ′ ⊂ P2

K defined by equation (4). Let C ′ denote the closure of C in
P

2
P1 = P2×P1, and let ν : C → C ′ denote its normalization (in κ(C ′) = κ(C)).
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Then, if v is a place of K/k with v 6= v∞, the place at infinity, then the fibre
C ′v of C ′ is the projective plane curve over κ(v) defined by the equation

yN = c(x− t1)m1 · · · (x− tn+1)mn+1 · (x− t̄)mn+2 ,

where t̄ ∈ κ(v) ⊃ K denotes the image of t in the residue field of v. Since
this curve is reduced and geometrically irreducible, it follows that the same
is true for the fibres Cv of C, and so the normalization ν̃v : C̃v → C ′v of C ′v
factors over the finite map νv : Cv → C ′v. Note that by considering a different
affine model, the above argument extends to show that the last assertions
are also true for v = v∞.

(a) If v 6= v∞, then the hypothesis on v means that t̄ 6= t1, t2, . . . tn+1. Thus,
by Riemann-Hurwitz, the genus of C̃v is the same as that of C, and so C has
good reduction at v. Then JC also has good reduction (cf. [BLR], 9.4/4) and
hence so does any quotient A of JC (cf. [BLR], 7.5/3). Since the argument
for v = v∞ is similar, this proves assertion (a).

(b) Now suppose that v = vi, so t̄ = ti (and κ(v) = k). Then C ′v is the
projective plane curve defined by the given equation and so by what was
said above, C̄i = C̃v, which proves the first assertion. The second assertion
follows directly from Corollary 5.4, for π̄i : C̄i → P

1
k is a cyclic covering of

degree N which is ramified at precisely r = n+ 1 places.

(c) Let δ : C̃ → C denote a desingularization of C (which exists since the base
P

1
K is clearly excellent). Then, since C is normal, C̄i is the normalization of a

component of the fibre C̃v of C̃ at v = vi. Thus, we have a natural surjection
Pic0
C̃v/k
→ Pic0

C̄i/k
(cf. [BLR], 9.2/13). On the other hand, by [BLR], Th.

9.5/4, Pic0
C̃v/k

is canonically isomorphic to the connected component J0
i of

the identity of the reduction Ji = Jvi of the Néron model of JC at v = vi,
and so we have a canonical surjection fi : J0

i → JC̄i .
Next we observe that the covering automorphisms σ ∈ Aut(π) map isomor-
phically onto those of π̄i : C̄i → P

1
k, and so these extend to automorphisms

of J0
i and of JC̄i in such a way that fi becomes equivariant. From this it

follows that if ε̄i : JC̄i → Jnew
C̄i

denotes the projection map onto the new part
of JC̄i (cf. Corollary 5.3), then the composition ε̄i ◦ fi factors over the map
ε̃new,i : J0

i → A0
vi

which is induced by the universal property of Néron models;
i.e. there is a homomorphism fnewi : A0

vi
→ Jnew

C̄i
such that ε̄i◦fi = fnewi ◦ε̃new,i.

Thus, since fi and ε̄i are surjective, so is fnewi , which proves the assertion.

(d) By Grothendieck [Gro], Prop. 2.2.5 (and (2.2.3.3)), we have a natural

identification Tp(A
0
i ) ' Tp(A)Ĩ (after passing to the henselization of vi). Since

28



the action of Z commutes with the Galois action, this induces an isomorphism
Tp(A

0
i )λ̃ ' Tp(A)Ĩ

λ̃
. Now by (c), the map fnewi is surjective, hence so is the

induced map on the Tate modules, and therefore Tp(A
0
i )λ̃ → Tp(JC̄i)λ̃ is

surjective as well. Thus, dimTp(A)λ̃ ≥ dimTp(JC̄i)λ̃ = n − 1, the latter by
formula (3) of Corollary 5.4.

(e) Let v be a place of K/k. If v 6= vi, then A has good reduction at
v, so K(A[p]) is unramified over K at v, hence a fortiori so is K(Sj) over
K(P(Sj)). On the other hand, if v = vi, then in in view of (d) we can apply
the criterion of Corollary 5.13 to see that v′|K(Sj)

is unramified over K(P(Sj))

for every extension v′ of v. Thus, Lj = K(Sj) is everywhere unramified over
Mj = K(P(Sj)) and hence K(A[p]) =

∏
Lj is unramified over M =

∏
Mj as

well. On the other hand, it follows from Theorem 5.5 that each Mj and hence
M is unramified outside R and ramified at each vi ∈ R of order dividing N ,
so the same is true for K ′.

By using the above proposition, we can now make the assertion of Theorem
5.7 much more precise.

Theorem 5.15 Let K0 be a finite Galois extension of K = k(t) such that the
ramification index ei = evi(K0/K) at vi is divisible by N , for 1 ≤ i ≤ n+ 1.
Then A = JnewC has good reduction everywhere over K0, and hence K0(A[m])
is unramified over K0 for every integer m relatively prime to char(K).

Proof. If p ≡ 1 modN is any prime (p 6= char(K)), then by Abhyankar’s
Lemma it follows from Theorem 5.14(e) that K0(A[p]) = K(A[p]) · K0 is
unramified over K0. By the criterion of Néron-Ogg-Shafarevich, this means
that AK0 = A ⊗K0 has good reduction everywhere, and hence K0(A[m]) is
unramified over K0 for all m which are prime to char(K).

Thus, by above theorem we can now apply Corollary 5.11 to obtain following
criterion for the existence of rational points:

Corollary 5.16 Suppose in addition that v = vi0 is totally ramified in K0,
and let Aṽ denote the reduction of A⊗K0 at ṽ, where ṽ denotes the (unique)
extension of v to K0. If p 6= char(K) is any prime and S ⊂ A[p] is a
GK-invariant subspace such that

(??) every isogeny of the reduction Aṽ with kernel contained in S̄ (= the
image of S in Av) is rational over K,

then every extension of ṽ to MS := K0(P(S)) is a K-rational point of MS.
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5.3 Example

We now return to Example 4.11, but change the notation slightly to conform
with that of this section. Thus, let k be a field containing a primitive fourth
root of unity i (so in particular char(k) 6= 2). As before, take n = 3 and (in
the notation of Theorem 5.5) N = 4, m1 = . . . = m3 = 1,m4 = 3 and m5 = 2.
Moreover, let the ramification points be t1 = 0, t2 = 1, t3 = −1, t4 = a, t5 = t
where a ∈ k \ {0,±1} and t is transcendental over k, and put K = k(t).
Then a corresponding cyclic cover π : C → P

1
K is given by the equation

Y 4 = cX(X − 1)(X + 1)(X − a)3(X − t)2 with c ∈ k∗. (5)

Clearly, C has genus 4 and deg(π) = 4. Moreover, π has a subcover of degree
2 whose quotient curve is an elliptic curve E given by the equation

Z2 = cX(X − 1)(X + 1)(X − a) withZ = Y 2/((X − a)(X − t)). (6)

Note that E is a constant curve, i.e. E is already defined over k. Moreover,
E maps injectively into the Jacobian JC of C and can be identified with the
old part JoldC of JC (cf. section 5.1). Its complement in JC is therefore the
new part A = JnewC ; thus JC ∼ E × A and so dimA = 3.

Next we choose a cyclic extension K0 of K of degree 4 which is totally
ramified at each of the points of R = {0, 1,−1, a}. For example, we can take
K0 = k(t, s) where

s4 = t(t2 − 1)(t− a)g(t), (7)

and g(t) 6= 0 is any nonzero polynomial of which does not vanish at R.
Thus, if T0 denotes the smooth curve over k defined by this equation (whose
function field is K0), then by Theorem 5.15 we obtain

Proposition 5.17 The abelian variety AK0 = A⊗K0 extends to an abelian
scheme A over the curve T0.

Now we want to verify that the tower of unramified covers K0(P(Sp)) of K0

attached to the subspaces Sp ⊂ A[p] for p ≡ 1 mod 4 has rational points
which all lie over the same base-point ṽ of K0.
For this we shall use the criterion (??) of Corollary 5.16 applied to the place
v = v4 corresponding to the specialization of t to t4 = a. However, in order to
do this, we need to determine the structure of the reduction A0 := Aṽ of AK0

at the unique extension ṽ of v to K0. (Recall that by the above proposition
we know that A0 is an abelian variety over k.) As a first step towards this
end, we shall prove:
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Proposition 5.18 Let Jṽ denote the reduction of the Jacobian J = JC⊗K0

at ṽ. Then
Jṽ ' J0 × Ed,

where J0 is the Jacobian of the curve C0 which is the normalization of the
curve defined by the equation

Ȳ 4 = cX̄(X̄ − 1)(X̄ + 1)(X̄ − a)

and Ed denotes the elliptic curve given by the equation

Y 2 = X(X2 − d), (8)

where d = c/g(a) and g is as in (7).

Proof. First note that since JC ∼ E×A, and E is a constant curve, it follows
from Proposition 5.17 that J has good reduction over T0 and in particular at
ṽ. Thus, if C denotes the minimal model of C at ṽ, then C has semi-stable
reduction (use [BLR], 9.5/4, 9.2/5 and 9.2/12). Thus, if C1, . . . , Cr denote
the irreducible components of the reduction Cṽ of C, then each Ci is smooth
(by [BLR], 9.2/12) and we have (by [BLR], 9.5/4 and 9.2/8)

Jṽ = JC1 × . . .× JCr .

Thus, the assertion follows once we have shown that C0 and Ed occur as
components of Cṽ, for then all other components must have genus 0 (since
g(C) = 4, g(C0) = 3 and g(Ed) = 1). For this it is enough to show:

Claim: There are normal models C ′ and C ′′ of C over Oṽ whose reductions
C ′ṽ and C ′′ṽ each have an irreducible component C ′ṽ,1 and C ′′ṽ,1 with function
field κ(C ′ṽ,1) ' κ(C0) and κ(C ′′ṽ,1) ' κ(Ed).

Indeed, if such a model C ′ exists, then its desingularization and hence the
minimal model C have the same property (because g(C0) > 0). But since all
components of C are smooth, there is a component C1 of C with C1 ' C0,
and similarly, if such a model C ′′ exists, then C has a component C2 ' Ed.

Proof of claim: a) The construction of C ′: Let C̃ denote the normal model
constructed in the proof of Theorem 5.14. Its fibre C̃v at v is integral and
has C0 as its normalization (because Y 4 = cX(X2 − 1)(X − a)5 also has
normalization C0). Thus, if we let C ′ denote (the normalization of) C̃ ⊗Oṽ,
then its fibre C ′ṽ has normalization C0, as desired.
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b) The construction of C ′′: Let F0 = κ(C ⊗K0) denote the function field of
C ⊗K0; thus F0 = K0(X, Y ) = k(t, s,X, Y ), where X and Y are related by
equation (5) and t and s by equation (7). Put x = (X−a)/s4 and y = Y/s5.
Then F0 = K0(x, y) and equation (5) becomes

y4 = x3(x−B)2g1(x),

where B = (t− a)/s4 = (t(t2 − 1)g(t))−1 ∈ K = k(t) and g1(x) = cX(X2 −
1) = c(s4x+ a)((s4x+ a)2 − 1).
Let A denote the integral closure of B = Oṽ[x] in F0, and let C ′′ = Spec(A).
Fix an irreducible component of the reduction of C ′′, and let V denote the
associated (normalized) valution of F0. We then have:

V (
∑
aix

i) = emin(ṽ(ai)), if ai ∈ K0,

for some integer e ≥ 1. Since by construction ṽ(s) = 1, ṽ(t − a) = 4 and
ṽ(g(t)) = 0, we see that V (x − B) = V (g1(x)) = 0, and so also V (y) = 0.
Thus, if x̄ and ȳ denote the images of x and y in the residue field κ(V ) =
Oṽ/Mṽ of V , then the above relation specializes to

ȳ4 = a0x̄
3(x̄− b0)2,

where a0 = g1(x) = ca(a2 − 1) and b0 = B̄ = (a(a2 − 1)g(a))−1. Since this
equation is irreducible over k(x̄) = κ(V|K0(x)), we see that [k(x̄, ȳ) : k(x̄)] = 4.
Thus, since [κ(V ) : κ(V|K0(x))] ≤ [F0 : K0(x)] = 4, it follows that κ(V ) =
k(x̄, ȳ). (It also follows that e = 1 and that V is the unique valuation above
V|K0(x), i.e. that the fibre of C ′′ at ṽ is integral, but we don’t need this.)
It remains to show that k(x̄, ȳ) = κ(Ed). For this, put u = ȳ2/(x̄(x̄ − b0))
and v = a0ȳ/u. Then by the above relation we have u2 = a0x̄, so k(x̄, ȳ) =
k(u, v). Moreover, v2 = a0ȳ

2/x̄ = u(u2 − a0b0), so κ(V ) = κ(Ed), with
d = a0b0 = c/g(a), as desired.

Remark 5.19 It follows from the above proof that reduction Cṽ of the min-
imial model C has the form Cṽ = C1 ∪ . . . ∪ Cr, where C1 ' C0, Cr ' Ed,
and Ci ' P1, for 2 ≤ i ≤ r − 1, and each Ci meets Ci−1 transversally in a
unique point for 2 ≤ i ≤ r.

Next we want to determine the abelian variety J0 up to k-isogeny. To simplify
matters, we shall assume in the following that 1 − a2 is a square in k or,
equivalently, that a = 2b

1+b2
for some b ∈ k, where b 6= 0,±1. (In fact,

b = (1 +
√

(1− a2))/a.) In addition, we shall choose c = (1 + b2).
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Lemma 5.20 Let C0 be the curve defined over k by the equation

Y 4 = cX(X − 1)(X + 1)(X − a), where a =
2b

1 + b2
and c = 1 + b2,

for some b ∈ k\{0,±1}. Then its Jacobian J0 is up to an isogeny of 2−power
degree isomorphic to E ×E1×Eb2, where E is given by equation (6) and E1

and Eb2 by equation (8) by putting d = 1 and d = b2, respectively.
In particular, if b = b2

1 is a square in k, then J0 is k-isogenous to E×E1×E1.

Proof. Let F = κ(C0) = k(X, Y ) denote the function field of C0. Then
F ′ := k(X, Y 2) = κ(E) is the function field of E. We shall show that there
are two subfields F1 ' κ(E1) and F2 ' κ(Eb2) of F which, for suitable
U, V ∈ F , fit into the following field diagram of quadratic extensions:

F

� | �

F1 F2 F ′

� | � �

k(V ) k(X)

� �

k(U)

From this the assertion follows because the fact that F/k(V ) is a Z/2Z ×
Z/2Z-extension implies that J0 = JF ∼ JF ′×JF1×JF2 = E×E1×Eb2 where
the indicated isogeny has 2-power degree; cf. [KR].
To find these subfields, put U = cX(X − a)/(X2 − 1), so [k(X) : k(U)] = 2.
Then

(U − 1)(X2 − 1) = cX(X − a)− (X2 − 1) = (1− bX)2

because c − 1 = b2 and ca = 2b by hypothesis. Thus, if we put Z1 =
Y (1− bX)/(X2 − 1), then

Z4
1 = U(U − 1)2,

and so, if we put F1 := k(U,Z1), then [F1 : k(U)] = 4 and F1(X) = F . In
particular, since [F : k(X)] = 4, we see that F1 ∩ k(X) = k(U) and that
[F : F1] = 2.
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Next, let V = Z2
1/(U − 1). Then by the above equation V 2 = U , so Z2

1 =
V (U − 1) = V (V 2 − 1). From this we see that k(V ) = k(U,Z2

1), so [F1 :
k(V )] = 2, and hence F1 = k(V, Z1) ' κ(E1). In addition, it follows that
k(V,X) = F ′ because F ′ is the unique proper intermediate field of F/k(V ).
In addition, let us observe that

(U − b2)(X2 − 1) = cX(X − a)− b2(X2 − 1) = (X − b)2,

because (c − b2) = 1 and ca = 2b by hypothesis. Therefore, if we put
X1 = (X − b)/(1 − bX) and Z2 = Z1X1, then X2

1 = (U − b2)/(U − 1) and
Z2

2 = V (U − 1) · (U − b2)/(U − 1) = V (V 2 − b2). From this we obtain for
F2 := k(V, Z2) that [F2 : k(V )] = 2 and that F2 ' κ(Eb2). We therefore see
that F1, F2, F

′, k(V ) and k(U) fit into the above field diagram as indicated,
and that F1 ' κ(E1) and F2 ' κ(Eb2).

We can now determine the structure of the reduction A0 = Aṽ of the abelian
variety A = JnewC at ṽ.

Proposition 5.21 Assume again that a = 2b
1+b2

and c = 1 + b2 for some
b ∈ k∗, and let d = c/g(a). Then:

(a) There is a k-isogeny ϕ : A0 → A′0 := E1×Eb2×Ed of 2-power degree, and
hence A0 is k′-isogenous to E1×E1×E1, where k′ = k(

√
b, 4
√
d). Moreover, if

σ0 ∈ Aut(A0) denotes the automorphism induced by a generator σ ∈ Aut(π)
of the covering group, then we have ϕ ◦ σ0 = σ′0 ◦ ϕ for some σ′0 ∈ Aut(A′0).

(b) Let S̄p ≤ A0[p] be an eigenspace of σ0, where p ≡ 1 mod 4 is a prime.
Then every cyclic k̄-isogeny of A′0 with kernel contained in ϕ(S̄p) is an en-
domorphism of A′0. In particular, if k′ = k, then every k̄-isogeny of A0 with
kernel contained in S̄p is defined over k.

Proof. (a) Since A = JnewC and E = JoldC , we have an isogeny ϕ1 : E × A→
J = JC of 2-power degree (cf. Corollary 5.3) whose reduction ϕ1 : E ×A0 →
Jṽ is a k-isogeny of the same degree. Moreover, by Proposition 5.18 we
have an isomorphism ϕ2 : Jṽ

∼→ J0 × Ed, and by Lemma 5.20 we have a
k-isogeny ϕ3 : J0 → E × E1 × Eb2 of 2-power degree. We thus see that
ϕ̃ = (ϕ3 × idEd) ◦ ϕ2 ◦ ϕ1 : E × A0 → E × E1 × Eb2 × Ed = E × A′0 is
an isogeny of 2−power degree, and so the first assertion follows (by taking
ϕ = ϕ̃|{0}×A0) once we have shown that ϕ̃({0} × A0) = {0} × A′0.
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To prove this, it is enough to find automorphisms σ0 ∈ Aut(A0) and σ′0 ∈
Aut(A′0) with σ2

0 = [−1]A0 and (σ′0)2 = [−1]A′0 such that

ϕ̃ ◦ (σ̃0) = (σ̃′0) ◦ ϕ̃,
where σ̃0 = [−1]E × σ0 and σ̃′0 = [−1]E × σ′0.
Indeed, since 1+σ0 is an isogeny of A0 (because (1+σ0)(1−σ0) = 1−[−1]A0 =
[2]A0), we see that (1 + ([−1]E × σ0))(E × A0) = {0} × A0, and similarly
(1+ σ̃′0)(E×A′0) = {0}×A′0, and hence ϕ̃({0}×A0) = ϕ̃((1+ σ̃0)(E×A0)) =
(1 + σ̃′0)ϕ̃(E × A0) = (1 + σ̃′0)(E × A′0) = {0} × A′0, as desired.
To construct σ0 and σ′0 with these properties, let σJ denote the automorphism
(of order 4) on the Jacobian J induced by σ ∈ Aut(π). Then σJ maps the
subvarieties E and A of JC into themselves, and (σJ)|E = [−1]E. Thus, if
σA = (σJ)|A, then we have ϕ1 ◦ ([−1] × σA) = σJ ◦ ϕ1. Thus, if σ̄ (resp.
σ0) denotes the automorphism induced by σJ (resp. σA) on the reduction Jṽ
(resp. on A0), then we also have ϕ1 ◦ ([−1]E × σ0) = σ̄ ◦ ϕ1.
Next we note that the proof of Proposition 5.18 shows that σ induces au-
tomorphisms σd and σC0 on Ed and on C0 respectively, from which we see
that ϕ2 ◦ σ̄ = (σJ0 × σd) ◦ϕ2. Similarly, the proof of Lemma 5.20 shows that
ϕ3 ◦ σJ0 = ([−1]E × σ1 × σb2) ◦ ϕ3, for certain automorphisms σi ∈ Aut(Ei)
where i = 1, b2. We thus see that if we put σ′0 = σ1 × σb2 × σd ∈ Aut(A′0),
then the above commutation relation holds.
It remains to show that σ2

0 = [−1]A0 and that (σ′0)2 = [−1]A′0 . The latter
is clear, for by construction σ′0 = σ1 × σb2 × σd, where (for i = 1, b2, d)
the automorphism σi ∈ Aut(Ei) has order 4 and so σ2

i = [−1]Ei because
char(k) 6= 2, 3. To prove the former, recall that A = ε̃newJ , where ε̃new = 1−
σ2
J , so σ2

J acts on A like [−1]A. Thus, σ2
A = [−1]A and hence by functoriality

we have σ2
0 = [−1]A0 , as desired.

(b) Write E2 = Eb2 and E3 = Ed, so A′0 = E1 × E2 × E3. Let S̄ ′p = ϕ(S̄p) ≤
A′0[p], which is an eigenspace under the action of σ′0 = σ1 × σ2 × σ3 .
Since 4

√
−1 ∈ k and j(Ei) = 1728, we have for i = 1, 2, 3 that End(Ei) ⊃

Z[ 4
√
−1], and equality holds unless Ei is supersingular (i.e. unless char(k) ≡

3 mod 4). Thus, since p ≡ 1 mod 4, there is an αi ∈ End(Ei) of degree p such
that Ker(αi) = S̄ ′p∩ ei(Ei), where ei : Ei → A′0 is the embedding of Ei as the
i-th factor of A′0. Thus, S̄ ′p = Ker(α1)×Ker(α2)×Ker(α3).
Now since E2 and E3 are twists of E1, there are k′-isomorphisms f1i : E1 →
Ei, for i = 2, 3, which we can choose such that f1i ◦ α1 = αi ◦ f1i. Thus, if
P̃1 ∈ E1(k̄) is a generator of Ker(α1), and P̃i = f1i(P1) then {P1, P2, P3} is a
basis of S̄ ′p, where Pi := ei(P̃i).
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Now let h be a cyclic k̄-isogeny of A′0 with Ker(h) ≤ S̄ ′p. Then Ker(h) is
generated by P = aP1 + bP2 + cP3, for some a, b, c ∈ Fp. W.l.o.g. we may
assume that a 6= 0 (otherwise we interchange the roles of E1, E2 and E3), and
hence that a = 1. Then the k′-endomorphism h′ : A′0 → A′0, defined by the

matrix

 (1− b)α1 α1f
−1
12 0

−bf12 idE2 0
−cf13 0 idE3

 has kernel Ker(h′) = 〈P1 +bP2 +cP3〉 =

Ker(h), which proves the first assertion.
From this the second assertion is immediate. Indeed, if k′ = k, then by what
was just shown, every k̄-subgroup of S̄ ′p is k-rational, and hence the same is
true for S̄p.

We can now summarize the results obtained above in the following theorem.

Theorem 5.22 Suppose k contains a primitive fourth root of unity, and let
a = 2b2

1+b4
, for some b ∈ k∗ with b4 6= 1. Let K = k(t, s) be the function field

of any curve of the form

s4 = t(t2 − 1)(t− a)g(t),

where g(t) ∈ k[t] is any polynomial which does not vanish at {0, 1,−1, a}, and
which has been normalized in such a way that (1 + b4)/g(a) is a fourth power
in k. Moreover, let p be the unique place of K/k inducing the specialization
t 7→ a. Then the k-rational geometric fundamental group of K with base point
p is infinite; more precisely, for every prime p ≡ 5 mod 12 (with p 6= char(k)),
there is an unramified extension Kp/K with Gal(Kp/K) ' PSL3(p) in which
p splits completely.

Proof. It is clearly enough to prove the last statement. For this, let C be
the curve defined over k(t) by the equation Y 2 = (1 + b4)X(X2 − 1)(X −
a)3(X − t)2, and let J denote its Jacobian and A = Jnew its new part (cf.
section 5.1). Since the hypotheses on a, c = 1 + b2 and g ensure that k′ :=
k(
√
b2, 4
√
c/g(a)) = k, it follows from Proposition 5.21a) that the reduction

A0 of A⊗K at p is k-isogenous to E1 × E1 × E1.
Now let p ≡ 5 mod 12 be any prime (and 6= char(k)), and let Sp ≤ A[p] denote
an eigenspace of the automorphism σA (cf. proof of Proposition 5.21). By
Theorem 5.5(b),(d) (and Abhyankar’s Lemma) we know thatKp := K(P(Sp))
is unramified over K and that Gal(Kp/K) = PSL3(p). Let S̄p denote the
image of Sp in A0[p] under the reduction map at p; clearly, S̄p is identical to
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the set S̄p as defined in Proposition 5.21(b). Thus, by that proposition, con-
dition (??) of Corollary 5.16 holds, and so it follows that p splits completely
in Kp.

Remark 5.23 The simplest examples of fields K satifying the hypothesis of
Theorem 5.22 are clearly the fields K = k(s, t), where

s4 = (1 + b4)t(t2 − 1)
(
t− 2b2

1+b4

)
and b ∈ k∗ is any element with b4 6= 1; recall that fields of this type were
studied in Lemma 5.20. Clearly, all these fields have genus 3. More generally,
by choosing g(t) suitably, we can obtain examples of fields of any genus g ≥ 3
which satisfy the hypotheses of Theorem 5.22.
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