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Alde-memoire

Elementary Row Operations

e switch two rows
e add a multiple of one row to another
e multiply a row by a non-zero scalar

Row Echelon Form

e a matrix is in row echelon form if
e all zero rows at bottom
e cach leading entry to the right of those above

e only zeros below leading entry
0 * * x x

*

° is in row echelon form

0 0 0 =
0 0 0O
0 00 0O
e a matrix is in reduced row echelon form if it is in
row echelon form and

e cach leading entry is a 1

e cach leading 1 is the only non-zero entry in its
column

01 = 00

000 1 0f..

00 o0 0 1| reduced row echelon form
0 00 0O

e pivot columns are those columns containing leading

entries

Linear Relations on Columns

e A=lay |dy |- |dy]

e any linear relation between {dy,...,d,} can be ex-
pressed as a solution of a system AZ = l_;; r1d; +
Tolo + -+ + Tpdy, = b if and only if Ax =10

e solutions to the system AZ = b are unchanged by
elementary row operations

ai; o+ Qin b1
a1 - G2 - by
o A= . .n b= .
Am1 Amn L bn
the augmented matrix of the system is
air o Gip | b1
- as1 -+ Gan | b2
[A|b] =
Am1 Amn bn 4

Linear Independence

o {U1,0s,...,Ux} are dependent if one of them can be
written as a linear combination of others

e independent = not dependent

o {¥),7s,...,U} are independent if and only if [¢ |
Uy | -+ | Ug] has k pivot columns when put in row
echelon form; i.e. every column is a pivot column
Linear Transformations

. T(Q_]'l + 172) = T(171) + T(’UQ)

e T'(c¥) =cT (D)

1 0 0

0 1 .
eci=|.|,e2=|.[, , e = is the stan-

0 0 1

dard basis of R™

o Ar = [I(&) | T(&) | -

matrix of T: T(¥) = ArZ

e T = rotation by angle 6 in the counter-clockwise
cosf) —sinf

sinf  cosf

| T(€,)] is the standard

direction, Ay =

o = Ll) Cﬂ is a shear matrix

Transposes

o if A is a m x n matrix, AT is the n x m matrix
obtained by making the columns of A the rows of AT

T a11 a1
aix  aiz2 ais _
L4 = | 12 G22
a21 Q22 G23
a13 a3

Inverses

e ATTA=AA"T =1,

e A~1 is the inverse of A

[0 e[ Y
c d ad—bc |—c a

e (A H)t=4

e (AB)"'1=pB~14-!

° (AT)fl — (Afl)T

Calculating Inverses

a1 aiz - aip |1 0 0
| a2 a2 azn |0 1 0
o if . . . |~
ap1 Qp2 *°° Qpnp 00 -
1 0 0| bir bz -+ bin
0 1 0| b baa -+ bay
o E . . . then B =
0 0 -~ 1|by b - bpn
Afl
Determinants

e det(A) = |A| = determinant of the square matrix A

a b

Odet{c d

}zad—bc



a1l a2 ai13
e cofactor expansion: det | as; ass as3
a31 as2 ass

i Pt ) Preid R g

e A is invertible < det(A) # 0

o det(AB) = det(A) det(B)

e det(triangular matrix) = product of diagonal entries
o det(AT) = det(A)

e det[0] | U] = area of parallelogram with sides @; and
T

e det[ | U3 | 3] = volume of parallelepiped with sides
’171, 172 and ’173

Subspaces

e W C R™ is a subspace if
e W is closed under addition
e W is closed under scalar multiplication

e W contains 0

e span{¥i, Ua, ..., U} is the set of all linear combina-
tions ¢19) + coUs + - -+ + ¢ Ux. span{v,va, ..., Tk} is
the subspace spanned by {v1, U, ..., Uk}

e Col(A) is the subspace spanned by the column vec-
tors of A

e Nul(A) is the subspace of all solutions of the homo-
geneous system AZ =0

e Row(A) is the subspace spanned by the rows of A
e Row(A) = Col(AT)

Bases and Dimension

o {U},Ta,...,U;} is a basis for a subspace W if W =
span{0y, Vs, ..., 0k} and {01,7s,..., 0} is indepen-
dent; i.e. {¥,0a,...,U} is a minimal spanning set

of vectors in W

e Basis of Col(A) is {a@;,,ds,,-- -,
., i, } are the pivot columns of A

e Basis of Row(A) use Row(4) = Col(AT) and then

previous construction, or the non-zero rows of row

echelon form of A

Eiir} where {ih ig,

e Basis of Nul(A) — find parametric vector form of
solutions to AZ = 0: if z;,,2,,...,x;, are the free
variables and the general solution is x;, 1 + 2,02 +

-+ + @ Vs, then {U7,0a,...,7s} is a basis for Nul(A)
e any two bases of W have the same number of ele-
ments; this number is the dimension of W

Rank and Nullity
e rank(A) = dim(Col(A4)) = n° pivot columns of A

e nul(A) = dim(Nul(4)) = n° free variables in system
AZ =0
e for an m x n matrix A, rank(A) + nul(4) =n

e A an n X n matrix:

& A is invertible

< nul(A) =0
< rank(4) =n
< Col(4) =R"
& A = 0 has only the trivial solution
& AZ = b is consistent for every b
Coordinates
e 3= {51, 52, e gk} is a basis for a subspace W
e 7 is a vector in W, ¥ = 0151 + 6252 + -+ ckl;k;
C1
[@]s = are the coordinates of ¥ with respect to
Ck
the basis B

Eigenvalues and Eigenvectors

e AT = XU (¥ # 0): A is a eigenvalue and 7 is the
corresponding eigenvector

e )\ is a eigenvalue A if det(A — A\[,) = 0; i.e. Aisa
solution of the characteristic equation

e if the eigenvectors {¥, ¥, ..., ¥, } of A form a basis

for R™ then A is diagonalizable: A = PDP~! where
A1 0
A2
D is the diagonal matrix and
0 An

P = |0 - |0,)]
e if the eigenvalues of A are distinct then there is a
basis of eigenvectors

Dot Product

L1 Y1
°I-y= =T1y1 + 22Y2 + -+ TnYn
Tn Yn
o (Z+y)-Z2=2-Z2+7¢-7
o (cZ)-y=rc(Z 7
e 7 -vecx > 0 with equality only if £ =10
||_’||:\/f'fz\/a?%-i-w%-i-----i-m%isthenormof

b

o [leZ]| = c|l2]
o | & — ¢]| = distance from & to §

Orthogonality



o {U1,Vs,..., 0k} is an orthogonal set of vectors if for
all i # j, ¥; - ¥; = 0 or more compactly ¥; L v

o {U),Us,...,U} is an orthonormal set if it is or-
thogonal and for each i, ||7;]] =1

e an orthogonal basis for a subspace is a basis which
is also orthogonal

o if {U1,Vs,...,TU;} is an orthogonal basis for a sub-
space W, then for every « in W, @ = 1] + cotlp +
-+« + ¢, Uy, where

w - Uy
G = ——
Vi - U
o if {U1,Vs,...,0U;} is an orthogonal basis for a sub-

space W and ¥/ is a vector not in W then g, the vector
in W closest to i/ is § = c1U1 + coUs + - - - 4+ ¢ U, where

—

Ui

Ci = ———=
V; - Vg

e § is the projection of § onto W: § = projy, ()
o |7 — gl = dist(5, W)

Gram-Schmidt Procedure

o W = span{Z,Za,..., %}
U1 = T1
L L, Xt
Vg =02 — —= U1
V1 U1
S o Ti-Vi—1 T V2
vy = ¥y — =5 Vi1 — 0 — 5 U2 —
Vi—1 " Vi—1 V2 - V2
Ti - V1,
- = U
V1 - V1

Least Squares Solutions

e if AZ = b is inconsistent we seek Z such that AZ is
closest to b; i.e. T minimizes |AZ — b||; T is the least
squares solution of AZ =b

e a least squares solution to AT = b is an actual so-
lution to (ATA)# = ATb
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