Hurwitz spaces of genus 2 covers of
an elliptic curve
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1 Introduction

Let F be an elliptic curve over a field K of characteristic # 2 and let N > 1
be an integer prime to char(K’). The purpose of this paper is to study the
family of genus 2 covers of E of fixed degree N, i.e. those covers f:(C — FE
for which C/K is a curve of genus 2 and deg(f) = N. Since we can (without
loss of generality) restrict our attention those covers that are normalized in
the sense of section 2, this investigation is essentially equivalent to the study
of the set

Covg/rn(K) :={f:C — E:gc=2,deg(f) =N and f is normalized}/~

of isomorphism classes of normalized genus 2 K-covers of F of degree N,
where, as usual, two covers f; : C; — E are called isomorphic (f; ~ f5) if
there is an isomorphism ¢ : C7 — Cs such that f; = fy 0 .

The main result here is that this set can be naturally identified with the
set Hp/k,n(K) of K-rational points of an explicit affine curve Hg g n/K,
and that this identification also holds for families of such covers (over an
arbitrary base). More precisely, we first show in section 3 that the assignment
L — Covg g n(L) extends in a natural way to a Hurwitz functor Hg kN :
Sch K Sets which is analogous to the Hurwitz functors considered by
Fulton[Fu] (where the base is P'). The main result of this paper can then be
stated as follows.

Theorem 1.1 If N > 3, then the functor Hg/x n s finely represented by
a smooth, affine and geometrically connected curve Hp i n/K which is an
open subset of a certain twist Xg/k n,—1 of the modular curve X (N) of level
N; in particular, Hg y ® K is isomorphic to an open subset of X(N)/g,
where K denotes the algebraic closure of K.

Remarks. 1) As the proof shows, exactly the same assertion holds for elliptic
curves F//K over an arbitrary ring (or scheme) K; cf. Theorem 5.18.
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2) The “twisted modular curve” Xg/k n,—1/K is defined and constructed
in section 4 as the moduli space of the functor Xg,k v 1 which assigns to
any extension field L/ K the set X/ n,—1(L) of isomorphism classes of pairs
(E',v) where E'/L is an elliptic curve and ¢ : E[N] = E'[N]is an L-rational
anti-isometry of the N-torsion subgroups of F and E’.

3) The above representability results are obtained by purely algebraic
techniques and hence do not use (not even implicitly) the Riemann Existence
Theorem.

The above theorem constitutes a refinement and extension of the “basic
construction” of genus 2 curves (with elliptic differentials) which was pre-
sented in [FK], [Ka2]. Indeed, this construction shows that each genus 2 cover
f:C — E of degree N determines a unique pair (E}, V) € Xg/kn,—1(K) and
that conversely for each such pair (satisfying a suitable additional hypothe-
sis) one can reconstruct the cover f : C'— E. Thus, the “basic construction”
defines for each extension field L/K an injection

Uy HE/K,N(L) — XE/K,N,A(L) = XE/K,N,A(L)

and identifies the image. Here we shall see in Theorem 5.18 that this idea
can be refined to obtain an open embedding of functors

v HE/K,N — XE/K,N,—L

However, instead of proving this directly, it is more convenient to divide the
above construction into two steps, which amounts to a factorization of ¥ as

U="or:Hpxn— Askn — Xg/kN -1,

in which 7 is (essentially) the Torelli map which associates to a curve its
(polarized) Jacobian and Ag/k v is the functor that classifies principally po-
larized abelian surfaces with an embedding “of degree N” of E (cf. subsection
5.1). The fact that ¥’ is an isomorphism is proved in Theorem 5.10 and that
7 is a monomorphism is shown in Proposition 5.12. Finally, the image of
7 is analyzed in Proposition 5.17: it is the subfunctor Jg/xn of Ag/k N
consisting of the “theta-smooth” elements (cf. subsection 5.3).

The fact that the Hurwitz functor Hg/k n is representable by an open
subset of the modular curve Xpg/k 1 has a number of interesting conse-
quences. For example, it shows that over any number field K there are only
finitely many genus 2 covers f : C' — FE of fixed degree N > 7 because



the genus of (the compactification of) Xpg/k n—1 is > 2 for N > 7 and so
#Xp/k,N,-1(K) < oo by Faltings” Theorem. This means in particular that
one cannot write down parametric families of such covers when N > 7, which
is in sharp contrast to the fact that for NV < 5 (in which case Xg/x n 1 is
a rational curve) such families are known to exist and can be written down
explicitly; cf. Krazer[Kr|, p. 477ff, Kuhn[Ku|, p. 48, and Frey[Fr2], p. 96ff.
Another application of the explicit description of the Hurwitz space Hg/k n
is given in [Ka4], where it is used to compute the number of genus 2 covers
of E/K with a given discriminant divisor.

In order to complete the description of the Hurwitz space Hg/k n, one
should also describe the complement

Dp/kn = Xg/gn-1 \ He/x N,

which can be viewed as the “degeneracy locus” of the basic construction.
(Alternately, one can view Dpg gy as the boundary of the Hurwitz space
Hpgkn; cf. [FKV].) However, since a description of Dp/x n was already
given in essence in [Ka2], we merely need to cite and/or translate the relevant
result; cf. Theorem 6.1 below. Similarly, the number of points in Dg/x n was
computed in [Ka2] and [Ka3] (cf. Theorem 6.2); a slightly weaker version of
this result may be stated as follows:

Theorem 1.2 If K is algebraically closed, then the number of points in the
degeneracy locus satisfies the inequality

1
(1) #Dp/xn < 57 (5N — 6)#SLy(Z/NL).

Furthermore, equality holds in (1) if and only if char(K)f N!, i.e. if and only
if either char(K) = 0 or char(K) > N.
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2 Normalized genus 2 covers

As in the introduction, let E'/K be an elliptic curve over a field K. It will
be convenient (but not absolutely necessary) to assume in the sequel that
char(K') # 2 so as to avoid case distinctions.

A covering f : C — E is called minimal (or optimal ([Ku]) or mazimal
([Se])) if the induced map f* : Jg — Jo on the Jacobians is a closed im-
mersion. Note that if C' is a curve of genus 2, then this is equivalent to the
condition that f does not factor over an isogeny of E of degree > 2 (use
Kuhn[Ku], Corollary on p. 45). Thus, by replacing E/K by an isogenous
curve if necessary, we may always assume “without loss of generality” that
f is minimal.

Minimal genus 2 covers of elliptic curves are partially analogous to the
simple covers of P! studied by Fulton[Fu]; for example, they do not have any
internal automorphisms, as the following result shows.

Proposition 2.1 Let f : C — E be a minimal genus 2 cover of E/K of
degree N > 3. If a € Autg(C) is an automorphism such that foa = f, then
o = ch

Proof. Without loss of generality, we may assume that K is algebraically
closed. Let G = (a) be the (finite) group generated by «a. If a # id¢c, then
the quotient map 7 : ¢ — C = G\C has degree deg(w) > 2 and f factors
over 7, i.e. f = f'om. By Riemann-Hurwitz we then have 2 > g5 > gp =1,
so g = 1. Since f is minimal, this forces f’ to be an isomorphism, i.e. f
is a (ramified) Galois cover with group G. Furthermore, if we replace a by
a power o, then the same argument shows that G' cannot have any proper
subgroup, and hence N = |G| is prime.

Since f is Galois, the degree of its different satisfies deg(Diff(f)) >
N> peg, (1 — ﬁ) where Ry = {P € F(K) : ep(f) > 1}. (Note that
equality holds if char(K)fN.) Thus, by the Riemann-Hurwitz relation we
obtain 2 = deg(Diff(f)) > J#R; > ¥, and hence N < 4.

Since N is prime, this leaves only the case N = 3. In this case there
are three fibres of f which have isolated Weierstrass points in them (see the
proof of Prop. 2.2 below). Thus, each of these points is fixed by «, and so we
obtain deg(Diff(f)) > 3, which contradicts the Riemann-Hurwitz relation.

It is immediate that if f : C' — E' is a minimal genus 2 cover of £/ K, then
sois Tyof, forany x € E(K), where T, : E — E denotes the translation map.
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Since T}, o f is essentially the same cover as f, it is useful to “normalize” the
genus 2 covers of F/K in a certain way so as to avoid redundant translates.
This will be done by means of the Weierstrass (or hyperelliptic) divisor of C.

Notation. If C'/K is a curve of genus 2, then oo denotes its hyperelliptic
inwvolution and W its hyperelliptic divisor. Recall that W is the divisor of
fixed points of oo and is thus an effective divisor of degree 6. Furthermore,
We is reduced if and only if char(K') # 2; cf. Lonsted-Kleiman|LK].

Similarly, if /K is an elliptic curve with zero Og, then the minus map
[—1] g has the divisor E[2] of 2-torsion points as its fixed point divisor. Note
that the divisor [0g] defined by the point Og is contained in E[2|, and so
E[2]# := E[2] — [0g] is an effective divisor of degree 3 on FE.

Definition. A morphism f : C' — FE is called normalized if it is minimal and
if the norm (or direct image) f.W¢ of the hyperelliptic divisor has the form

(2) fiWe = 3¢0g] + (e + 1) E[2]*

where € = 0 if deg(f) is even and € = 1 if deg(f) is odd. Thus, deg(f) = ¢(2),
and we have more explicitly f.W¢o = 3[0g] + E[2]%, if deg(f) is odd, and
[We = 2E[2]#, if deg(f) is even.

This terminology is justified by the following result:

Proposition 2.2 If f : C — E is a minimal genus 2 cover, then there is a
unique point x € FE(K) such that fromm := Tyo f is normalized. Furthermore,
frorm 18 “pseudo-normalized” in the sense that it satisfies the relation

(3) fnorm 00c = [_1}E o fnorm-

Proof. It is well-known (cf. e.g. [Ku], p. 42) that there is a (unique) involution
og € Aut(FE) such that foor = og o, f.IfK denotes_ the algebraic closure of
K, then the unique extension o¢ ® K of o¢ to C ® K has four distinct fixed

points Py, Py, P», P; € E(K), which can be numbered in such a way that
(4) ff*WC?:3EP0+(€+1>(P1+P2+P3)7

where fr: O = C ® K — Ez = E® K denotes the induced cover over K
(and where, as above, deg(f) = £(2)). Indeed, if ¢ = 1 then this follows from
[FK], Lemma 2.1, or from Kuhn[Ku|, p. 44, and if € = 0, then this follows
from the discussion of [Ku| on the top of p. 48.
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From the above description is clear that P, is Gal(K /K )-stable and hence
is rational over K. Thus, the first assertion holds with x = Fy (and only for
this point). Furthermore, in [FK] and/or [Ku] it was already noted the second
assertion follows, for we have f,,o,m00¢ = 0’50 frorm, Where oy = TpoogoT L,
and o, = [—1]g because the fixed point set of o, is E[2].

Corollary 2.3 Let f: C' — E be a minimal genus 2 cover of E/K. Then f
is normalized if and only if f satisfies (3) and

(5) #(f~H0g) N We) = 3e.

Proof. It f is normalized, then clearly (5) holds by definition (cf. equation
(2). Furthermore, Proposition 2.2 shows that f satisfies (3).

Conversely, suppose f satisfies (3). Then the proof of Prop. 2.2 shows
that the points P, . .., P3 of (4) are fixed under [—1]z and hence are 2-torsion
points. Furthermore, equation (5) guarantees that Py = Og, and so (2) holds.

As we shall see below in Theorem 2.6, normalized covers f : C — E are
intimately connected to the induced homomorphisms f. : Jo — Jg and/or
f*:Jg — Jo on the Jacobians. For this we first show:

Proposition 2.4 Let f : C — E be a normalized genus 2 cover of degree
N, and let A\ : £ — E = Jg be the canonical polarization on E which is
defined by Ap(P) = cl(Op([P] - [0g))-

(a) If N is odd, then there is a unique effective divisor W < We of degree
3 such that W} = E[2]*.

(b) If N is even, and the Weierstrass points of C' are K-rational, then
there is a divisor W} < We with fW} = E[2]*. Furthermore, if W} is
another divisor with this property, then cl(Oc(W§ — W) € Ker(f,)[2].

(c) Let W) < We be a divisor such that fW} = E[2]#, and put £ =
Oc(W}) ® wg', where we denotes the canonical sheaf of C/K. Then the
map © — cl(Oc(x — W) @ we) = cd(Oc(z) @ L71) defines an embedding
J=7jrc: C — Jo which satisfies

(6) 0 ¢ j(C) and jooc=[-1;0j and Apof=f.oj

Proof. (a) Let Wy = f*(0g) N We and W) = We — Wy. Then Wy and W
are both effective divisors and f.Wy = 3(0g) by construction (and (2)) and
hence deg(Wy) = deg(W}) = 3 and also f,W} = E[2]#, as claimed.
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(b) The existence of W is clear. If Wé is another divisor, then we have
AW, —W))) = w2 @ (WE3) ' ~ O¢ (cf. part(c)), so cl(W)— W) € Je[2].
Moreover, f.(cl(Oc(Wi—=W))) = d(O(f.Wi— £ W) = 0, so cl (Wi —W}) €
Ker(f,)[2].

(c) Since deg(Oc(W)) @ wy') = 1, the rule x — cl(Oc(z — W) @ we) is
represented by a closed immersion j : C' — Jg.

We now verify that j satisfies (6). For this we may assume that K is
algebraically closed, so W) = Wy + W5 + W5 with W; € C(K).

To prove the first equation of (6) we shall use the fact that for each
P € C(K), the divisor P + 0¢(P) ~ w¢ is a canonical divisor on C. In
particular, for each Weierstrass point W; € C'(K) we have 2W; ~ w¢, and so
QW ~ ws?. Thus j(P) + j(oc(P)) = cl(Oc(P + oc(P) — 2W}) @ wd?) = 0,
which proves the first equality of (6).

To prove the second equality, we first note that the points P, := f(W}),
for i = 1,2,3 are (by construction) precisely the non-trivial 2-torsion points
of E, and so cl(Oc(Py— P3)) = cl(Oc(Py —0g)) = Ag(Py). Moreover, by the
Albanese property of Jo we know that f.oj = T,oAgof, for some x € Jp(K).
Thus, since 2Wy ~ we, we see that f.(j(W1)) = fu(cl(Oc(Wy — Wy + Wy —
W3))) = cd(Oc(Py — P3)) = Ap(P1) = Ap(f(Wh)), and so To(Apf(Wh)) =
f«(G(Wh)) = Ag(f(W7)). This forces z =0 and so f,oj = Ago f.

Next we observe that 0; ¢ j(C). Indeed, if 0; € j(C), then there is a
point P € C(K) such that P ~ Oc(W}) ® wg' ~ Wy — Wy + Wi, which is
impossible as h®(W; — Wy + W3) = 0 (because h®(W; + Wa) = 1).

Corollary 2.5 The curve 8 := j(C) C Je of Proposition 2.4(c) is a sym-
metric theta-divisor of Jo, i.e. 8 is an effective divisor on Jo such that
[—1],.0 = 0 and such that Ao@) = Ac = Jo — Jo is the canonical prin-
cipal polarization of Jo. Furthermore:

(a) If N is odd, then 0 is the unique symmetric theta divisor such that
(7) 0 1 Ker(f.)[2] = Ker(£.)[2]* == Ker(f.)[2] - [0].

(b) If N is even, then 0 is a symmetric theta divisor satisfying
(8) 6 N Ker(f.)[2] = 0.

Moreover, if 0 is any symmetric theta-divisor on Jo satisfying (8), then

0" = T,(0), for some x € Ker(f,)[2].



Proof. Since j is of the form P +— cl(O(P) ® £L7'), where L is a suitable
invertible sheaf of degree 1, it is clear that 6 is an effective theta-divisor.
Furthermore, 6 is symmetric by the first equation of (6).

(a) To prove that 6 satisfies (7) we may assume without loss of generality
that K is algebraically closed. We first observe the first equation of (6) shows
that j(P) € Jeo[2] if and only if P is a Weierstrass point.

We now claim that #Ker(f,)[2] = 4. This follows either by observing that
Ker(f,) is an elliptic curve (cf. Prop. 2.7 below) or by noting that (6) shows
that f.(Jo[2]) = Jg[2] and hence it follows that #Ker(f.)[2] = #(Ker(f.) N
Jol2]) = #Jcl2l/#Je2] = 4.

Thus, if Wy, Woe, Wos € C(K) are the three Weierstrass points of C' such
that f(Wo;) = Og, then by (6) we have Ker(f.)[2] = {0/, j(Wo1),...,7(Wo3)},
and so (7) follows.

Now let 6’ be another theta-divisor of Jo satisfying (7). Then ¢ = T,0,
for some x, and so ' is also irreducible. Moreover, by (7) we have ¢/ N6 D
Ker(f,)[2]#, which has 3 distinct points (over K ), and so (¢'.0) > 3, if ¢ # 6.
But (6'.0) = (0)* = 2 (by Riemann-Roch), contradiction. Thus 6" = 6.

(b) A slight modification of the proof of part (a) shows that 6 satisfies
(8) and that (f.)(0 N J[2]) = E[2]* (as sets). Now suppose @' is another
symmetric theta-divisor satisfying (8). Then ¢ = T,0, for some z € Jo[2]
(because @ and @ are both symmetric). If z ¢ Ker(f,), then f.(z) € E[2]%,
and so there exists y € 0 N J[2] such that f.(y) = f«(x). But then x +y €
T.0 N Ker(f,)[2] = ¢ N Ker(f.)[2], contradiction. Thus = € Ker(f.), as
claimed.

The above proposition and its corollary lead to the fundamental fact that
normalized covers can be characterized by their induced homomorphisms on
the Jacobians. To state this more precisely, it is useful to introduce some
equivalence relations on covers and on homomorphisms.

Definition. Two (normalized) K-covers f; : C; — E of genus 2 are called
equivalent if there exists an a K-isomorphism « : C; = C, such that f; =
faoa. If such an « exists, then we write f; ~ fs.

Two injective homomorphims h; : Jg — J; := J¢, are called equivalent
if there exists a K-isomorphism « : J; = J, such that hy = a o h; and
GdoXyoa = A, where \; = Mg, 1 J; = j, is the canonical polarization of the
Jacobian J;, for 1 = 1,2. We write hy ~ hy if such an isomorphism « exists.

Finally, we say that an injective homomorphism h : £ — Jo has degree



N if holcoh=Ay, o[N];,; we then write N = deg, . (h).

Theorem 2.6 Let C'/K be a curve of genus 2 and let N > 2 be an integer.
Then the assignment f +— f* induces a surjection

p=pcen:Covg(C,E,N) — InjHomg (Jg, Jo, N)

from the set Covi(C, E,N) of equivalence classes of normalized K -covers
f:C — E of degree N to the set InjHomy (Jg, Jo, N) of equivalence classes
of injective K-homomorphisms h : Jg — Jo of degree N. Furthermore, p is
a bigection if N > 2 or if the Weierstrass points of C are K -rational.

Proof. First note that if f : C' — F is a normalized cover, then f* defines an
equivalence class cl(f*) in the set InjHom (Jg, Jo, N). Indeed, f* is injective
because f is minimal, and f* has degree N because f, = )\j; o (f*) o A,
and so (f*) o Ago f* = Ay, o (feo f*) = Ay, o [N]s,. Furthermore, the rule
f — c(f*) is compatible with the equivalence relation on Covg(C, E, N)
because if f; ~ fy, then f; = f; o a for some o € Autg(C), and so f; =
(faoa)* = a*o f;5. Clearly, a* € Autg(Jc) and we have (a*) o A\¢ o a* =
Ao o (a, 0 a*) = A¢ o [deg(a)] = A\¢. This means that f; ~ f3 and so the
rule f — cl(f*) defines a map p : Covg(C, E, N) — InjHomy (Jg, Jo, N).
We first show that p is surjective. Thus, let h : E — Jo be an injective
homomorphism of degree N. Assume temporarily that C'/K satisfies:

(]L) We C C(K) and Jc[Q] C Jc(K)

Since the Weierstrass points of C' are now assumed to be rational, there exists
an embedding j = jp : € — Jo such that 6 := j(C') is a symmetric theta-
divisor on Jg; cf. Prop. 2.4 and Cor. 2.5. Then [—1]|;0 = 6, and so [—1],
induces a unique automorphism o on C' such that joo = [—1];0 7. It is
then immediate that ¢ has the Weierstrass points as fixed points and hence
0 = o¢ is the hyperelliptic involution on C.
Deﬁnef::fh:C’—>Ebyf:h*ojwhereh*:iLoAC:JC—>jE:E.
Thus, since h* is a homomorphism we have [-1|go f = [-1l|goh* o j =
h*o[=1];0j=h*ojooc = fooe, so f is pseudo-normalized, i.e. satisfies
condition (3). By Prop. 2.2 we know that there exists a (unique) point = €
E(K) such that fuomm := Ty o0 f is normalized. Since f and f,oq, both satisfy
(3), it follows that [—1]gx = z, i.e. x € E[2]. Now since h* : J[2] — FE[2] is
surjective (because h* is surjective and the fibres of h* are connected), there
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is a point 2’ € J[2] such that h*(z') = x, and then f, ., = h* o j', where
j' = T, o j. Using the autoduality property of the Jacobian, i.e., the fact
that (j))* = j* = —\g' : Jo — Jo, we obtain by dualizing the above relation
that fr .., = (4')" o (h*)* = —h. Thus, from : C — E is a normalized cover
such that f* == —h ~ h, i.e. 7 is surjective (provided that condition (f)
holds).

To finish the proof of the surjectivity of p, we now remove the hypothesis
(1) and hence consider an arbitrary curve C'/K. Then there exists a finite
Galois cover K'/K such that Cxs = C'® K’ satisfies (1) and so, by what was
just shown, there exists a normalized map f = f, : Cxs — Egs such that
f* = —h. Furthermore, f = A\;' o h* 0 j, where j = j, is the embedding
defined by a suitable £ € Pic(C)%). Consider the Galois twist f9 of f by
g € Gal(K'/K). Since j9 = Ty, o j with 2(g) = cl(L£9 ® L7) € Pic’(Cy) =
J(K'), we obtain f9 = A" o h* 0 Ty (y) 0 j. Now 0 := Ty, (5(C)) = j(C)9 is
again a symmetric theta-divisor of Ac which satisfies ' D Ker(h*)[2]# (resp.,
ONKer(h*)[2] = 0) if N is odd (resp. if N is even) because Ker(h*)? = Ker(h*).
Thus, ¢ = j(C) (resp. 0 = T,,j(C) with 2’ € Ker(h*)[2]) and so z(g) = 0
(resp. z(g) = 2" € Ker(h*)[2]). Thus, in both cases h* o Ty, = h*, and so
f9=f, for all g € Gal(K’/K). This means that f is defined over K, and so
T is surjective in general.

It remains to show that p is injective (under the stated hypotheses). For
this, suppose that f; : C' — E are two normalized covers such that f; ~ fJ;
we then want to show that also f; ~ fs. The hypothesis f; ~ f; means
that there exists an a € Autg(Jo) with property that fi = a o f5 and that
& oMo oa = Ao. We then also have (f1). o a = (f2)., for by dualizing
the first relation we obtain (f1), = )\jEl o(ff)oAe = /\jE1 o(fs)ohdol =
Alo(f3)odcoat =(fa)oa™, as claimed.

To show that f; ~ f,, suppose first that N is odd. Then by Prop. 2.4
there exists a K-embedding j; : C' < Jo such that Ag o f; = (fi)« o j; and
such that 6, = j;(C) is theta divisor associated to A, for i = 1,2. Since
f; is normalized, we have by Cor. 2.5(a) that 6; > Ker((fi).)[2]*. Now
a~1()) is again a symmetric theta-divisor (associated to A¢) and a=*(6;) D
o~ (Ker((f1):)[2]%) = Ker((f1). 0 a)[2]# = Ker((f2).)[2]*, so 02 = a™'(f)
because 6 is uniquely characterized by this property. Thus ¢ = ((j2)7! o
a~loj € Autg(C) satisfies jo 0 o = o~ 0 j;, and so by the above identity
we have Ago fi = (fi)s071 = (fa)soca ™t ojy = (fa)s0jaop = Ago fa0,
or fi = foop with p € Autg(C), i.e. fi ~ fo.
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Next assume that N is even. Then by Prop. 2.4 there exists a finite
Galois extension K’/K such that over K’ we have embeddings j; : C' =
C®K' — J = Jor such that Ao f; = (fi)« 0 J; and such that 6; = j;(C) are
theta divisors associated to A¢ (defined over K'). Then by Cor. 2.5(b) we
have 0; N Ker((f;).)[2] = 0, and so also a™(6;) N Ker((f2).)[2] = a~(01) N
Ker((f1)« o @)2] = a1(6; N Ker((f1)+)[2]) = 0. Thus, by the uniqueness
property of 0y it follows that 6y = T,(a"'(6;)) for some x € Ker((f2)«)[2],
and 50 ¢ 1= (jo) Lo T, 0a "t oj; € Autg/(C') satisfies joop =T, oa ' o j.
Now since x € Ker((f2)«), we have (f2)« 0T, = (f2)s, and so (fa),0oa toj; =
(f2)x0j200 = Ago foop. Thus Agofi = (f1).041 = (f2)s0a toj1 = Ago fr0p,
which means that f; = fy 0 ¢, with ¢ € Autg/(C").

To conclude that f; ~ f,, we still have to show that ¢ is defined over K.
This is automatic if the Weierstrass points are defined over K, for then we can
choose K’ = K. Thus, assume that this is not the case but that N > 2. Let
g € Gal(K'/K), and consider the Galois twist @9 € Autg/ (C”) of ¢. Since
the f;’s are defined over K we have f; = fo 0 ¢, and so, if ¢’ = @90 ¢!,
then we have fyo0 ¢ = fiop ! = f,. Now since N > 3, we have by Prop.
2.1 that ¢’ =ider, and so @9 = g, for all g € Gal(K’/K), which means that
v € Autg(C). Thus f; ~ fo, as desired, and so p is injective.

Remark. It is easy to see that the sets of Theorem 2.6 are finite; in fact,
the cardinality of Covg(C, E, N) can bounded by the number of (primitive)
representations of N2 by a suitable positive definite quadratic form associated
to C' (multiplied by $#Aut(E)); cf. [Kal], Theorem 4.5.

As was mentioned in [FK] or [Ku|, each minimal genus 2 cover f : C' — FE
induces a splitting of the Jacobian Jo up to isogeny, i.e. Jo ~ E x E’, and
the complementary elliptic curve E' = E} can be chosen in a canonical way
by using the (canonical) principal polarization A\¢ : Jo — Jo of C. This
curve ' plays an important role in the “basic construction” of [FK], which
will be reviewed (and extended) in section 5.

Proposition 2.7 If f : C — FE is a minimal genus 2 cover of degree N,
then E' := Ker(f.) is an elliptic curve such that

(9) E'nf*Jg = f*Jg[N] = E'[N].

Thus, if m: Jg x E' — Jo denotes the unique map such that moi;, = f* and
7TOiE/ = —h/, where iJE : JE°—> JE XE/7 iE/IE/<—>JE XE/, and b : E' =
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Ker(f.) — Jo denote the canonical inclusions, then Ker(r) = f*JgNE' and
hence m is an isogeny of degree N?; in particular, Jo ~ Jg x E' ~ E x F'.

Proof. Since f, = A" o (f*) o A¢ is the “dual” of f* and since f* is a closed
immersion, it follows that f, is surjective and has (geometrically) connected
fibres of dimension (dim Je — dim Jg) = 1 (cf. section 7 below). Thus, E’ is
an elliptic curve.

Moreover, since f* is an injection and since £’ = Ker(f,), we have £’ N
f*Je = f*Ker(fio f*) = f*([N]s,) = f*(Je[N]). Thus, E'N f*Jg is a finite
group (scheme) of order N? and of exponent N, and so E' N f*Jg < E'[N].
But E’'[N] also has order N2, and so E' N f*Jg = E'[N], which proves the
first statement. The second statement follows immediately from the first.

Corollary 2.8 The above embedding h' : E' — Jg, has degree N, and hence
there exists a “complementary” minimal K-cover f' : C — E' of degree N
such that (f')* = h o Ay

Proof. By Theorem 2.6 there is a normalized K-cover ' : C' — E’ of degree
N’ = deg, . (h) such that (f)* = h'o Ay, and then (f'). = Aw o (h')*, where
(W) =Xg o(W)oAo:Jo— E'.

Recall that the sequence

0—=E X J. 50, -0

is exact by the definition of A’. Thus, dualizing this sequence and applying
Ao, g and Ay (= A\3') yields the sequence

0= Js 50" E o

which is again exact (cf. [Lal], p. 216); here we have used the identification
f*= A" o (f.) o Aj,. This means in particular that Ker(f!) = Ker((h')*) =
f*Jg, and thus, if we now apply Prop. 2.7 to f’, then we obtain

E'0f*Je = (f)Jer N Ker(f) = E'[deg(f)].

On the other hand, since f*Jg N E' = E'[N] by (9), we conclude that N =
deg(f’) = deg, (1), as desired.
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3 Families of genus 2 covers and the Hurwitz
functor HE/K,N

We now want to study families of normalized genus 2 covers over an arbitrary
base scheme S, i.e. (normalized) covers f : C' — E where E/S is a (relative)
elliptic curve and C'/S is a relative curve of genus 2 in the sense of the
appendix (cf. section 7). For this, we first observe that every genus 2 curve
C'/S is hyperelliptic in the sense of Lonsted/Kleiman[LK], p. 101:

Lemma 3.1 Ifp: C — S is a relative curve of genus 2, then there exists
a unique S-automorphism ocss € Autg(C) which induces the hyperelliptic
involution on each fibre Cs of p.

Proof. If w = weyg denotes the relative canonical sheaf of C'/S, then p.(we/s)
is locally free of rank g = 2, and the canonical S-morphism ¢, : C' — P(w¢/s)
is surjective (because this is true fibre-by-fibre), and so condition (i) of Th.
5.5 of [LK] holds, which means that C/S is hyperelliptic.

Asin section 2, let E'/K be an elliptic curve over a field K with char(K) #
2 (or, more generally, over any ring (or any scheme) K in which 2 is invert-
ible). For any K-scheme S let Eg := FE Xg S be the elliptic curve over §
obtained from E/K by base-change.

Definition. A genus 2 cover f : C — Eg of Eg/S of degree N is called
normalized if it is minimal (cf. §7) and if the direct image f.W¢/s of the
hyperelliptic divisor We,g (cf. [LK]) has the form

(10) FeWeys) = 3¢[0pgs) + (¢ + 1) Es[2]*

where (as before) e = 0 if N is even and e = 1 if N is odd, and [0p,/s]
denotes the Cartier divisor associated the zero-section Opg /s and Eg[2]# :=
Es[2] — [0g/s] (viewed as effective relative Cartier divisors on Eyg).

The basic properties of normalized genus 2 covers of Eg/S are summarized
in the following theorem.

Theorem 3.2 (a) If f : C — Eg is a normalized genus 2 cover of degree N,
then so is any base-change firy: Cp = C xXsT — Er = Eg xgT.

(b) If C/S s flat and locally of finite presentation, and if S is reduced,
then an S-morphism f : C — FEg is a normalized genus 2 cover of degree
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N if and only if fs : Cs — Es = E ® Kk(s) is a normalized genus 2 cover of
degree N, for all s € S.

(c) If f: C — Es is a normalized genus 2 cover then we have
(11) foocis=[-1]ggo [

Conversely, if f : C — FEg is a minimal cover satisfying (11) and if for
at least one s € S the induced map f, : Cs — FE, is normalized, then f is
normalized.

(d) Let f: C — Eg be a normalized genus 2 cover of degree N. If N is
odd, or if N is even and C/S has 6 distinct Weierstrass sections, then there
is a closed S-immersion j : C — J = Josg of C into its Jacobian (cf. §7)
such that

(12) jooc=[-1]s04, Apof=fioj, and 0;(S)Nj(C)=0.

In particular, there is always a suitable etale faithfully flat base change S’/ S
such that there exists an immersion j : Cigy — Jigy satisfying (12).

(e) In the situation of (d), the image 6 = j(C) C J is a symmetric
theta-divisor on J. If N is odd, then 6 is the unique symmetric theta-divisor
satisfying
(13) 0 NKer(f.)[2] = Ker(f,)[2]* := Ker(f£.)[2]\ [0].

If N is even, then 0 is a symmetric theta divisor satisfying
(14) 6 N Ker(f.)[2] = 0.

Moreover, if 0 is any symmetric theta-divisor on J satisfying (14), then
0’ = T,(0), for some z € Ker(f,)[2](S").

(f) Let C/S be a curve of genus 2. If f : C — Eg is a minimal cover of
degree N, then [* : Jpgs — Joys is an injective homomorphism of degree N,
i.e. we have /\E;/So(f*)Ao/\C/Sof* = [N]JES/S. Conversely, if h : Jgg — Joys
s an injective homomorphism of degree N, then there exists a mormalized
cover f . C'— Es of degree N such that f* = h.

Proof. (a) First note that fir) is minimal because f is (cf. §7). Moreover,
since the formation of W¢/g commutes with base-change (cf. [LK], Prop. 6.3),
and since the same is true for the direct image of relative Cartier divisors by
Lemma 7.2 of the appendix, we see that the analogue of (10) also holds for
fer), and so f(ry is also normalized.
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(b) If f is a normalized genus 2 cover, then so is fs, Vs € S, by part
(a). Conversely, if f; : Cs — E; is a genus 2 cover of degree N for all
s € S, then C/S is a smooth curve of genus 2 (use [BLR], 2.4/8), and so
f is a genus 2 cover of degree N which is minimal (cf. §2.2). Moreover,
since by hypothesis (and base-change) we have (f,We/s)s = (fs)«Wey u(s) =
3e(0g, /n(s)) + (€ + 1) Es[2]# = (3e[0py,s] + (€ + 1) Eg[2]#)s, for all s € S, we
can conclude from (46) that (10) holds, and so f is normalized.

(c) Since it is enough to prove (11) after a faithfully flat base-change,
we may assume that there exists a Weierstrass section w of C'/S. Then
P = f(w) € Eg[2](S) because [P] = f.[w] < fiWes < 3E5[2].

Write fi = fooc/s and fo = [—1]gg o f. Then f; : C — Eg are two S-
morphisms which by Prop. 2.2 satisfy (f1)s = (f2)s, Vs € S, and so by rigidity
we there is a section € Eg(S) such that f; = (nopc)+ f2; cf. [Mul], p. 116.
But since o¢/g (resp. [—1]) fixes w (resp. P), we have fi(w) = P = fy(w)
and so 7 = Og,, which means that f; = f,, as desired.

We now prove the converse. Again, it is enough to prove this after a
faithfully flat base change (because distinct relative Cartier divisors stay
distinct after a faithfully flat base change). Thus, we may assume that

(f) C/S has six Weierstrass sections and Je/g/S has sixteen 2-torsion
sections.

Then Eg/S has four 2-torsion sections Py = 0, Py, P, Py (because (1) implies
that f. maps Jeo/s[2](S) surjectively to Jgg/s[2](S) as f. is surjective with
integral fibres). Thus, if wy, ..., ws denote the Weierstrass sections, then we
have by (11) that f(w;) € Es[2](S) and so f,We/s = 3 fulw;] = S0, [Pl
Specializing this equation at the given s € S yields (fs).We, = (fiWeys)s =
> n;[(P;)s]. But since the 2-torsion sections of Eg/S are mapped injectively
to those of E,/k(s), it follows that (Py)s = 0, (P1)s,- .., (P3)s are precisely
the 2-torsion points of F,. Thus, since f is normalized we obtain ng = 3¢
and n; = (¢ + 1), for i > 0, and so f is also normalized.

(d) Suppose first that N is odd, and put Wy := f*([0g,]) xc Weys. We
claim that Wy is an effective relative Cartier divisor on C'/S of degree 3. For
this we shall use Lemma 7.3 of the appendix. Since the formation of W)
commutes with base-change, we see by Prop. 2.4(a) that deg((W,)s) = 3 for
all s € S. Choose a finite faithfully flat base-change S’/S such that we have
6 distinct Weierstrass sections w; € We, /. By the proof of (c) we know
that P, = f(w;) € Es[2](S") and so by specializing to any fibre we see that
(after renumbering) Ogg, P, P, Ps are distinct and that Py = P5 = Py = Op,.
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Thus, wy, ws, we are 3 sections of Wy, and so by Lemma 7.3 we conclude that
Wy is a relative Cartier divisor of C'/S.

Thus, Wy = Weys — Wy is a also relative Cartier divisor of degree 3 and
we have f, W} = Eg[2]# (since this is obviously true after a suitable faithfully
flat base change). Put £ := Oc(W)) ® wa/ls € Pic(C). Then L has relative
degree 1, and therefore gives rise to a closed embedding j. : C — J (cf.
§7). By Prop. 2.4, properties (12) hold fibre-by-fibre, and so by the same
argument as in (c¢) we conclude that (12) holds over S.

If N is even, and we have 6 Weierstrass sections of C'/S, then we choose
3 of these to obtain a relative Cartier divisor W} with the property that
(fWh)s = E4[2]#, for one fixed s € S. It then follows that f,W} = Eg[2]#
because both sides are sums of 2-torsion sections, and the 2-torsion sections
of Eg/S are mapped bijectively to those of the fibre E;/k(s). Then the
invertible sheaf £ = O¢(W/) ® wé}s defines an embedding j = j; : C — J
which (by the same argument as in the case that N is odd) satisfies (12).

The last assertion clearly follows from the first because we can always
choose a suitable (étale) faithfully flat base-change so as to obtain 6 distinct
Weierstrass sections (since Wy is etale).

(e) Since j = j. is the embedding defined by an invertible sheaf £ €
Pic(C) of relative degree 1 = g —1, it is clear that § = j(C) is a theta-divisor
(cf. §7). Furthermore, [—1]0 = j(oc(C)) = 0 by the first equation of (12),
and so 0 is symmetric.

Next we show that if N is odd, then 6 satisfies (13). For this we first note
that Ker(f.)[2] is a finite etale group scheme of rank 4 (because Ker(f,)/S
is an elliptic curve by (42); cf. also Prop. 5.2 below). Furthermore, since it is
enough to verify (13) after a faithfully flat base-change, we may assume with-
out loss of generality that W, s has six Weierstrass sections wy, ..., ws. Then
by the discussion of (e) we see that Ker(f,)[2](S) = {0, j(wa4), j(ws), j(we)}
and so (13) follows.

To see that 6 is uniquely characterized by this property, we argue as
follows. If ¢ is another symmetric theta-divisor, then by Lemma 7.1 of
the appendix we know that 6’ = T,(0), for some z € Jg/s(S). Moreover,
r € Jeys[2](S) since 6 and 0 are both symmetric. By specializing to a fibre
Js we conclude by the uniqueness assertion of Cor. 2.5 that 0, = T, (6;)
and that hence z(s) = 0 = 0(s). But then 2 = 0 since Jo/g[2] is a finite
etale group scheme, and so # = 6. This proves the assertion in case that N
is odd, and the case that N is even is proved similarly.
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(f) Since the first assertion is just a restatement of (44), we only need to
prove the second statement.

Suppose first that C'/S satisfies (1), and let w be a Weierstrass section.
Then the image 6 = j,(C) of the embedding j,, : C'— Je/g is a symmetric
theta-divisor of A¢/s, and so there is a unique automorphism o € Autg(C)
such that j, o 0 = [—1] 0 j,. Clearly, o fixes the 6 Weierstrass sections
and hence 0 = o¢ is the hyperelliptic involution. Put f* = h* o j,, where
h* = holgs : Joys — Jpeys = Es. Then f' oo = (h*) o [~1]y 0 ju =
[—1]gg o (h*) 0 ju = [—1]gs o f’, so f’ satisfies (11). Furthermore, (f')* =
Jio(h*) = —)\E}S o (A¢ys o h) = —h, so f’is minimal.

We now claim that there exists an x € Eg[2](S) such that f = T, o f
is normalized. To see this, fix an s € S. Then by Theorem 2.6 there is
a normalized cover f, : Cy — E, such that (fs)* = —hg, and so by the
Albanese property (cf. §7) there exists z; € Fg(k) (where k = k(s)) such
that f, = T,, o fs. Since f; and f, both satisfy (11), it follows that z, €
E4[2](k). Since (T) implies that Eg[2](S) — E4[2](k) is surjective, there exists
an x € Eg[2](S) such that f := T, o f’ specializes at s to the given f,. Then
f also satisfies (11), and so f is normalized by part (c) above. In addition,
f* = (f")* = —h. Thus, replacing f by f o o¢ yields the desired f (since
o* =[—1]y).

We now remove the hypothesis that C'/S satisfies (1) and hence consider
an arbitrary genus 2 curve C'//S. Then there exists a finite, faithfully flat
base change 3 : S" — S such that C(g /5’ satisfies (f) and so, by what was
just shown, there exists a normalized morphism f’: C(gy — E(g such that
(f)" = hsn.

It is clearly enough to show that f’ = f(sy for some morphism f : C' —
Eg, for then f is automatically normalized (since f’ is) and satisfies f* = h
(because we have fisn = h(sn). Furthermore, the existence of f will follow
by faithfully-flat descent (cf. [BLR], Th. 6.1/6(a)) once we have shown that
pif = p5f', where p; = pr; : S7 = 5" xg 8" — 5, i = 1,2, denote the two
projections and p; f’ : C(gny — E(gn denotes the base-change of f’ via p;.

Since f’ is normalized, we have by part (d) (or by construction) that there
exists £ € Pic(C(gy) such that the embedding j = j. : Cigy — JC(S/)/S’
satisfies [-1] o j = jo 0c, and f' = hig) o j. Here, as above, h* =
h o Agys and so higy = )\E;//S/ o (f")s. Put L; = piL € Pic(Cign)). Since
Aoy = ()\C/S)(S”) and Ag/g is a principal polarization, it follows that x :=
c(L1®L5") € Picgs(S") = Joys(S"), and so pjj = je, = Tpojr, = Tuopsj.
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In addition we note that x € Je;s[2](5”) because [~1]op;j = pjjooc, , for
t = 1,2. Now since h* is defined over S, p;h* = h’(“s,,) does not depend on ¢ and
so we obtain p}f’ = hZ‘S,,) opij = hfs,,) oT,opsj =Ty ohfs,,) opsj =Tyopsf
with 2’ = hig. (z) € Es[2](5").

To prove that pif’ = p5f’, it is thus enough to show that z’ = 0 or,
equivalently, that « € Ker(h*)(S"). For this, consider 0; := p;j(C(s)), fori =
1,2; note that 6, = T,(6,). Since p; f’ is normalized, we have by part (e) that
0; is a symmetric theta-divisor of Ac,,, ss» which satisfies 6; NKer(h{s))[2] =
Ker(h{gn)[2]7 (vesp., 0; N Ker(h{s.)[2] = 0) if N is odd (resp. if NV is even)
because Ker(pf(f').) = Ker(h*). Thus, by the uniqueness assertion of part
(e) we obtain ¢y = 6, (resp. 1 = T,0, with y € Ker(h*)[2](S”)) and so
x =0 (resp. z = y € Ker(h*)[2](S”)). (Recall that if O(6,) ~ TX(O(6,)),
then z = 0 because A¢/g is a principal polarization.) Thus, in both cases
x € Ker(h*)(S") and so pjf' = pi(f’), as desired.

For later use let us also observe that the analogue of Proposition 2.1
carries over to genus 2 families and thus has the following important conse-
quence.

Proposition 3.3 (a) If f : C' — Egs is a minimal genus 2 cover of degree
N > 3 and o € Autg(C) is an automorphism such that f o = f, then
a = idc.

(b) Let f; : C; — Eg, i = 1,2 be two normalized genus 2 covers of Es/S
of degree N > 3, and let p : 8" — S be a faithfully flat, quasi-compact cover
of S. If there exists an S'-isomorphism o : (Ch)sy — (Co)sy such that
(f2)sn © @' = (f1)(s), then there is a unique S-isomorphism o : C; = Cy
such that gy = o, and we have fyoa = fi.

Proof. (a) First note that it follows from Prop. 2.1 (and Th. 3.2(a)) that
as = 1idg,, for all s € S. Thus, if S is reduced, then so is C' and thus it follows
that o = ide because C/S is separated. (Indeed, let 7 : Ker(a, ) — X be
the subscheme of coincidences of o and 3 = ide. Then Ker(a, ) is a closed
subscheme of X by [EGA], (I, 5.2.5). Furthermore, v is surjective (since this
is true fibre-by-fibre), hence schematically dominant since C' is reduced (use
[EGA], (I, 5.4.3)). Thus, v is an epimorphism (by [EGA], (I, 5.4.6)), and so,
since ooy = (3 o by definition, it follows that o = 3.)

Now suppose that S is an arbitrary scheme; without loss of generality,
however, we may assume that S is locally noetherian. Then the map S,.q —
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S is defined by a locally nilpotent ideal of Og (cf. [EGA], (I, 4.5.8)). Now
since the scheme of automorphisms Autg(C') is finite and unramified (this is a
special case of [DM], Th. (1.11)), it follows that the induced map Autg(C) —
Autg _,(Cyeq) is injective (cf. [EGA], (IV, 17.1.2)(iv)). Thus, a = id¢, as
desired.

(b) It is clearly enough to construct a such that ogy = o/, for then the
second property follows since p is faithfully flat. Furthermore, the existence
of a will follow by faithfully-flat descent (cf. [BLR], Th. 6.1/6(a)) once we
have shown that pia’ = pia/, where p; = pr; : 8" := 5" x5 5" — S5’ denote
the two projections.

Now since pi(fi)(s1) = p3(fi)s) = (fi)sm, for i = 1,2, we have (f2)(sr) o
pja’ = p;((f2) s o &) = p;((fi)sn)) = (fi)sm), for j =1,2. Thus, if we put
B = (pio/) ' opsa € Autgn((Cy)(sm)), then we obtain (f1)sn o = (f1)sm)-
Now since (f1)(s7y : (C1)(s7) — Es») is a normalized genus 2 cover by Th.
3.2(a), we have by part (a) that 3 = id(c,),,, and so pja’ = p3a’, as desired.

Notation. Let us now put, for any K-scheme S,

He/kn(S) ={C L By f is a normalized genus 2 cover of degree N}/~,

where two covers f; : C; — Eg are called isomorphic (notation: f; ~ fy) if
there is an isomorphism ¢ : C; — Cy such that f; = f5 0 .

By Theorem 3.2(a) we see that if §:S" — S is a K-morphism, then the
rule f — fisy induces a map Hg/xn(B) : He/xn(S) = He/kn(S'), and so
we obtain a contravariant functor

HE/K,N M/K — Sets,
called the Hurwitz functor of genus 2 covers of F/K.

Remark. Part (b) of the above Proposition 3.3 shows that if N > 3, then
the functor Hg/k v is a separated presheaf in the fpge-topology (cf. [Mil], p.
49 and/or [BLR], p. 199), which is a necessary condition for the functor to
be (finely) representable; cf. [BLR], Proposition 8.1/1.

In fact, if N is invertible in K, then we shall see later (cf. Theorem 5.18)
that Hg/k v is representable by a smooth affine curve Hg/k y which is an
open subscheme of the (affine) modular curve Xg y 1 which will be defined
and studied in the next section.
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4 The modular curves Xg/ iy and Xg iy,

For a given elliptic curve F/K, let
XE/K,N : M/K — Sets

denote the functor which “classifies E[N]-structures of elliptic curves”. Thus,
if S is any K-scheme, then Xg/x n(S) = {(E',4)}/ ~ is the set of isomor-
phism classes of pairs (E’, 1) consisting of an elliptic curve E’/S and an S-
isomorphism v : Eg[N] = E'[N] of the S-group schemes of N-torsion points
of Es and E'; here two such pairs are equivalent, i.e. (E], 1) ~ (F, 1),
if there is an S-isomorphism ¢ : E; = Ej} such that 1, = o). Fur-
thermore, if 3 : S’ — S is any K-morphism, then the map Xg/k n(0) :
Xp/kN(S) — Xg/rn(S') is given by base-change, i.e. by the assignment
(E/,’QZ)) = (E§/>¢(S'))-

Theorem 4.1 If N > 3 is invertible in K, then the functor Xg kN is rep-
resentable by a smooth affine curve Xg/x n/K which is a twist of the usual
(affine) modular curve X\ /K which classifies elliptic curves with level-N -
structures. More precisely, if K'/K is any extension field such that the N -
torsion points of E are K-rational over K', then Xg/xn @ K' ~ Xy @ K'.

Proof. This is analogous to Corollary 4.7.2 of [KM] and is proved by exactly
the same techniques. To explain this more precisely, fix a finite étale group
scheme G/K of rank N? and consider the moduli problem Pg,x “which
classifies G-structures of elliptic curves”. By this we mean the contravariant
functor

Payr : Ell e — Sets

from the category Ell of elliptic curves E'/S over variable K-schemes S
(cf. [KM], (4.1), (4.13)) defined by Pg/k(£/S) = Isomg_g,(Gs, E'[N]), the
set of all S-group isomorphisms o : Gg = G xx S = E'[N]. (Each such «
will be called a G-structure of E’/S.)

Note that in the case that G = Gy = Z/NZ x Z/NZ is the constant
group scheme of rank N? a G-structure is the same as a (naive) level-N-
structure (or I'(IV)-structure) in the sense of [KM], (3.1). Furthermore, since
the above functor X/ n depends only on the K-group scheme E[N] (which
has rank N 2), we see that this functor is closely related to the functor Pgy)/Kk;
in fact, we have 3

XN = PrNy/k © Schg — Sets,
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where P is the functor on Sch /i associated to P in the sense of [KM], p.

108 and p. 125; i.e. P classifies isomorphism classes of elliptic curves with
P-structures.

Now the same argument as that of [KM], Corollary 4.7.2 shows that
Pq is representable by a smooth affine curve. Indeed, Pg/ is relatively
representable and finite étale (since for a given E’/S, the functor (of S-
schemes) T" +— Isomp_g,(Gr, E7.[N]) is represented by a finite étale S-scheme;
cf. [KM], 1.6.7). Moreover, Pg/k is rigid for N > 3 (cf. [KM], Cor. 2.7.2), and
so Pg/k is representable by [KM], (4.7.0); in particular, Pe /K is representable
by [KM], A.4.2 (p. 126).

Applying this to the case that G = E[N] shows that Xg/xn = 75E[N]/K
is representable by a K-scheme Xk y. Furthermore, if K'/K is as given,
then Ey[N] ~ (Gy)/k/, and so Pg, N PG s /K which implies that
Xpkn @ K' = Xg_, kv = (Xn)/k. Since the latter is a smooth affine
curve over K’ (cf. [KM], Cor. 4.7.2), it follows (by faithfully flat descent)
that Xg/ kv is a smooth affine curve over K.

It is well-known that the curves Xy /K and hence Xp /K,N are not geo-
metrically connected; indeed, each is a sum of ¢(N) irreducible components
over K. Now for the curves Xg /KN, this decomposition already takes place
over K (even though (Xy),x may still be irreducible as a K-scheme). The
reason for this is that it is possible to define a determinant of an isomorphism
¢ : Eg[N] — E'[N], as the following lemma shows.

Lemma 4.2 Let E/S and E'/S be elliptic curves over a scheme S, and
suppose 1 : E[N] = E'[N] is an S-isomorphism, where N is invertible in S.
Then there is a unique automorphism det(v) € Autg(un) ~ ((Z/NZ)*);s
such that

(15) ey o (¢ x ¢) = det() o ex,

where ey : E[N]| x E[N| — uy and €y : E'[N] x E'[N] — uy denote the
en-pairings of E and E'.

Proof. Viewing E[N] as a (locally constant) étale sheaf of Z/NZ-modules
on S, let A4 E[N] be its second exterior power with respect to A = Z/NZ
(which is formed analogous to the tensor product of étale sheaves; cf. [Mil],
p. 79); thus, A% E[N] is a (locally constant) étale sheaf of A-modules. Since
ey is an alternating pairing (cf. [KM], p. 90, 505), we have an induced A-
homomorphism of étale sheaves ey : A?E[N] — uy because for any étale
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sheaves M,N of A-modules we have the canonical isomorphism (analogous
to [Mil], Prop. 11.3.19)

HOIHA(/\?AM, N) ~ AltA(Mz, N)

Now since ey is non-degenerate (cf. [KM], p. 90) it follows that €y is an iso-
morphism, and hence det(v)) := &y 0 A%(p) 0@y is the unique automorphism
of pn such that (15) holds.

By the above lemma we thus see that for any € € (Z/NZ)*, the rule

Xp/rene(S) = {(E,¢) € Xpen(9) « det(y) = [elun}

defines an open and closed subfunctor Xg/x v of Xg/k n which is therefore
represented by an open and closed K-subscheme Xg/x v of Xg/k v, and we
have the decomposition

XE/KN = H XE/KNe-
e€(Z/NZ)*

In fact, each Xpg/k v, is geometrically irreducible, as we shall now show:

Corollary 4.3 If N > 3 is invertible in K, then for each ¢ € (Z/NZ)*,
the functor Xg/k ne 1s representable by a smooth, affine, geometrically ir-
reducible curve Xgjx n./K which is a twist of the usual (affine) modular
curve X'(N)/K(Cy) of level N which classifies elliptic curves with level-N -
structures (of fixed determinant (n). More precisely, if K'/K is any ex-
tension field such that the N-torsion points of E are rational over K', then
AXVE/KJ\]’E X K' ~ X,(N)/K/.

Proof. By Igusa and/or Deligne/Rapoport[DM], Cor. IV.5.6, the modular
curve X (N)/K((y) is smooth and geometrically irreducible and hence so is
X'(N) = X(N) \ {cusps}. Since the functor X, _, ks v, is isomorphic (over
K') to the functor X'(N) defining X’(N), it follows that Xpg/xn. ® K' ~
X'(N) /K, and so Xg/k N, is geometrically irreducible.

Remarks. (a) The modular curves Xp/k n and Xpg gy, were already stud-
ied by Frey[Frl] and Kraus-Oesterlé[KO], respectively.

(b) Although we had tacitly always assumed above that K is a field, this
hypothesis is never used. Thus, the same conclusions hold if K is an arbitrary
commutative ring (or even an arbitrary scheme).
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5 The basic construction

5.1 The functor Ag/xn

We now return to the Hurwitz functor Hg,x ny which was defined in section
3 and show that it is (finely) representable. To this end we shall generalize
the “basic construction” of genus 2 covers presented in [FK], [Ka2] so as to
obtain an (open) embedding of functors

v HE/K,N — XE/K,N,A-

Before defining this functor in full generality, let us briefly recall that this
“basic construction” shows that any (minimal) genus 2 K-cover f:C — F
of degree N determines a unique pair (E%,vy) € Xg/kn,1(K) where E}/K
is the complementary elliptic curve (cf. Proposition 2.7) and ¢; : E[N|] =
E'[N] is an anti-isometry, i.e. an isomorphism of determinant —1, and that
conversely for each such a pair (satisfying a suitable additional hypothesis)
one can reconstruct the cover f: C' — FE.

We shall now see that the same statement holds for (normalized) genus
2 covers of Fg/S over an arbitrary base S. However, instead of proving this
directly, it is more convenient to divide the above construction into two steps,
which amounts to a factorization of U as

U="or1:Hpxn— As/kn — Xg/KN -1,

in which 7 is (essentially) the Torelli map which associates to a curve its
(polarized) Jacobian and Apg,kn is the functor that classifies principally
polarized abelian surfaces with an embedding “of degree N” of E. In order
to explain these terms more precisely, we introduce the following definition
and notation.

Definition. Let J /S be an abelian scheme with a principal polarization
A :J = J. Then an injective homomorphism h : Eg < J is said to have

degree N if we have )
(16) hoXoh=Agg/s0[N]gs.

Notation. Let F/K be an elliptic curve £/K and N > 2 be an integer. For
any K-scheme S' let

Ap/en(S) = {(J, A h)}/~
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denote the set of isomorphism classes of triples (J, A, h) consisting of an
abelian scheme J/S of relative dimension 2, a principal polarization \ : J =
J of J , and an injective homomorphism h : Eg — J of degree N. Here,
two such triples (J, A\, h) and (J', N, ') are called isomorphic if there exists
an S-isomorphism « : J = J’ such that N = hoXoh and b/ = a o h; we
then write (J,A\,h) ~ (J', N, 1'). It is immediate that if 3 : S” — S is any
K-morphism, then the triple 3*(J, A\, h) := (Jis), A(s), hsry) obtained from
(J, A, h) by base-change induces an element in Ag,/k y(5’) and so we have a
(functorial) map

AE/K,N(ﬁ) : AE/K,N(S) - AE/K,N(S/)-
We have thus defined a contravariant functor
AE/K,N : M/K — Sets.

As a first step of the basic construction we define the “Torelli map” 7
which was mentioned above.

Proposition 5.1 If f : C — Eg is a minimal genus 2 cover of degree N,
then hy = f* o Aggs : Es — J is an injective homomorphism of degree
N. Thus, the rule (f : C — Eg) — (Jcys, Acys, hy) defines a morphism of
functors

T HE/K,N - AE/K,N-

Proof. Since f is minimal, f* : Jg; — Joyg is an injective homomorphism (by
definition). Now by (44) we have [N];, o = fio f* = )\E;/so(f*)Ao)\C/Sof*,
which shows that f* and hence hy has degree N.

5.2 The isomorphism V' : Ap/x y — Xp/k N1

Our next aim is to construct the morphism V' : Ap/x v — Xg/k,n,—1. For
this, we first prove:

Proposition 5.2 Let J/S be an abelian scheme of relative dimension 2 with
a principal polarization \ : J = j, and let h . Es — J be an injective
homomorphism of degree N. If h* := hoX:J — JEg/s denotes the “dual”
of h, then E} = Ker(h*) is an elliptic curve over S, and there is a unique
isomorphism

Ui+ Es[N] = E}[N]
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of the N-torsion subgroup schemes of Eg/S and E} /S such that h' o 1), =
higgny, where B/ By = Ker(h*) — J denotes the associated closed immer-
s10n.

Proof. Since h : Eg < J is a closed immersion, its “dual” h* : J — Jgg/s
is surjective and has connected fibres by (42). Clearly, these fibres have
dimension 2 — 1 = 1 and so Fj := Ker(h*) is an elliptic curve over S which
has a natural closed immersion ' : E; — J.

Consider the fibre product H := Eg x; E} via the closed immersions h
and h':

H % E
pri | Lw
Es M g

Since h and h' are closed immersions, so are pro and pri. Moreover, since
E;, = Ker(h*) and h* oh = Ag, s 0 [N]g, the image of H with respect to prq
is Ker(h*oh) = Ker(Agy/s0[N]gy) = Es[N] and so H is finite and flat of rank
N? and is annihilated by multiplication by N. Thus, the image of H under
pra is contained in £} [N] and so is equal to E'[N] since both group schemes
have rank N?2. Thus, if H' denotes the common image of h o pry = h/ o pry
in J, then the restrictions of h and h’ to the respective N-torsion subgroups
induce isomorphisms

h‘Es[N] . ES[N] ; H, and hTE;L[N] . E;L[N] :> Hl,
and so iy, = (hiE;L[N])il o higgn) + Es[N] = Ej[N] is the desired isomor-

phism. Note that since A’ is a (closed) immersion (hence a monomorphism),
¥y, is uniquely determined by the indicated property.

Corollary 5.3 If (W)* = (k') o A : J — Jg , then we have
(17) h(Ker(h* o h)) = I/ (Ker((h')* o 1)) = Eg x; E, ~ Eg[N]
and hence the injection h' : E} — J also has degree N.

Proof. The above proof shows that h(Ker(h*oh)) = H' = Egx ; E} ~ Eg[N].
To prove that also h/(Ker((R')* o ') = Eg x; E}, we first note that by the
definition of A’ we have the exact sequence (of abelian schemes)

(18) 0— B, 5 75 Jp, — 0.
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Dualizing this sequence and composing with A and kg, : Eg — J B yields
the sequence

(19) 0B 7" g o

which is again exact by (43); here we have also used the fact that A=*o (h*) o
ks = Ao Ao (h) o kg, =h. Thus we have h(Eg) = Ker((h')*) and hence,
since A’ is injective, we obtain ' (Ker((h')*oh’)) = h(Es)Nh/'(E}) = Es X E},
which proves (17).

To prove that A’ has degree N, i.e. that the equation (h')*oh' = Ag o[N]
holds, it is enough (by rigidity) to prove this fibre-by-fibre, so assume S =
Spec(F), where F is a field. Now since (h')* o/ = h/ o Ao h is a polarization
on B} (cf. (37)), it follows that (h')* o h' = g o [n] for some n > 0 since all
polarizations on Ej are of this form. But since Ker((h')* o ') ~ Er[N] has
rank N2, it follows that n = N, and so k' has degree NN, as claimed.

By the above proposition, each triple (J, A, h) determines a pair (E}, ¢p)
and hence an element Xg/ k. ~(S). Tt is easy to see that this construction is
compatible with the equivalence relation of covers; more precisely, we have:

Proposition 5.4 Suppose J;/S are two abelian schemes of relative dimen-
sion 2 with principal polarizations N\; : J; — jl and that h; : Eg — J; are
injective homomorphisms of degree N, fori = 1,2. If a : J; = Jy is an
isomorphism such that Ay = & o A\ o and hy = « o hy, then there is an
induced isomorphism o' : Ej, = By, such that o o ¢, = Yp,, and o is
uniquely characterized by this property if N > 3. In particular, the assign-
ment (J,\, h) — (E},¢n) defines a morphism of functors

v AE/K,N - XE/K,N~

Proof. First note that o' is uniquely determined by this property if N > 3,
for if o : Ej = Ej_ is another such isomorphism, then § := (/)" oo/ €
Autg(E}, ) satisfies By v = idgy ), and so § = idg (cf. [KM], p. 85),
which means that o = /.

We now prove the existence of «'. Dualizing the relation hy = « o hy
(and composing with );) yields h} = hf o a*, where a* = \; ' od o\ = a™,
where the latter equality follows from the hypothesis Ay = & o A\; o a. Thus
h% = hioa, and so by the universal property of kernels, o induces a (unique)
isomorphism o' : B} = Ker(h}) = Ej_ = Ker(h}) such that hj, oo/ = avo ki,
where hj : E; = Ker(h;) < J; are the canonical inclusions.
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It is now easy to see that o’ o1y = 1y,. Indeed, using the defining
equation of ¢y, (cf. Prop. 5.2), we have hj o o/ o1y, = aohf oty =
a o (h1)gg(n) = (h2)|gg[n), Which means that o o vy, satisfies the defining
equation of vy, and so 1y, = o' 0y, as claimed.

Thus the map (J,\,h) — (E},v) is compatible with the equivalence
relations and hence determines a map VY : Ag/kx n(S) — Xg/k n(S). Since
this map is clearly compatible with base-change, W' = {U%}¢ defines a mor-
phism of functors V' : Ap/x v — Xe/k N-

We next show that ¥’ maps Ag/k v into the component Xg/x n 1 of
Xg/k,n and that N Ap/kn — Xg/k,n—1 is an isomorphism of functors.
For this we shall first prove the following result.

Proposition 5.5 In the situation of Proposition 5.2, let A = Eg xg E},
denote the product surface over S and let w: A — J be defined by

(20) T=hoprg, +h' oprg

where prgg © A — Eg and prg; © A — Ej are the projections. Then 7 is
an isogeny of degree N* whose kernel is Gy, = Graph(—vy) C Eg[N] xg
E}[N] C A, the graph of the isomorphism —iy,. Furthermore, if 7' : J — A
15 defined by

(21) = ipgys 0 Npyys O W' im0 Ay g0 (B

where i, : Es — A and o E, — A are the canonical embeddings and
(W)* == (W) oA, then we have 7' o = [N]4 and won' = [N];. Furthermore,
if Aa = Apgys ® Agyys @ A = A denotes the product polarization, then we
have the commutative diagram

A M A
™ L#
(22) J 5
x| l#
A 24 A

Proof. Let k : K, := Ker(m) — A denote the closed immersion defined by
the kernel of 7 and let p = (preg)x, = pres ok : Ky — Es, and p' =
(pre/)ik, =pre ok Ky — E' = Ej denote the restriction of the projection
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maps of A to K. Then by the universal property of kernels it follows from
(20) that (Ky,p, —p') is the fibre product Eg x ; E" with respect to the maps
h and h'. Thus, by the proof of Prop. 5.2, it follows that p and p’ factor
over the immersions jy : Es[N| — FEg and jj : E'[N] — E" as p = jy o py
and p' = jiy o ply, and that py : K, = Eg[N] and p)y : Ky — E'[N] are
isomorphisms. Thus, ¢, = —ply o py', and so, if v = v_, : Es[N] — A[N]
denotes the graph morphism, then we have

(Jy X jy)oyopy = k:Ky— A

because prggo(jn X jy)0YOPN = JNODIEg[N]OYOPN = JNOidEgN|OPN = P =
pregok and prg/ o (Jn X jn)ovopn = jn OPrE/[NJOYOPN = Jno(=vn)opy =
Jnopy =p = prgok. Since py is an isomorphism, this equation means that
Ky = Graph(—1y,) (as closed subschemes of A), as desired. Moreover, since
Graph(—1y,) ~ Es[N] has rank N2, we see that 7 is an isogeny (because
A/S and J/S both have relative dimension 2).

In order to verify that 7’ o m = [N]4, we first observe that
(23) Ay soh”oh = [N]gg, h'ol/ =0, (K)"oh =0, Ay go(h) ol = [N]p:.
Indeed, the first and last equation of (23) are a restatement of (16) (since
both h and h' have degree N by Cor. 5.3), and the second and third equations
follow from the exact sequences (18) and (19).

Now by (20), (21) and (23) we obtain 7’ o m = (ig, © )‘E;/s oh* +ig o
Nt ss0 (W) ) o (hoprps +h oprey) =ips o [N]gs oprp, +ig, o [N]g, opre, =
(ims 0 pres +ig o pre;) o [N]a = [N]a, as claimed. Furthermore, from this
we get Tom om = mo[N]s = [N];om and so m o’ = [N]; since 7 is an
isogeny and hence an epimorphism in AbSch .

It remains to show that the diagram (22) commutes. For this we first
observe that if ¢ = Y, g : A JEs/s X s Jpr /s is the canonical isomorphism
of (39), then
(24) pomo\= oh* +iy,

B, /s

o (h/)*

Ligg/s

because gooAfro)\ = goo(hoprES)Ao/\—i—goo(h’oprE;l)Ao)\ =poprg, ohol+
poprg N oA =iy 0 Wty o 0 (R . . ,
From (24), (20) and (23) we obtain poolor = (ZJES/SOh*“_ZJE;L/SO(h )*)o
(hOpTES+h,OpTE§L> = iJEs/sO)‘Es/SO[N]EsOpTEs +iJE;L/sO)‘E;L/SO[N]E;LOPTE;L -
(Ams/s X Amrys) o [N]a=poAsom om. Thus, poftolom=porsonom,
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and hence @ o A = A4 o 7’ because ¢ is an isomorphism and 7 is an isogeny.
Thus, the bottom square of (22) commutes, and hence so does the top square
since it is the dual of the bottom square.

Remarks. (a) The commutative diagram (22) is essentially the diagram on
p. 157 of [FK], where it is proved by a slightly different method (in the case
that S = Spec(K) and J = Jo/k).

(b) The maps 7w and 7' can also be characterized by the properties

(25) Toigs =h and moip =,
(26) prig o = Apgoh® and prg om’ =g o ().

Corollary 5.6 We have NA\g = oo, and so Graph(—1y,) < A[N] is an
isotropic subgroup of A[N] with respect to eN*4. Thus, 1y, : Es[N] = E'[N]
is an anti-isometry, i.e. ey o (Y xgp) = [—1],y 0 en.

Proof. By commutativity of the bottom square of (22) we obtain (To\)om =
(Aaom’) om = Ag 0 [N]a, which proves the first assertion.

Thus, by the functorial property (38), we have for every S-scheme T
and for all T-valued points z,y € Graph(—1;) = Ker(r) that eV (z,y) =

emoAm (. y) 9 eMr(z), 7(y)) = €*(0,0) = 1, which means that Graph(—1y,)
is an isotropic subgroup of A[N] (with respect to eM*4).

Since Ay = A} ® Ay is the product polarization (with A\; = AEg/s and
Ay = Apgr/s), we have " = ("M o (pry x pry)) - (eN o (pra x pry)).
Thus, applying this to z = (2/, —¢(2)) and y = (v, —n(v')), where 2’y €
Eg[N)(T), yields e¥ (a, )N (—n (a"), —n(y')) = ¥4 (2, y) = 1, which
proves that —;, (and hence also ;) is an anti-isometry.

This therefore shows that ¥ maps Ag/k v into the (—1)-component of
Xg/k N, ie. into Xg/k n—1. In order to show that ¥ is an isomorphism, we
shall construct an inverse morphism V" : Xp/ n -1 — Ag /k,n- To this end,
we shall prove:

Proposition 5.7 Suppose E'/S is an elliptic curve with an anti-isometry
Y : Es[N] = E'[N]. Let A = Eg xg E' and let Gy := Graph(—¢) <
Es[N] xg E'[N] = A[N] denote the graph of —ip. Then the quotient J =
Jy = A/Gy is a projective abelian scheme and the quotient map m = my :
A — J = AJ/Gy is an isogeny of degree N*. Furthermore, there exists a
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unique isogeny w : J — A such that 7’ om = [N]a and mo 7’ = [N],.
In addition, J has a unique principal polarization \; : J = J such that
Ajom = o A4, where Ay = Agg/s @ Aprys denotes the product polarization
of A= Eg xg F', and then we also have T oAy = \qo 7.

Proof. Since Gy ~ Eg[N] is a finite, flat closed subscheme of the (strongly)
projective group scheme A/S, the quotient group scheme J := A/Gy, exists
and is quasi-projective; cf. Raynaud[Ral, Th. 1(iv) and/or [BLR], Th. 8.2/12.
Furthermore, it is immediate that the quotient map 7 : A — J = A/Gy is
finite, flat, and surjective and so J/S is projective; cf. [EGA], (II, 6.6.4).
Since it is immediate that the fibres of J; = A;/(Gy)s are geometrically
irreducible, we see that Jy is an abelian scheme.

It is thus clear that 7 : A — .J is an isogeny of order N? since Gy ~ Eg[N]
has rank N?. Moreover, since Gy < A[N]| = Ker([N]4), it follows by the
universal property of quotients (cf. [Mul], p. 3) that [N]4 = 7’ o7, for some
homomorphism 7’ : J — A. Clearly, 7’ is an isogeny (since m and [N]a
are). By the same argument as in the proof of Prop. 5.5 one concludes that
momn’ = [N]; holds as well.

We now construct \;. For this, we first note that there can be at most
one isomorphism A : J = J such that Aom = 70\ 4, for 7 is an epimorphism.
Thus, it is enough to prove that \ exists after a faithfully flat base extension
S’/S (and that it is a polarization).

Since ¢ is an anti-isometry, G is an isotropic subgroup with respect to
ENA4 (see the proof of Cor. 5.6). Now Ay = Ag, where © = priO([0p,/s]) ®
pr3O([0g//s]). Thus, by Lemma 5.8 below we know that after a suitable finite,
faithfully flat base extension (which, for ease of notation, will be suppressed
in the sequel), there is an invertible sheaf M on J such that O ~ 7* M,
and so Mg o [N]4 = denv = Apsapq = T 0 Ay o 7, the latter by (37). Thus
T oXs0[N]s=morolpom = Apomo[N]y, and so oAy = Ay o7 since
[N]4 is an epimorphism. Thus A\; = A is the desired polarization. Note
that since deg(r) = deg(n’) = N2, it follows that deg()\;) = deg(\4) = 1,
i.e. that A\ is a principal polarization.

Finally, to prove that the last equation also holds, we multiply the previ-
ous equation by 7 to obtain #oAjom = om0y = [N]j0As = Aao[N]4 =
A o7’ om, which implies that 7o A; = As o7’ because 7 is an epimorphism.

In the above proof we had used the following basic fact about the descent
of polarizations.
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Lemma 5.8 Let m : A — B be an isogeny of abelian S-schemes and let
L € Pic(A) be an ample invertible sheaf on A. If Ker(w) is an isotropic
subgroup of K(L) := Ker(\.) with respect to the pairing e~, then there exists
a finite, faithfully flat estension S'/S and an invertible sheaf M’ on Bg:
such that Lsry ~ WZ*S,)M’, where Lgy denotes the pullback of L to A(sr).

Proof. This can be proved by a modification of the proof of the Corollary
on p. 231 of Mumford[Mu2] (see also [MB2], Cor. VI.1.3). As in [Mu2], §23
and/or [MB1]), let G(£) denote the theta-group associated to L; recall that
G(L) fits into an exact sequence

0— G, — G(L) 2 K(L)— 0.

Let H = Ker(m) and G = p~'(H). Since € is given by the commutator of
G(L), the isotropy of H means that G is commutative. Now by [Mil], Lemma
I11.4.17 (and its proof) there is finite faithfully flat extension S’/S such that
Gsy ~ Gy, x Higy (as group schemes). Thus, there is a homomorphism
o : Higy — Gg) such that p o a = id, which means that Lgy = 7*(M’) by
[MB1], Th. 4.1.

Corollary 5.9 In the situation of Proposition 5.7, the maps hy := Ty 0ig, :
Es — Jy and h), = quoZ'E/ c B — Jy are mjecAtz've homomorphisms of degree
N whose “duals” hy, := hy o A\ and (hy,)* == h'y o \; satisfy the relations

(27) hjy = Apgjs o pregomy and  (hy)" = Apys o prey o my,
and hence fit into the exact sequences

h/ h* h (h/ )*
(28) 0— E' 5 Jy =5 Jpgs — 0 and 0— Es 5 Jy, > Jgs — 0.
In particular, the assignment (E', 1) — (Jy, Ay, , hy) defines a morphism of
functors
v XE/K,N,—l - AE/K,N'

Proof. Since 1 is an isomorphism, we have Ker(h,) = ig;(qu Nigy(Es)) =
Ker(¢) = {0}, and so hy, is an injective homomorphism. Similarly, h;, is also
an injective homomorphism.

We next verify (27). By definition, h;, = hyoMlj = iggofols =
%Es olgom = Agg/s 0 prgs o ™, where the last equality used (40). This
proves the first equation of (27), and the second is proved similarly.
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The fact that hy, and h;, have degree N follows immediately from (27)

because fLw oAjohy = hfp o hy @ AEg/S O PTEg © T O T 0 gy = Agg/s ©
pres © [N]aoigy = Aggss © [N]gg. Thus, hy has degree N, and a similar
computation shows that h; also has degree N.

Next we show that the sequences (28) are exact. By (27) we have hj,oh;, =
AEg/s © DrEg © T 0T o ig = Apg/s 0 preg o i o [N]g = 0, and similarly,
(hy)* o hy = 0. Moreover, since hy and h;, are injective, their duals hy, and
(hy,)* are surjective and have connected fibres (cf. (42)), and so it follows
easily that the sequences (28) are exact.

Finally, we verify that the assignment (E',1) + cl(Jy, A, , hy) defines a
functor. Indeed, by the above we know that the (isomorphism class of the)
triple (Jy, Ay, hy) lies in Ag/rn(S). Furthermore, it is easy to see that
this assignment is compatible with the equivalence relation on Xz, x N —1(5),
for if (E",¢') ~ (E',¢) via a : B/ = E" (with a o9 = 1), then a =
idp, X @1 A= Eg xg B/ = A" := Eg x5 E” is an isomorphism such that
&@(Gy) = Gy, and so we have an induced isomorphism @ : Jy — Jy such
that my o @ = @ o my, from which one easily concludes that o defines an
isomorphism (Jy, Az, hy) =~ (Jy, Adyrs hoyr).

Thus, we have a well-defined map V% : Xg/x n,—1(S) = Ag/kn(5). Since
this map is clearly compatible with base-change, the collection ¥" = {U%}¢
defines the desired morphism of functors ¥ : X /k n -1 — Ag/k N-

Theorem 5.10 The morphisms
VA AE/K,N - XE/K,N,—I and U": XE/K,N,—l - AE/K,N
are inverses of each other and hence are isomorphisms.

Proof. Fix a K-scheme S, and let cl(J,\,h) € Ag/kn(S). Then by defini-
tion Wg(W(cl(J, A h))) = We(cl(Ey, ¢n)) = cl(Jy,; Ay, by, ), where B} =
Ker(ﬁ o\) and Jy, = Ap/Gy, with A, = Eg xg Ej. Now by Prop. 5.5 the
map 7 : Ay — J is the quotient map with respect to G, , and hence we have
a canonical identification J = .J,, . Furthermore, since Ao 7w = 7/ 0 A4, (by
Prop. 5.5 again), we have (by definition) A;, = A. Finally, hy, =igsom =h
by equation (25), and so WE(W(cl(J, A\, h))) = cl(J, A\, h).

Conversely, let cl(E',¢) € Xg/xn-1(S). Then Wy(W(cl(E',v))) =
Us(el(Jy, Ay, hy)) = (B}, ¥p,). Here Jy, = A/Gy and A, are as defined
in Prop. 5.7 and hy = my 0 i, as in Cor. 5.9. Furthermore, £}, == Ker(h;)),

33



and 1, is the unique anti-isometry such that (hy) oY, = (hy)gsn), Where
(hy)": E},, — Jy denotes the canonical inclusion.

From the first exact sequence in (28) we see that E' = Ker(h},), and so
there exists a unique isomorphism o : E = Ly, such that (hy) oo = hy, ==
Ty O ULE!.

We now claim that

(29) Yn, = a0t or, equivalently, (id X a)(Gy) = Gwhw,

where, as above, G, < Eg xg £ and Gwhw < Fg xg E’,w denotes the graph
of —¢ and of —1y,,, respectively.

To prove (29), put 7 = thprES%—(hw)’oprE;%. Then we have mo(idxa) =
7y because (7o (id X a)) oipy = (hy o prgs oipg) + ((hy) oo prg oig, =
hy = mypoips and (mo(id X ) oip = (hyopregoip )+ ((hy) caoprp oig =
(h¢)/ o = h;lf == 71'1/, e} iE/.

Now by Prop. 5.5 we have Ker(7) = Gwhw, and so Gwhw = Ker(m) =
Ker((id x a) o my) = (id x a)(Ker(my)) = (id x a)(Gy) since Ker(my) = Gy,
by definition of 7. This proves (29), and hence « defines an isomorphism
(E' 1) ~ (E;/%albhw)- This means that U (VE(cl(E, 1)) = CZ(E;WWW) =
cl(E' 1), and so Wy and W% are inverse maps of each other.

Remarks. (a) Note that the above theorem does not require any hypotheses
on the base field K, and hence is true even if char(K)|2N. In fact, the
hypothesis that K is a field was never used, and so the same result holds if
E/K is an elliptic curve over an arbitrary ring (or scheme) K.

(b) The above theorem is actually a special case of general result which
is valid for arbitrary abelian varieties. More precisely, let £/K be an abelian
variety (or abelian scheme) of (relative) dimension d and let X : E — F be a
polarization. Fix an integer g > 1, and consider, for a K-scheme S, the sets

AD () = {el(A,Aa b)) and X (S) = {el(B, Ap, 1))

in which A/S, B/S are abelian schemes of dimension g, A4 : A = Ais a
principal polarization, h : E < A an injective homomorphism of “type \”,
ie. hodoh =M\ Ag: B — Bis a polarization and 1 : Ker(\) = Ker(\p) is
an anti-isometry (with respect to the pairings e* and e*#). These definitions

lead to functors AY) , and X (9)

E/K /i a1 Which generalize the functors A and
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: _ 1@ _ O :
X above; clearly Agp/xn = AE/KvN)\E/K and Xp/g N1 = XE/K,N/\E/K,—I (if
d =1). Now the above proof of Theorem 5.10 can be modified to show that
we have in general an isomorphism of functors:
Al ple—d)

(30) v AF?/K’A — XEQ/K%_I.

By combining Theorem 5.10 with the fundamental representation result
Corollary 4.3 we obtain

Corollary 5.11 If N > 3 is invertible in K, then the smooth affine curve
Xg/K,N,—1 represents the functor Ag kN

5.3 The Torelli map 7: Hg/xn — Ag/k.n

We now turn to study the Torelli map 7 : Hg/xn — Ag/k,n in more detail.
The following result may be viewed as a version of Torelli’s theorem for
(special) genus 2 families of curves.

Proposition 5.12 If N > 3, then the Torelli map 7 : Hg/x N — Ag/k N 05
a monomorphism.

Proof. Fix a K-scheme S and suppose that f; : C; — Eg, i = 1,2, are two
normalized genus 2 covers of Es/S and such that 75(cl(f1)) = 7s(cl(f2)). We
want to show that cl(f;) = cl(fs), i.e. that there exists an S-isomorphism
@ : C7 — Cy such that f; = fy 0 0.

The hypothesis 75(cl(f1)) = Ts(cl(f2)) means that there exists an isomor-
phism « : Jo, = Jg, such that & o A¢, s 0« = A¢y /s and a o hy = hy, where
hi == f} o Agg/s. Since (fi). = )\Es/s o (fF) o Ac,/s = hy, the proof of Prop.
5.4 shows that we also have (f1). = (f2)« o a. We now treat the case that N
is odd or even separately.

(a) Suppose first that N is odd. Then there exists a sheaf £; € Pic(J¢,/s)
of relative degree 1 such that (f;). o jz, = Aggys o fi, for i = 1,2; cf. Th.
3.2(d). Put 6; = j.,(C;), which is a symmetric theta-divisor of J¢, /g, i.e.
)\@(gi) = >\Ci/S and [—1]91 = ‘91 Since )\(’)(a*eg) =a&o )\@(92) o = )\0(91), we
see that 0] := a7 '6, is a theta divisor of J¢,,g. Clearly, 6] is symmetric
because [—1]0] = [-1]a"'0;, = a~}[—1]6; = #]. Furthermore, by (13) we

have 6 (1 Ker(f1),)[2] = a~ (2 (1 Ker((f2),)[2]) = o~ (Ker((f).)[2#) &
Ker((f1).)[2]#. Thus, 6, and ¢, are two symmetric theta-divisors satisfying
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(13), and so by the uniqueness assertion of Th. 3.2(e) it follows that 0; = 6.
This means that a‘;; : 05 = 6, is an isomorphism, and hence there is a
unique S-isomorphism ¢ : C; = C5 such that jz, o ¢ = a o j,. Then
faop=(f2)e0l, 0= (f2)s0@0jr, = (fi1)x0jr, = f1, as desired.

(b) Now suppose that N > 4 is even. Prop. 3.3(b) it is enough to verify
that the assertion is true after a finite faithfully flat base change S’/S which
we can choose by Th. 3.2(d) in such a way that there exist sheaves £; €
Pic((Je,/s)(sy) of relative degree 1 such that (f;). o jz, = Agg/s © fi, for
i = 1,2. (In addition, we can assume that C(sy/S’ has a section.) By
a similar argument as for the odd case we conclude that there exists an
x € Ker(f1).[2](S’) such that T,a~'0, = 6;, where 0; = j.,((C;)(s)), and so
there is a unique S’-isomorphism ¢ : (C1) sy — (Ca) (s such that jz, o p =
aoT_,ojr. Since —x € Ker(f1).[2], a similar computation as in the odd
case shows that f; o ¢ = f1, and so the assertion follows.

Corollary 5.13 If f : C — Eg is a normalized genus 2 cover of degree
N, then E} = Ker(f.) is an elliptic curve over S and we have a unique
anti-isometry ¥y : Eg[N] = E}[N] such that (f')* o1y = (f.)|psin), where
(f') : B} — Joss denotes the canonical embedding. Furthermore, the rule
(f: C — Es)— (E},¢y) defines a functor

U = \I// oT: HE/K,N — XE’,N,fl
which is a monomorphism if N > 3.

Proof. Since ¥ := ¥ o 7 is a monomorphism for N > 3 by Th. 5.10
and Prop. 5.12, all the assertions follow once we have shown that (E%, ;)
is a representative of W(7gs(cl(f))). But this is clear, for by definition
s(cl(f)) = Vs(cl(Jeys, Acys, hy)) = cl(Ey,,, ¥n, ), where hy = f* o Agy/s,
E;Zf = Ker(h}) = Ker(f.) = EY, and ¢ := 1, is uniquely determined by
h/f o @/}f = (hf)|ES[N]a with h} = (fl)* : E} — JC/S-

The final step in the basic construction is to identify the image of Hg/x n
in Ag/k,n with respect to the Torelli map 7. The criterion that will be
given below amounts essentially to the condition that the theta-divisor(s)
associated to the polarization A; of an abelian surface J/S be smooth over
S. However, since a given polarization need not have a theta-divisor that is
rational over S, this condition has to be suitably modified. To this end we
introduce the following concept.
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Definition. A principal polarization ) : J — J of an abelian scheme J /S is
called theta-smooth at s € S if the principal polarization

A

As:Jsi=JQk(s) S Js

obtained by base change with (s), the algebraic closure of (s), has a theta-
divisor #3 which is smooth over x(s).

We now prove the following fundamental fact which is also of independent
interest.

Proposition 5.14 If J/S is an abelian scheme of relative dimension 2 with
a principal polarization A : J — J, then following conditions are equivalent:

(i) (J, ) is a Jacobian, i.e. there is a smooth curve C/S of genus 2 such
that (Jc/g, >\C/S> ~ (J, )\)
(ii) X\ is theta-smooth for all s € S.

(iii) There ezists a finite, faithfully flat base extension (3 :S" — S such
that \(sy has an associated theta-divisor ' which is smooth over S'.

Proof. (i) = (ii): Let s € S. Since Cs has genus 2 = dim(J5), the image
Jz(Cs) of j, : C5 — Js (for any = € C’g(@)) is a smooth theta-divisor of Js
associated to Az, and so A\ is theta-smooth at s, for all s € S.

(ii) = (ili): By Lemma 5.15 below we know that there exists a finite,
faithfully flat cover 3 : S" — S such that A(g:y has a theta-divisor ', and
then 02 is a theta-divisor of Ay, for all 8" € S’. Since ¢~; is unique up to a

translation on Jg, condition (ii) implies that ¢ is smooth over k(s'), and
hence ¢, is smooth over k(s"). Thus, ¢, is smooth for all s € S, and so it
follows that 0" is smooth over S’.

(iii) = (i): We first prove that there exists a smooth curve C'/S such that
C":= C(sy = ¢'. For this we shall use the method of descent of Grothendieck
(cf. [BLR], Th. 6.1/7) applied to the pair (¢, L), where £’ = wgs; note that
wer /g is an ample invertible sheaf on 6" because 6’ is a smooth curve of genus
2 over S'.

To apply this method, consider S” := S’ x¢ 5" with the two projections

: 8" — S and let 07 = pid = 0’ ) be the base change of 8" via p;, for
i =1,2. Now 6] and 0" are both theta—d1v1sors on J" := Jigny with respect
to the principal polarization A" := A(g1), and so by Lemma 7 1 there exists a

unique section = € J”(S”) such that T (05) = 07, i.e. t := (Ty) gy : 0] = 05 is

37



an isomorphism of S”-curves. Furthermore, since p;L" = wgr/sn = Q. s 1t
follows that we have a canonical sheaf isomorphism w : t*p5 L’ ~ piL’ . Using
the fact that z and w are uniquely defined, it is now easy to check that the
pair (t,w) satisfies the cocyle condition and hence defines a descent datum
on (0", L"). Thus, by Grothendieck’s theorem ([BLR], Th. 6.1/7), there exists
a scheme C/S (and a sheaf £ € Pic(C)) such that Cgy ~ ¢'. Furthermore,
since ¢'/S" is a smooth curve of genus 2, so is C'/S (since S'/S is faithfully
flat).

To show that Jeoyg ~ J, let j/ : C" := C(gy =~ 0" — J' denote the
embedding constructed above, and consider the morphism f’ : ¢’ x g C" — J'
defined by f = Ao soj x j', where s : J xg J — J' denotes the minus
map (z,y) — v —y. We claim that f' = fig, for some f:C xgC — J. By
descent theory ([BLR], Th. 6.1/6(a)), it is enough to show that p}f’ = p5 [,
where as above p; : S” = 5" xg 5" — S’ are the projections.

Suppose first that 2”,y” € C(S”) are two sections. Then (p} f')(z",y") =
A" (@) =i 5" (y")) = (T pi OO0 @ (0; O(0) ™)@ (T 1,ryp; O(0) @
(PrO0))™H)™) = (T juin) IO @ (TP OO)) ). NOW by the
above we know that there exists an = € J(S”) such that pj’ = T, o pjj’
and T;p;0(0') ~ piO(0'), and so T mp30(0') ~ T nTips0(0') ~
(el ) (and similarly for z” replaced by y".) ThlS therefore gives
PN 5" = AT DO D (T B OE)) ) = (T p30(8)
(T jr(yryP30(6')) ) = p3(f")(a”",y"). Repeating the same argument with
arbitrary T valued points (for a scheme 7'/S”) shows that we have pi(f’) =
p5(f'). )

Thus, by descent theory, there exists a unique morphism f: C' xgC — J
such that fisny = f’. It is immediate from the definition that fo¢d = 0, where
J is the diagonal map, and so by the Albanese property (x * x) (applied to

“lof:CxC — J) there exists a unique homomorphism A : Joys — J such
that ho fcys = A" o f. Now h is an isomorphism because after base-change
it is clear from the definition that f' = Ao for/g.

Above we had used:

Lemma 5.15 If A : A — Aisa polarization of an abelian scheme A/S,
then there exists a finite, faithfully flat base extension (3 :S" — S such that
sy is defined by an invertible sheaf L' € Pic(A(gy). Furthermore, if X is
a principal polarization, then L' can be chosen such that L' ~ O(0') for a
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theta-divisor 6 on A(gr.

Proof. First note that by Mumford[Mul], p. 121, there exists £ € Pic(A) such
that Ay = 2\. Then A[2] < K(L£) is an isotropic subgroup, and so by Lemma
5.8 there exists a finite, faithfully flat base extension g, : S, — S such that
Lsy == [2]*(Lp), for some Lfy € Pic(A(gy)). Then by a similar argument as in
[Mu2], p. 231, there exist, after a suitable finite, faithfully flat base-change
B2 S — ), invertible sheaves £ € Pic(A4’) and M’ € Pic(S’) such that
ﬁ(sz) ~ (E,)2 ®p*A,(./\/l,), where A’ = A(S/). Then 2)\(51) = )\E(S’) = )\([;/)2 =
2Xzr, and so A\(gry = Az. This proves the first assertion.

To prove the second assertion, consider M := p, L', where p : Agy — S’
is the structure map. Then M is locally free of rank 1 cf. [Mul], p. 123; recall
that A is now assumed to be a principal polarization. Thus M € Pic(5),
and hence £ := L' ® (p* M)~ satisfies p.(L") ~ Og. Via this isomorphism,
the global section idp, € Hom(Og, Og) = I'(S,Og) gives rise to a global
section of £” which defines a relative Cartier divisor 6" representing £” (see
the discussion on p. 212ff of [BLR]), and so the second assertion follows.

Corollary 5.16 If A is a principal polarization of an abelian scheme J/S of
relative dimension 2, then the subset S°=*™(\) C S of those points of S at
which X is theta-smooth is an open subset of S.

Proof. By the lemma there exists a finite faithfully flat base extension ( :
S" — S such that Asny has a theta-divisor ¢ C J(g. Then by definition (cf.
[EGA], (IV, 17.3.7)) the set 8™ C 6 of smooth points of §/5" is an open
subset of # and hence Sj; = 5"\ p(f \ 6°™) is also open (since the structure
map p = py, * J(sry — S is proper). By definition (and [EGA], (IV.17.8.2))
S} is the set of points s € S where 6, is smooth, and so Sj = 371(S?=*™()\)).
Since 3 is faithfully flat (and hence is open and surjective), it follows that
S9=sm()\) is open in S.

Notation. For each K-scheme S let
Tk (S) = AL (S) € Agyie v (S)

denote the subset consisting of those classes cl(J, A, h) such that J is theta-
smooth (for all s € S). Since any base-change of a theta-smooth abelian
scheme is again theta-smooth, this defines a subfunctor Jg/x n of Ag/k n-
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Proposition 5.17 The functor Jg/x N is an open subfunctor of Aajrxn.
Furthermore, the Torelli morphism 7 : Hg/xkn — Ag/kn factors over
Je/kn and defines a surjection

T:Heg/kn — Te/K N

which is an isomorphism for N > 3. In particular, T is an open embedding

of functors (if N > 3).

Proof. Let S be a K-scheme and let F' : hg — Jg/k,n be a morphism of
functors. If we write F'(ids) = cl(J,\,h) € Ag/k,n(S5), then by Cor. 5.16
the set U := SY~*™(\) C S at which ) is theta-smooth is an open subset
of S, and so F(ids)v = (Jw), A\wy, by € Te/k.n(U). Clearly, f(ids)u
represents the fibre product Jg/ kv X 4, KN hg, which means that Jg/k v is
an open subfunctor of Ag/k . This proves the first assertion.

Since each Jacobian is theta-smooth, it is immediate that 7 maps into
Je/k,n- To prove that 7 is surjective, let S be a K-scheme and let cl(J, A, h) €
Je/k,N(S). Then by Prop. 5.14 there exists a smooth curve C/S of genus
2 such that (Jeys, Acys) =~ (J,A). Moreover, by Th. 3.2(f) there exists a
normalized cover f : C'— Eg of degree N such that f* = h. Thus 7s(cl(f)) =
cl(J, A\, h), and so T is surjective. Moreover, if N > 3 then 7 is an isomorphism
because 75 is injective by Cor. 5.13.

This, therefore, completes the “basic construction”. We can now summa-
rize our results as follows.

Theorem 5.18 The functor V : Hg/x n — Xg/k,n,—1 15 an open embedding
of functors if N > 3; in particular, V is relatively representable. Thus, if N >
3 is invertible in K, then Hg/k n is represented by a smooth curve HE/K,N/K
which is an open subscheme of the (twisted) modular curve Xg/kN—1- In
particular, the fibres of Hg v/ K are geometrically irreducible.

Proof. Recall that ¥ = W o 7 (cf. Cor. 5.13). Since W’ is an isomorphism by
Theorem 5.10 and 7 is an open embedding by Prop. 5.17 (if N > 3), the first
assertion follows.

Now if N > 3 is invertible in K, then by Cor. 4.3 the twisted mod-
ular curve Xp g ny_1 represents the functor Xg/x v 1, and so by the first
assertion Hg,/k k is represented by an open subscheme Hp/x v of Xg/x n 1.
Since X,k n,—1 is a smooth K-curve with geometrically connected fibres (cf.
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Cor. 4.3), the same is true for Hp,x n if (and only if) each geometric fibre
(Hg/k,n)s is not empty.

To see that this is the case, write k = £(3) and let E’/k be an elliptic curve
which is not isogenous to Ej. Since k is algebraically closed (and char(k)fN),
there exists an anti-isometry v : E,[N] = E’[N], which determines a triple
cl(J,\,h) = Vi(cl(Ey, B ) € Ag/kn(k). But then A is automatically
theta-smooth (cf. [FK], Prop. 1.4 or Theorem 6.1 below), and so Hg/x v (k) #
() by Prop. 5.17.

Remark. Note that the above Theorem 5.18 includes Theorem 1.1 of the
introduction as a special case.

The “basic construction” itself is the following statement, which follows
from the fact that 7 : Hg/x v — Jg/k,~ is surjective (Proposition 5.17) and
that U’ is bijective (Theorem 5.10).

Corollary 5.19 (Basic Construction) If E'/S is an elliptic curve and 1 :
Eg[N] — E'[N] is an anti-isometry which is “theta-smooth” (in the sense
that the induced principal polarization \; on Jy = (Eg xg E')/Graph(—1) is
theta-smooth), then there is a normalized genus 2 cover f : C'— Eg of degree
N such that the associated anti-isometry 1y is equivalent to . Moreover,
every normalized genus 2 cover of degree N > 2 arises in this way.

Remarks. (a) A small blemish in the above result is that the notion of a
theta-smooth anti-isometry is defined in a round-about way. However, by
using the results of [Ka2] it is possible to give a definition that is intrinsic to
the data (E’, 1) as will be explained in the next section; cf. Theorem 6.1.

(b) Although the basic idea and underlying steps of this “basic construc-
tion” are as in [FK], there is one notable difference in the method of proof.
In [FK], the existence of the curve C' associated to a (theta-smooth) anti-
isometry 1) was proved by using (for N odd) a characterization of a suitable
symmetric theta-divisor in terms of its linear equivalence class; cf. [FK],
Proposition 1.1. This was replaced here by a different characterization in
terms of a condition involving certain 2-torsion points of Jy; cf. Theorem
3.2(e) (together with some descent arguments).
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6 The degeneracy locus Dg/x n

In the previous section we had constructed the moduli space Hg/k v as an
open subset of the twisted modular curve Xg g ny_1. In order to complete
the description of Hg/k v, we need to analyze the “degeneracy locus”

DE/K,N = XE/K,N,A \ HE/K,N-

As a set!, Dpg/k,n is the disjoint union of its fibres (Dg/x n)s = DE, jx(s),N,
and so it is enough to describe these. Thus, we may assume in the sequel
that K = k(s) is a field.

For an algebraically closed field K, the results of [Ka2] yield an explicit
description of the set Dg/k n. To be able connect these results with the set
Dgk,n, we first recall that Proposition 5.17 yields a natural identification

(31) DE/K,N = {CZ(E/, ’;Z)) € XE/K,N,fl(K) . @ZJ is reducible}

where, as in [Ka2], p. 98, an anti-isometry ¢ : E[N] — E'[N] is called
reducible if its associated theta-divisor 6 on Jy, is reducible. Note that since
the theta-divisor 6 is reducible if and only if it is not smooth, the anti-
isometry ¢ is reducible if and only if it is not theta-smooth in the sense of
Corollary 5.19.

Several characterizations of reducible anti-isometries were given in [Ka2];
one of these is the following.

Theorem 6.1 An isometry 1 : E[N] = E'[N] is reducible if and only if
there exist four isogenies f; : E — E; and f] : E; — E', fori = 1,2,
satisfying the following conditions:

(32) deg(f1) +deg(f) = N,

(33) Ker(f1) NKer(fz) = {0},

(34) fichi = —fa0fo

(35) (f) o = (fi)iemy, fori=1,2,

where (f{)* = Al o floAp : B/ — E; denotes the “dual” of f!.

L Although Dg/k,n is a priori just a closed subset of Hp/ i n, we can give it a unique
subscheme structure by observing that it is the underlying set of the subscheme which
represents a suitable closed subfunctor of Xg,k v 1. However, since this extra structure
is not required in the sequel, we do not explain this in more detail here.
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In particular, if N is prime, then 1 1s reducible if and only if there exists
an integer k with 0 < k < N and an isogeny f : E — E’ of degree k(N — k)
such that

fien = k.

Proof. The first assertion is Corollary 2.4 of [Ka2] (with f} replaced by — f}),
and the second is explained in Remark 2.5.

In addition, the main results of [Ka2] and [Ka3] can be re-interpreted
to yield a formula for the number of points in the degeneracy locus Dg/k n
(which is finite by Theorem 1.1).

Theorem 6.2 The number of points in Dg/x N s

N 1

(36) #Dp/rn = Zo— (E, k(N —k),N) < — 6)#SLy(Z/NZ),

2av OV

where o(E,n, N) denotes the number of subgroup schemes H < E of order n
such that E[p] £ H, for all primes p|N. Furthermore, equality holds in (36)
if and only if char(K)[N!.

Proof. As in [Ka2|, p. 107, let r(E, E', N) denote the number of reducible
anti-isometries ¢ : E[N] — E’[N]. Then from formula (31) it follows that

r(E,E'\N
#Dp/kN = Z HAut( E’ ,

where the sum extends over a system of representatives of the isomorphism
classes of elliptic curves E’/K. But this sum is exactly the left hand side of
the “mass formula” (4.1) of Theorem 4.1 of [Ka2], p. 115, and so the (first)
equality of (36) is just a restatement of the formula (4.1). Similarly, the
inequality of (36) is a restatement Theorem 6 of [Ka3], in which it is also
asserted that equality holds if and only if char(K)[N!.

Remark. The above result shows that if char(/K) = 0, then Dg/x n consists
asymptotically of ; 5 22 N3 points because

#SLo(Z/NZ) = N* || (1 — ]%) ~ ﬁz\ﬂ’ = %NS.
pIN
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7 Appendix: Jacobians of relative curves

The purpose of this appendix is review (and extend) some of the basic facts
concerning the Jacobians of relative curves C'//S. The main references for
these facts are [Mul], chapter 6, and [BLR], chapter 9. In addition, we
review some facts concerning relative Cartier divisors.

Definition. If g > 1, then a (relative) curve of genus g is a proper, smooth
morphism p : C' — S (of finite presentation) whose fibres C; are geometrically
connected curves of genus ¢g. If g = 1, then we assume in addition that there
exists a section 1 : S — (' in this case it follows from [Mul], p. 124, that
C'/S is an abelian scheme of relative dimension 1 with zero-section 0¢c = 7.

Basic Facts: 1) Projectivity: Each relative curve C'/S is strongly pro-
jective in the sense of Altman-Kleiman; cf. [BLR], p. 211. More precisely,
if g > 2, then the relative dualizing sheaf wc/g is S-ample (in fact, w??s is
relatively very ample for n > 3 by [DM], p. 78), and if g = 1 then the invert-
ible sheaf O¢(n) associated to the section 7 is S-ample (cf. [BLR], Remark
9.3/2) (in fact, Oc(n)®" is relatively very ample for n > 3).

2) Jacobians: The (relative) Picard-functor Picc/g is representable by
a smooth, separated S-scheme Picc/s which is locally of finite presentation,
and we have a decomposition

PiCc/S = H Jg;)s

neL

where Jg;)s = (Picgyg)™ denotes the open and closed subscheme of Pice/g
consisting of all line bundles of degree n; cf. [BLR], Th. 9.3/1. Thus, for each
S-scheme T we have a functorial injection

cl : Pic™ (X7)/p{r)Pic(T) — Jg;)S(T) = Hom(7, Jén/)s)

which is surjective if and only there exists a universal sheaf on C' xg J™;
cf. [MB3], p. 34. Furthermore, Jg) /)S = (Pic¢ys)? coincides with the identity
component Jo/g 1= Picl, /s of Picc/s and is an abelian scheme over S ([BLR],
loc. cit. and Prop. 9.4/4). In addition, each Jg;)s is strongly projective over S
and is an S-torsor under Jeo/g; cf. [BLR], Th. 8.2/5, Th. 9.3/1 or [MB3], p. 34.
In particular, if there is an invertible sheaf £ € Pic™(C) of relative degree
n, then the map g — g - cl(£) defines an isomorphism Ty : Jo/g = Jg;)s of
S-schemes.
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3) Duality and Polarizations: The dual abelian scheme jc/g = Pic} /s
of J = Jg/s exists and there is an explicit isomorphism A¢/s : Jo/s = jc/g;
which is described in more detail in 5) below.

More generally, for any (projective) abelian scheme A/S, its dual A=
Picg/s = Pic]y /¢ exists and is a (projective) abelian scheme (cf. [Mul], p
117 and [FC], p. 3); here, Pic} 5(T') consists of those £ € Pic(Ar)/Pic(T)
such that (a power of) L; is algebraically equivalent to 0, for all £ € T'. By
functoriality, any homomorphism f : A — B of abelian schemes induces a
homomorphism f fr: B — A, called the dual homomorphism. Further-

more, the canonical map k4 : A — Ais an isomorphism (cf. [FC], p. 3; this
follows from [Mu2], p. 132), and we have f = x5 o f o k4.
Each invertible sheaf £ € Pic(A) defines an S-homomorphism Az : A — A

by the rule x — cl(TFL ® L) (functorially in S); cf. [Mul], p. 120. Note
that if h : B — A is any S-homomorphism, then we have

(37) Az =hoXzoh,

as is immediate from the definition of h.

If £ is (relatively) ample, then A\, is an isogeny and hence a polarization
in the sense of Mumford[Mul], p. 120. (However, not every polarization is
of this form.) Note that if A : A — Ais a polarization, then A is symmetric
in the sense that Aok = \; cf. [FC], p

Each polarization A = A, : A — A 1nduces a (non-degenerate) pairing

e* K(\) xg K(\) — (Gm)/s,

where K(\) = Ker(A); cf. [Mu2], p. 228ff and [FC], p. 5. This pairing is
related to the usual ey-pairing ey : A[N] xg A[N] — puy by the formula
en o (iday) x A) = e if X is a principal polarization (and N is invertible
in S); cf. formula (4) on p.228 of [Mu2]. We also note that if 7 : B — A is
an isogeny, then we have the formula

(38) T —erorxm on T 'K(\) x 1t TK(N);

cf. property (1) of [Mu2], p. 228 (combined with the fact that ToAzom = A,
as is evident from the definitions).

4) Products of Abelian Schemes: It is immediate that the category
AbSch g of abelian S-schemes (with group homomorphisms) is an additive
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category (in the sense of [HS], p. 75). Thus, if Ay, Ay are two abelian S-
schemes, then A = A; Xg Ay is a co-product of A; and Ay in AbSch /s
with respect to the maps 14, = ida, X 04, : A7 = A; Xg S — A and
i, = 04, X ida, : Ay = S x5 Ay — A; cf. [HS], Prop. I1.9.1. Furthermore,
by duality it then follows that A is a product of A; and A, with respect to
the morphisms 7 4, and i A,, and so there is a unique isomorphism

(39) pa, 4, : A A x Ay such that Pri, ©PayA, = iAk, for k=1,2;

we then also have that pa, 4, opry, =iy, , for k=1,2.

Note that if Ay : Ay —>A121k, k = 1,2 are two polarizations, then the unique
map A = A\ ® Ay : A — A such that ¢4, 4, 0 A = A\ Xg Ag, or, equivalently,
such that
(40) iAkO(Al(X))\Q):/\k O Pra, fork=1,2

is again a polarization (since this is true fibre-by-fibre), called the product
polarization of A = A; xXg As defined by A; and \s.

For later use we also note that if f : A — B is a homomorphism of abelian
schemes then
(41) fis finite < f is surjective.

(Indeed, since f is finite (respectively, surjective) if and only if fs has this
property for all s € S (observe that f is proper and use [EGA], (IV, 18.12.4),
respectively, (I, 3.6.1)), it is enough to verify this for S = Spec(K), K a field,
in which case this is known; cf. [Lal, p. 125.) Furthermore we have

(42) f is a closed immersion < Ker( f ) is an abelian subscheme of B
and f is surjective.

(Again, this is known in the case that the base is a field (cf. [La], p. 216).
The general case be reduced to the field case by noting that f is a closed
immersion if and only if f, : A, — B, has this property for all s € S
(use [EGA], (IV, 18.12.6)) and similarly, Ker(f) is an abelian subscheme if
and only if Ker(fs) = Ker(f), is an abelian subvariety (i.e. is geometrically
reduced and irreducible).) Note that it follows easily from (42) that if

0-ALBL o0

is an exact sequence of abelian S-schemes, then the dual sequence is also
exact (and conversely):

(43) 0-CLBL Ao
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5) Theta-divisors: If Jo/g is the Jacobian of a relative curve C/S of
genus g, then there is a canonical principal polarization A¢/s : Jo/s = jc/s;
cf. [Mul], p. 118 or [MB3], p. 40. In general, A¢/s is not of the form A, for
some L € Pic(C), even if S = Spec(K), K a field. However, if C'/S has a
section or, more generally, if C'/S has an invertible sheaf of relative degree
g — 1, then there exits a theta-divisor 0 on Jgys, i.e. an effective relative
Cartier divisor § C Jgys such that Acys = Apgg); cf. [MB3], p. 40. More

precisely, 6 is constructed as follows. Let © = Im(C9™! — Jég/_sl)), which is

an effective relative Cartier divisor on JW=1 (for any base S); cf. [MB3], p.
35. If we have an invertible sheaf L of relative degree g — 1, then it induces
an isomorphism T : Jo/g = Jég/;l), and the inverse image 0, = T;0 of ©
under T is a theta-divisor on Je/s.

Note that any two theta-divisors are translates of each other:

Lemma 7.1 Let D be an effective relative Cartier divisor on a strongly pro-
jective abelian scheme p : A — S and let L = O4(D) be its associated
invertible sheaf.

(a) If H'(A,, L) =1 and H'(As, L) =0, for all s € S, then the canon-
ical map p,Oy = Og — p L is an isomorphism. Thus, if D' is any effective
relative Cartier divisor such that cl(Oa(D')) = cl(L) in Picass(S), then
D" = D (as effective Cartier divisors).

(b) If L is ample and defines a principal polarization Ay : A = 121, and D’
is an effective relative Cartier divisor such that Ao, (pry = Az (or such that
cd(O4(D'— D)) € PiC%/S(S)), then D' = T¥(D), for some x € A(S).

Proof. (a) Without loss of generality we may assume that S is locally noethe-
rian. Since D is an effective divisor, it defines an injection fp : O4 —
O4(D) = L, which induces an injection p.(fp) : p«(O4) = Os — p.(L).
Now the hypotheses on £ imply that R'p.£ = 0 and that p,.L is locally
free and that p.L, ® k(s) = HY(A,, L) is an isomorphism; cf. [Ha], Th.
[M1.12.11. Since H°(A,,0a,) = H°(A,, L) is an isomorphism, it follows
that p.(fp)s : p«(0O4)s — po(L), is surjective, for all s € S, and hence so is
p«(fp) : p«(O4a) — p.(L) by Nakayama. Thus, p.(fp) is an isomorphism.
Moreover, since the above result is also true after an arbitrary base-
change, it follows that p,L is cohomologically flat in dimension 0. Thus,
by [BLR], Prop. 8.2/7, the set of effective relative Cartier divisors D’ €
Div*(A/S) of A/S with cl(O4(D’)) = cl(L) (in Picass(S)) is parametrized
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by P(F), where F is the dual of p,(£) ~ Og. But then P(F) = S, and so
Homg (S, P(F)) = {ids}, which proves the assertion.

(b) First note that if Ay = Az then Aggy-1 = 0 and hence £' ® L7 €
Pic’(A/S) (by the definition of Pic’(A/S)); in particular, cl(L' ® L) €
Pic%/S(S) = Pic’(A4/S) /p*Pic(9).

Now since A : A 5 A = Pic%/g is an isomorphism, there exists an
z € A(S) such that cl(Oa(D' — D)) = cl(T:L @ L), and so cl(O4(D")) =
c(T;L) = cl(O(T;D)) in Picass(S). By the Riemann-Roch Theorem and
the Vanishing Theorem ([Mu2], p. 150) £ (and hence also T L) satisfies the
hypotheses of part (a), and hence it follows that D" = T(D), as desired.

6) The Autoduality of Jacobians: If a : S — C is a section of
C/S, then there is an S-morphism j, : € — Jg/g which represents the
map z — cl(Oc(z — a)); cf. [MB3], p. 43. Furthermore, the induced map
Ju jc/s = Picg/s — Jois = Pic%/s is an isomorphism which satisfies
Acys © jo = —idy ([MB3], p. 43); in particular, j: does not depend on a.
Note that j, is a closed immersion since this is known to be true fibre-by-
fibre and so we can apply [EGA] (IV, 18.12.6) again. Furthermore, j, has the
following universal property (usually called the Albanese property of Jos):

(%) If A/S is an abelian scheme and f : C — A an S-morphism such
that f(a) = 04, the zero-section of A/S, then there is a unique S-
homomorphism f. : Jo — A such that f = f. 0 j.; in fact, f. is given
by the formula f. = —k, o (f*)* o Acys-

[Proof. Suppose first that there exists an f. with f = fi o j,. Then the map
f*: A= PicOA/S — Jois = PicOC/S induced by f satisfies A¢c/g 0 f* = Ag/s 0
(feoja)" = Acysojuo(fi)* = —(f.)*. Dualizing this equation and composing
it with x,' and ; yields f, = k' o (f.)* oKy = —Kk, 0 (Acyso f* ) ory =
—K o (f*)o /\E/S oky=—K, o(f)o Acys, the latter by the symmetry
of A¢/s. This proves the uniqueness of f, and the asserted formula for f..

To prove the existence of f,, define f, by this formula. Since this definition
commutes with base-change, we have for each s € S that (f.)s © jos = fs
because the autoduality property holds over a field (cf. [Mi2], p. 185) (and by
uniqueness). But then f, f, 0 j, : C — A are two S-morphisms whose fibres
agree, and so by rigidity ([Mul], p. 116) there is a section n of py : A — S
such that f = (nope) - (fioja). But since f(a) =04 = (f.0ja)(a), it follows
that 7 = 04, and so f = f. o j,, as claimed.]

More generally, if £ € Pic(C') has relative degree 1, then there is a closed
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immersion jz : C' — Jgoys which represents the map z — cl(O¢(z) ® L71),
and we have A\¢/g 0 j; = —id;. Furthermore, if C/S has a section, then it
follows from (x) that j, satisfies the following universal property:

(xx) If f: C — A any S-morphism to an abelian scheme A/S, then there is
a unique S-homomorphism f, : Joys — A and section n € A(S) such
that f =T, o f, o jr.

There is another universal property (also called the Albanese property)
which is sometimes more useful since it does not require the existence of
sections and hence applies to an arbitrary base S. For this, let s¢/s : C' x5
C — Jeys be the morphism defined by the rule s¢/s(x,y) = cl(O(x — v)),
where z,y € C(T) are T-valued points and T is any S-scheme. Note that
if 0 : C — C xg C denotes the diagonal morphism, then sc/s0d = 0 (the
constant map). Then by a similar argument as in [Mi2], we have the following
analogue of [Mi2], Prop. 6.4:

(k%) If f: C'xgC — A is any S-morphism to an abelian scheme A/S such
that f od =0, then there is a unique S-homomorphism f, : Joys — A
such that f = f, o sc.

7) Covers of Relative Curves: If N and ¢’ > 1 are positive integers,
then a genus ¢’ cover of C'/S of degree N is an S-morphism f : C' — C where
C'"/S is curve of genus ¢ such that for each s € S the induced morphism
fs + CL — C has degree N. Since each f; is then automatically finite,
surjective and flat (the latter since the local rings of Cy are discrete valuation
rings), it follows (by using [EGA], (IV, 11.3.11)) that f a finite, flat and
surjective morphism. Each such cover induces homomorphisms

f* : JC/S — JC’/S and f* = )\E'}S @) (f*)* o /\C’/S . JC’/S — JC/S)

where first is given by functoriality and the second by dualizing the first (and
composing with A¢v/g and )\E}S). Note that if C'/S has a section a’ € C'(S),
then the homomorphism (j © f)« : Jorys — Jeoyg defined by the Albanese
property (x) is the same as f, i.e. we have f, = (jsq) © f)+, as can be seen
by using the formula for (jq) o f)« given in (*) (and a short computation).
Thus we have for any section 2’ € C’(.5):

fo(el(Ocr (2 = a'))) = cl(Oc(f(2') — f(a))).
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We also observe that we have the formula

(44) feof'= [N]JC/S7

where [N];, . denotes the multiplication by N map on Jeys. (Indeed, if S =
Spec(K) is a field, then this is well-known (by using the previous formula).
Thus, for an arbitrary base S, we see that the formula holds fibre-by-fibre,
and hence is true over S by rigidity ([Mul], p. 116) since both sides are
homomorphisms of abelian schemes.)

Definition. An S-cover f : C" — C (of degree N) is called minimal if any
one of the following equivalent conditions holds:

(i) f*: Jeys — Jevys is a closed immersion;

(i) (fs)* : Jeu/nts) = Jor/n(s) is a closed immersion for all s € S;

(iii) fs : Jorys — Joys is surjective and Ker(f,) is an abelian subscheme
of JC’/S-

[To see that these conditions are equivalent, note that the following implica-
tions hold:

(iii) = (i): Use (42).

(i) = (ii): Clear, since (fs)* = (f*)s and since the base change of any
closed immersion is again a closed immersion by [EGA], (I, 4.3.6).

(il) = (iii): By (42) we know that (f.)s = (fs)« is surjective for all s € S,
and hence so is f.. Thus f,. is flat (use [EGA] (IV, 11.3.11)), and hence so

is Ker(f.)/S. Furthermore, f, has connected fibres (since each (f.)s does by
(42)), and so Ker(f,) is an abelian subscheme of Je/g.]

Note that condition (i) shows that if f is minimal, then so is any base
change f(r) : CET) — C(r) (because the base change of any closed immersion
is again a closed immersion).

For later use we also append here some basic facts about relative Cartier
divisors.

8) Relative Cartier Divisors: These are defined for any scheme X/S
which is flat and of finite presentation; cf. [EGA], §1V.21.15, [KM], §1.1 or
[BLR], p. 212ff. For any base-change S’/S, the pull-back Dg/ of a relative
Cartier divisor D € Div(X/S) is defined and is a relative Cartier divisor of
Xsny/S's of. [EGA], (IV, 21.15.8).
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If f:C" — Cisan S-cover of curves, then we have induced homomor-
phisms

f*:Div(C/S) — Div(C’/S) and f.: Div(C'/S) — Div(C/S)

between the groups Div(C'/S) and Div(C’/S) of relative Cartier divisors,
and these map effective divisors to effective divisors (cf. [EGA], §IV.21.15).
In addition, we have f.f*D = ND, for all D € Div(C/S); cf. [EGA], (IV,
21.5.6).

We note that the formation of f* commutes with base-change by [EGA],
(IV, 21.15.9), and the same is true for f, by Lemma 7.2 below. In addition,
for divisors D € Div(C/S) and D" € Div(C’/S) we have

deg(f*D) = deg(f) deg(D) and deg(f.D') = deg(D’).

Indeed, the first formula is Lemma 1.2.8 of [KM], and the second follows (by

base-change) from the corresponding formula for curves over a field.
Furthermore, if ' € C’(S) is a section and [d/] € Div(C’/S) denotes the

associated relative Cartier divisor (cf. [KM], Lemma 1.2.2), then we have

as can be seen by tracing through the definitions. (The discussion of [KM],
p. 33, could also be used here.)

Lemma 7.2 Let p: X — S be flat and locally of finite presentation, and let
f: X" — X be finite and flat. Then for every relative Cartier divisor D' €
Div(X'/S), the direct image f.D' € Div(X/S) is a relative Cartier divisor
of X/S, and its formation commutes with every base-change g : S" — S in
the sense that we have the equality

(45) (fs1)(9{xn (D) = g{x)(f: D), for all D" € Div(X"/S5).

Proof. The first assertion is proved in [EGA], (IV, 21.15.8). To prove the
second, recall first that the pullbacks of relative Cartier divisors is always
defined ([EGA], (IV, 21.15.9)), and so both sides of (45) are defined. Thus,
the same proof of [EGA], Prop. (IV, 21.5.8) applies (where this formula is
proven for arbitrary Cartier divisors but only for flat base-change so as to
guarantee that the relevant pull-backs are defined).
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Over general base S, equality of two relative Cartier divisors D, D’ €
Divt(C/S) of C/S cannot be decided in the fibres Cj; indeed, this is already
false for sections. However, if S is reduced, then it follows from [KM], Cor.
1.3.5 that

(46) D=D" & D,=D., forallses,

where Dy, D), € Div'(C,) denote the effective Cartier divisors induced by D
and D’ on the fibre C,.

The following lemma gives some other criteria for deciding equality (in a
slightly more general setting):

Lemma 7.3 Let C/S be a relative curve and let Z C C be a closed sub-
scheme which is finite over S and which has the property that d := deg(Z;)
is independent of s € S.

(a) If there exists an effective Cartier divisor D C Z of degree d, then
Z =D.

(b) If Z has d sections zi,...,zq € Z(S) such that for every s € S, the
points z1(S), ..., z4(s) € Zs are distinct, then Z is an effective relative Cartier
divisor of C'/S which is etale over S, and we have Z = [z1] + ... + [z4].

(c) If there exists a finite, faithfully flat base extension S'/S such that
Z xg 8" satisfies the hypothesis of (b), then Z € Divt(C/S) is etale over S.

Proof. (a) Let f : D < Z denote the closed immersion. For any s € S5,
the induced map f, : Dy < Z, is an isomorphism because both are closed
subschemes of degree d of smooth curve Cs. Now by hypothesis D is flat, of
finite presentation over S, and so f is an isomorphism by [EGA], (IV, 17.9.5).

(b) Let D = [21] + [22] + ... + [z4] € DivH(C/8S); clearly, z1,..., 24 are
sections of D, and D is etale over S; in fact, D = ST[...[[ 5 (cf. [KM],
Lemma 1.8.3). We thus have a natural morphism f : D — Z which induces
isomorphisms fs : Dy — Z, for all s € S. Thus, by the argument in (a) we
see that f: D ~ Z is an isomorphism.

(c) By (b), Z xg 5" is etale over S, hence Z is etale over S by [EGA],
(IV, 17.7.3).

Remark. If, in the situation of Lemma 7.3, the base S is an integral noethe-
rian scheme, then Z is automatically an effective relative Cartier divisor.
(Indeed, since C'//S and hence Z/S is projective, and the (constant) Hilbert
polynomial of Z; is d = deg(Z;) which does not depend on s € S by hypoth-
esis, it follows that Z is flat over S by [Hal|, Th. I11.9.9.)
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