C^∗-algebrasassociated with one dimensional almost periodic tilings^†

James A. Mingo Departmen t of Mathematics Queen’s University Kingston, K7L 3N6 Canada

In this paper we consider C^∗-algebras associated with one dimensional almost periodic tilings. These tilings are doubly infinite sequences {t_i}^∞_{i= −∞} where t_i ∈ {a,b} and which satisfy three axioms.

(A_1): the letter a is isolated: if t_i = a then t_{i− 1} = t_{i+1} = b. (A_2): there is an integer n such that between a’s there are either n or n + 1 b’s.

A sequence which satisfies (A_1) and (A_2) is composable. Given a composable sequence T we can produce a new sequence T^′ by composition: each segment beginning with an a and followed by n b’s gets replaced by a b, and each segment beginning with an a and followed by n + 1 b’s gets replaced by ba. abbb...b � � �_n → b and abbb...b

� � �

n +1

→ ba

Axioms (A_1) and (A_2) are exactly what are needed in order to compose a sequence. The third axiom is then:

(A_3): each composition of the sequence produces a composable sequence.

We shall call a sequence satisfying axioms (A_1), (A_2), and A_3 a cutting sequence, following C. Series [6].

A cutting sequence may be constructed by choosing a slope α and a y-intercept β for a line L : y = αx + β. We mark by an a each intersection of the line L with the horizontal lines y = i for i ∈ Z and by a b the intersection of L with the vertical line x = j for j ∈ Z. This produces along L a sequence of a’s and b’s.

If a line L passes through a point (m, n) in Z^2 we call it singular for at (m, n) an a and a b coincide. Such a line produces two cutting

†Researc h supp orted by the Natural Sciences and Engineering Researc h Council of Canada and the

Fields Institute for Researc h in Mathematical Sciences. 1 sequences T^+ and T^− . In the upper sequence T^+ all coinciding a’s and b’s are written with the a preceding the b; in T^− all coinciding a’s and b’s are written with the a following the b.

Via composition we may associate with a cutting sequence a real number 0 < α < 1 which we call the slope of the tiling. Let T be a cutting sequence. Let T_2 be the cutting sequence obtained from T_1 = T by composition. In general, let T_{k+1} be the cutting sequence obtained from T_k by composition. For each i there is, by axiom A_2, an integer n_i such that in T_i there are between adjacent a’s either n_i or n_{i+1} b’s. This produces a sequence of non-negativ e integers {n_1,n_2,n_3,...}. Let α be the real number with continued fraction expansion [0;n_1,n_2,n_3,...], adopting the convention that a trailing sequence of 0’s is dropped. Let T_α be the set of cutting sequences of slope α.

A line ofslope α willproduce a cutting sequence ofslope α, moreover for each cutting sequence of slope α there is a β (not unique) such that the line y = αx + β will produce the given cutting sequence.

Motivated by the classification (see [2]) of Penrose tilings by sequences of 0’s and 1’s where a 1 must be followed by a 0, modulo tail equivalence, we can classify the cutting sequences of slope α by sequences of integers. If α is rational then there is up to translation only one cutting sequence and it is periodic.

Suppose that 0 < α < 1 and α is irrational. Let [0;a_1,a_2,a_3,...] be the continued fraction expansion of α. let X_α = {(x_i)^∞_{i=1} | x_i ∈ {0,1,2,...,a_i} and x_i = a_i implies that x_{i+1} = 0}. We give X_α the topology it inherits as a subspace of

�_∞

i=1 {0,1,2,...,a_i} with the prod- 2 uct topology. X_α becomes a separable totally disconnected metrizable space, i.e. a Cantor set. When α =^{√ 5− 1}_2 , X_α is the space which classifies the Penrose tilings.

Suppose T ∈ T_α is a cutting sequence of slope α and t is a letter in T. Let T_1 = T, and T_i be the sequence of cutting sequences obtained by composition. The letter t ∈T will be absorbed into a letter t_2 of T_2, this letter t_2 will be absorbed into a letter t_3 of T_3.

abbb...b � � � t^i ∈ T^i ↓ babab t_{i+1} ∈ T_{i+1}

Letting t_1 = t we obtain a sequence {t_i}^∞_{i=1} with t_i ∈ T_i. The sequence (x_i) ∈ X_α associated with the pair (T,t) is constructed as follows. If t_i = a then x_i = 0, if t_i = b then x_i is the number of b’s between t_i and the first a to the left of t_i. In the example above x_i = 1 and x_{i+1} = 0. This describes a map from {(T,t),| t ∈ T ∈ T_α } to X_α . If t and t^′ are in T then we will obtain two sequences (x_i) and (x^′_i) in X_α which will be in general different. If T is not singular then (x_i) and (x^′_i) will be tail equivalent, i.e. there is an integer k such that x_i = x^′_i for i > k. If α is irrational and T is singular, this may not happ en.

Let us denote by 0^+ = (0,a_2,0,a_4,...), 0^− = (a_1,0,a_3,0,...), and − α = (a_1 − 1,a_2 − 1,a_3 − 1,a_4 − 1,...) three sequences in X_α . If T is a T^+ then each (x_i) will be tail equivalent to either 0^+ or − α. If T is a T^− then each (x_i) will be tail equivalent to either 0^− or − α.

Suppose now that on the set of cutting sequences with slope α, T_α , we say that T_1 is equivalent to T_2, if by shifting T_1 a finite number of letters to the left or right it agrees with T_2 and that we decree that the upper and lower sequences for a singular line are equivalent (as in fact they only differ by a single transp osition of an a and a b at the one singular point). Transferring this relation to X_α it becomes the relation R_α generated by tail equivalence and 0^+ ∼ 0^− ∼ − α.

In this paper we shall construct a C^∗-algebra from this relation and show that it is the irrational rotation C^∗-algebra A_α associated with the angle 2πα. The relation R_α can be described as the orbits of a partial homeomorphism Θ acting on the Cantor set X_α . Θ is defined everywhere except at − α, and the range of Θ is all of X_α except {0^+ ,0^− }. Thus R_α is not the equivalence relation arising from a homeomorphism. In [4]J. Kellendonk considers also C*-algebras associated with almost periodic 3 tilings however, the algebras constructed are the C*-crossed products associated with an action of Z on a Cantor set.

To construct the C^∗-algebra we must produce a topology on the graph of the relation R_α = {(x, y) ∈ X_α × X_α | x ∼ y}. The topology we construct is locally Hausdorff, but not Hausdorff. We let C_{oo}(R_α ) be the vector space of continuous functions whose support is the closure of a compact set. We also construct a Haar system {μ^x }; with this C_{oo}(R_α ) acquires a product. We then construct a map Φ : R_α → S^1 ⋊_α Z where S^1 is the unit circle, which we shall write as [0,1]with addition modulo 1. With the product (x, m)(x + mα ,n) = (x, m + n), S^2 ⋊_α Z is a principal r-discrete groupoid according to the definition of Renault [5]. The map Φ^∗ : C_{oo}(S^1 ⋊_α Z) → C_{oo}(R_α ) extends to a ∗-isomorphism Φ^∗ : C^∗(S^1 ⋊_α Z) → C^∗(R_α ). Since C^∗(S^1 ⋊_α Z) = A_α , we have identified our algebra.

An interesting feature of this construction is that there is a subrelation R_α ⊆ R_α . R_α = {(x, y) ∈ X_α × X_α | x is tail equivalent to y}. The topology of R_α restricted to R_α is a Hausdorff topology and R_α is a principal r-discrete groupoid. We shall show that C^∗(R_α ) is a simple AF-algebra with the same ordered K_0 group as A_α .

Let us now describe in detail the plan of the paper. In section 2 we put a topology on the relation R_α , of tail equivalence on X_α , and show that it yields a principal r-discrete groupoid whose C^∗-algebra is AF and we show that its ordered K_0 is (Z + αZ,(Z + αZ)_+ ) with the class of the identity equal to 1.

In section 3 we describe an isomorphism φ between S^1_{Nα} and X_α , where S^1_{Nα} is the Cantor set obtained by disconnecting the circle S^1 along the forward orbit of 0: {0,α,2α,3α,...}. On the space S^1_{Nα} there is the partial homeomorphism of adding α modulo 1 with domain S^1_{Nα} \ {− α}. We construct a partial homeomorphism Θ on X_α , such that φ intert wines Θ and the partial homeomorphism on S^1_{Nα} . The relation x ∼ Θ( x) on x_α is exactly tail equivalence.

In section 4 we put a topology on the relation R_α and construct a continuous open map Φ : R_α → S^1 ⋊_α Z such that Φ^∗ : C_{oo}(S^1 ⋊_α Z) → C_{oo}(R_α ) is an isomorphism of vector spaces.

In section 5 we construct a Haar system {μ^x } on R_α and use this to put the structure of a ∗-algebra on C_{oo}(R_α ). Then we show that Φ^∗ is a ∗-homomorphism. This then implies that C^∗(R_α ,μ) is isomorphic to A_α . 4

I am grateful to J. S. Spielberg for many helpful suggestions, in particular I owe to him the idea that each of the relations 0^+ ∼ 0^− and 0^− ∼ − α generates a non-trivial element of K_1 and thus ought to produce the irrational rotation C^∗-algebra A_α . I also wish to thank G. Gong for his helpful advice.

§2 K_0(C^∗(R))

In this section we calculate K_0 of the AF C*-algebra C^∗(R) and show that it is equal to (Z + αZ,(Z + αZ)_+ ,[1]). The equivalence relation R defines an AF groupoid , and thus this C*-algebra is AF (see Renault [5,Proposition III.1.5]). We shall follow the construction given by Connes [2, II.3].

Let 0 < α < 1 be irrational and [0;a_1,a_2,a_3,...] be its continued fraction expansion. Let X_α = {(x_i)^∞_{i=1} | x_i ∈ {0,1,2,3,...,a_i} and x_i = a_i implies x_{i+1} = 0} and R_α = {(x, y) ∈ X_α × X_α | there is k such that x_i = y_i for i > k}. To simplify the notation we shall write X for X_α and R for R_α , as α will be fixed throughout this section.

We construct a topology on R as follows. Suppose (x, y) ∈ R for each k such that x_i = y_i for i > k we construct a basic neighbourhood U(x, y,k) = {(a, b) ∈ R | a_i = x_i and b_i = y_i for 1 ≤ i ≤ k and a_i = b_i for i > k}.

Suppose (x, y) ∈ R, and x_i = y_i for i > k, also (x^′,y^′) ∈ R and x^′_i = y^′_i for i > k^′, and k^′ > k. Then either U(x, y,k) and U(x^′,y^′,k^′) are disjoint or U(x^′,y^′,k^′) ⊆ U(x, y,k). For suppose (a, b) ∈ U(x, y,k)∩ U(x^′,y^′,k^′). Then a_i = x_i for 1 ≤ i ≤ k and a_i = x^′_i for 1 ≤ i ≤ k^′. Hence x_i = x^′_i for 1 ≤ i ≤ k. Similarly y_i = y^′_i for 1 ≤ i ≤ k. Since a_i = b_i for i > k, we have x^′_i = y^′_i for i > k. Thus (x^′,y^′) ∈ U(x, y,k), so U(x^′,y^′,k^′) ⊆ U(x, y,k). Thus the set {U(x, y,k)} forms a base for a topology of R.

By defining r(x, y) = (x, x) and d(x, y) = (y,y), R becomes an rdiscrete principal groupoid in the sense of Renault [5, I.§1 and I.§2]. The sets U(x, y,k) are compact open R-sets in that both r and d are one-to-one when restricted to U(x, y,k).

C^∗(R) will be the completion ofthe space ofcontinuous functions on R with compact support with respect to a norm that we will presently construct.

Let R^{(k)} = {(x, y) ∈ X × X | x_i = y_i for i > k}. Then R = ∪_k R^{(k)}. 5

If (x, y) ∈ R^{(k)} then U(x, y,k^′) ⊆ R^{(k)} for some k^′ ≤ k. So R^{(k)} is an open subset of of R. If x_i ≠ y_i for some i > k then U(x, y,k^′) is disjoint from R^{(k)} where k^′ ( > k) is such that x_i = y_i for i > k^′. Hence R^{(k)} is also closed in R. Since U(x, y,k) ⊆ R^{(k)} we see that R has the inductiv e limit topology associated with the sequence

R^{(0)} ⊆ R^{(1)} ⊆ R^{(2)} ⊆ ···⊆ R.

Let us show that each R^{(k)} is compact. In so doing we shall see that R^{(k)} is an elementary groupoid in the terminology of Renault [5, p. 123]. First we develop some notation. Let X^{(k)} = {(x_i)^∞_{i= k+1} | x_i ∈ {0,1,2,3,...,a_i} and x_i = a_i implies x_{i+1} = 0}, and ~X^{(k)} be the subset of of X^{(k)} consisting of those sequences which begin with 0: ~X (k) = {x ∈ X (k) | x_{k+1} = 0}. X (0) = X. Give X (k) and ~X (k) the product topology. Each X^{(k)} and each ~X^{(k)} is compact. Let X_{(k)} = {(x_1,...,x_k ) | x_i ∈ {0,1,...,a_k } and x_{i+1} = 0 whenever x_i = a_i}. Let R_{(k)} = {(x, y) ∈ X_{(k)} × X_{(k)} | x_k = y_k }. Give X_{(k)} and R_{(k)} the discrete topology. Write R_{(k)} as the disjoint union of two groupoids R^∼_{(k)} ∪ R^≈_{(k)}: R^∼_{(k)} = {(x, y) ∈ R_{(k)} | x_k ≠ a_k } and R^≈_{(k)} = {(x, y) | x_k = a_k }. We shall next show that R^{(k)} is homeomorphic to the Cartesian product ofa finite set and X^{(k)}. In the following lemma we put the product topology on each ofR^∼_{(k)} × X^{(k)} and R^≈_{(k)} × ~X^{(k)}, and denote by R^∼_{(k)} × X^{(k)} ∪ R^≈_{(k)} × ~X^{(k)} their topological disjoint sum.

Lemma 2.1

The map

(x, y) → � ((x_1,...,x_k ),(y_1,...,y_k )),(x_{k+1} ,x_{k+2} ,...) � (∗) is a homeomorphism from R^{(k)} to R^∼_{(k)} × X^{(k)} ∪ R^≈_{(k)} × ~X^{(k)}. So R^{(k)} is compact. Proof: The map is one-to-one as, for (x, y) ∈ R^{(k)} we have x_{k+1} = y_{k+1} ,x_{k+2} = y_{k+2} ,... . If (x, y) ∈ R^∼_{(k)} and z ∈ X_{(k)} then (x_1,...,x_k , z_{k+1} ,...) and (y_1,...,y_k ,z_{k+1} ,...) are in X as neither x_k nor y_k is equal to a_k . Also given (x, y) ∈ R^≈_{(k)} and z ∈ ~X^{(k)} the sequences (x_1,...,x_k , z_{k+1} ,z_{k+2} ,...) = (x_1,...x_{k− 1},a_k ,0,z_{k+2} ,...) and (y_1,...,y_k ,z_{k+1} ,...) = (x_1,...,y_{k− 1},a_k ,0,z_{k+2} ,...) are in X. Thus the map is onto. The map also takes the basic open sets U(x, y,k^′) (for k^′ > k) for the topology 6 of R^{(k)} to basic open sets in R^∼_{(k)} × X^{(k)} ∪ R^≈_{(k)} × ~X^{(k)}. Hence (*) is a homeomorphism.

R_{( k )} is a finite equivalence relation. Let A_k be the C*-algebra ofR_{(k)}; i.e. A_k is the complex vector space with basis {e_{( x,y )} | (x, y) ∈ R_{(k)}}, with involution e^∗_{(x,y )} = e_{(y,x )} and product e_{( x,y )} e_{( x ′,y ′)} = e_{( x,y ′)} if y = x^′ and 0 otherwise. The product and involution are extended to all of A_k by linearity. We shall also find it convenient to think of e_{( x,y )} as the characteristic function of the set {(x, y)}. For each k and 0 ≤ i ≤ a_k let m^k_i be the number of sequences of X^{(k)} ending in i.

Lemma 2.2

A_k ≃ M_m k_0 (C) ⊕ ···⊕ M_m k_{a k} (C). Proof: For each x ∈ X^{(k)} we have a projection e_{( x,x )} ∈ A_k . Moreover e_{( x,x )} ∼ e_{( y ,y )} if and only if x_k = y_k . Hence e_{( x,x )} and e_{( y ,y )} are centrally disjoint if x_k ≠ y_k . Hence A_k has 1 + a_k central summands. Also for each j ∈ {0,1,2,...,a_k }, {e_{( x,x )} | x_k = j} is a set of pairwise orthogonal pairwise equivalent projections which sum to the central support for the j^{th} summand (0 ≤ j ≤ a_k ). Hence the size of the j^{th} summand is m^k_j .

Define ψ_k : A_k ⊗ C(X^{(k)}) → C(R^{(k)}) by

ψ_k � a ⊗ f � (x, y) = a � (x_1,...,x_k ),(y_1,...,y_k ) � f (x_{k+1} ,x_{k+2} ,...).

By Lemma 2 ψ_k is an isomorphism when restricted to the ideal

M_m k_0 (C(X^{(k)})) ⊕ ···⊕ M_m k_{a k − 1} (C(X^{(k)})) ⊕ M_m k_{a k} (C( ~X^{(k)}))

⊆ A_k ⊗ C(X^{(k)}). Let C_{oo}(R) be the continuous functions on R with compact support.

If f ∈ C_{oo}(R), then there is k such that the support of f is contained in R^{(k)}, since {R^{(k)}}_k is an open cover of R. Thus f is in the subspace C(R^{(k)}). Hence C_{oo}(R) = ∪_k C(R^{(k)}). Thus R is what Renault [5, p. 123] calls an AF groupoid.

Next we shall recall the *-algebra structure on C_{oo}(R). Suppose f and g are in C(R^{(k)}). We define f^∗ ∈ C(R^{(k)}) by f^∗(x, y) = f (y,x) and f ∗ g in C(R^{(k)}) by f ∗ g = � ( x,z ) ∈R ( k ) f (x, z)g(z,y). The sum is

finite because, for given x and k, {z ∈ X | (x, z) ∈ R^{(k)}} is finite. Each subspace C(R^{(k)}) is a *-subalgebra.

A_k ⊗ C(X^{(k)}) has a unique C*-norm, and thus so does

M_m k_0 (C(X^{(k)})) ⊕ ···⊕ M_m k_{a k − 1} (C(X^{(k)})) ⊕ M_m k_{a k} (C( ~X^{(k)})). 7

Hence C(R^{(k)}) has a unique C*-norm. Thus C_{oo}(R) has a unique C*- norm.

Definition 2.3

C^∗(R), the C*-algebra of the equivalence relation R, is the completion of C_{oo}(R) with respect to its unique norm.

To calculate the K_0 group of C^∗(R) we have to carefully analyse the inclusion maps i : C(R^{(k)}) → C(R^{(k+1)} ) in terms of the maps ψ_k . For (x, y) ∈ R_{(k)} let S(x, y) = {(x̃,ỹ) | (x̃,ỹ) ∈ R_{(k+1)} and x_i = x̃_i,y_i = ỹ_i for 1 ≤ i ≤ k}. Define φ_k : A_k ⊗ C(R^{(k)}) → A_{k+1} ⊗ C(R^{(k+1)} ) by

φ_k (e_{( x,y )} ⊗ f )(a_{k+2} ,a_{k+3} ,...) = � (x̃,ỹ)∈ S (x,y )

e_{( x̃ ,ỹ )} f (x̃_{k+1} ,a_{k+2} ,...)

Lemma 2.4

The diagram

C(R^{(k)})^i−−−−→ C(R^{(k+1)} ) ψ k � � � � � � � �^{ψ k +1}

A_k ⊗ C(X^{(k)}) −−−−→_{φ k} A_{k+1} ⊗ C(X^{(k+1)} )

is commutativ e. Proof: It is enough to check commutativit y on the elementary tensors : e_{( x,y )} ⊗ f ∈ A_k ⊗ C(X^{(k)}). For (a, b) ∈ R we have

ψ_{k+1} (φ_k (e_{( x,y )} ⊗ f ))(a, b)

= � � � � �

� (x̃,ỹ)∈ S (x,y )

e_{( x̃ ,ỹ )} ((a_1,...a_{k+1} ),(b_1,...,b_{k+1} )f (x̃_{k+1} ,a_{k+2} ,...)

when a_i = b_i for i > k + 1 and

0 otherwise = � � � f (x̃_{k+1} ,a_{k+2} ,...) a_i = x_i,b_i = y_i for 1 ≤ i ≤ k + 1 and a_i = b_i for i > k + 1

0 otherwise 8

= � � � f (a_{k+1} ,a_{k+2} ,...) a_i = x_i,b_i = y_i for 1 ≤ i ≤ k and a_i = b_i for i > k

0 otherwise.

=ψ_k (e_{( x,y )} ⊗ f )(a, b) Note that φ_k carries A_k ⊗ 1 into A_{k+1} ⊗ 1. It is these maps that will enable us to calculate K_0(C^∗(R)). For we shall denote by A the limit of the inductiv e sequence A_1^{φ 1}−−−−→ A_2^{φ 2}−−−−→ A_3^{φ 3}−−−−→ ...

and show that A ≃ C^∗(R) and then use the maps {φ_k } to calculate K_0(A). So we shall identify, where convenient, A_k with A_k ⊗ 1. With this identification we have a sequence of commutativ e diagrams:

C(R^{(1)} )^i−−−−→ C(R^{(2)} )^i−−−−→ ... −−−−→ C^∗(R) ψ 1 � � � �^{ψ 2} � � � �^ψ � � � � A_1 −−−−→_{φ 1} A_2 −−−−→_{φ 2} ... −−−−→ A

Lemma 2.5

ψ is an isomorphism. Proof: We shall show that the range of ψ : ∪_k A_k → C_{oo}(R) is dense. Let f ∈ C(X^{(k)}) and ε > 0 be given. For each x ∈ X^{(k)} choose j_x such that on O(x, j_x ) = {a ∈ X^{(k)} | a_i = x_i for k ≤ i ≤ k + j_x − 1}, f varies by less than ε, i.e. |f (y) − f (x)| < ε for y ∈ O(x, j_x ). Then by the compactness of X^{(k)}, we may cover X^{(k)} by a finite number of these sets {O(x_1,j_{x 1} ),...,O(x_N ,j_{x N} )}, since these sets are open and closed we may re-arrange them into a cover {O_1,...,O_K } of pairwise disjoint open and closed sets, with O_j ⊆ O(x_{i(j )},j_{x i ( j )} ). Thus � �f − � 1≤ j ≤ K

f (x_{i(j )})χ_{O j} � � < ε.

Let j_{max} = max{j_{x 1} ,...,j_{x N} }. Now φ_{j max − 1} ∘ ···∘ φ_k (1_{Ak} ⊗ χ_{O j} ) ∈ A_{j max} ⊗ 1 ⊆ A_{j max} ⊗ C(X^{(j max )}). Thus φ_{j max − 1} ∘···∘φ_k (e_{( x,y )} ⊗ χ_{O(x i ,j x i )}) is 9 within ε of an element of A_{j max} ⊗ 1. Hence for each element f ∈ C(R^{(k)}) and ε > 0 there if j and ~f ∈ A_j ⊗ 1 such that ‖f − ψ_j (~f )‖ < ε. Hence the range of ψ is dense.

Each central projection in A_k produces one copy of Z in K_0(A_k ). Thus K_0(A_k ) ≃ Z^{1+ a k} with positive cone Z^{1+ a k}_+ = {(z_0,...,z_{a k} | z_i ≥ 0}.

Lemma 2.6

Under the identification of K_0(A_k ) with Z^{1+ a k} ,

[φ_k ] : K_0(A_k ) → K_0(A_{k+1} )

is represented by the 1 + a_{k+1} × 1 + a_k matrix

T_k = � � � � 1 ··· 1 1 1 ··· 1 0 . . . . . . 1 ··· 1 0

� � � �

i.e. T_{ij} = � 1 j < 1 + a_k or i = 1 0 j = 1 + a_k and i > 1.

Proof: We only have to show that there is a map of multiplicit y one from each central summand of A_k to each central summand of A_{k+1} with the exception of the last summand M_m k_{a k} (C) of A_k . In the latter case we must show that M_m k_{a k} (C) gets mapped only to the first summand M_m k +1_0 (C) of A_{k+1} and that this map has multiplicit y one.

Suppose x ∈ X_{(k)} and x_k ≠ a_k . Then S(x, x) = {((x, 0),(x, 0)), ...,((x, a_k ),(x, a_k ))}; i.e. the sequence x in X_{(k)} can be extended to a sequence (x, i) in X_{(k+1)} by adding any i ∈ {0,1,...,a_{k+1} } to the end of x. Hence in the sum φ_k (e_{( x,x )} ) = � (x̃,x̃)∈ S (x,x )

e_{( x̃ ,x̃ )} there is one term in

each of the 1 + a_{k+1} summands of A_{k+1} .

Suppose x ∈ X_{(k)} and x_k = a_k . Then x can be extended only by adding a 0, so S(x, x) = {((x, 0),(x, 0))}. Thus the last summand of A_k only gets mapped into the first of A_{k+1} and with multiplicit y one.

The Bratteli diagram for the inclusion of A_k into A_{k+1} can described as follows. There are 1+ a_k vertices on level k and an edge between the i^{th} vertex of the k^{th} level to the j^{th} vertex of the k+ 1^{st} level if a sequence in X_{(k)} ending in i can be extended to one in X_{(k+1)} by appending a j. 10

Figure 3. The Bratteli diagram for the inclusion of A_k into A_{k+1} .

For each k let ξ^{(k)}_1 = � � 1 . . 1

� � and ξ^{(k)}_2 = � � � � 1 0 . . 0

� � � � be vectors in Z^{1+ a k} .

Then

T_k ξ^{(k)}_1 = � � � a_k + 1

a_k . . a_k

� � � = a^k ξ^{(k+1)1} + ξ^{(k+1)2} and T^k ξ^{(k)2} = � � 1 . . 1

� � = ξ^{(k+1)}_1 .

So let Ξ^k ⊆ Z^{1+ a k} be the span of {ξ^{(k)}_1 ,ξ^{(k)}_2 }. Since the rank of T_k is two, we see that Ξ^{k+1} is the range of T_k and Z^{1+ a k} = ker(T_k ) ⊕ Ξ^k . Let P = {(m, n) | mξ^{(k)}_1 + nξ^{(k)}_2 ∈ Ξ^k_+ } = {(m, n) | m ≥ 0 and m + n ≥ 0}. Define a map Ξ^k → Z^2 by mξ^{(k)}_1 + nξ^{(k)}_2 → (m, n). The positive part of Ξ^k gets mapped to P . Relative to the standard basis {

�_1 0 � , �_0 1 � } of Z^2 we have T_k =

�_{a k 1} 1 0 � . Hence we have a sequence

Z^{2 T 1}−−−−→ Z^{2 T 2}−−−−→ Z^{2 T 2}−−−−→ ···

with positive cone P at each term. Recall that A_1 =

1+ a_k

� � � C ⊕ C ⊕ ···⊕ C and so the class of 1 in K_0(A_1) is ξ^{(1)}_1 ∈ Ξ^1 ⊆ Z^{1+ n 1} . Under the map from Ξ^1 to Z^2 ξ^{(1)}_1 is sent to

�_1 0 � . We shall compute K_0(C^∗(R) using the following diagram — where

S_0 = � 0 1 1 0 � , S_1 = S^{− 1}_0 T^{− 1}_1 ,...,S_k = S^{− 1}_0 T^{− 1}_1 ···T^{− 1}_k . 11

�_1 0 � ∈ Z^{2 T 1}−−−−→ Z^{2 T 2}−−−−→ Z^{2 T 3}−−−−→ ··· S 0 � � �^{S 1} � � �^{S 2} � � � ··· Z^2 Z^2 Z^2 ···

(∗∗)

Since T_k ···T_1S_0 = � p_k q_k p_{k− 1} q_{k− 1} � where p_0 = 0,p_1 = 1,...,p_{k+1} =

a_{k+1} p_k + p_{k− 1} and q_0 = 1,q_1 = n_1,...,q_{k+1} = a_{k+1} q_k + q_{k− 1}, S_k =

(− 1)^{k+1} � q_{k− 1} − q_k − p_{k− 1} p_k � . Let η_k = S_{k+1}

�_1 0 � = (− 1)^k

�_{qk}

− p_k � and μ_k =

S_{k+1}

�_1 − 1 � = (− 1)^k � q_k + q_{k+1} − (p_k + p_{k+1} ) � . Let P_α = {(m, n) ∈ Z^2 | αm + n > 0}. Lemma 2.7

For all k, η_k and μ_k are in P_α , and P_α is generated by {η_k }_k . Proof: Since^{p2k}_{q2k} < α, we have αq_{2k} + (− p_{2k} ) > 0; thus η_{2k} ∈ P_α . Also since^{pk +1}_{qk +1} > α, we have α(− q_{k+1} ) + p_{k+1} > 0; thus η_{2k+1} ∈ P_α . We apply the same argument to the inequalities^{p2k}_{q2k} <^{p2k +1 + p2k}_{q2k +1 + q2k} <^{p2k +2}_{q2k +2} < α to conclude that μ_{2k} =

�_{q2k +1 + q2k}

− (p_{2k +1} + p_{2k} ) � ∈ P_α . The inclusion of μ_{2k− 1} = �_{− (q2k + q2k − 1 )}

p_{2k} + p_{2k − 1} � is proved using the inequalities α <^{p2k +1}_{q2k +1} <^{p2k + p2k − 1}_{q2k + q2k − 1} <

p_{2k − 1} q_{2k − 1} .

Finally let us show that P_α is generated by {η_k }_k . Since

�_m n � = (mp_{2k+1} nq_{2k+1} )η_{2k} + (mp_{2k} + nq_{2k} )η_{2k+1} it suffices to show that whenever (m, n) is in P_α there is large enough k so that mp_{2k+1} nq_{2k+1} and mp_{2k} + nq_{2k} are positive. This can always be done; for if m ≥ 0 choose k so that^{− n}_m <^{p2k}_{q2k} < α, and if m < 0 choose k so that α <^{p2k +1}_{q2k +1} <^n_{− m} .

Theorem 2.8

(K_0(C^∗(R))K_0(C^∗(R))_+ ,[1])≃ (Z + αZ,(Z + αZ)_+ ,1). 12

Proof: By the diagram (**) K_0(A) ≃ Z^2. Under this mapping the positive cone gets sent to ∪_k S_k (P ). In Lemma 2.7 we have shown that this union is exactly P_α . The class of 1,

�_1 0 � in the upper left hand corner of (**) gets sent to

�_0 1 � in Z^2. Thus (K_0(A),K_0(A)_+ ,[1])≃ (Z^2,P_α ,

�_0 1 � ). Now map Z^2 to R by (m, n) → αm + n. This order isomorphism sends (Z^2,P_α ,

�_0 1 � ) onto ((Z + αZ,(Z + αZ)_+ ,1).

Remark 2.9

Let us conclude by showing how the Bratteli diagram for A may be given an order making it an ordered Bratteli diagram in the sense of Herman, Putnam, and Skau [3, §2] so that X is homeomorphic to the path space X. This ordered Bratteli diagram is not simple in that there are two minimal paths and one maximal path. In this case the Veršik transformation is a partial homeomorphism. Two paths are are tail equivalent ifand only ifa power ofthe Veršik transformation takes one of them to the other and thus R is the equivalence relation arising from this partial homeomorphism. In the next section we shall show that there is a homeomorphism from X to S^1_{Nα} , the Cantor set obtained by cutting the circle along the forward orbit of 0 under rotation by 2πα, such that the Veršik transformation is exactly rotation by 2πα. To simplify the notation let m_k = a_k − 1 and Y = {(y_i)^∞_{i=1} | y_i ∈ {− 1,0,1,...,m_k } and y_{i+1} = 0 whenever y_i = − 1}. X and Y are homeomorphic by rewriting all a_k ’s as -1’s. Under our new notation the vertices of the k^{th} row of our Bratteli diagram are V_k = {− 1,0,1,...,m_k } and the edges between V_k and V_{k+1} are E_k = {(i, j) ∈ V_k × V_{k+1} | j = 0 whenever i = − 1}. We put an order on E_k by saying (i_1,j) ≤ (i_2,j) whenever i_1 ≤ i_2. We set V_0 = {0} and E_0 = {(0,i) | i ∈ V_1}. A path on this diagram is thus a sequence {(0,i_1),(i_1,i_2),(i_2,i_3),...}, i.e. a point of Y.

Denote by 0^− the path (− 1,0,− 1,0,...), by 0^+ the path (0,− 1,0, − 1,...), and by − α the path (m_1,m_2,m_3,...). Under the homeomorphism in section 3, these points get sent to the points 0^− , 0^+ , and − α in S^1_{Nα} respectively, hence our notation. In path notation − α = {(0,m_1),(m_1,m_2),(m_2,m_3),...}. (m_i,m_{i+1} ) is the maximal edge ending at m_{i+1} . So − α is maximal and must be the only maximal path. In path notation 0^− = {(0,− 1),(− 1,0),(0,− 1),...}. (− 1,0) is the minimal edge ending at 0 because -1 is the minimal index, and (0,− 1) is the minimal edge ending at -1 because there is no edge (− 1,− 1). Thus 0^− is a minimal path and by the same argument 0^+ is another minimal 13

Figure 4. Construction of the ordered Bratteli diagram for R . In the figure m_k = a_k − 1. In the upp er left we have the original diagram, in the upp er right we have reversed the order of the lower row and changed the a_k ’s to -1’s. In the lower left we have added the ordering to the edges. In the lower right we have mark ed − α with a dotted line and 0^− and 0^+ with dashed lines. Assuming that k is odd, 0^− is to the right.

path.

If p = {(0,i_1),(i_1,i_2),...} is a minimal path then i_k is 0 or -1. To be minimal then we must have -1 whenever possible, i.e. every other entry. Hence 0^− and 0^+ are the only minimal paths.

Let us recall the Veršik transformation. Suppose y ∈ Y and y ≠ − α. Let k be the first k such that (y_1,y_2,...,y_k ) = (m_1,m_2,m_3,...,m_k ) and y_{k+1} < m_{k+1} . Then (y_i) → (y^′_i) where y^′_i = y_i for i > k + 1, y^′_{k+1} = 1 + y_{k+1} , and (y^′_1,y^′_2,...,y^′_k ) = � � � � �

(− 1,0,− 1,...,− 1,0,− 1) if k is odd and y_{k+1} = − 1 (0,− 1,0,...,0,− 1,0) if k is odd and y_{k+1} ≠ − 1 (− 1,0,...,− 1,0) if k is even and y_{k+1} ≠ − 1 (0,− 1,...,0,− 1) if k is even and y_{k+1} = − 1,

i.e. y^′_k = − 1 if y^′_{k+1} = 0 and y^′_k = 0 otherwise, and we then extend backwards to y^′_1 by an alternating sequence of 0’s and -1’s.

§3 The Space X_α

Suppose α is an irrational number between 0 and 1. Let α = [0; a_1, a_2, a_3, ···] be the continued fraction expansion of α and let m_i = a_i − 1. For a real number x, [x] denotes the unique integer such that [x] ≤ x < [x]+ 1. Note that [− x] = − (1 + [x]). Let {x} = x − [x]. Let 14 α_0 = 1

α_1 = α

α_2 = 1 − a_1α = α{α^{− 1}}

α_3 = α_1 − a_2α_2 = α_2{α_1α^{− 1}_2 } . . α_{n +1} = α_{n − 1} − a_n α_n = α_n {α_{n − 1}α^{− 1}_n }. . . Let q_{− 1} = 0

q_0 = 1

q_1 = q_{− 1} + a_1q_0 q_2 = q_0 + a_2q_1 . . q_{n +1} = q_{n − 1} + a_n q_n , be the usual denominators of the convergents in the continued fraction expansion of α. Note that modulo 1 α_{i+1} = (− 1)^iq_iα.

Let us construct the space S^1_{Nα} . S^1_{Nα} is obtained by disconnecting the circle at the points ofNα. S^1_{Nα} is an inverse limit S_0 ← S_1 ← S_2 ← ... ← S^1_{Nα} . S_0 = S^1 S_1 = S^1 cut at the point 0α, i.e. as a topological space S_1 = [0,1] except we relabel the end points as 0^+ and 0^− respectively. S_2 is obtained by cutting S_1 at the point α i.e. S_2 = [0^+ ,α^− ]∪ [α^+ ,0^− ]. In general S_{n +1} is obtained from S_n by cutting S_n at the point nα . As an alternate description S_n is the maximal ideal space of the C^∗-algebra obtained by adjoining the projections χ_{[0,nα ]} to C(S^1).

Let π : S^1_{Nα} → S^1 be the canonical map, i.e. the map which sends mα^± to mα and leaves the other points alone. We shall also need the larger space S^1_{Zα} , which is constructed in the same way as S^1_{Nα} except that we cut along all the points of the orbit of α.

Given x ∈ R and y ∈ S^1_{Zα} we define

x + y = � π(x + y)^+ if y = π(y)^+

π(x + y)^− if y = π(y)^−

xy = � π(xy)^+ if y = π(y)^+ and x > 0 or y = π(y)^− and x < 0.

π(xy)^− if y = π(y)^− and x > 0 or y = π(y)^+ and x > 0. 15

We shall also write − mα^+ to mean (− mα )^+ ; on the other hand − (mα^+ ) = − mα^− .

Recall that X_α = {(x_i)^∞_{i=1} | x_i ∈ {0,1,···,a_i} and if x_i = a_i then x_{i+1} = 0}. We shall define a map φ : S^1_{Nα} → X_α as follows. To do this we first extend the floor map to R cut along Z : [n^+ ] = n, [n^− ] = n − 1.

Given β ∈ S^1_{Nα} let, β_1 = β and x_1 = [β_1/α_1], then

β_2 = � (1 + x_1)α_1 − β_1 x_1 < a_1

α_0 − β_1 x_1 = a_1, and x_2 = [β_2/α_2]. Supposing β_1,···,β_n and x_1,···,x_{n − 1} to be already defined we let x_n = [β_n /α_n ] and

β_{n +1} = � (1 + x_n )α_n − β_n x_n < a_n

α_{n − 1} − β_n x_n = a_n Note that if x_n = a_n then a_n α_n ≤ β_n < α_{n − 1} = a_n α_n + α_{n +1} so β_{n +1} = α_{n − 1} − β_n < α_{n +1} . Hence x_{n +1} = 0. Thus (x_i) = φ (β) ∈ X_α .

Examples3.1

(i) Let β = 1− α = α_0 − α_1. Then x_1 = a_1 − 1 and so β_2 = a_1α_1 − β_1 = α_1 − α_2. Suppose β_k = α_{k− 1} − α_k . Then x_k = [β_k /α_k ] = [α_{k− 1}/α_k ]− 1 = a_k − 1, and β_{k+1} = (1 + x_k )α_k − β_k = a_k α_k − (α_{k− 1} − α_k ) = α_k − (α_{k− 1} − a_k α_k ) = α_k − α_{k+1} . Hence by induction x_k = a_k − 1 for all k.

(ii) Let β = 0^+ . Then x_1 = 0, β_2 = α^−_1 , x_2 = [α_1/α_2] = a_2, and β_3 = 0^+ . If β_{2k− 1} = 0^+ then x_{2k− 1} = 0, β_{2k} = α_{2k− 1} − β_{2k− 1} = α^−_{2k− 1}, x_{2k} = [α_{2k− 1}/α_{2k} ] = a_{2k} , and β_{2k+1} = α_{2k− 1} − β_{2k} = 0^+ . Thus (x_1,x_2,x_3,x_4,...) = (0,a_2,0,a_4,...).

(iii) Let β = 0^− = α^−_0 . Then x_1 = a_1, β_2 = α_0 − β_1 = 0^+ , x_2 = 0, and β_3 = α^−_2 . Suppose β_{2k− 1} = α^−_{2k− 2}. Then x_{2k− 1} = a_{2k− 1}, β_{2k} = α_{2k− 2} − β_{2k− 1} = 0^+ , x_{2k} = 0, and β_{2k+1} = α_{2k} − β_{2k} = α^−_{2k} S^1_{Nα} has the inductiv e limit topology and X_α has the product topology; thus both are Cantor sets. We shall show that φ is a homeomorphism such that (i) φ (mα^+ ) is tail equivalent to (0,a_2,0,a_4 ···) (ii) φ (mα^− ) is tail equivalent to (a_1,0,a_2,0,···) (iii) φ (− nα ) is tail equivalent to (a_1 − 1,a_2 − 1,a_3 − 1,···). 16

To prove this we shall adopt a small modification of the notation of Sinai [7, Lecture 9]. If x, y ∈ S^1_{Nα} , [x, y] means the oriented interval which begins at x and ends at y where S^1_{Nα} has the usual counterclockwise orientation. Let Δ^{− 1}_1 = [0^+ ,0^− ]

Δ^n_1 = � [q_n α^+ ,0^− ] n odd

[0^+ ,q_n α^− ] n even

Δ^n_i = � [(i − 1 + q_n )α^+ ,(i − 1)α^− ] n odd

[(i − 1)α^+ ,(i − 1 + q_n )α^− ] n even These are intervals in S^1_{Nα} . If we apply π to these intervals we obtain the closure of the intervals in S^1 used by Sinai. The same arguments apply to S^1_{Nα} and thus:

Theorem 3.2 (Sinai [7, Lecture 9, Theorem 1])

(i) For each n

P_n = {Δ^{n − 1}_1 ,···,Δ^{n − 1}_{qn} ,Δ^n_1 ,···,Δ^n_{qn − 1} }

is a partition of S^1_{Nα} into disjoint open and closed sets. (ii) For each n and 1 ≤ i ≤ q_n

Δ^{n − 1}_i = Δ^n_{i+ qn − 1} ∪ Δ^n_{i+ qn − 1 + qn} ∪ ···∪ Δ^n_{i+ qn − 1 + m n +1 qn} ∪ Δ^{n +1}_i

and the sets in this partition are disjoint.

Let us show that the sequence (x_i) constructed above can be obtained from the partitions {P_n }^∞_{n =1} .

Theorem 3.3

For β ∈ S^1_{Nα} , x_n and β_{n +1} can be computed using the partition

P_{n − 1} = {Δ^{n − 2}_1 ,···,Δ^{n − 2}_{qn − 1} ,Δ^{n − 1}_1 ,···,Δ^{n − 1}_{qn − 2} }

to decompose S^1_{Nα} as follows. (i) If β ∈ Δ^{n − 1}_i = [s^+ ,t^− ] for 1 ≤ i ≤ q_{n − 2} then x_n = 0 and 17 β_{n +1} = � β − s n even

t − β n odd

(ii) If β ∈ Δ^{n − 2}_i for 1 ≤ i ≤ q_{n − 1} then write (by Theorem 3.2) Δ^{n − 2}_i = Δ^n_i ∪ (∪^{m n}_{j =0} Δ^{n − 1}_{i+ qn − 2 + j qn − 1} ). (a) If β ∈ Δ^{n − 1}_{i+ qn − 2 + j qn − 1} = [s^+ ,t^− ], then x_n = j and

β_{n +1} = � β − s n even.

t − β n odd (b) If β ∈ Δ^n_i = [s^+ ,t^− ] then x_n = a_n and

β_{n +1} = � β − s n even

t − β n odd.

Proof: For n = 1 we use P_0 = {Δ^{− 1}_1 }. This excludes case (i). So we write (since q_{− 1} = 0)

Δ^{− 1}_1 = Δ^0_1 ∪ Δ^0_{1+ q0} ∪ ···∪ Δ^0_{1+ m 1 q0} ∪ Δ^1. If β ∈ Δ^0_{1+ j q0} = [jα^+ ,(j + 1)α^+ ] then jα^+ ≤ β ≤ (j + 1)α^− so j ≤ [β/α] < j + 1. Hence x_1 = j, and β_2 = (1 + j)α − β = t − β. If β ∈ Δ^1 = [a_1α^+ ,0^− ] = [a_1α^+ ,1^− ], a_1α^+ ≤ β ≤ 1^− and so a_1 ≤ [β/α], thus x_1 = a_1 and β_2 = 1 − β = t − β.

Now suppose the theorem holds for n = k. Let us prove it for n = k + 1. To compute x_{k+1} we use the partition P_k = {Δ^{k− 1}_1 ,···,Δ^{k− 1}_{qk} ,Δ^k_1 , ···,Δ^k_{qk − 1} }

(i) Suppose β ∈ Δ^k_i for some 1 ≤ i ≤ q_{k− 1}. Then

β ∈ Δ^k_i ⊆ Δ^{k− 2}_i = Δ^k_i ∪ Δ^{k− 1}_{i+ qk − 2} ∪ ···∪ Δ^{k− 1}_{i+ qk − 2 + m k qk − 1} . So by the induction hypothesis x_k = a_k , hence x_{k+1} = 0 as required. To prove the claim about β_{k+2} there are two cases to consider: k even or k odd.

Let us suppose k is even. Then Δ^k_i = [(i − 1)α^+ ,(i − 1+ q_k )α^− ] and β_{k+1} = β − (i − 1)α. Then β_{k+2} = α_{k+1} − β_{k+1}

= (− 1)^k q_k α − β + (i − 1)α = (i − 1 + q_k )α^− − β = t − β, 18 as required.

If k is odd then Δ^k_i = [(i− 1+ q_k )α^+ ,(i− 1)α^− ]and β_{k+1} = (i− 1)α− β. Then β_{k+2} = α_{k+1} − β_{k+1}

= (− 1)^k q_k α + β − (i − 1)α = β − (i − 1 + q_k )α = β − s, as required.

(ii) Suppose β ∈ Δ^{k− 1}_i for some 1 ≤ i ≤ q_k . (a) Suppose β ∈ Δ^k_{i+ qk − 1 + j qk} for 0 ≤ j ≤ m_{k+1} , again there are two cases depending on the parit y of k. First suppose k is even. Then Δ^{k− 1}_i = [(i− 1+ q_{k− 1})α^+ ,(i− 1)α^− ] and β_{k+1} = β − (i− 1+ q_{k− 1})α. Since

x_{k+1} = [β_{k+1} /α_{k+1} ] = [β_{k+1} /q_k α]

we have (x_{k+1} q_k )α^+ ≤ β_{k+1} ≤ (1 + x_{k+1} )q_k α^− i.e.

(i − 1 + q_{k− 1} + x_{k+1} q_k )α^+ ≤ β ≤ (i − 1 + q_{k− 1} + (1 + x_{k+1} )q_k )α^− ,

hence β ∈ Δ^k_{i+ qk − 1 + x k +1 qk} as required and

β_{k+2} = (1 + x_{k+1} )α_{k+1} − β_{k+1}

= (− 1)^k (1 + x_{k+1} )q_k α + (i − 1 + q_{k− 1}) − β = (i − 1 + q_{k− 1} + (1 + x_{k+1} )q_k )α − β = t − β

as required. Suppose k is odd. Then Δ^{k− 1}_i = [(i− 1)α^+ ,(i− 1+ q_{k− 1})α^− ] and β_{k+1} = (i − 1 + q_{k− 1})α − β. Since

x_{k+1} = [β_{k+1} /α_{k+1} ] = [β_{k+1} /− q_k α]

we have − x_{k+1} q_k α^+ ≤ β_{k+1} ≤ − (1 + x_{k+1} )q_k α^− thus

− (i − 1 + q_{k− 1} + x_{k+1} q_k )α^+ ≤ − β ≤ − (i − 1 + q_{k− 1} + (1 + x_{k+1} )q_k )α^−

hence

− (i − 1 + q_{k− 1} + (1 + x_{k+1} )q_k )α^+ ≤ β ≤ (i − 1 + q_{k− 1} + x_{k+1} q_k )α^− 19 i.e.

β ∈ Δ^k_{i+ qk − 1 + x k +1 qk} as required, and

β_{k+2} = (1 + x_{k+1} )α_{k+1} − β_{k+1}

= − (1 + x_{k+1} )q_k α − (i − 1 + q_{k− 1})α + β = β − (i − 1 + q_{k− 1} + (1 + x_{k+1} )q_k )α = β − s as required.

(b) Suppose β ∈ Δ^{k+1}_i 1 ≤ i ≤ q_k . Again we consider the two cases; k even and k odd. Suppose k is even. Then Δ^{k− 1}_i = [(i− 1+ q_{k− 1})α^+ ,(i− 1)α^− ]and β_{k+1} = β− (i− 1+ q_{k− 1})α. As Δ^{k+1}_i = [(i− 1+ q_{k+1} )α^+ ,(i− 1)α^− ] we have (i− 1+ q_{k+1} )α^+ ≤ β ≤ (i− 1)α^− i.e. (i− 1+ q_{k− 1} + a_{k+1} q_k )α^+ ≤ β, hence

a_{k+1} α^+_{k+1} = a_{k+1} q_k α^+ ≤ β − (i − 1 + q_{k− 1})α = β_{k+1} .

Thus a_{k+1} ≤ [β_{k+1} /α_{k+1} ] = x_{k+1} . So x_{k+1} = a_{k+1} as required. Also

β_{k+2} = α_k − β_{k+1} = − q_{k− 1}α − β + (i − 1 + q_{k− 1})α = (i − 1)α − β = t − β as required.

Finally, let us consider the case of k odd. As before Δ^{k− 1}_i = [(i − 1)α^t ,(i − 1 + q_{k− 1})α^+ ], β_{k+1} = (i − 1 + q_{k− 1})α − β. As Δ^{k+1}_i = [(i − 1)α^+ ,(i − 1 + q_{k+1} )α^− ] we have (i − 1)α^+ ≤ β ≤ (i − 1 + q_{k+1} )α^− = (i− 1+ q_{k− 1}+ a_{k+1} q_k )α^− . So (i− 1+ q_{k− 1})α− β_{k+1} ≤ (i− 1+ q_{k− 1}+ a_{k+1} q_k )α^− i.e. a_{k+1} α^+_{k+1} = − a_{k+1} q_k α^+ ≤ β_{k+1} , so x_{k+1} = a_{k+1} as required. Also β_{k+2} = α_k − β_{k+1} = q_{k− 1}α − (i − 1 + q_{k− 1}) + β = β − (i − 1)α = β − s as required.

Definition 3.4

In the formula for β_{n +1} given above, β_{n +1} is the distance of β from the left (n even) or right (n odd) of an interval in the partition P_n . Call this element of P_n the n^{th} interval of β. 20

Lemma 3.5

(i) P_{n +1} is a refinement of P_n . (ii) If a ≤ m < q_{n − 1} + q_n then mα^− and mα^+ are in different partition elements of P_n .

(iii) For each n let P_n ∈ P_n be the n^{th} interval of β. Then {β} = ∩^∞_{n =1} P_n .

Proof: (i) This follows from Theorem 3.2(ii).

(ii) If 0 ≤ m < q_{n − 1} + q_n and n is odd then

either Δ^n_{m +1} = [s^+ ,mα^− ] if m < q_{n − 1} or Δ^{n − 1}_{m +1 − qn − 1} = [s^+ ,mα^− ] if q_{n − 1} ≤ m < q_{n − 1} + q_n , and either Δ^{n − 1}_{m +1} = [mα^+ ,t^− ] if m < q_n or Δ^n_{m +1 − qn} = [mα^+ ,t^− ] if m ≥ q_n .

So we have three cases:

(a) If m < q_{n − 1}, then mα^− ∈ Δ^n_{m +1} and mα^+ ∈ Δ^{n − 1}_{m +1} . (b) If q_{n − 1} ≤ m < q_n , then mα^− ∈ Δ^{n − 1}_{m +1 − qn} and mα^+ ∈ Δ^{n − 1}_{m +1} . (c) If q_n ≤ m < q_{n − 1} + q_n , then mα^− ∈ Δ^{n − 1}_{m +1 − qn − 1} and mα^+ ∈ Δ^n_{m +1 − qn} . By Theorem 3.2(i), in all three cases, these intervals are disjoint.

If n is even then

either Δ^{n − 1}_{m +1} = [s^+ ,mα^− ] if m < q_n , or Δ^n_{m +1 − qn} = [s^+ ,mα^− ] if q_n ≤ m < qq_{n − 1} + q_n ; and either Δ^n_{m +1} = [mα^+ ,t^− ] if m < q_{n − 1}, or Δ^{n − 1}_{m +1 − qn − 1} = [mα^+ ,t^− ] if q_{n − 1} ≤ m < q_{n − 1} + q_n .

We can apply the same analysis to conclude that mα^+ and mα^− are separated in P_n .

(iii) By construction β ∈ ∩^∞_{n =1} P_n . Also the diameter of π(P_n ) → 0. Thus π(∩^∞_{n =1} P_n ) = {π(β)}. If β ∉Nα then β = π(β) and we are done. If β ∈ Nα then by part (ii) of this lemma mα^+ and mα^− eventually lie in different intervals so we cannot have mα^+ and mα^− in ∩^∞_{n =1} P_n . Thus ∩^∞_{n =1} P_n = {β}.

Theorem 3.6

The map φ : S^1_{Nα} → X_α given by φ (β) = (x_1,x_2,···) is a homeomorphism. 21

Figure 5. The decomp osition of S^1N_α is shown along the horizon tal axis and the first five terms of X_α are shown on the vertical axis. In this example α = √ 21 − 3 6 = [0;3,1,3,1,...]. The expansion of − α is shown by the dashed line.

n a_n q_n q_n + q_{n − 1} 0 1 1 1 3 3 4 2 1 4 7 3 3 15 19 4 1 19 34 5 3 72 91.

Proof Since S^1_{Nα} and X_α are both compact metric spaces we only have to show that φ is continuous, one-to-one, and onto.

Suppose P ∈ P_n , and β ∈ P . Then φ (P ) = {(y_i) | y_i = φ (β)_i 1 ≤ i ≤ n}. So φ takes basic open sets to basic open sets. So φ is continuous. If φ (β_1) = φ (β_2) then for each n, β_1 and β_2 have the same n^{th} interval P_n . So β_1,β_2 ∈ ∩^∞_{n =1} P_n . By Lemma 3.5 β_1 = β_2; hence φ is one-to-one. Specifying a sequence {x_i} ∈ X_α , specifies a path P_n ∈ P_n on the partition tree which must have non-empt y intersection by the compactness of S^1_{Nα} . Thus φ is onto.

We want to consider next the connection between φ (β) and φ (β+ α). As before let β ∈ S^1_{Nα} and φ (β) = (x_1,x_2,···). Recall that m_i = a_i − 1.

Lemma 3.7

(i) β ∈ Δ^{k− 1}_{qk} if and only if x_1 = m_1,···,x_k = m_k , (ii) β ∈ Δ^{2k− 1}_1 if and only if x_1 = a_1,x_2 = 0,···,x_{2k− 1} = a_{2k− 1}, x_{2k} = 0. 22

(iii) β ∈ Δ^{2k}_1 if and only if x_1 = 0,x_2 = a_2,x_3 = 0, ···,x_{2k} = a_{2k} , x_{2k+1} = 0.

Proof: (i) We shall prove this by induction on k. It is clear for k = 1. Suppose it is true for 1 ≤ k ≤ n and prove it for k = n + 1. This means we must show that β ∈ Δ^n_{qn +1} if and only if x_1 = m_1,···,x_{n +1} = m_{n +1} . By the induction hypothesis we have x_1 = m_1,···,x_n = m_n ifand only if β ∈ Δ^{n − 1}_{qn} . So we only have to show that if β ∈ Δ^{n − 1}_{qn} then, x_{n +1} = m_{n +1} if and only if β ∈ Δ^n_{qn} . Now to compute x_{n +1} we use the partition P_n = {Δ^{n − 1}_1 ,···,Δ^{n − 1}_{qn} ,Δ^n_1 ,···,Δ^n_{qn − 1} }. We are already assuming that β ∈ Δ^{n − 1}_{qn} , so by Theorem 3.3 we decompose Δ^{n − 1}_{qn} as

Δ^n_{qn + qn − 1} ∪ Δ^n_{qn + qn − 1 + qn} ∪ ···∪ Δ^n_{qn + qn − 1 + m n +1 qn} ∪ Δ^{n +1}_{qn} . Now x_{n +1} = m_{n +1} if and only if β ∈ Δ^n_{qn + qn − 1 + m n +1 qn} = Δ^n_{qn +1} , as required.

(ii) We prove this by induction on k. For k = 1 we must show that β ∈ Δ^1 if and only if x_1 = a_1 and x_2 = 0. This is straightforward. Suppose that we have proved the claim for 1 ≤ k ≤ n, and we shall prove it for k = n + 1. So by the induction hypothesis β ∈ Δ^{2n − 1}_1 if and only if x_1 = a_1,x_2 = 0,···,x_{2n − 1} = a_{2n − 1}, and x_{2n} = 0. So we only have to show that for β ∈ Δ^{2n − 1}_1 , β ∈ Δ^{2n +1}_1 if and only if x_{2n +1} = a_{2n +1} (and hence x_{2n +2} = 0). To compute x_{2n +1} we use the partition P_{2n} = {Δ^{2n − 1}_1 ,···,Δ^{2n − 1}_{q2n} ,Δ^{2n}_1 ,···,Δ^{2n}_{q2n − 1} }. Since β ∈ Δ^{2n − 1}_1 we decompose Δ^{2n − 1}_1 as

Δ^{2n}_{1+ q2n − 1} ∪ Δ^{2n}_{1+ q2n − 1 + q2n} ∪ ···∪ Δ^{2n}_{1+ q2n − 1 + m 2n +1 q2n} ∪ Δ^{2n +1}_1 .

By Theorem 3.3, β ∈ Δ^{2n +1}_1 if and only if x_{2n +1} = a_{2n +1} as required.

(iii) We shall again prove this by induction. For k = 0 we must show that β ∈ Δ^0_1 = [0^+ ,α^− ] if and only if x_1 = 0; but this is clear from the definitions.

Suppose we have proved the claim for 1 ≤ k ≤ n and we shall prove it for k = n + 1. Since we have that β ∈ Δ^{2n}_1 if and only if x_1 = 0,x_2 = a_2,···,x_{2n} = a_{2n} ,x_{2n +1} = 0, we only have to show that for β ∈ Δ^{2n}_1 ,β ∈ Δ^{2n +2}_1 if and only if x_{2n +2} = a_{2n +2} . To compute x_{2n +2} we use the partition P_{2n +1} = {Δ^{2n}_1 ,···,Δ^{2n}_{q2n +1} ,Δ^{2n +1}_1 ,···,Δ^{2n +1}_{q2n} }. We are assuming that

β ∈ Δ^{2n}_1 = Δ^{2n +1}_{1+ q2n} ∪ ···∪ Δ^{2n +1}_{1+ q2n + m 2n +2 q2n +1} ∪ Δ^{2n +2}_1 . 23

By Theorem 3.3, β ∈ Δ^{2n +2}_1 if and only if x_{2m +2} = a_{2n +2} , as required.

Theorem 3.8

Let − α ≠ β ∈ S^1_{Nα} , φ (β) = (x_1,x_2,···) and φ (β + α) = (y_1,y_2,···). If (x_1,···,x_k ) = (m_1,···,m_k ) but x_{k+1} ≠ m_k then

(y_1,···,y_{k+1} )

=

� � � � � � �

(0,a_2,0,a_4,···,0,a_{k− 2},0,a_k ,0) x_{k+1} = a_{k+1} and k even

(a_1,0,a_3,0,···,0,a_{k− 2},0,a_k ,0) x_{k+1} = a_{k+1} and k odd

(a_1,0,a_3,0,···,0,a_{k− 1},0,1 + x_{k+1} ) x_{k+1} < m_{k+1} and k even

(0,a_2,0,a_4,···,0,a_{k− 1},0,1 + x_{k+1} ) x_{k+1} < m_{k+1} k and odd

and y_i = x_i for i > k + 1.

Proof: Suppose x_{k+1} = a_{k+1} . By Lemma 3.7

β ∈ Δ^{k− 1}_{qk} = Δ^k_{qk + qk − 1} ∪ Δ^k_{qk + qk − 1 + qk} ∪ ···∪ Δ^k_{qk + qk − 1 + m k +1 qk} ∪ Δ^{k+1}_{qk}

By Theorem 3.3, β ∈ Δ^{k+1}_{qk} . Thus

β + α ∈ Δ^{k+1}_{1+ qk} ⊆ Δ^k_1 = Δ^{k+1}_{1+ qk} ∪ ···∪ Δ^{k+1}_{1+ qk + m k +2 qk +1} ∪ Δ^{k+2}_1 .

and so by Theorem 3.3 again y_{k+1} = 0. By Lemma 3.7

(y_1,y_2,···,y_k ) = � (0,a_2,0,a_4,···,0,a_k ) k even

(a_1,0,a_3,0,···,0,a_k ) k odd If Δ^{k+1}_{qk} = [s^+ ,t^− ] then Δ^{k+1}_{1+ qk} = [(s + α)^+ ,(t + α)^− ]. As

β_{k+2} = � β − s k + 1 even

t − β k + 1 odd and

(β + α)_{k+2} = � β + α − (s + α) k + 1 even

(t + α) − (β + α) k + 1 odd, 24 we see that β_{k+2} is unchanged and hence y_i = x_i for i > k + 1.

Now suppose x_{k+1} < m_{k+1} . By Lemma 3.7

β ∈ Δ^{k− 1}_{qk} = Δ^k_{qk + qk − 1} ∪ Δ^k_{qk + qk − 1 + qk} ∪ ···∪ Δ^k_{qk + qk − 1 + m k +1 qk} ∪ Δ^{k+1}_{qk} .

Since x_{k+1} < m_{k+1} , β ∈ Δ^k_{qk − 1 +(1+ x k +1 )qk} . Thus

β + α ∈ Δ^k_{1+ qk − 1 +(1+ x k +1 )qk} ⊆ Δ^{k− 1}_1 = Δ^k_{1+ qk − 1} ∪ Δ^k_{1+ qk − 1 + qk} ∪ ··· ∪ Δ^k_{1+ qk − 1 + m k +1 qk} ∪ Δ^{k+1}_1 .

Hence y_{k+1} = 1 + x_{k+1} and since β + α ∈ Δ^{k− 1}_1 , we have by Lemma 3.7 that

(y_1,···,y_k ) = � (a_1,0,a_3,0,···,a_{k− 1},0) k even

(0,a_2,0,a_4,···,a_{k− 1},0) k odd Writing Δ^k_{qk − 1 +(1+ x k +1 )qk} as [s^+ ,t^− ] we have Δ^k_{1+ qk − 1 +(1+ x k +1 )qk} = [(s + α)^+ ,(t + α)^− ]. As β_{k+1} � β − s k + 1 even

t − β k + 1 odd and

(β + α)_{k+2} = � (β + α) − (s + α) k + 1 even

(t + α) − (β + α) k + 1 odd we see that β_{k+2} = (β + α)_{k+2} and hence x_i = y_i for i > k + 1.

Corollary 3.9

Suppose β, γ ∈ S^1_{Nα} and φ (β) = {x_i} and φ (γ) = {y_i}. Let P and Q in P_k be the k^{th} intervals of β and γ respectively. (i) If there is k such that x_i = y_i for i > k then there is n ∈ Z such that β = γ + nα and |n| < q_k + q_{k− 1}. Moreover if |P | ≤ |Q| then U(x, y,k) = {(φ (μ),φ (ν)) | μ ∈ P and ν = μ + nα } (see the third paragraph of section 2 for the definition of U).

(ii) If π(β) ∉Zα and there is n ∈ Z such that β = γ + nα then there is k such that x_i = y_i for i ≥ k. 25

(iii) If π(β) = mα and π(γ) = nα and either m, n ≥ 0 and β and γ have the same sign, or m, n < 0 then there is k such that x_i = y_i for i ≥ k.

Proof: (i) Since x_i = y_i for i > k, β_{k+1} = γ_{k+1} ; so the distance of β and γ from the corresponding endpoints (left for k even, right for k odd) of P and Q will be equal.

Suppose P and Q are of the same length. If P = Δ^{k− 1}_p and Q = Δ^{k− 1}_q , then 1 ≤ p,q ≤ q_k and so β = γ+ (p− q)n with |n| ≤ q_k < q_k + q_{k− 1}. If P = Δ^k_p and Q = Δ^k_q then the same argument applies except we then have |n| ≤ q_{k− 1}.

Suppose P and Q are of different lengths. Say P = Δ^{k− 1}_p and Q = Δ^k_q with 1 ≤ p ≤ q_k and 1 ≤ q ≤ q_{k− 1}. We know that β_{k+1} = γ_{k+1} ≤ α_{k+1} ; so x_{k+1} = 0. Now decomposing

Δ^{k− 1}_p = Δ^k_{p+ qk − 1} ∪ Δ^k_{p+ qk − 1 + qk} ∪ ... ∪ Δ^k_{p+ qk − 1 + m k +1 qk} ∪ Δ^{k+1}_p

we see that β ∈ Δ^k_{p+ qk − 1} . Thus for n = q− (p+ q_{k− 1}) we have β = γ+ nα and |n| < q_k + q_{k− 1} as p + q_{k− 1} ≤ q_k + q_{k− 1} and q ≥ 1.

For the second assertion suppose |P | ≤ |Q|. Let a = φ (μ) and b = φ (ν). Then μ ∈ P if and only if a_i = x_i for 1 ≤ i ≤ k and ν ∈ Q if and only if b_i = y_i for 1 ≤ i ≤ k. If (a, b) ∈ U(x, y,k) then μ ∈ P and φ (μ)_i = φ (ν)_i for i > k. Hence ν = μ + nα . Conversely if μ ∈ P and ν = μ + nα then ν ∈ Q, so a_i = x_i and b_i = y_i for 1 ≤ i ≤ k. Also if p = Δ^k_p and Q = Δ^{k− 1}_q ,then P + nα ⊆ Q so a_i = b_i for i > k.

(ii) and (iii) Theorem 3.8 showed that as long as − α ∉{γ,γ+ α,γ+ 2α,···,γ + (n − 1)α} then for 1 ≤ i ≤ n, φ (γ + (i − 1)α) and φ (γ + iα) agree from some point onwards.

§4 The Relation R_α

Suppose again that 0 < α < 1 is irrational with continued fraction expansion a = [0;a_1,a_2,a_3,···]. Let X_α be the Cantor set constructed in section 2. R_α ⊆ X_α × X_α will be the equivalence relation on X_α generated by tail equivalence and (a_1,0,a_3,0,···) ∼ (0,a_2,0,a_4,···) ∼ (a_1 − 1,a_2 − 1,a_3 − 1,···). In this section we shall construct a locally Hausdorff topology on R_α and a surjective continuous map Φ : R_α → S_1 × Z such that 26

(i) the diagram

R_α^Φ−−−−→ S^1 × Z p 1 � � � � � � p 1

X_α −−−−→_π S^1

commutes where p_1 is the projection onto the first factor; and (ii) Φ^∗ : C(S^1 × Z) → C(R_α ) is a linear bijection.

Recall that S^1_{Nα} is S^1 cut along the forward orbit of α. Rotating by α is a partial homeomorphism on S^1_{Nα} , defined on S^1_{Nα} \ {− α}. Let us denote this partial homeomorphism by Θ. In Theorem 2.8 we showed that there is a partial homeomorphism on X_α and that the bijection φ : S^1_{Nα} → X_α intert wines the actions. Therefore we shall denote by Θ as well, the partial homeomorphism on X_α : φ ∘ Θ ∘ φ^{− 1}.

We shall find it convenient to identify, via φ , points of S^1_{Nα} with their corresponding sequences in X_α . In particular

0^+ = (0,a_2,0,a_4,···) 0^− = (a_1,0,a_3,0,···) − α = (m_1,m_2,m_3,m_4,.···) recalling that in section 2, m_i was defined to be a_i − 1 (and the computations in Example 2.1).

Definition 4.1 (i) For x, y ∈ X_α , x and y are tail equivalent, x ∼_t y, if there is k such that x_i = y_i for i > k.

(ii) R_α is the smallest equivalence relation on X_α containing {(x, y) | x ∼_t y} ∪ {(0^+ ,0^− ),(0^+ ,− α)}.

Remark 4.2

Explicitly (x, y) ∈ R_α if either, x and y are tail equivalent, or each of x and y are tail equivalent to one of {0^+ ,0^− ,− α}.

The topology on R_α will be constructed from a basis made from three families of sets. The first family is the one constructed in section 27

2 giving the topology on R_α : {U(x, y,k) | (x, y) ∈ R_α }. These form a neighbourhood base for the points of R_α . For points in R_α \R_α we will introduce two new families; basic neighbourhoods of points of the form (mα^± ,nα^∓ ) with m, n ≥ 0 will be denoted V(nα^± ,nα^∓ ,k), and basic neighbourhoods of points of the form (mα^± ,− nα ) or (− nα ,mα^± ) for m ≥ 0 and n > 0 will be denoted by W(mα^± ,− nα ,k) or W(− nα ,mα^± , k) as the case demands. To describe V we need to construct some open sets in R_α . U^o(x, y,k) is an open subset of U(x, y,k) and should be thought of as being constructed by removing both endpoints of the interval — if U(x, y,k) were equal to [a, b], then U^o(x, y,k) would be (a, b).

Definition 4.3

Suppose (x, y) ∈ R_α and let β and γ in S^1_{Nα} be the pre-images of x and y respectively, with β = γ + nα for |n| < q_k + q_{k− 1} (as in Corollary 3.9). Let P_1 = [s^+_1 ,t^−_1 ]and P_2 = [s^+_2 ,t^−_2 ]be the intervals in P_k containing β and γ respectively.

If |P_1| ≤ |P_2| let U^o(x, y,k) = {(φ (μ),φ (ν)) | μ ∈ (s^+_1 ,t^−_1 ) and μ = ν + nα }. If |P_2| ≤ |P_1| let U^o(x, y,k) = {(φ (μ),φ (ν)) | ν ∈ (s^+_2 ,t^−_2 ) and μ = ν + nα }.

Definition 4.4

Suppose x = mα^± , y = nα^± for m, n ≥ 0 and k is large enough that m, n < q_{k− 1} + q_k . Let V(x, y,k) = U^o(mα^+ ,nα^+ ,k)∪ U^o(mα^− ,nα^− ,k)∪ {(x, y)}.

Before constructing W we shall make some preparations.

Lemma 4.5 (i) Θ((Δ^k_{qk +1} ∪ Δ^{k+1}_{qk} ) \ {− α}) = (Δ^{k+1}_1 ∪ Δ^k_1 ) \ {0^+ ,0^− } (ii)

Θ(Δ^{k− 1}_{qk} \ {− α}) = (Δ^k_{1+ qk + qk − 1} ∪ Δ^k_{1+2 qk + qk − 1} ∪ ··· ∪ Δ^k_{1+ qk − 1 + m k +1 qk} ∪ Δ^{k+1}_1 ∪ Δ^k_1 ) \ {0^+ ,0^− }.

(iii) If 0 ≤ n < q_k and 1 ≤ m < q_k then

Δ^{k− 1}_{qk − (m − 1)} ∩ {− α,− 2α,···,− (m + n − 1)} = {− mα }.

28

Proof: (i) Suppose k is even

(Δ^k_{qk +1} ∪ Δ^{k+1}_{qk} ) \ {− α} = [(q_{k+1} − 1)α^+ ,− α)

∪ (− α,(q_{k+1} + q_k − 1)α^− ]

∪ [(q_{k+1} + q_k − 1)α^+ ,(q_k − 1)α^− ] Thus

Θ(Δ^k_{qk +1} \ {− α} ∪ Δ^{k+1}_{qk} ) = [q_{k+1} α^+ ,0^− ) ∪ (0^+ ,q_k α^− ]

= Δ^{k+1}_1 \ {0^− } ∪ Δ^k_1 \ {0^+ }. The proof is the same for k odd. (ii)

Δ^{k− 1}_{qk} \ {− α} =Δ^k_{qk + qk − 1} ∪ Δ^k_{2qk + qk − 1} ∪ ···

∪ Δ^k_{m k +1 qk + qk − 1} ∪ Δ^k_{qk +1} \ {− α} ∪ Δ^{k+1}_{qk} .

So by (i)

Θ(Δ^{k− 1}_{qk} \ {− α}) =Δ^k_{1+ qk + qk − 1} ∪ Δ^k_{1+ qk − 1 +2 qk} ∪ ...

∪ Δ^k_{1+ qk − 1 + m k +1 qk} ∪ (Δ^{k+1}_1 ∪ Δ^k_1 ) \ {0^+ ,0^− }

(iii) As m < q_k , − mα ∈ Δ^{k− 1}_{qk − (m − 1)} and Δ^{k− 1}_{qk − (m − 1)} is disjoint from {− α,− 2α,···,− (m − 1)α}. Thus we are reduced to showing that Δ^k_{qk − (m − 1)} is disjoint from {− (m + 1)α,···,− (m + n − 1)α}. If − jα ∈ Δ^{k− 1}_{qk − (m − 1)} for some m + 1 ≤ j ≤ m + n − 1 then − (j − 1)α ∈ Δ^{k− 1}_{qk − (m − 1)} . So we may assume that m = 1. Thus we must show that Δ^{k− 1}_{qk} is disjoint from {− 2α,···,− nα } which is true as long as n < q_k .

Definition 4.6

Given positive integers m and n, choose k such that m, n < q_k + q_{k− 1}; let W (− mα ,nα^± ,k) = {(a, b) | a ∈ Δ^{k− 1}_{qk − (m − 1)} \ {− mα } and b = Θ^{m + n} (a)} ∪ {(− mα ,nα^± )}. By Lemma 4.7 (iii) Θ^{m + n} is defined on Δ^{k− 1}_{qk − (m − 1)} \ {− mα } and so the definition makes sense. We let W(nα^± , − mα ,k) = W(− mα ,nα^± ,k)^{− 1} where (x, y)^{− 1} = (y,x) for any (x, y) ∈ R_α . We let W^o(− mα ,nα^± ,k) be the subset of W (− mα ,nα^± ,k) obtained by deleting the endpoints of Δ^{k− 1}_{qk − (m − 1)} in the construction above.

29

Figure 6. From left to right: the neigh bourho ods V, U, and W.

Lemma 4.7

If U(x, y,k) meets W(x^′,y^′,k^′) then (i) W(x^′,y^′,k^′) ⊆ U(x, y,k) if k ≤ k^′, or (ii) U(x, y,k) ⊆ W(x^′,y^′,k^′) if k^′ ≤ k and x^′ is not in the k^{th} set of x, or (iii) U(x, y,k) ∩ W(x^′,y^′,k^′) = W(x^′,y^′,k) if k^′ ≤ k and x^′ is in the k^{th} set of x.

Proof: By taking inverses, if necessary, we may assume that x^′ = − mα . Let P and Q be respectively the k^{th} sets of x and y with |P | ≤ |Q|. Suppose U(x, y,k) = {(u, v) | u ∈ P v = Θ^n (u)}. Then P and Δ^{k′}_{qk ′− (m − 1)} meet, and U(x, y,k)∩ W(x^′,y^′,k^′) = {(u, v) | u ∈ P ∩ Δ^{k′}_{qk ′− (m − 1)} \{− mα } and v = Θ^n (u)}. So if k ≤ k^′ then Δ^{k′}_{qk ′− (m − 1)} ⊆ P and W(x^′,y^′,k^′) ⊆ U(x, y,k). If k^′ ≤ k and x^′ ∉P then P ⊆ Δ^{k′}_{qk ′− (m − 1)} \ {− mα } and thus U(x, y,k) ⊆ W(x^′,y^′,k^′). If k^′ ≤ k and x^′ ∈ P then U(x, y,k) ∩ W(x^′,y^′,k^′) = {(u, v) | u ∈ P \ {− mα } and v = Θ^n (u)} = W(x^′,y^′,k). The case when |Q| ≤ |P | is handled similarly.

Theorem 4.8

The sets {U,V,W} form a basis for a locally Hausdorff topology on R_α .

Proof: The sets {U} are a basis of R_α . By construction {V,W} covers R_α \ R_α so we just have to show that the intersection of two subsets of {U,V,W} is an open subset of R_α or is a neighbourhood of type V or W. A V neighbourhood is the union of two U^o’s and a point not in R_α . Thus any intersection of the form U ∩ V is an open subset of R_α .

By Lemma 4.7 the intersection of a W and a U-type neighbourhood must be a U neighbourhood or a W neighbourhood. Also if V(x, y,k) meets W(x^′,y^′,k^′), then the intersection must be a union of U-type neighbourhoods since no point (− nα ,mα^± ) or (mα^± ,− nα ) is in any Vneighbourhood nor is any (mα^± ,nα^∓ ) in any W -neighbourhood. The 30 intersection of two V neighbourhoods (or W neighbourhoods) is either a V neighbourhood (respectively a W neighbourhood) or an open set in R_α i.e. a U^o neighbourhood or the union of two U^o neighbourhoods. . Thus the family {U,V,W} forms a basis for a topology of R_α .

Each U neighbourhood is Hausdorff, thus each point of R_α has a Hausdorff neighbourhood. Hence each V neighbourhood is Hausdorff, being the union of a point and two U^o neighbourhoods. If (x, y) ∈ W(− mα ,nα^± ,k) and (x, y) ≠ (− mα ,nα^± ), then we may choose k^′ > k large enough that x and − mα lie in different elements of P_k . Thus U(x, y,k^′) and W(− mα ,nα^± ,k^′) will be disjoint. Since any other two points of W(− mα ,nα^± ,k) lie in R_α , they can be separated. So we can conclude that W(− mα ,nα^± ,k) is also Hausdorff. Hence the the topology just constructed is locally Hausdorff.

Definition 4.9

Define Φ : R_α → S^1 × Z as follows: If x ∼_t y, in which case there is n ∈ Z such that y = Θ^n (x), then let Φ( x, y) = (π(x),n).

If m, n ≥ 0, let Φ( mα^+ ,nα^− ) = Φ( mα^− ,nα^+ ) = (mα ,n − m). If m > 0 and n ≥ 0, let Φ( − mα ,nα^+ ) = Φ( − mα ,nα^− ) = (− mα , m + n) and Φ( nα^+ ,− mα ) = Φ( nα^− ,− mα ) = (nα ,− (m + n)).

Proposition 4.10

If Φ( x, y) ≠ Φ( x^′,y^′) then (x, y) and (x^′,y^′) can be separated by disjoint open sets.

If Φ( x, y) = Φ( x^′,y^′) but (x, y) ≠ (x^′,y^′) then there is an open set containing (x, y) but not (x^′,y^′); however (x, y) and (x^′,y^′) cannot be separated by disjoint open sets.

Proof: Suppose Φ( x, y) = (π(x),n) and Φ( x^′,y^′) = (π(x^′),n^′). If n ≠ n^′ then every basic neighbourhood of (x, y) will be disjoint from every basic neighbourhood of (x^′,y^′). If π(x) ≠ π(x^′) we may choose k large enough so that the basic neighbourhoods of(x, y) and (x^′,y^′) are defined and the elements of P_k containing {π(x)^+ , π(x)^− } are disjoint from the elements of P_k containing {π(x^′)^+ and π(x^′)^− }. The basic neighbourhoods of (x, y) and (x^′,y^′) will be disjoint.

Suppose Φ( x, y) = Φ( x^′,y^′). There are two cases. First (x, y), (x^′,y^′) ∈ {(mα^+ ,(n − m)α^+ ), (mα^+ ,(n − m)α^− ), (mα^− ,(n − m)α^+ ), (mα^− ,(n − m)α^− )}. The basic V-neighbourhoods contain exactly one 31

Figure 7. The diagram shows some sub-basic neigh bourho ods of R_α ⊆ X_α × X_α . In this ex-

ample α = [0;2,4,3,...]. From left to right are shown U(9α^+ ,7α^+ ,3), V(5α^+ ,14α^− ,2), and

W(− α, α^+ ,1).

of the two points, (− ,− ),(+ ,+). So there are basic neighbourhoods which contain one of the four points but none of the other three. Also the basic V-neighbourhoods of each of these points (for any k) all meet the basic U neighbourhoods, so these points cannot be separated by disjoint open sets.

The second case is that (x, y), (x^′,y^′) ∈ {(− mα ,(m+ n)α^+ ), (− mα , (m + n)α^− )} (after taking inverses if necessary). The basic W -neighbourhoods contain only one of these two points but any two of them meet. Thus one can find an open set containing a given point but not the other, but one cannot separate these points with disjoint open sets. 32

Proposition 4.11

Φ : R_α → S^1 × Z is continuous.

Proof: Let T ⊆ S^1 be open and (x, y) ∈ Φ^{− 1}(T × {n}).

First suppose π(x) ∉Zα. Then there is k and P ∈ P_k such that π(P ) ⊆ T. Supposey ∈ Q ∈ P_k . Then Φ( U(x, y,k)) is either π(P )× {n} or π(Θ^{− n} (Q)) × {n} whichever is smaller. Hence U(x, y,k) ⊆ Φ^{− 1}(T × {n}).

Secondly suppose π(x),π(y) ∈ Nα. Then choose k such that there are P,P^′ ∈ P_k with π(P ),π(P^′) ⊆ T and π(x)^+ ∈ P and π(x)^− ∈ P^′. Then U(π(x)^+ ,π(y)^+ ,k), U(π(α)^− ,π(y)^− ,k) ⊆ Φ^{− 1}(T × {n}). Hence V(x, y,k) ⊆ Φ^{− 1}(T × {n}).

Thirdly suppose x = − mα for some m > 0. Then choose k such that there is P ∈ P_k with x ∈ P and π(P ) ⊆ T. Then W (x, y,k) ⊆ Φ^{− 1}(T × {n}).

Since neighbourhoods of the form T × {n}, with T open in S^1 form a base for the topology, the proposition is proved.

Proposition 4.12

If Φ( x, y) = Φ( x^′,y^′) then f (x, y) = f (x^′,y^′) for all continuous functions f : R_α → C.

Proof: Let c = f (x, y) and c^′ = f (x^′,y^′) and suppose c ≠ c^′. Then there are neighbourhoods U of (x, y) and U^′ of (x^′,y^′) such that

|f (x, y) − f (u, v)| <

|c− c^′| 2 for (u, v) ∈ U and |f (x^′,y^′) − f (u^′,v)| <

|c− c^′| 2 for (u^′,v^′) ∈ U^′.

By Prop osition 4.10 U ∩ U^′ is not empty. Suppose (u, v) ∈ U ∩ U^′. Then

|c− c^′| = |f (x, y) − f (x^′,y^′)|

≤ |f (x, y) − f (u, v)| + |f (u, v) − f (x^′,y^′)| ≤ |c− c^′| 2 . 33

This contradiction shows that we must have c = c^′.

Theorem 4.13

Φ^∗ : C(S^1 × Z) → C(R_α ) is a linear bijection.

Proof: Φ^∗ is injective since Φ is surjective. Suppose f ∈ C(R_α ). By Prop osition 4.12 there is f̃ : S^1 × Z → C, such that f = f̃ ∘ Φ.

Let ε > 0 and (π(x),n) ∈ S^1 × Z be given. We shall show that f̃ is continuous at (π(x),n). Suppose first that π(x) ∉Zα and choose y such that (x, y) ∈ R_α . Choose k such that |f (x, y)− f (x^′,y^′)| < ε for (x^′,y^′) ∈ U^o(x, y,k). Now Φ( U^o(x, y,k)) is open and for (t, n) ∈ Φ( U^o(x, y,k)), |f̃ (π(x),n) − f̃ (t, n)| < ε. Thus f̃ is continuous at (π(x),n).

Now suppose π(x) ∈ Nα, choose y such that (x, y) ∈ R_α \ R_α and k such that |f (x, y) − f (x^′,y^′)| < ε for (x^′,y^′) ∈ V(x, y,k). Again Φ( V(x, y,k)) is open and for (t, n) ∈ Φ( V(x, y,k)), |f̃ (π(x),n) − f̃ (t, n)| < ε. Thus f̃ is continuous at (π(x),n).

Finally suppose π(x) ∈ − Nα. Choose y such that (x, y) ∈ R_α and k such that |f (x, y) − f (x^′,y^′)| < ε for (x^′,y^′) ∈ W^o(x, y,k). Since Φ( W^o(x, y,k)) is open we have again that f̃ is continuous at (π(x),n).

Remark 4.14

As shown in Prop osition 4.10, the topology on R_α is not Hausdorff. By a compact subset of R_α we mean a set satisfying the Borel-Lebesgue axiom: every open cover has a finite subcover. These sets are called quasi-compact by Bourbaki [1, Chapter 1, Section 9]. The set {(x, x) | x ∈ X_α } is an open compact subset of R_α which is not closed and whose closure is not compact. Lemma 4.15

For each compact J ⊆ S^1 × Z, the inverse image Φ^{− 1}(J ) ⊆ R_α is the closure of the compact set Φ^{− 1}(J ) ∩ R_α . Proof: We may suppose that J has no isolated points. Let K = Φ^{− 1}(J )∩ R_α . K is a compact subset of R_α and thus a compact subset of R_α . Let x ∈ Φ^{− 1}(J ) \ K.

Suppose that x (or x^{− 1}) is of the form (mα^+ ,nα^− ) for m, n ≥ 0. Then V(mα^+ ,nα^− ,k) \ {x} ⊆ R_α and Φ( V(mα^+ ,nα^− ,k)) must meet J \{Φ( x)}, as Φ( V(mα^+ ,nα^− ,k)) is open. Hence V(mα^+ ,nα^− ,k) meets K. The same argument applies to the case when x (or x^{− 1}) is of the 34 form (mα^+ ,− nα ) for m ≥ 0 and n > 0, as Φ carries W^o neighbourhoods into open subsets of S^1 × Z. In either case x ∈ K^−

Theorem 4.16

Suppose f ∈ C(R_α ) and g ∈ C(S^1 × Z) is the unique function such that f = g ·Φ . The support of f is the closure of a compact set if and only if the support of g is compact. Proof: Suppose supp(g) is compact. So supp(g) ⊆ S^1 × {− n, ...,n} for some n. Since Φ^{− 1}(S^1× {− n, ...,n})∩ R_α is compact, Φ^{− 1}(supp(g))∩ R_α is compact.

Now Φ^{− 1}{y | g(y) ≠ 0} ⊆ Φ^{− 1}({y | g(y) ≠ 0}^− ) = Φ^{− 1}(supp(g)). Thus supp(f ) = (Φ^{− 1}{y | g(y) ≠ 0})^− ⊆ Φ^{− 1}(supp(g)), and thus supp(f ) ∩ R_α is a closed subset of the compact set Φ^{− 1}(supp(g)) ∩ R_α .

Now suppose x ∈ supp(f ) \ R_α . We have two cases to consider: x = (mα^+ ,nα^− ) (or its inverse) for m, n ≥ 0, or x = (mα^± ,− mα ) (or its inverse) for m ≥ 0 and n > 0.

In the first case let x̃ = (mα^+ ,nα^+ ). Then f (x) = f (x̃). So if f (x) ≠ 0 then f ≠ 0 on some U neighbourhood of x̃. Hence x has a V neighbourhood which meets supp(f ) ∩ R_α . If f (x) = 0 then every V neighbourhood of x meets supp(f ) ∩ R_α , since every V neighbourhood of x contains a point y for which f (y) ≠ 0 and such a point must be in R_α as a V neighbourhood only contains one point not in R_α — x in our case. Thus x ∈ (supp(f ) ∩ R_α )^− .

In the second case we proceed similarly. If f (x) ≠ 0 then f ≠ 0 on some W neighbourhood of x. x will be the only point of such W neighbourhoods not in R_α , so each W neighbourhood of x meets supp(f ) ∩ R_α . If f (x) = 0 then every W neighbourhood of x meets supp(f ) ∩ R_α , since every W neighbourhood of x contains a point y for which f (y) ≠ 0 and such a point must be in R_α as a W neighbourhood only contains one point not in R_α — x in our case. Thus x ∈ (supp(f )∩ R_α )^− . Hence in either case x ∈ (supp(f ) ∩ R_α )^− , and thus supp(f ) is the closure of the compact set supp(f ) ∩ R_α .

Now suppose supp(f ) = (Φ {y | g(y) ≠ 0})^− is compact. Then Φ � (Φ^{− 1}{y | g(y) ≠ 0})^− � = Φ(supp (f )) is compact. Hence {y | g(y) ≠ 0} is a subset of the compact set Φ(supp (f )), and thus supp(g) is compact.

35

Definition 4.17

C_{oo}(R_α ) is the space of continuous functions on R_α whose support is the closure of a compact set. By Theorem 4.13, Φ^∗(C_{oo}(S^1 × Z)) = C_{oo}(R_α ), the continuous functions on S^1 × Z with compact support.

§4 The C^∗-algebra C^∗(R_α,μ)

We construct a Haar system μ on R_α and show that the C^∗-algebra C^∗(R_α ,μ) is isomorphic to A_α the irrational rotation C^∗-algebra for the angle 2πα.

Definition 5.1

For x ∈ X_α let R^x_α = {(x, y) | (x, y) ∈ R_α }. Define a measure μ^x on R^x_α by setting μ^x (x, y) = 1 if y /∈ {mα^± | m ≥ 0} and μ^x (x, y) = 1/2 if y ∈ {mα^± | m ≥ 0}. Let μ = {μ^x }_{x∈ X α} . We make S^1 × Z into a groupoid in the usual way: (x, m)(y,n) = (x, m+ n) provided y = x+ mα (modulo 1), (x, n)^{− 1} = (x + nα ,− n). Let ν^x be counting measure on (S^1 × Z)^x = {(x, n) | n ∈ Z}. Then ν = {ν^x }_{x∈ S} 1 is a Haar system on S^1 × Z.

We shall adopt the notation of Renault [5, Chapter 1, Definition 2.2]: for f ∈ C_{oo}(R_α ) and x ∈ X_α let

μ(f )(x) = � (x,y )∈ R_α

f (x, y)μ^x (x, y),

and for g ∈ C_{oo}(S^1 × Z) and y ∈ S^1 let

ν(g)(y) = � n ∈ Z

g(y,n).

Lemma 5.2

Given g ∈ C_{oo}(S^1 × Z) let f = g ∘ Φ . For x ∈ X_α ,

μ(f )(x) = ν(g)(π(x)),

and μ(f ) is continuous on X_α . Also μ is left invariant: � (y_1 ,y_2 )∈ R^{x 2}_α

f ((x_1,x_2)(y_1,y_2))μ^{x 2} (y_1,y_2) = � (y_1 ,y_2 )∈ R^{x 1}_α

f (y_1,y_2)μ^{x 1} (y_1,y_2).

Proof: We shall break the proof into two cases. 36

(i) π(x) /∈ Zα. Then R^x_α = {(x, Θ^n (x)) | n ∈ Z}, Φ : R^x_α → (S^1 × Z)^{π (x)} is bijection and both μ^x and ν^{π (x)} are counting measures. (ii) π(x) ∈ Zα. Then

μ(f )(x) = � (x,y )∈ R_α

f (x, y)μ^x (x, y)

= � m ≥ 0 � f (x, mα^+ )μ^x (x, mα^+ ) + f (x, mα^− )μ^x (x, mα^− ) �

+ � m> 0

f (x, − mα )μ^x (x, − mα ) = � m ≥ 0

g(π(x),m) + � m> 0

g(π(x),m)

= ν(g)(π(x)). Hence μ(f ) = ν(g) ∘ π is continuous on X_α .

As for the last claim note that μ^x (x, y) depends only on y. Thus � (y_1 ,y_2 )∈ R^{x 2}_α

f ((x_1,x_2)(y_1,y_2))μ^{x 2} (y_1,y_2) = � y_2 ∼ x_2

f ((x_1,x_2)(x_2,y_2))μ^{x 2} (x_2,y_2) = � y_2 ∼ x_2

f (x_1,y_2)μ^{x 2} (x_2,y_2) = � y_2 ∼ x_2

f (x_1,y_2)μ^{x 1} (x_1,y_2) = � (y_1 ,y_2 )∈ R^{x 1}_α

f (y_1,y_2)μ^{x 1} (y_1,y_2).

Definition 5.3

We give C_{oo}(R_α ) a involution and product by defining

f^∗(x, y) = f (y,x) and f_1 ∗ f_2(x, z) = � y∼ x

f_1(x, y)f_2(y,z)μ^x (x, y). 37

As the algebra of continuous functions on a topological groupoid C_{oo}(S^1 × Z) has the involution and product:

g(y,n)^∗ = g(y + nα ,− n) and g_1 ∗ g_2(y,n) = � m ∈ Z

g_1(y,m)g_2(y + mα ,n − m).

Since the functions have support the closure of a compact set the sums are always finite.

Proposition 5.4

Suppose f_1 and f_2 are in C_{oo}(R_α ), and g_1 and g_2 are in C_{oo}(S^1 × Z) with f_1 = g_1∘Φ and f_2 = g_2∘Φ . Then f^∗_1 = g^∗_1 ∘Φ and f_1∗f_2 = (g_1∗g_2)∘Φ . Hence Φ^∗ is a^∗-homomorphism. Proof: Suppose Φ( x, z) = (π(x),m), then Φ( z,x) = (π(x) + mα ,− m). Thus g^∗_1 (Φ( x, z)) =g^∗_1 (π(x),m)

=g_1(π(x) + mα ,− m)

=f_1(z,x) = f^∗_1 (x, z). Hence Φ^∗ is a ∗-linear map.

To verify that Φ^∗ is a homomorphism we consider two cases. (i) Suppose π(x) /∈ Zα. Then R^x_α = {(x, Θ^n (x) | n ∈ Z} , μ^x is counting measure, and the restriction of Φ to R^x_α is one-to-one. Also there is m ∈ Z such that z = Θ^m (x). Thus

f_1 ∗ f_2(x, z) =f_1 ∗ f_2(x, Θ^m (x)) = � n ∈ Z

f_1(x, Θ^n (x))f_2(Θ^n (x),Θ^m (x)) = � n ∈ Z

g_1(π(x),n)g_2(π(x) + nα ,m − n)

=g_1 ∗ g_2(π(x),m)

=g_1 ∗ g_2(Φ( x, z)).

(ii) Suppose π(x) ∈ Zα, and Φ( x, z) = (π(x),m). Then

f_1 ∗ f_2(x, z) = � n ≥ 0 � f_1(x, nα^+ )f_2(nα^+ ,z) 38

+ f_1(x, nα^− )f_2(nα^− ,z) � /2 + � n> 0

f_1(x, − nα )f_2(− nα ,z) = � n ≥ 0

g_1(π(x),n)g_2(π(x) + nα ,m − m) + � n> 0

g_1(π(x),n)g_2(π(x) + nα ,m − n)

=g_1 ∗ g_2(π(x),m) = g_1 ∗ g_2(Φ( x, z)).

Thus Φ^∗ is a ∗-homomorphism.

Definition 5.5

We give C_{oo}(R_α ) the topology ofuniform convergence on the closures of compact sets, and C_{oo}(S^1 × Z) the topology of uniform convergence on compact sets.

Proposition 5.6

Φ^∗ : C_{oo}(R_α ) → C_{oo}(S^1 × Z) is a homeomorphism. Proof: Let f_0 ∈ C_{oo}(R_α ) and g_0 = Φ^∗(f_0). A basic neighbourhood of f_0 is given by U(f_0,K,ε) = {f ∈ C_{oo}(R_α ) | f (x) − f_0(x)| < ε for x ∈ K–} where K ⊆ R_α is compact and ε > 0. Thus

Φ^∗(U(f ,K,ε))

= {g ∈ C_{oo}(S^1 × Z) | |g(Φ( x)) − g_0(Φ( x))| < ε for x ∈ K–}

= {g ∈ C_{oo}(S^1 × Z) | |g(y) − g_0(y)| < ε for y ∈ Φ( K)}.

This is a basic neighbourhood of g_0 in C_{oo}(S^1 × Z).

Conversely, given J ⊆ S^1 × Z compact and ε > 0, let

U(g_0,J,ε) = {g ∈ C_{oo}(S^1 × Z) | |g(y) − g_0(y)| < ε for y ∈ J }.

By Prop osition 4.15 there is a compact set K ⊆ R_α such that Φ( K) = J . So U(g_0,J,ε) = Φ^∗(U(f_0,K,ε).

Definition 5.7

Following Renault [5, Definition 1.3] we define a norm ‖ ·‖_I on 39

C_{oo}(R_α ) such that ‖f^∗‖_I = ‖f ‖_I and ‖f_1 ∗ f_2‖ ≤ ‖f_1‖_I ‖f_2‖_I . Let

‖f ‖_{I ,r} = sup_{x∈ X α} � y∼ x

|f (x, y)|μ^x (x, y)

‖f ‖_{I ,l} = sup_{x∈ X α} � y∼ x

|f (y,x)|μ^x (x, y)

‖f ‖_I = max{‖f ‖_{I ,r} ,‖f ‖_{I ,l} }

Remark 5.8

Note that ‖f^∗‖_{I ,r} = ‖f ‖_{I ,l} , so ‖f^∗‖_I = ‖f ‖_I . Also

‖f_1 ∗ f_2‖_{I ,r} = sup_{x∈ X α} � y∼ x

|f_1 ∗ f_2|μ^x (x, y)

= sup_{x∈ X α} � y∼ x � � � z∼ x

f_1(x, z)f_2(z,y)μ^x (x, z) � �μ^x (x, y)

≤ sup_{x∈ X α} � y∼ x � z∼ x

|f_1(x, z)| |f_2(z,y)|μ^x (x, z)μ^x (x, y)

= sup_{x∈ X α} � z∼ x

|f_1(x, z)| � � y∼ x

|f_2(z,y)|μ^x (x, y) � μ^x (x, y)

= sup_{x∈ X α} � z∼ x

|f_1(x, z)| � � y∼ x

|f_2(z,y)|μ^z (z,y) � μ^x (x, z)

≤ sup_{x∈ X α} � z∼ x

|f_1(x, z)| � sup_{z∈ X α} � y∼ x

|f_2(z,y)|μ^z (z,y) � μ^x (x, z)

≤ ‖f_1‖_{I ,r} ‖f_2‖_{I ,r} .

Also ‖f_1 ∗ f_2‖_{I ,l} =‖f^∗_2 ∗ f^∗_1 ‖_{I ,r}

≤ ‖f^∗_2 ‖_{I ,r} ‖f^∗_1 ‖_{I ,r}

=‖f_1‖_{I ,l} ‖f_2‖_{I ,l} . Hence ‖f_1 ∗ f_2‖_I ≤ ‖f_1‖_I ‖f_2‖_I .

Definition 5.9

A ∗-representation of C_{oo}(R_α ) on a Hilbert space H is a continuous ∗-homomorphism from C_{oo}(R_α ) to B(H) when C_{oo}(R_α ) has the topology of uniform convergence on the closure of compact sets and B(H) 40 has the strong operator topology. A ∗-representation π is bounded if ‖π(f )‖ ≤ ‖f ‖_I for all f in C_{oo}(R_α ). We place a C^∗-norm on C_{oo}(R_α ) by setting ‖f ‖ = sup{‖π(f )‖ | π is a bounded ∗-representation ofC_{oo}(R_α )}. C^∗(R_α ,μ) is the completion of C_{oo}(R_α ) with respect to this norm.

Theorem 5.10 C^∗(R_α ,μ) ≃ A_α Proof: We have already shown that as topological ∗-algebras Φ^∗ is a homeomorphic ∗-isomorphism from C_{oo}(R_α ) to C_{oo}(S^1 × Z). Let us show that Φ also preserves the norm ‖ ·‖_I . Let f ∈ C_{oo}(R_α ) and g = Φ^∗(f ) ∈ C_{oo}(S^1 × Z). Then

‖f ‖_{I ,r} = sup_{x∈ X α} � y∼ x

|f (x, y)|μ^x (x, y)

= sup_{x∈ X α} μ(|f |)(x)

= sup_{x∈ X α} ν(|Φ^∗(f )|)(π(x)) (by Lemma 5.2)

= sup_{y∈ S 1} ν(|g|)(y)

=‖g‖_{I ,r} .

Thus ‖Φ^∗(f )‖_I = ‖f ‖_I . Since the completion of � C_{oo}(S^1 × Z),‖ ·‖ � is A_α , the proof is complete.

References [1] N. Bourbaki, General Topology, Part I, Hermann, Paris, 1966. [2] A. Connes, Non-commutativ e Geometry , San Diego, Ca., Academic Press, 1994.

[3] R. Herman, I. Putnam, C. Skau, Ordered Bratteli Diagrams, Dimension Groups, and Topological Dynamics, International J. of Math. , 3,(1992), 827 - 864.

[4] J. Kellendonk, Non-commutativ e Geometry of Tilings and Gap Labelling, preprint, Departmen t of Mathematics, King’s College, London, 1994.

[5] J. Renault, A Groupoid Approach to C*-algebras, Lecture Notes in Mathematics, no. 793, Berlin, Springer-Verlag, 1980.

[6] C. Series, The Geometry of Markoff Numbers, Math. Intelligencer, 7, (1985), 20 - 19.

imprim é le 6 juillet mcmxcv 41

[7] Ya. G. Sinai, Topics in Ergodic Theory, Princeton, NJ, Princeton University Press, 1994.

42 imprim é le 6 juillet mcmxcv