
The Euclidean Algorithm

Given: m,n ∈ Z, n 6= 0.

Procedure: use the division algorithm to obtain:

(1) m = q1 · n + r1, 0 < r1 < |n|,
(2) n = q2 · r1 + r2, 0 < r2 < r1,

(3) r1 = q3 · r2 + r3, 0 < r3 < r2,
... ... ... ...

(k − 1) rk−3 = qk−1 · rk−2 + rk−1, 0 < rk−1 < rk−2,

(k) rk−2 = qk · rk−1 + rk, 0 < rk < rk−1

(k + 1) rk−1 = qk+1 · rk.

We then have:

(1) |n| > r1 > r2 > . . . > rk−1 > rk > 0.

(2) gcd(ri−2, ri−1) = gcd(ri−1, ri), for i = 1, . . . , k

⇒gcd(m,n) = rk. [Here: r−1 = m, r0 = n.]

(3) For all `, 0 ≤ ` ≤ k − 1,there exist x`, y` ∈ Z s. th.

r`−1x`+ r`y` = rk.

(4) There exist x, y ∈ Z such that mx+ny = rk.
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