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Abstract—Zero-delay lossy source coding schemes are consid-
ered for both individual sequences and random sources. Perfor-
mance is measured by the distortion redundancy, which is defined
as the difference between the normalized cumulative mean squared
distortion of the scheme and the normalized cumulative distortion
of the best scalar quantizer of the same rate that is matched to
the entire sequence to be encoded. By improving and generalizing
a scheme of Linder and Lugosi, Weissman and Merhav showed
the existence of a randomized scheme that, for any bounded in-
dividual sequence of length n, achieves a distortion redundancy
O(n~1/3log n). However, both schemes have prohibitive com-
plexity (both space and time), which makes practical implemen-
tation infeasible. In this paper, we present an algorithm that com-
putes Weissman and Merhav’s scheme efficiently. In particular, we
introduce an algorithm with encoding complexity O(n*/3) and
distortion redundancy O(n_l/ 3log n). The complexity can be
made linear in the sequence length n at the price of increasing
the distortion redundancy to O(n—/4,/Tog n). We also consider
the problem of minimax distortion redundancy in zero-delay lossy
coding of random sources. By introducing a simplistic scheme and
proving a lower bound, we show that for the class of bounded mem-
oryless sources, the minimax expected distortion redundancy is
upper and lower bounded by constant multiples of n—=1/2,

Index Terms—Algorithmic efficiency, individual sequences,
lossy source coding, minimax redundancy, scalar quantization,
sequential coding.

I. INTRODUCTION

ONSIDER the widely used model for fixed-rate lossy
C source coding at rate R, where an infinite sequence of
real-valued source symbols x1,x9,... is transformed into a
sequence of channel symbols y1, y2, . . . taking values from the
finite channel alphabet {1,2,..., M}, M = 2F, and these
channel symbols are then used to produce the reproduction se-
quence 1, Za, . ... The scheme is said to have an overall delay
of at most ¢ if there exist non-negative integers d; and dy with
d1 + do < 6 such that each channel symbol y,, depends only
on the source symbols z1, ..., Tpn+td, » and the reproduction .,
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for the source symbol z,, depends only on the channel symbols

Y1y« Ynt+dy,- When 6 = 0, the scheme is said to have zero
delay. In this case, y,, depends only on x1,...,z,, and £, on
Y1,---,Yn, SO that the encoder produces y,, as soon as z,, is

available, and the decoder can produce z,, when v,, is received.

Lossy source coding schemes with limited delay (in partic-
ular with zero delay) are of obvious practical interest in all ap-
plications where small delay is a crucial requirement. In this
paper, we investigate the construction of provably efficient and
computationally feasible methods for zero-delay lossy source
coding. We mainly concentrate on methods that perform uni-
formly well with respect to a given reference coder class on
every individual (deterministic) sequence. In this individual-se-
quence setting, no probabilistic assumptions are made on the
source sequence, which provides a natural model for situations
where very little is known about the source to be encoded. We
also investigate the best performance of zero-delay schemes for
probabilistic sources and determine tight performance bounds
for the class of memoryless sources.

The study of zero-delay coding for individual sequences was
initiated in [1]. There, a zero-delay scheme was constructed that,
uniformly over all individual sequences, performs essentially as
well as the best scalar quantizer that is matched to the particular
sequence to be encoded. More precisely, it was shown that for
any bounded sequence of n source symbols, the scheme’s nor-
malized accumulated mean squared distortion is not larger than
the normalized cumulative distortion of the best scalar quan-
tizer of the same rate plus an error term (called the distortion
redundancy) of order n=/% log n. The scheme was based on a
generalization of exponentially weighted average prediction of
individual sequences (see Vovk [2], [3] and Littlestone and War-
muth [4]), and it required that both the encoder and the decoder
have access to a common randomization sequence.

The results in [1] were improved and generalized by
Weissman and Merhav [5]. They considered the construction of
schemes that can compete with any finite set of limited-delay
and finite-memory coding schemes without requiring that the
decoder have access to the randomization sequence. In the
special case dealt with in [1], where the reference class is the
(zero-delay) family of scalar quantizers of a given rate, the re-
sulting scheme has distortion redundancy of order n—1/3 log n.
Similarly to the method of [1], the basic idea is to assign a
weight to each of a finite collection of quantizers approximating
all possible quantizers of rate R such that the weight is an
exponentially decreasing function of the accumulated distortion
of the quantizer. Then, a quantizer is chosen randomly with
probabilities proportional to the assigned weights and used in
transmitting symbols for a certain period.
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Although both schemes have the attractive property of per-
forming uniformly well on individual sequences, they are com-
putationally inefficient in that the number of weights they have
to maintain is polynomial in n with a degree that is proportional
to M = 2B, where R is the rate of the scheme. In particular,
in their straightforward implementation, they require a compu-
tational time of order n”CZR, where ¢ = 1/5 for the scheme
in [1] and ¢ = 1/3 for the scheme in [5]. This prohibitive
complexity comes from the fact that in order to well approxi-
mate the performance of the best scalar quantizer by the perfor-
mance of the best quantizer from a finite set of quantizers, these
methods have to calculate and store the cumulative distortion
of about 12" quantizers. Clearly, even for moderate values of
the encoding rate, this complexity makes the implementation of
both methods infeasible. It was identified as an important open
problem in both [1] and [5] to find an algorithm with similar
performance properties but significantly lower complexity.

The main result of this paper is an algorithm for im-
plementing the scheme of Weissman and Merhav whose
computational complexity is of order 28n*/3. The key idea is
to use the special structure of scalar quantizers to efficiently
generate randomly chosen quantizers according to the expo-
nential weighting scheme without having to calculate and store
the cumulative losses of all 72" reference quantizers. The
complexity of the scheme can be reduced to O(2%n) (i.e.,
linear in the length of the sequence) by increasing the distortion
redundancy to O(n~=4\/Togn).

In the second part of the paper, we investigate the distor-
tion redundancy problem for zero-delay coding schemes in the
probabilistic setting. In particular, we provide lower and upper
bounds for stationary and memoryless random sources. These
bounds are based on learning-theoretic analyses of the minimax
distortion redundancy in the design of empirically optimal quan-
tizers [6], [7]. We show that there exists a simple (not random-
ized) zero-delay scheme whose expected distortion redundancy
is bounded by a constant times n~'/2. In the other direction,
we show an n~'/2-type lower bound on the maximum distor-
tion redundancy over the class of memoryless sources for any
zero-delay scheme. This proves that for memoryless sources,
the minimax distortion redundancy of zero-delay lossy coding
is essentially proportional to n~'/2. Note that this is in con-
trast to the best-known O(n~'/%logn) convergence rate for
zero-delay coding of individual sequences given by Weissman
and Merhav’s scheme. Whether this O(n /3 log n) rate can be
improved for individual sequences remains an open problem.

The rest of the paper is organized as follows. In Section II,
after giving formal definitions, we construct an algorithm that
efficiently implements the scheme of Weissman and Merhav and
analyze its performance and complexity. In Section III, we show
that the minimax distortion redundancy of zero-delay schemes
for memoryless sources is at least of order n~1/2 and we also
describe and analyze asimplistic scheme that provides amatching
n~1/2-type upper bound. Conclusions are drawn in Section IV.

II. FAST ALGORITHM FOR INDIVIDUAL SEQUENCES

In this section, first, we formally define the model of
fixed-rate zero-delay sequential lossy source coding and de-
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scribe the coding scheme of Weissman and Merhav. The main
result of this section is an efficiently computable algorithm to
implement their method.

A fixed-rate zero-delay sequential source code of rate
R = log M (M is a positive integer and log denotes base-2
logarithm) is defined by an encoder-decoder pair connected
via a discrete noiseless channel of capacity R. We assume that
the encoder has access to a sequence Uy, Us, ... of indepen-
dent random variables distributed uniformly over the interval
[0,1]. The input to the encoder is a sequence of real numbers
T1, T2, ... taking values in the interval [0,1]. (All results may
be extended trivially for arbitrary bounded sequences of input
symbols.) At each time instant ¢ = 1,2,..., the encoder
observes z; and the random number U;. Based on z;, U;
the past input values #°~! = (z1,...,7;_1), and the past
values of the randomization sequence U*~! = (Uy,...,U;_1),
the encoder produces a channel symbol y; € {1,2,..., M},
which is then transmitted to the decoder. After receiving v;,
the decoder outputs the reconstruction value Z; based on the
channel symbols %* = (y1,...,¥;) received so far.

Formally, the code is given by a sequence of encoder—decoder
functions { f;, g }52,, where

fi:[0,1]" x [0,1] = {1,2,..., M}
and
gi:{1,2,...,M}' —[0,1]

so that y; = fi(2*,U"), and #; = ¢;(v"), i = 1,2,.... Note
that there is no delay in the encoding and decoding process.
The normalized cumulative squared distortion of the sequential
scheme at time instant n is given by

% g(ml — Lf},)2

The expected cumulative distortion is

RN 2 .)\2
where the expectation is taken with respect to the randomizing
sequence U™ = (Uy,...,Up).

An M -level scalar quantizer () is a measurable mapping R —
C, where the codebook C is a finite subset of R with cardinality
|C| = M. The elements of C are called the code points. The
instantaneous squared distortion of Q forinput z is (z—Q(z))?.
A quantizer () is called a nearest neighbor quantizer if, for all
x, it satisfies

— i )2

(Q(x) - 2)*

It is immediate from the definition that if () is a nearest neighbor
quantizer and () has the same codebook as @, then (Q(z) —
7)? < (Q(z) — z)? for all z. For this reason, we will only con-
sider nearest-neighbor quantizers. In addition, since we consider
sequences with components in [0,1], we can assume without
loss of generality that the domain of definition of @ is [0,1] and
that all its code points are in [0,1].
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Let Q denote the collection of all M -level nearest neighbor
quantizers. For any sequence x™, the minimum normalized cu-
mulative distortion in quantizing z™ with an M-level scalar
quantizer is

1 2
min — Xr; — Z; .
i s 2 (o = Q)
i=
Note that to find a ) € Q achieving this minimum, one has to
know the entire sequence =" in advance.
The expected distortion redundancy of a scheme (with re-

spect to the class of scalar quantizers) is the quantity

sup <]E [% > (@i - ji)z] - glelg % > (i - Q(xi))2>

xn Y
1=1

=1

where the supremum is over all individual sequences of length
n with components in [0,1] (recall that the expectation is taken
over the randomizing sequence). In [1], a zero-delay sequential
scheme was constructed whose distortion redundancy converges
to zero as n increases without bound. In other words, for any
bounded input sequence, the scheme performs asymptotically
as well as the best scalar quantizer that is matched to the entire
sequence. The main result of Weissman and Merhav [5], spe-
cialized to the zero-delay case, improves the construction in [1]
and yields the best distortion redundancy known to date given
by

e (15020 - gy ;S -

< en”3 logn

where c is a constant depending only on M.

The coding scheme of [5] works as follows: The source se-
quence z" is divided into nonoverlapping blocks of length [ (for
simplicity, assume that / divides n). At the end of the kth block,
that is, at time instances ¢t = kl, k = 0,1,...,n/l — 1, a quan-
tizer Q, is chosen randomly from the class Qg of all M -level
nearest neighbor quantizers whose code points all belong to the
finite grid

oK) _ 1 3 2K — 1
T 12K 2K’ 2K

according to the probabilities
e~ "D (Q)

P{Qk = Q} = pk(Q) = ZQeQK e—nDkl(Q) %

where 7 > 0 is a parameter to be specified later,

Dy(Q) = % Z (z; — Q(:c,;))z , forall t=1,...,n

t
i=1

7

and Do(Q) = 0 for all Q € Qp. At the beginning of the
(k + 1)st block, the encoder uses the first [(1/R) log (1)] time
instants to describe the selected quantizer ) to the receiver
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([z] denotes the smallest integer not less than x), that is, for
time instants

. 1 K
i=kl+1,...,kl+ [Elog<M>-‘

an index identifying Q. is transmitted (note that | Qx| = (1))
In the rest of the block, that is, for time instants

. 1 K
i =kl + {E10g<M>-‘ +1,...,(k+ 1)l

the encoder uses (), to encode the source symbol z; and trans-
mits Q(xz;) to the receiver. In the first [(1/R) log (ﬁ)] time
instances of the (k + 1)st block, that is, while the index of the
quantizer )y is communicated, the decoder emits an arbitrary
symbol ;. In the remainder of the block, the decoder uses Q.
to decode the transmitted &; = Q(z;).

Choosing = c¢14/logn/(nl), one obtains, as it is implic-
itly proven in Theorem 1 and Corollary 2 in [5], that for all
z™ € [0,1]™, the expected cumulative distortion of this scheme
is bounded as

n n

%IE [Z(ﬂcz - fz‘f] ~ iy % Y (i = Q)

i=1 1=

llog K Crlog K 1
<O/ =B L 2T 4 -
n [ K

where c1, C1, and C are positive constants depending only on
M. The right-hand side of (2) is asymptotically minimized by
setting I = con'/3 and K = ¢3n!/3 for positive constants co
and cs; in this case, one obtains that

=0 (n_% logn) .

=1
To be able to set [ and K this way, the encoder and the de-
coder need to know the sequence length n in advance. However,
using the well-known method of exponentially increasing block
lengths (see, e.g., [8]), the algorithm can be modified so that it
performs essentially just as well without the prior knowledge of
n (only the constants will slightly increase).

In the straightforward implementation of this algorithm, one
has to compute the distortion for all the (%) quantizersin Qy in
parallel. This method is computationally inefficient since it has
to perform O(K™) computations for each input symbol, which
becomes O(n/3) with the optimal choice K = c3n'/3. Thus,
the overall computational complexity of encoding a sequence
of length n becomes O(n'*tM/3), and the space complexity!
of the algorithm is O(K ™) = O(n™/?) since the cumulative
distortion for each quantizer in Q i has to be stored. Clearly, this
complexity is prohibitive for all except very low coding rates.

In the following, we describe an efficient way to implement
the above algorithm. The main point is that one can draw a quan-
tizer according to the distribution in (1) without computing the
cumulative distortions D;(Q) for all Q € Q.

I'Throughout this paper, we do not consider specific models for storing real
numbers; for simplicity, we assume that a real number can be stored in a memory
space of fixed size.
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Theorem 1: Foranyn > 1, M > 2, K > M, and ! >
log ( 11\5) / log M, there exists a zero-delay source coding scheme
of rate R = log M for coding sequences of length n such that
for all z" € [0, 1]"

E [l Z(:v, — :?71)2] — min 1 Z (zi — Q(z:))°

n QEQ N 4
=1

i=1
< Oy Hog K + CZlogK + 3
n l K

where C7, C5 are positive constants that depend only on M,
and the coding procedure has O(M K ?n /1) computational com-
plexity and O(K?) + O(MK) space complexity.

Remarks: 1Itis easy to check that to minimize the above upper
bound, one has to choose I = c4n'/? and K = c4n'/3 for
positive constants ¢ and 4. This way, a distortion redundancy
of O(n~'/?logn) is achieved. As a result, the computational
complexity becomes O(Mn?*/3), and the memory need of the
algorithm is O(n?/3). The algorithm can also be implemented
with computational complexity O(Mn) (that is, linear both in n
and M). In this case, to minimize the distortion, we have to set
I = cyn'/? and K = ¢4n'/*, implying a distortion redundancy
of order n~'/%\/logn and O(n'/?) space complexity.

It can be shown that the actual distortion of the scheme
(for the current realization of the randomizing sequence
Ui,...,U,) is, with high probability, close to the expected
performance given in the theorem. In particular, by a straight-
forward application of the Azuma—Hoeffding inequality (see
[5] for details), for any € > 0

I — 1 —
P —E i — 2 —E —E i — &i)° <e @D,
{n (z; — %) [n (z x)]>e}_e

i=1 i=1

)

Recently, in [9], another low complexity algorithm was devel-
oped for the same problem. This algorithm uses the “follow the
perturbed leader”-type prediction method of Hannan [10] and
Kalai and Vempala [11] instead of the exponentially weighted
average prediction. This algorithm, which is conceptually some-
what simpler than the one in the theorem, can be implemented in
linear O(Mn) time, and it achieves a slightly worse distortion
redundancy of order n~'/% log n while having only O(Mn'/*)
space complexity. However, unlike the algorithm in the theorem,
the performance of the algorithm of [9] cannot be improved at
the price of increasing its complexity. In other words, that algo-
rithm cannot achieve the best known O(n '/ log n) distortion
redundancy.

Proof of Theorem 1: In the proof, we use the algorithm of
[5], but we draw the random quantizers (), in a computationally
efficient way.

Let I5 denote the indicator function of the event B. For any
fixed k and z < # such that z, 2 € C) = CK) y {0, 1}, let

Z;}l]{zifﬂ(xi_é)zv
— Zi:ll{rie(z,z'g—i]}(ivi_’z)?
(2 (im2)?, if0<z<2<

kl
ZL:II{T1ZZ}(:CL _Z)27

if 2z=0
Ak(zaé)

if0<zand z2=1.
(3

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 52, NO. 8, AUGUST 2004

Define zp = 0, zpr4+1 = 1, and denote the code points of
Q€ Qg byz < ... < zy.Then, forj =1,...,. M + 1,
Ag(zj—1,2;) denotes the partial distortion of @ in the interval
(zj-1,7;) when quantizing the sequence ="' = (z1,..., 1),
and the distortion Dy;(Q) of Q can be decomposed as

M+1

D(Q) = Awlzj-1,%).
=1

Next, we provide an algorithm that for any fixed k£ chooses
a quantizer randomly according to the distribution {p(Q)}
given in (1). This algorithm assumes that the partial distortions
Ag(z,2) are known for all z < 2, z, 2 € O, The efficient
computation of the Ay (z, 2) will be treated later.

We construct Q. by choosing its code points sequentially
in an increasing order: First, we compute the distribution of
the smallest code point, and draw the code point randomly ac-
cording to this distribution; having chosen the smallest m — 1
code points, we compute the conditional distribution of the mth
smallest code point and draw the code point according to this
distribution. After having chosen all the M code points, the re-
sulting quantizer Q) (a random object) will satisfy P(Qr =
Q) = Q) for all Q € Q.

Foranyl < m < Mand z; < ... < 2z, 2 € CE) Tet
Q(z1,...,2m) C Qk denote the set of M-level quantizers in
Q. with m smallest code points z; < ... < z,,. Form = 0, de-
fine formally Q(z1,...,2m) = Qk. Let pp(zm|2m—1,---,21)
denote the probability that the mth code point of Qf is z,,
given that the smallest m — 1 code points are 21 < ... < Zp—1.
Clearly, for m = 1, we have

pr(z1) = > p(Q) )

QeQ(21)

and for m > 2

o ZQEQ(zl,...,zm)pk(Q) ) (5)

pk(zm|zm—1, P 7,211)

.....

To compute these probabilities

efficiently,
z € C((]K) = 0 U {0}, define

for any

Gr(1,2) = e7"AE1

andfor2 <m < M+ 1andz € CéK), define

Gk(m.,Z) — Z Z . Z e~ M(Au(z,22)+ A (zm,1))

22>z 23>22 Zm>Zm—1

m—1
X H eani (Zj ,Z]‘+1)

i=2

where z; € CU) for all 4. Setting z; = z and zp, 11 = 1, we
can simplify the notation as

Gr(m,z) =Gr(m, z1)

= Z Z ﬁefnﬁt(zj-,zfrl).

29>z Zm >2Zmo1 j=1
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Expressions (4) and (5) can be rewritten in terms of Gg(,-).
Introducing the notation zg = 2o = 0 and zpr41 = 241 = 1,
for m = 1, we have

Zzz>zl .

e MAk(25,%+1)

M
ZZJ\{ Szm o1 Hj=0

pre(z1) = iy — —
Z—%l>—%0 o Z—%J\{>21\/1—1 Hj:O e~ Ak (%5:5541)
o) Gr(Miz) o
Gr(M +1,0)
For2 < m < M, letting 2; = z; forj = 1,...,m — 1, we

have (7), shown at the bottom of the page. Note that (7) reduces
to (6) for m = 1.

The values of G (m, z) can be computed for all z € C(()K)
and m = 2,..., M + 1 via the following recursion:

Z Z Z oAk (z,22)+ Ak (2m,1))

2222 232>7%2 Zm>Zm—1

Gr(m,z) =

m—1

% H e~ MAk(25:2541)

Jj=2
E e—ﬂAk(zazz) § E e_"]Ak(va:l)

22>z 23>22 Zm>Zm_1
m—1
« H e~ 1Ak (25,25 41)
Jj=2
- } :e*nﬁk(m)czk(m —1,%). (8)
2>z

Note that the case z = 0 has to be considered only when m =
M+ 1.
In summary, we have the following algorithm.

Algorithm 1 (Drawing a random quantizer
according to (1))
Input: M, K, Ag(-,).
Ge(1,2) := e™ 2@ for all zec®, z,
For m:=2 to M+1
compute Gy(m,z) using (8) for all zec®
(also for z=0 if m=M+1).
For m:=1 to M
compute px(zZn|zn_1,---

=0.

,z1) for all zp >z, 1,
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From the derivation of the algorithm, the following lemma is
straightforward.

Lemma 1: The quantizer )} generated by Algorithm 1 sat-
isfies (1).

Since |C¥)| = K, the complexity to compute G, (m, 2)
from the function G (m — 1, -) is proportional to K, and since
z can be chosen in K ways, the computation of G (m, -) from
Gr(m — 1, -) has complexity O(K?). Thus, the computation of
G, for all possible values has complexity O(M K?2), which in
turn implies that the computational complexity of Algorithm 1
is also O(M K?), provided the partial distortions Ay (z, 2) are
known.

To maintain these distortion values, for each input symbol
x;, we have to update the distortion of each interval (z, £) con-
taining z;. Since the number of such intervals can vary from
approximately K to K?2/4, this implies extra computations of
the order of O(n K ?) for the whole sequence, making the overall
computational complexity O(nK?) +O(MK?n/l), which be-
comes O(Mn>/?) in the minimum distortion case when both
and K are proportional to n'/3.

The amount of necessary computations can be reduced by
storing only approximate distortion values, at the price of only
slightly increasing the normalized cumulative distortion. The
idea is that instead of the original sequence =", we use its finely
quantized version " = (Zy,...,Z,) to compute the approxi-
mate distortion values that are then used to determine the distri-
bution for generating the random quantizers. The z; are obtained
via a K-level uniform scalar quantizer, that is

o e <
‘T 2, if o =1

(here, |z denotes the largest integer not greater than z). It is
easy to check that for any nearest neighbor quantizer () with
code points in [0,1], we have

1
< —
- K

max
z€[0,1]

(@ - Q@) - (@ - Q@))’

where 7 is the K-level uniform scalar quantized version of x.
Thus, for any sequence Qo, Q1, - . ., @, 1—1 of quantizers in Q

zn € C® according to (7); 51 (k1)

choose z, randomly according to the 1 5 2

e T E |- T; — T;

computed conditional probability n kz—o ,_kZH_l( ! Qk( L))

distribution. - .
_nei : 1

LeF Qx be a ne.arest neighbor quantizer _ min _Z(xz —Ql(fﬂi))Q

with code points z;1 < ... < zy. Qeamn P
pk(zm|zm—17"'7zl)

M
_ sz+1>zm e ZZNI>ZJ\{—1 Hj:0

e~k (25,2541)

= M oAz
- NAk(Zj5,Z5j+1
Eg'm>2m71 Z:5M >Zp-1 Hj=0 € (25%341)

e_”](Ak(OyZl)+"'+Ak<z7n,717Z'm,)) Z

Zm+4+1>Zm

M —nAg(z; )
.. N2k (25,2541
EzM>zM_1 Hj:me o

T e (k0.5 Ak (B2 2mo1)) T

) Gk(M_m+ 17Zm)

—NAR(Zm—1,Zm

Zm>Zm—1

=e

Gr(M —m+2, 2, _1)

M —nAR(35,%;
..22M>%Mil szm_le nAR(25,2541)

@)
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=1 (k+1)1
LS >>2]
k 0 i=kl+1

— min — Z (fl — Ql(fl)f + % )

QEQMN £
=1

Define Ay (z, 2) forall z < £ and k as Ag(z, £) was defined
in (3) but with z; in place of x;. That is

~

Ag(z,2)
ZZ% Igo<sy(zi—-2)?,
B N

= ST 10
+I{a‘:i€(lfg—5,2]}(ii_2)27 if0<z<z<1 (10)

S Iasay (7i—2)?,

Then, forj = 1,...,M + 1, ﬁk(zj_l,zj) denotes the partial
distortion of the quantizer () with code points z; < ... < zp/
in the interval (zj_1,%;) when applied to the sequence
Zx;. Unlike Ay, Ay can be computed efficiently for all

if z=0

if0<zand z2=1.

Tlyenns
k.
For each time instant ¢, define the histogram

he(j ZI =2ty

counting the number of input symbols falling in the jth cell of
the K -level uniform quantizer. Clearly, h(j) can easily be com-
puted using constant computational capacity in each time in-
stant. (The index j satisfying Z; = (2j — 1)/(2K) can be iden-
tified in constant time; then, h:(j) is increased by one.) This
way, the hg;(7) are immediately available at the end of the kth
block. The next lemma, which is proved in the Appendix (Al-
gorithms 3-5) shows that using Ay, Ek(-, -) can be computed
efficiently.

Lemma 2: Given K and hkl(z)i = 1,..., K, the values
of Ap(z,2) forall z < 2 (2,2 € C™)) can be computed in
O(K?) time.

Using this lemma, we obtain the following zero-delay source
coding scheme.

Algorithm 2 (Universal low-complexity
zero-delay source coding scheme)
Input: n, M, K, 1, x1,...,%p.
k:=0 and ho(j) :=0 for all j.
For i:=1 ton
if i—l:k/} then
compute Ag(z,z) for all z<z (using
Algorithms 3-5 with input XK, hu());
choose randomly Qi using Algorithm 1
with input M, K, Ag(,,-);
hi(j)Z: hi—l(j)+I{xi:(2j71)/(2K)} for all j
1273~ kL < [(1/R)log(})]
then transmit the corresponding index
symbol for Qx;
else transmit Qu(x:i);
if i=(k+1)1 then k:=k+1.
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By (2) and (9), the above coding scheme can be decoded with
expected distortion redundancy

[llogK CiylogK 3
C i
! n + l + K

and the encoding procedure has a computational complexity
O(MK?n/l) and O(K?) + O(MK) space complexity (de-
coding can obviously be performed in linear time with O(M ) +
O(K) space complexity). O

Remarks: Algorithm 2 may be difficult to implement online
since in order to choose a quantizer randomly at the end of each
block, O(M K?) computations have to be performed during a
single time slot. With the choice of parameters | = c¢4n'/? and
K = c4n'/* yielding linear complexity in n, this amounts to
O(Mn'/?) computations during one time slot. To alleviate this
problem, one can modify the algorithm so that (), is determined
during the (k + 1)st block, which is of length O(n!/?), and
then @ can be applied in the (k + 2)nd block instead of the
(k + 1)st block. This way at each time instant, only a constant
number of computations is carried out. It is not difficult to see
that this modification results in essentially the same distortion
redundancy, and only the constants will slightly increase.

Although, in principle, only one random number is needed to
generate the code points 21, .. ., , zpr in Algorithm 1, in practice,
one may want to use M random numbers (one for each code
point). In this case, the additional condition ! > M should be
satisfied (this always holds for large enough n if either | =
chn'/3 orl = cin'/?).

Even though here we only consider squared distortion, most
of the arguments presented above generalize in a quite straight-
forward way to more general distortion measures. In particular,
it is easy to see that for difference distortion measures of the
form p(|z — #|), where p is nondecreasing and Lipschitz on
[0,1], Algorithm 1 can be modified in a natural manner so that
Lemma 1 remains true. The modified algorithm preserves the
computational complexity of order n K2+ M K2n /l. Moreover,
a bound similar to Theorem 1 holds with modified constants.
To construct an algorithm with a reduced complexity similar to
Algorithm 2, additional assumptions on the distortion measure
may be needed. If, for example, p(|z — &|) = |z — &|" for a pos-
itive integer r, then Algorithm 2 may be modified by straight-
forward adjustments in Algorithms 3-5.

III. MINIMAX DISTORTION REDUNDANCY FOR
MEMORYLESS SOURCES

The purpose of this section is to show that if the source is a sta-
tionary and memoryless random sequence, then the rate of con-
vergence may be speeded up so that the distortion redundancy
is of order n='/2, as opposed to the O(n~/3logn) distortion
redundancy proved by Weissman and Merhav [5] for individual
sequences. We first prove a lower bound of order n /2 that
holds not only for the reference class of all scalar quantizers but
for the entire reference class of all zero-delay coding schemes
as well.

We assume that the source is a sequence of independent and
identically distributed (i.i.d.) random variables {X;}$2,, the
randomizing sequence {U;}2; is independent of the source,
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and both the source and the randomizing sequence take values
in the interval [0,1]. Consider any zero-delay encoder-decoder
sequence {f;, g;}52,, where, as before

fi 20,1 x [0,1]" — {1,2,..., M}

and

gi:{1,2,...,M}' = [0,1]
so that the channel input at time 4 is Y; = f;(X¢ U*) and the
reconstruction is X; = gi(Yh,i=1,2,....

The following lemma was proved (in different forms) by Er-
icson [12] and Gaarder and Slepian [13] (see also [14]). It states
that for memoryless sources, the best performance over the class
of zero-delay codes is achieved by a (memoryless) scalar quan-
tizer. We give a short proof for completeness.

Lemma 3: If {X;}$°, is a sequence of independent random
variables, then for any sequence {f;,g;}52,, we have for all
1> 1

E [(Xq - )A(q)?} > min IE [(X1 _ Q(Xq))Q}

QEQ

where Q denotes the class of scalar nearest neighbor quantizers
with M reconstruction levels.

Proof: Define the “reproduction coder” g; [0,1]° x
[0,1]° — [0,1] by
Xi:g’i(Xi?Ui) (fl(leUl).ﬂ(XLUL))

Denote the distribution of (X*~1,U?%) by u, and recall that
(X'=1,U?) and X; are independent. Thus

E [(XL» - X,L»)ﬂ - [(X — (XY, Ui))z}
)

/]E U
/]E

Since among f1, ..., f; only f; depends on z; and it can take at
most M values, the function §;(-, '~ 1, u?) can take at most M
values for each fixed ('~ u"). Hence, if G denotes the class
of measurable real functions of a real variable with at most M
distinct values, then for y, almost all (z°~1, u?)

— i( Xy, 2" ~,ui))2]

L),

E [(XL - _@,L-(Xi,:vi_17ui))2] > ;IelglE [(XL - Q(Xi))z} .

Since the class of M-level scalar nearest neighbor quantizers
achieves the infimum on the right-hand side

inf I [(X

geg

— g(Xi))ﬂ = min E [(Xi - Q(Xz))ﬂ

QeQ

and the lemma is proved. O
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It was shown in [7, Th. 1] that for any M > 3, there exists a
bounded i.i.d. sequence {X;}32; such that for some ¢ > 0 and
alln > (2/3)M

. 1
min 1o [; ; (X; - Q(Xi>)2]
min 1 Z (X; — Q(X:))?

QeEQ N 4

1=

c
+ﬁ'

Combining this with Lemma 3 gives the following lower bound
for bounded memoryless sequences of length n on the normal-
ized distortion redundancy of any zero-delay scheme with re-
spect to the best scalar quantizer matched to the entire sequence.

Theorem 2: For any M > 3, there exist a stationary and
memoryless source {X;}2, taking values in [0,1] and a con-
stant ¢ > 0 such that for any randomizing sequence {U;}3°,,
zero-delay encoder-decoder sequence {f;, g;}52, of rate R =
log M, and all n > (2/3)M

>E

1 — . 1 — 2 c
- (X - X,)? - - X — Q(X; > —.
EY - g 3o e >

Remark: The theorem immediately implies that the min-
imax distortion redundancy for individual sequences is lower
bounded as

inf sup (IE [% Z(xl - .%1)2]

{fugv,}l 1 x" i=1

E
€ean
i=1 Q i=1

n

—min ~ 3" (& - Q(xi))z) >

QeQn \/ﬁ
Note that there is a gap between this lower bound and the best
known 1~ 1/3 log n-type upper bound given in [5].

Next, we show that the n~'/2 convergence rate is in fact
achievable by a simplistic zero-delay scheme described as fol-
lows. Time is divided into exponentially increasing blocks of
length 1,2,22,23, .. .. At the end of the kth block, the encoder
selects an M -level nearest neighbor quantizer (), minimizing
the empirical distortion, that is

D (Qr) = argmin D,,(Q)

QEQK,

wherem =142+ ---42k-1 =29k _1

lm
:E;X QX

and the minimum is taken over the class Qp, of all M-level
nearest neighbor quantizers whose code points all belong to the
finite grid

C(Kw:{ 1 3

2Ky — 1
oK, 2Ky

2Ky

where we choose K, = |2%/2]. At the beginning of the (k+1)st
block, the encoder describes the selected quantizer @y to the
receiver. This may be done using [ Mk /2] bits, that is, in at most
[MFk/(2log M)] time periods. In the rest of the (k+ 1)st block,
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the encoder uses the quantizer Q. to transmit @ (
time instant 2.

Remark: Wu and Zhang [15] gave an algorithm with com-
putational complexity O(Mn), which finds an M -level empiri-
cally optimal quantizer for an ordered input sequence of length
n. Using this algorithm, it is easy to see that the zero-delay
scheme defined above may be implemented at a total compu-
tational cost of O(Mn) 4+ O(n logn), where the second term is
the time needed to sort the input sequence in each block.

The performance of this zero-delay scheme may be bounded
as follows.

Theorem 3: Consider the scheme described above, and
assume that X;, Xo,... are independent and identically dis-
tributed random variables taking values in [0,1]. Then, there
exists a constant ¢, depending on M only, such that

X;) at each

n

E3%§]Xrn%y—&%%§:@f Q())]<i¥

§

Moreover, almost surely, for n sufficiently large

—ZX<XI%EZM QX)) <y BB,

Remarks: 1t follows from Lemma 3 that the upper bound
for the expectation also holds if the minimum is taken over all
rate- R zero-delay schemes instead of the class of M -level scalar
quantizers. Thus, Theorems 2 and 3 also imply that the minimax
expected distortion redundancy over the class of memoryless
sources and for the reference class of all zero-delay schemes is
sandwiched between constant multiples of n=1/2.

It is easy to see that the above-described simplistic scheme
fails in the individual sequence setting. This can be shown by
constructing a sequence for which the scheme performs poorly
(we use a construction from [5], where the Hamming distortion
measure was considered). For simplicity, consider the case M =
2, and assume that z; € {0,1/2,1} foralli = 1,...,2F — 1.
Since the empirically optimal quantizer )y, has only two code
points, it is always possible in the (k + 1)st block to choose
oty € {0,1/2,1} such that |23 — Qr(zip)| > 1/4. We
let all z; in the (K + 1)st block be equal to 37 so that (z; —
Qr(w;))? > 1/16 for all 2 < 4 < 251 Thus, the normalized
cumulative distortion for this sequence is at least 1/16 for all n.
On the other hand, for any 2% < i < 281 let Qf denote a
quantizer with two code points that is empirically optimal for
x'. Let po, p, and p; denote the empirical frequencies in the
sequence 2" of 0, 1/2, and 1, respectively, and assume without
loss of generality that py < p; (i.e., po < (1 — p)/2). Then, the
Lloyd conditions for quantizer optimality [16] imply that 1 must
be a code point of )7, and the other code point of )} lies in the
interval [0,1/2]. The distortion of )} on x; is easily seen to equal
(pop)/(4(po + p)), which is an expression whose maximum in
po under the constraint py < (1 — )/2 is 3/4 — 1//2. Thus,
the empirical distortion of Q7 on z* is at most 3/4 — 1/v/2;
therefore, the distortion redundancy of the simplistic scheme is
at least 1/16 — (3/4 — 1/+/2) > 0 for all n.

Proof of Theorem 3: Denote the “expected” distortion of
the empirically selected quantizer Q5 by

D(Qy) = E [(X — QX)) X, ... ,Xm]
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where X has the same distribution as the X; and is independent
of them. In addition, let the distortion of the optimal quantizer
be denoted by

D" = min B (X — Q(X))*.

It was shown by Linder et al. [6] (see also Linder [17]) that

D(Q) — Qgg}( D(Q) < 2le3§ |ID(Q) — Dy (Q))]
<2sup |D(Q) — Dn(Q)] (1)
QeQ
and that
C
E D(Q) - D,, < 12
;légl (Q) Q) N (12)

where the constant ¢ only depends on M. (In the rest of the
proof, ¢ denotes a constant depending on M only, whose value
may change from line to line.) Combining these results with the
fact that, by Lemma 2 in [1]

1
<

min D(Q) — D* < I S

QEQK,

ER

we conclude that ED(Q;,) — D* < em /2 for a constant
¢, depending on M. To analyze the expected distortion of the
zero-delay scheme, recall that in the (k + 1)st block, the first at
most [Mk/(2log M)] time instances are used to transmit the
quantizer (Jy, and the contribution of this part to the cumulative
distortion is at most [ Mk /(2 log M)]. In the rest of the (k+1)st
block, the cumulative distortion

2m—1
> (=&
i= m+|—?1](\)/ghf

conditionally, given X1, ..., X,,, is a sum of i.i.d. random vari-
ables, with expected value D(Qy).

To bound the expected cumulative distortion, let n be arbi-
trary such that n falls in the (k 4 1)st block, that is, 2% < n <
2k+1 _ 1. By the argument above

J=1 i=2i—1 i—2k
< ]:1 < Aﬁig]\/})-‘ + 27_1]ED(Q11)>

+ | giear| + (0= 2B
<> (S (e =)

+2gng+(n—2k) <D*-|— \/_) +E+1
< zli\gJMk(kH) +nD*+c:§2 T4kt
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Since k£ < logn, we obtain that

]Ei:(Xi - X))?
1=1

Finally, since nD* —n mingeg Dn(Q) < nsupgeo |D(Q) —
D,,(Q)] whose expected value is bounded by a constant times
n'/2, the proof of the first statement is complete.
In the proof of the second statement, we use the following
version of Kolmogorov’s inequality (see, e.g., Rényi [18]).
Lemma 4: IfYy,...,Y, are zero-mean, i.i.d., random vari-
ables with variance o2, then for all ¢ > 0

7 4 n
P{;&ari(;}/'g >t} < ?P’{Z;YL >t—20\/ﬁ}.

In particular, if the Y; take their values in the interval [—1, 1],
then o < 1, and by Hoeffding’s inequality [19], for any ¢t > 0

—nD* Sc(loan—i—\/ﬁ).

2

4 .2
{maXZYz>2\/—+t} 5e on

To prove the almost sure statement of the theorem, first note
that it follows by the bounded differences inequality of McDi-
armid [20] that for any ¢ > 0

DM@H%

<e 2 (13)

D (Q)| > E sup |D(Q) —
QeQ

P%wwww

QeQ

Thus, the total distortion over the jth block may be bounded as

27 -1

< M@ —1)
| 2logM
291
+ >
=21
—IE [(Xi - X))’ | X1, ..
+2/7'D(Qj-1)

. 271
M(] 1) 1
=—+1 Y; 2i—1p*
2log M T Z +

i=27—1
+2/71(D(Q;j-1) - D)
M(J_l) — i1
ekt 2 A | Y; 4+ 2~ D*
< gt T > Y+

7=27—1

i-1 ¢ .
2 ()

where we denote

7X2j—1—1:|)

n:(x,;—)?,;)tna[(xi X)) |X1,...,X2j71_1}
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fori =21 _..,27 -1, and

Zj =2 <sup |D(Q) — D2j—1(Q)|

QeQ

_Esmwpaw—i%ijn)
QEQ

and the inequality follows from (11) and (12) since

D(Qj-1) = D* <2 sup [D(Q) — Dyi—1(Q)]
QeQ
=28 (sup ID(@) - 2@
QEQ
+2 <Sup |D(Q) — Daji-1(Q)|
QeEQ
- E 5w [D(Q) - Do (Q)])
QEQ
<-—— 47
S Ve
Note that conditioned on X1,..., X5;-1_1, the random vari-
ables Yy;-1,...,Y5;_4 are i.i.d. with zero mean taking values

n [—1,1], and by (13), Z; is a zero-mean random variable with
P{Z; > t/V2i=1} < =t /2. Thus, by Hoeffding’s inequality,

and the union bound, forany j = 1,...,kandt; > 0
271
PO Y (Xi—-X)?—27'D
i=24-1
M(j - 1) 1 cC -
_~ 7 1 2] t:/21—-1
2log +1+ 57=T +1i;V
291
<P Y427z > V!
i=24-1
291
t; \/ t;
<P Y; > +IP’{Z: > —L }
) ;1 7T 9/2i-1
2
< 2e” 7.

The distortion accumulated during the (k 4 1)st period may be
bounded similarly, although here we use Lemma 4 instead of
Hoeffding’s inequality. We obtain, for any ¢4+ > 0

P {Eln e {2k, ... 2F1_1}. i (X;—X,)? = (n—2%)D*
i=2k
Fiog 17 +1+(n—2’“)\/i_k+2\/ﬁ+tk+1\/ﬁ}
sP {ne{2k ..... 2k+1 1}Z:Y+2 Zk+1>2\/_+tk+1\/_}
<P {ne{zk.l.l.l.%)EH iy Z Y; > 2V2k + tk+1\/_}
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Choosing t; = +/8log(7k?52/3) and using the union bound,
we obtain that for all £ > 1, the probability that there exists an
n € {2F,... 281 — 1} such that

= PN Mk(k+1)
X, - X)) =—nDr > —> 7 s+ 1
;( ; i)-—nD* > Tlog M +k+

+c222+2f+z,/81 <7k] )2

is at most Z?Zl k2572 < 2k~2. Since k < logn, we obtain
that there exists a constant (depending on M) such that for all
k > 1, the probability that there exists ann € {2% ... 2k+1
1} such that

Z(X,L- — X;)?2 = nD* > ¢y/nloglogn

i=1
is at most Zle k~2572 < 2k~2. Applying the Borel-Cantelli
lemma concludes the proof of the almost-sure statement of the
theorem. |

IV. CONCLUDING REMARKS

We presented an efficiently computable algorithm for zero-
delay lossy source coding whose normalized cumulative dis-
tortion is guaranteed to be almost as small as that of the best
scalar quantizer. We have also determined the best possible con-
vergence rate for the distortion redundancy in zero-delay lossy
coding of memoryless sources.

Since our algorithm depends on the special structure of the
class of all M-level nearest neighbor scalar quantizers, it is not
clear whether it can be generalized to other, richer reference
classes of encoders. Such an extension would be of both prac-
tical and theoretical interest since the special reference class of
all scalar quantizers somewhat limits the scope of our results.
The results of Weissman and Merhav [5] on which we have
built our algorithm cover all finite classes of limited-delay fi-
nite-memory coding schemes. Of special practical importance
would be the extension of our efficient method to the classes
of sliding block codes, trellis source codes, and codes based on
differential pulse code modulation (DPCM). For these classes,
an additional difficulty is the efficient approximation of the full
reference class by a finite set of encoders from the class.

On the theoretical side, an interesting open problem is to de-
termine whether the n~'/3 log n convergence rate obtained in
[5] for the distortion redundancy in the case of individual se-
quences can be improved.

APPENDIX
PROOF OF LEMMA 2

To compute Ag(z, 2), we have to consider three cases.

Case 1) z = 0 and 2 € CUE), Obviously, we have
Ak(O 1/(2K)) = 0. Since it can be shown that
Ak<

2i—1  2j—1)\°
> Zh“ < oK >
1 it
=% (ﬁthz(z’) — 2§ > ihw(i)
i=1 i=1
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j—1
=+ Z ’iQhkl(i))

a (5109 —2J82( ) + 53(5))

= Ve
we can compute Ag(0, (25 — 1)/(2K)) for in-
creasing j = 2,..., K by storing and computing
s1, S2, and sz recursively as follows.

Algorithm 3 (Computing ﬁk(
Input: K, hg(-).

0,(2j - 1)/(2K)))

s1 := 89 :=83:= 0.
For j:=1 to K
Ax(0,(23 — 1)/(2K)) == (3%s1 — 2382 + 83) /K?;

s1 = s1 +ha(j);
Sp 1= s2 + jhkl(j)i
s3 := s3 + j%hia(j) .

Case2) z € CX) 2 = 1. Here, similarly to Case 1, we
obtain

< (25-1 1
Ay 1) =—
k<2K ) K?

23 hwa(i) =25 Y ihua(d)

=11 =11
K
+ Z ithl(i)
i=j+1
A (72r1(5) = 2572(5) + 73(4))
2 e )

Thus, Ag((25 — 1)/(2K),
cursively as follows.

1) can be computed re-

Algorithm 4 (Computing A((2j —1)/(2K),1))
Input: K, hgu(-).
r1 ;=19 :=13 := 0.
For j=K to 1
Ax((25 = 1)/(2K),1) == (3%r1 — 2jr, + 13) /K?;
r1 =11 + ha(§);
ry i(=r2+ jhkl(J)
r3 =13+ j hkl(J

).

Case 3) z, 2 € O In this case, z = (2u — 1)/(2K) and
= (2v —1)/(2K) for some integers 1 < u < v <
K .Forv = u+1, we have ﬁk(z, Z) = 0; otherwise,
Ay (z, 2) can be computed recursively for increasing
v since straightforward calculations yield

20—1 20 +1 A 20—1 2v—1
"\ 2K 7 2K M\ 2K 2K

1 u+v+1
= ﬁ <hkl (#) (’U - U) + hkl(U) +

v—1

<D

i=| w41 i=| v | 41

1 +ov+1
7] <hk1 (%) (v —u)+ hp(v)

+ (20 + 1)s1(u,v) — 2s2(u,v))

D>

(2v+1)

v—1

hia(i) — S ihw(i)

P2
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where higi(a) = 0 if a is not an integer. Thus,
A (z,2) can be computed in this case by the fol-
lowing algorithm.

Algorithm 5 (Computing A((2u—1)/(2K),(2v—
1)/(2K)))
Input: K, hkl(')-
For u:=1 to K—-1
for v:i=u+1 to K
if v=u+1 then
Ra((2a — 1)/(2K), (20 = 1)/(2K)) = 0;
s 1= 89 :=0;
else
s1:=81+hu(v—1)—hu((u+v)/(2)+1);
s9 := so+ (v—Dhu(v—-1) — ((u+v)/(2) +
];)hkl((u +v)/(2)+1);
Ru((2a— 1)/(2K), (20— 1)/(20)) = (a((u+ v +
1)/(2))(v —u) + hya (v) + (2v + 1)s1 — 289)/K?.

Clearly, the computational complexity of Algorithms 3 and 4
is O(K), whereas to perform Algorithm 5, we need O(K?) op-
erations. Thus, at the end of the kth block, determining A (z, 2)
for all z < 2 has computational complexity O(K?). O
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