Math 120 Answers for Homework 11

1. L’Hopital’s rule gives us a way to try and calculate limits of indeterminate forms.

1
H(I) This is an indeterminate form of the type 22, and so L’Hopital’s rule

)
(o) lim ===

applies. Therefore

1 "Ho 1 1
fim D) B o s g VO, L
) 1 1 - . .
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order to apply L’Hopital’s rule, we bring everything over a common denominator.
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This limit is an indeterminate form of the type 8 and so L’Hopital’s rule applies.

Therefore
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This limit is again an indeterminate form of the type 8 , so we can apply L’Hopital’s

rule again:
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lim <1 + —) where ¢ € R is a fixed constant. This is an indeterminate form of
T—r00 €T

the type 1°° . In order to apply L’Hopital’s rule we need to do a little rearranging
first.

Let L = lim (1 + g)x Then

T—00

lanln(lim (1—|—§)x) = lim In (l—l—g)x: lim z1n (1+§).

T—00 T—r00 T—00

The middle equality (bringing the limit from the inside of In to the outside) holds
because In is a continuous function (this was the theorem on limits and continuous
functions, from the class on Oct 1st).

This last limit is of the form oo -0 , which is still an indeterminate form, but not

quite one where we can use L’Hopital’s rule. Writing o as + we can rewrite the

T

last limit as

lim z1n (l—l— ﬁ) = lim M

T—r00 T—00

8=

which has the form g and so we can finally apply L’Hopital’s rule. Applying the

rule, we have

1 —c

o In(1+%) vHep .. 1xE 22 . c c
lnL:llmMﬂllm#:hm - = =c
Therefore L = L = ¢¢ ie., lim (1 + g)x = e“.
’ T—>00 z
1

lirr(l] 3 2 This is an indeterminate form of the type % . Applying
z— T
L’Hopital’s rule (three times) we have

. ew—l—x—é LHop ;. € —1—o vuep ;. € —1 vmHep .. €°

lim — lim ————— ——== lim — lim — = —.
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We could keep applying L’Hopital’s rule because each of the intermediate limits

2
ef—1l—az—-% 1
was also of the form 2 . Therefore lim 2 =2,

0 z—0 [L’?’ 6
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arctan(xr) — x
ligg 2rctan(z) —
z—0 ;U3

L’Hopital’s rule once we get:

. This limit is again of the indeterminate form g . Applying

1 1 1+z2
. arctan(z) —x LHep .. T 57 — 1a? 2 1
lim —————— == lim

z—0 3 z—0 32 z—0 312 - z—0 3x2(1 + ;1;'2) o _5'

2. A function is called increasing on an interval [a,b] if whenever x1, xo € [a,b] and
x1 < o then f(x1) < f(z2). We've proved in class that if f is differentiable on (a,b)
and f'(x) > 0 for all € (a,b) then f is increasing on |[a, b].

We similarly know that if f'(z) > 0 for all « € (a,b) then f is strictly increasing, i.e. if
x1, T2 € (a,b) and z1 < x5 then f(x1) < f(x2).

To prove the inequalities, or strict inequalities, below, it is therefore sufficient to check
that one of these two conditions holds (or in one of the cases, the corresponding state-
ment for decreasing functions).

(a)

()

Suppose that f(z) = sin(x) + . Then f is defined on all of R. Since f'(z) =
cos(z)+1 > 0 for all = € R, this means that f is increasing on all of R. Therefore
if 1 < xo, then sin(zy) + x1 = f(x1) < f(x2) = sin(zy) + xo.

Suppose that f(z) = 322 +sin®(2?) + 1; the domain of f is all of R. The derivative
of fis

f'(x) = 6x+2sin(2?)cos(x?) - (22) = 62 + 4 sin(x?) cos(z?)
= (6 + 4sin(2?) cos(x?)).

Since both sin and cos are always between —1 and +1, the product sin(z?) cos(z?)
is also between —1 and +1 (we can even be more precise: Since sin(x?) cos(z?) =
1sin(22?), the product sin(z?) cos(z?) is always between —1 and 1). Therefore 6+
4 sin(z?) cos(z?) > 0 for all z. If we restrict to x > 0, then z(6+4 sin(x?) cos(z?)) >

0 for all x > 0, i.e., f'(x) > 0 for all x > 0.

This shows that f is strictly increasing on (0, 00), so if 0 < x; < x5 then f(x;) <
f(xo), ie., 3z +sin*(2?)+1 < 3x2+sin?(22) + 1. Since both numbers are positive,
when we take reciprocals we get

1 1
> .
322 +sin?(2?) + 1~ 323 +sin®(z3) + 1
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Alternate Solution

Suppose that f(x) = m Then

—2(6 + 4sin(2?) cos(z?))

f'w) = (322 4 sin?(22) + 1)2

By the argument in the first solution, the numerator in f’ is always negative when
x > 0 (the numerator is the derivative from the first solution times —1). Therefore
f is decreasing on the interval (0,00), so if 0 < x1 < x5 then f(z1) > f(x9), i.e.,

1 1
> .
373 +sin?(2?) + 1~ 323 +sin®(z3) + 1

(¢) Let f(z) = zlnz. Then f'(z) = In(z) 4+ 2 -1 = In(z) + 1. Since In() = —1, if
x> % then In(z) > —1 (here we are using the fact that In(z) is a strictly increasing
function on (0,00)), so when z > 1 then f'(z) > 0, i.e., f is strictly increasing on

(1,00). Therefore if 1 < 21 < x5 we have that z; In(z;) < 25 In(z,).

(d) Let f(x) = e*. Since f'(z) = e® > 0 for all z, ¢” is an increasing function on R.
Therefore if y; < yo, then e¥' < e¥2.

(e) If L < 2y < x5 then by part (c) z1In(z1) < z21n(zs). By part (d) (with y; =
z1In(z;) and y; = 25 In(23)) this means that 1@ < er2In(@2),
Alternate solution:
Let f(z) = €@, Then f/(z) = e*™@ . (In(z) + 2 - 1) = e*™@(In(z) + 1). Since
e¥ > 0 for any y (and in particular for y = zIn(z)), and since, by the argument
in part (c), In(z) +1 > 0 when = > %, f is increasing on (+,00). Therefore, if
L2y <y, 5100 < orainten),

(f) Since zln(z) = In(z”), e*® = @) = 2* By part (e) we have e” 1) <
e21n@2) " and therefore z]' < 32

Alternate solution:

Let f(z) = 2®. We would like to calculate f’(z) to see if f is increasing. It’s not
so clear how to differentiate f. However, if we look at In f(x) = In(z") = xIn(x),
and differentiate both sides, we get

f'(@)

f(z)
so f'(z) = f(z)(In(z) + 1) = 2*(In(z) + 1). When z > 0, 2° > 0, and when z > 2
In(z) +1 > 0, so when = > 1, f/(z) > 0. Therefore f(z) is increasing on (1, c0),
and so if % < 21 < X9 then 27" < x35°.

= In(z) + 1,
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(a) If f(z) = 1, then f'(z) = —=, and f”(z) = &. Therefore f”(z) is > 0 when
x >0, and so f is convex (i.e., concave up) on (0, c0).

(b) Since f is convex on (0,00), Jensen’s inequalites hold in the following form : for
any xq, rg € (0,00), and any 7y, ro = 0 with r; + o = 1, we have

f(rizy +raxe) <1y f(xr) + raf(x2).
(More generally, such an inequality holds for z1,. .., z; € (0,00), and 71,..., 7% = 0

with Zle r; = 1, but for this problem we only need the case k = 2.)

In particular, choosing r; = %, ro = %, we have

1 2

1 2
1 2
— = +_ <_ _l__ __+_’
f (3$1 3$2) Bf(xl) 3f($2) 3 ) 3 )

1

%1’1 + %SL’Q
which is the inequality we want to show.

(¢) Let f(z) = zIn(z). Then f'(z) =In(z) + z- 2 =In(z) + 1, and f"(z) = 1. For
x > 0, we have f”(x) > 0, so f is a convex function. As in (b), this means that
flrizy + roxs) < rif(xy) 4+ rof(xe) for all z1, x5 € (0,00), and ry, ro > 0 with

r1 +ry = 1. Picking ry = % and 7y = %, this means that we have

201 + 3w 2r1 + 3z
(%) In (%) = f 3oy + 22) < 2f(21)+2f(22) = 221 In(z1) 4225 In(2y).

(d) Let f(z) = In(z). Then f(z) = 1 and f"(z) = —%, so that f”(z) < 0 for
x € (0,00). Therefore f is concave (equivalently, concave down). This means that
for any xq,..., zx € (0,00), and any ry,..., rp > 0 with Zle r; = 1 we have the
inequality

f(rmy+romg + - rpay) = rof (o) +rof () + - + 1 f ().

If we take kK =n, andrlzrgz---:rn:%,thisis

(flz) + fma) + -+ flan))

S|

f(l(fc1+x2+-~-+xn)) >

(In(z1) + In(z) + - - - + In(z,,)) -

S|+

1
In (5(x1+x2+-~-+xn)) >

5
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When zy =1, 20 =2, ..., x, = n (i.e., choosing x; =i for i = 1,..., n) this is the
inequality

ln(%(l—l—2+---+n)) 2%(ln(1)+ln(2)—|—---+ln(n)).

Using the formula that 142+ -+ +n = in(n + 1), the left hand side of the
inequality above is In(™). Multiplying both sides of the inequality by n then

2
gives

nln (n ;_ 1) > 1In(1) + In(2) + - - - + In(n),

which is the inequality we wanted to show.

Finally, since e® is an increasing function, if we apply e” to both sides, it preserves
the inequality, and we get

Rl=1-2-3- (n—1)-n = ORI +n0) o gnin(h) _ (n + 1) '
2
EXTENDED REMARK: In analysis (the branch of mathematics to which Calculus be-
longs), one is often interested in the asymptotic growth of a function, as some parameter
gets very large, or very small. The estimate above, n! < ("TH)n is correct, but can be

greatly improved.

A better approximation is provided by Stirling’s formula :

nl ~V2mn - <ﬁ> (as n — 00).
e

For instance, when n = 100, the upper bound ("TH)n is about 2.133721886 x 10'™,

while v/27n (2)" is about 9.324847782 x 10'". In other words, when n = 100 Stirling’s
approximation gives an estimate which is 10'3 (i.e., about 10 trillion) times better than
our upper bound. For larger n, the improvement provided by Stirling’s formula is even
better.

(e) Let f(x) =22+ 1. Then f'(1) = -~ (22) = ==, and

NS
P P i = W ) Bk S S
VEF 1) VD (1)

Thus, f”(x) is > 0 when x > 0, so f is convex on (0,00). As in part (d) for xy,
To,.., Ty € (0,00),and 1y =r9g =+ =71, = %, this gives us the estimate

(f(z1) + flaa) + -+ flzn)) -

S|

f(%(x1+x2+-~-+xn)) <

6
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(The direction of the inequality is the opposite from (d), since in (d) the function

was concave, and here it is convex.) As in (d), taking ; =7 fori =1,..., n (i.e.,
taking r; = 1,29 = 2, ..., z,, = n), and using the formula 142+ - -4n = %n(n+1),
this is
1 1
FG+D)) < - () + [+ +f(n), or

Vo2 +1< (VEFTHVET T+ + Vi 11,

Multiplying through by n, and simplifying (”T“)2 + 1 this gives

21 o0+ 5
VE A1+ V2 4+ 14+ V2t 1. %:g\/n2+2n+5.

NoOTE: Unlike the previous inequality, involving n!, I know of no application of the
inequality above. It was included as an example of one of the many things one can
prove using convexity.

4.

(a) To show that f(g(x)) is concave up using inequalities, we need to show that

flg(rizy + o)) < 11 f(g(x2)) + 1o f(9(72))

for any x1, o in R, and 71, 7o € R with 7y, 7 > 0 and r; + ro = 1.

Let’s first write down what we know about f and g. For any 71, o and x1, x5 as

above :

(a1) g(rizy + raxe) < mg(1) + r2g(22), since g is concave up.
(a2) Since f is increasing, for any y1, y2, with y; < yo we have f(y1) < f(y2).

(a3) f(rizi+raza) < rif(z1)+7raf(20) for any z1, 20 € R, (and any 71, r2 as above)
since f is concave up.

Then, starting with inequality (a1):

g(rimy + romy) < rig(my) + rog(zs)

if we apply f to both sides (which preserves the inequality by (a2)) we get

fg(rivy + raxa)) < f(rig(z1) + 129(22))
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and now applying inequality (a3) with z; = g(z1), and 25 = g(z3), to the right
hand side we get
frg(an) + rag(x2)) < rif(g(@1)) + raf(9(x2)).

Combining the last two inequalities gives us

flg(rizs + ra2)) < r1f(g(21)) + 72/ (9(22))
which shows that f(g(x)) is concave up.

To show that f(g(z)) is concave up using the second derivative, we need to show
that the second derivative of f(g(z)) is greater than or equal to zero for all z.

Let’s first write down what we know about f and g.

(b1) g"(x) =0
(b2) f'(x) = 0 for all x since f is increasing.
=0

(b3) f"(x)

for all z since g is concave up.

for all x since f is concave up.

The second derivative of f(g(x)) is (using the chain rule and the product rule
when differentiating twice) :

(@) (¢'(@))" + f(9(2))g" ().

Now f”(g(x)) = 0 by (b3), (¢'(x))?* is = 0 since the value for any x is the square of
a real number, f'(g(x)) is > 0 by (b2), and ¢”(x) is > 0 by (b1). Therefore all the
terms in the expression above are > 0, and so f”(g(z)) (¢'(z))* + f'(9(x))g"(z) = 0
too, and this shows that f(g(x)) is concave up.

Alternate Solution

The other characterization of concave up by derivatives is that the first deriva-
tive is increasing. The first derivative of f(g(x)) is f'(g(z))g (x) (by the chain
rule), so to show that f(g(z)) is concave up, we need to show that if z; < 29

then f'(g(z1))g' (x1) < f'(g(x2))g (x2). (We could also show that f'(g(z))g'(z) is
increasing by showing that its first derivative is positive; this is the same as the
solution above).

Let’s write down what we know about f and g:

(b4) ¢'(x) is an increasing function since g is concave up.

(b5) f'(x) = 0 for all x since f is increasing.
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(b6) f'(x) is an increasing function since f is concave up.

We have to be slightly careful in demonstrating the inequality. The function g(x)
might be decreasing on some part of the real line, so 1 < x5 might not imply that
g(x1) < g(x2). The function g switches from being decreasing to being increasing
when ¢'(xz¢) = 0. This can happen for at most one point zy € R since ¢’'(z) is
an increasing function. Suppose that there is a point xy where ¢'(zg) = 0. We
consider two cases:

CASE I: Suppose that both x; and x5 are greater than zy. Then ¢ is increasing
on [xg,00), so if x; < x9 then g(x1) < g(x2). Since f’ is increasing, this also
gives us f'(g(x1)) < f'(g(x9)), or ;:ggf;; > 1. Since ¢ is increasing, we have
g (1) < ¢'(x2), and we know that both ¢'(z1) and ¢'(xs) are positive, since x,
and x5 are greater than xy. Since ¢'(x3) is positive, multiplying it by a number
greater than one makes it larger, and so

J (1) < o (22) < g'(a) - L1972))

f'(g(21))
Multiplying through by the positive number f’(g(x1)) gives

f(g(@1))g' (21) < f(g(22))g' (22),

which is what we wanted to show.

CASE II: Suppose that both x; and x5 are less than xy. Then ¢ is decreasing on
(—o0, xg] so if x; < xy then ¢'(z1) = ¢'(x2). Since f’ is increasing, this gives us
f'(g(x1)) = f(g(xq)) or ;:822;; > 1.. Since ¢ is increasing, we have ¢'(z;) <
g'(x2), and we know that both ¢'(z1) and ¢'(x2) are negative since x; and x, are
less than zg. Since ¢'(x1) is negative, multiplying it by a number greater than one

makes it smaller, and so

g (o) - LD o) < g (an).

f'(g(22))
Multiplying through by the positive number f’(g(x2)) gives

f(g(@1))g'(21) < f(g(22))g' (22),

which is what we wanted to show.

Finally, since case I shows that f'(g(z))g¢'(z) is increasing on [z, c0), and case II
shows that f'(g(x))g’(x) is increasing on (—o0, xo|, the function f'(g(z))g¢'(z) must
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be increasing on (—o0, 00), so the derivative of f(g(x)) is increasing, and therefore
f(g(x)) is concave up.

Note that if there is no number z, such that ¢’(xzy) = 0, then either ¢'(z) > 0 for
all z in R or ¢/(z) < 0 for all x € R, and so either case I (if ¢’(x) > 0) or case II
(if ¢'(z) < 0) is sufficient by itself to establish that f'(g(z))¢'(z) is an increasing
function on all of R.

10
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