
The Gram-Schmidt
Orthogonalization Procedure

Theorem 10 (Gram-Schmidt): Let ~v1, . . . , ~vk be any
basis of V ⊂ Rn, and put

~b1 = ~v1

~b2 = ~v2 −
~v2 ·~b1
~b1 ·~b1

~b1 = ~v2 − PV1(~v2)

... ... ... ... ...

~bk = ~vk −
k−1∑
i=1

~vk ·~bi
~bi ·~bi

~bi = ~vk − PVk−1(~vk),

where Vi = 〈~v1, . . . , ~vi〉 = 〈~b1, . . . ,~bi〉, if 1 ≤ i ≤ k.
Then:

(a) ~b1, . . . ,~bk is an orthogonal basis of V , and

(b)
~b1
‖~b1‖

, . . . ,
~bk
‖~bk‖

is an orthonormal basis of V .


