Week #6 - Taylor Series, Derivatives and Graphs
Section 10.1
From “Calculus, Single Variable” by Hughes-Hallett, Gleason, McCallum et. al.

Copyright 2005 by John Wiley & Sons, Inc.
This material is used by permission of John Wiley & Sons, Inc.

QUIZ PREPARATION PROBLEMS

1.
flz)=(1—a)~" F(0) =1
fllx)=-1—-2)2(-1)=(1—2)2 f'(0)y=1
f'z)=-20-z2)3(-1) =1 —z)73 £7(0) =2
M) =2-3(1—2) £(0) =6
F(z) =nl(1 —2)"! FM(0) = n!

Using this information,

Py(z) = 1—1—(33—0)—1-3(33—0)2—1—%(33—0)3

=142+42°+2°

Similarly,

2 6 4! 5!
Ps(z)=14x+ 53:2 + 5:53 + Iafl + Efcﬁ

=14zt +23+24+2°

Following the same pattern,

Prz)=1+z+2®+23+2* + 25+ 2% 427



f@) = (14 2)2 F0) =1
Fw) = 5+ 2)7 HOEE
ra=(3)(3)a+a” o=
@ =(3)(3) (F) ara 70) =2
- @D @ e

Using this information,

Byfa) = 1(0) + £ 0) - 0) + T e —op
=1+ %m + %1:52

Similarly,

1 11 31

Lo Lg 5 4

f(z) = tan(z) 7(0) =0
F'(2) = (cosz)~2 70 =1
f"(x) = —2(cos z) 3(—sinz) = 2(cos ) 3(sinz) f7(0)=0

3 (x) = —6(cos z) " (— sin z)(sin x) + 2(cos z) "> cos(z)

= 6(cos ) ~(sin x)? + 2(cos z) 2 F30) =2
FO(z) = —24(cos z)° (= sinz)(sin z)? + 12(cos z) "*(sinz)(cos z) — 4(cos z) ~3(— sin z)

= 24(cos x) "°(sin x)® + 16(cos x) "> (sin z) @) =0

Because the fourth derivative is zero, both Ps(z) and Py(z) will be equal:
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1 1 1
Py(z)=0+1-2+ 05952 + 25933 + oﬂgfl
=x+ %x:g
Py(x) =z + %x:g
11.
flx) =€ f)=e
flx)=¢" fl)y=e
() = e F1(1) =
f///(l‘) — ex f///(l) —e
f””(l‘) — e$ f////(l) —e
Recall, e is just a number, with a value close to 2.7182. We build the Taylor polynomial
using the usual formula.
Py(z) =e+e(z—1)+ g(x —1)% + %(az —13 4 %(az — 1)
_ . € N2, % a3, €. 4
=e+e(x 1)+2($ 1) +6(:1: 1) +24(:1: 1)
12.
fla) = (1+a)'? f1)y=v2
/ 1) -1/2 / 1
=(=)a+ )= ——
r = (3) 0+ =
" _ 1 -3/2 " _ —1 _ —1
f(ﬂf)—<§><7>(1+$) f()—m—&/i
" _ 1 __1 __3 —5/2 " _ 3 _ 3
o= (3) (3) () 0o 0= 5 = o

1 1 3
Pg(l‘) = \/§+ ﬁ(% - 1) - m(l‘ - 1)2 + m(l‘ - 1)3

13. Recall from the graphs of sin and cos that sin(7/2) = 1 and cos(7/2) = 0.



f(z) =sinx f(m/2)=1
f'(z) = cosx f(m/2) =0
f"(z) = —sinx f(m/2) = -1
f"(z) = —cosx f"(=/2)=0
" (z) =sinx f"(w/2) =1

14. /4 radians is 45°. From the standard triangles, this gives sin(7/4) = cos(7/4)

1

f(@) = cos /) = ==

() = —sinx "(m/4) = L

f(z) = fi(m/4) NG

"(2) = —cosx "r/4) = L
fi(x) = fr(m/4) 7

" =sinx " = L
(@) = fr(m/4) 7

1 1 1 1
P3($):—2——2($—7T/4)—\/5.2!(.%—77/4)24—\/5.3!(.%—71'/4)3
15.

f(z) = In(a?) (1) =0
f(z) = — 2z = 221 fla)y=2
f'(x) = —2272 F(1) = =2
f”/(l‘) — 4%‘_3 f’”(l) —4

f””(a:) _121,—4 f/l/l(l) - _12
Py(e) =042 —1) = oz — 1)+ (e — 1) = oz — 1)
=9 1)~ (@ =17 + 2z~ 1)~ 1)’
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16. Recall from the graphs of sin and cos that sin(7/2) = 1 and cos(7/2) = 0.

f(z) = sin(2x) f(n/4) =sin(n/2) =1
F'(z) = 2cos(22) F'(m4) =
f"(x) = —4sin(22) f(r/4) = —4
" (z) = —8cos(2x) f(r/4) =0
" (z) = 16sin(2x) " (r/4) = 16
Pa() = 14 0(x — 7/4) — %(x — /) + %(az — /4 + 3 (o w4
2

18. Since Py(z) is the second degree Taylor polynomial for f(x) about z = 0, we know from
the definition that

P(0) =a= f(0) y-intercept
P'(0)=b= f'(0) slope at z =0
P"(0) = g 17(0) concavity at x =0

As with the previous problem, a > 0, b < 0 and ¢ < 0.
20. As with the original problem, a < 0, b < 0 and ¢ > 0.
21. Using the fact that

f(z) = Py(z) = f(0) + f'(0)z + @952

and identifying coefficients with those given for Py(x), we obtain the following:

(a) f(0) = constant term = 5,
(b) f'(0) = coefficient of z = -7,

(c) @ = coefficient of 22 = 8, so f”(0) = 16
25.
f(z) =42 — Tz +2 f(0)=2
fl(w) =8z -7 F1(0) =7
f//(x) — 8 f//(o) — 87

so Pa(x) =2+ (—T)z + ;:1:2 = 42 — Tz + 2. We notice that f(z) = Py(x) in this case.



26. f'(x) = 32% + 142 — 5, f"(x) = 6z + 14, f"(x) = 6. Thus, about a = 0,

) 14 6
=1— bz +72° + a3
= f(z).

Once again, we notice that the Taylor polynomial of a function which already is a poly-
nomial gives us the same polynomial back.

27. (a) We'll make the following conjecture:
“If f(z) is a polynomial of degree n, i.e.

f(x) =ao+ a1z + ax® + - 4 a1 F apz™;

then P,(x), the nth degree Taylor polynomial for f(z) about z =0, is f(x) itself.”

(b) All we need to do is to calculate P,(z), the nth degree Taylor polynomial for f
about x = 0 and see if it is the same as f(x).

f(0) = ao;
f’(O) = (a1 + 2ax + -+ + nanl‘n_l)‘xzo
= a1;
f7(0) = (2a2 +3-2azx + -+ +n(n — 1)an1‘"72)‘x:0
=2 as.
If we continue doing this, we’ll see in general
FE0) =k ap, k=1,2,3,...,n.
Therefore,
(0 (0 ™) (0
P, (z) = f(0) + *xﬁ- f2_(')x2 4+t fo)x"

=ag+ a7+ agx® + - + a2

= f(x).

33. (a) f(z)=e"".
f(z) = 2ae*”, '(x) =201+ 222)e”” | f"(z) = 4(3x + 223)e”
F@ = 4(3 4 622)e” + 4(3z + 223)2ze™".
The Taylor polynomial about z = 0 is

0 2 0 12

1
:1—|—J}2+§$4



(b) f(z) = e®. The Taylor polynomial of degree 2 is
r 22 1,

If we substitute 2 for = in the Taylor polynomial for e® of degree 2, we will get
Py(x), the Taylor polynomial for e®” of degree 4:

Q2(z?) =1+ 2%+ 1($2)2

2
2, 1 4
=14+z°+ =x
2
= Py(z).

c) Let Quo(z) =14+ & + —x? + -+ —xl? be the Taylor polynomial of degree 10 for e®
o 10!
about x = 0. Then

Py (z) = Qio(z?)

2 2\2 2\10
¢ (z%) (z%)
14X
Tt T T
O
a 1 2 10!°

(d) Let 6$%Q5($):1+%+"'+x5—?. Then

2z  (-22)? (—22)® (—22)* (-22)°
B R R TR




