
Math 310 Homework Assignment 12
due date: Dec. 8, 2017

In this assignment we will verify two of the groups in Klein’s classification. Let G be
a finite subgroup of SO3(R). Recall that as part of the classification we let X be a
set of poles of G, with orbits O1, O2, O3. The notation m = (m1,m2,m3) means that
the stabilizer of any x ∈ Oj has order mj , and thus also that ∣Oj ∣ = ∣G∣/mj by the
orbit-stabilizer theorem.

Every nontrivial element of g fixes some pole, and hence is contained in the stabilizer
subgroup of that pole. Thus ord(g) must divide m1, m2, or m3.

It may also be helpful to know this fact : For any x ∈X , StabG(x) is a cyclic group.

Proof. All elements of StabG(x) are rotations around the axis going through x and −x.
If h ∈ StabG(x) is the element which rotates the smallest positive angle, then it follows
that h must generate the subgroup. (Suppose that h rotates by α. If h′ ∈ StabG(x) is
rotation by θ, pick the smallest m so that mα ⩽ θ < (m + 1)α. Then h′ ⋅ h−m ∈ StabG(x)
is rotation by θ−mα. From above we have 0 ⩽ θ−mα < α. If θ−mα ≠ 0, this contradicts
the choice of h as rotation by the smallest angle. Therefore θ =mα and h′ = hm.) ◻

Let us now classify two of the groups.

1. m = (2,2, n), ∣G∣ = 2n, n ⩾ 3. Let x be an element in O3, and set H = StabG(x). We
have ∣H ∣ = n, so that [G ∶ H] = ∣O3∣ = 2. Since [G ∶ H] = 2, H is a normal subgroup of
G. Let h be a generator of the cyclic group H .

(a) Explain why, for any g ∈ G, StabG(g ⋅ x) = H .

(b) Each nontrivial element of G fixes exactly two poles. Explain why the two poles
fixed by h are x and −x.

(c) Using (a), conclude that for any g ∈ G, g ⋅ x = ±x.

(d) Now let g be any element in G ∖H . Show that g ⋅ x = −x.

(e) Show that the axis of rotation of g is at right angles to the axis connecting x and
−x. (Suggestion: It might also help to figure out the order of g, and hence to
know the angle that g rotates by.)

(f) Let y be any pole fixed by g. Using (e) show that the orbit of y under H is a
regular n-gon.

(g) Show that the orbit of y under G is the same regular n-gon.

(h) Show that G = Dn.
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2. m = (2,3,3), ∣G∣ = 12. Let x be any element of O3 and H = StabG(x).

(a) Since ∣O3∣ = 4, there must be an element y ∈ O3 not equal to ±x, In particular H
does not fix y. Explain why the orbit of y under H is an equilateral triangle.

In order to have a name for these points, let us label the orbit of y under H the points
y1 = y, y2, and y3.

(b) Explain why all points y1, y2, and y3 are the same distance from x.

The orbit O3 consists of four points, x, and y1, y2, and y3. By (a) and (b) these points
form a tetrahedron, with the lengths of the edges between the yi all the same (they form
an equilateral triangle), and with the lengths of the edges between x and any yi all the
same. However we do not know if these two distances are the same.

(c) Using the fact that y1 is in the same orbit as x, prove that all the distances are
the same. Thus the points of O3 lie on a regular tetrahedron (one where all the
lengths have the same size).

(d) Explain why G is the symmetry group of the tetrahedron.

(e) To match up the data (2,3,3) with this symmetry group, sketch (as best you can)
the poles of G, indicating the three orbits. It may help to use a tetrahedron.

This homework assignment is due on or before Friday, December 8th, at 4pm. The
assigment can be handed in to my office, 507 Jeffery Hall. (There is a mailbox with my
name on it to the right of my door. There is an even closer mailbox with someone else’s
name on it to the left of my door. Do not be tempted by the closer mailbox!)
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