Math 120 Homework Assignment 11

DUE DATE: Nov. 25, 2025

1. Find the following limits:
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lim (1 + E) where ¢ € R is a fixed constant.
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[SUGCGESTION : First take the logarithm of (1 + %)w, find the limit of the logarithm, and
then exponentiate. Because the logarithm and exponential functions are continuous, we
can exchange evaluation of the function and evaluation of the limit.]
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2. Prove the following inequalities

(a)
()
(¢)
(d)
(¢)
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(a)

If x1 < x9, show that sin(z;) + x1 < sin(zg) + xs.

1
3a2+sin?(z2)+1"

If 0 < 1 < x5, show that 3x§+sin12(x§)+1 >
If % < x1 < x9 show that 1 In(zy) < 2o In(z,).
if y1 < yo, show that e¥' < e¥2.

If % < 11 < T9 show that e™! In(z1) < ev2 In(zz)

If L <z <z, show that z{* < z32.

Is f(z) = % a convex function, a concave function, or neither on the interval
(0,00)7
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(b) Prove that for any x1, x5 > 0 we always have
1 1 2

%Il + §$2 S 31, 3wy
Use the method of (a)+(b) to prove the inequalities below.

(¢) Prove that for any x1, zo > 0, we always have

2 2
(%&62) In (%&62) < 22y In(zy) + 2o In(as).

(d) Prove that for any positive integer n we have

1
In(1) +In(2) + In(3) + - - - + In(n) < nln (”‘5 ) .
Conclude that n! < ("TH)n

SUGGESTION : Consider the function In(z), the points zy =1, 2 =2, ..., z,, = n, and
r=ry=--=17, = % The identity 1 +2+---4+n = %n(n + 1) will also be useful.

(e) Prove that for any positive integer n, we have the inequality

\/12+1+\/22+1+\/32+1+\/42+1+---+\/n2+1>gx/n2+2n+5.

SUGGESTION : Consider the function Va2 + 1, and the z; and r; from (d).

4. Suppose that f and g are functions that are defined on all of R, that f is a convex,
increasing function, and that g is a convex function. The goal of this problem is to show
that the composite function f(g(x)) is also convex, in two different ways.

(a) First show this by using the Jensen’s inequality definition of convexity, i.e., show
that the composite function f(g(x)) satisfies the appropriate inequality for any x,
xo, and 1y, re, with r1, 7o > 0 and r; + ro = 1 (equivalently, with A and (1 — \),
for A € [0,1].)

(b) Now suppose that both f and g are twice differentiable. Use the second derivative
criterion for convexity to give a second proof that the composite function f(g(x))
Is convex.

NOTES FOR QUESTION 4: (i) In part (@) your argument shouldn’t involve derivatives,
since we don’t know that f or g are even differentiable. (I.e., the argument for part (a)
should work even for non-differentiable convex functions.) (i) In (), a good first step
is to work out the formula for the second derivative of a composite function f(g(z)).
(7i1) One of the conditions of the problem is that f is increasing. You will need this in
parts (a) and (b).



https://creativecommons.org/licenses/by-nc-sa/4.0/

