Tensor products of C*-algebrasover Abelian subalgebras^†

Thierr y Giord ano

Departmen t of Mathematics University of Otta wa Otta wa, K1N 6N5

James A. Mingo

Departmen t of Mathematics Queen’s University Kingston, K7L 3N6

§1: Introduction

Suppose A is a C^∗-algebra and C is a unital abelian C^∗-subalgebra which is isomorphic to a unital subalgebra of the centre of M(A), the multiplier algebra of A. Letting Ω = ^C, so that we may write C = C(Ω), we call (following Blanchard [7]), A a C(Ω) -algebra. Suppose that B is another C(Ω)-algebra, and we form A ⊗_C B, the algebraic tensor product of A with B over C as follows: A ⊗ B is the algebraic tensor product over C, I_C =

�_n

i=1 (f_i ⊗ 1 − 1 ⊗ f_i)x | f_i ∈ C, x ∈ A ⊗ B � is the ideal in A ⊗ B generated by ⟨ f ⊗ 1 − 1 ⊗ f | f ∈ C ⟩ and A ⊗_C B = A ⊗ B/I_C. A⊗_C B is an involutive algebra over C, and we shall be interested in deciding when A ⊗_C B is a pre-C^∗-algebra; that is, when is there a C^∗-norm on A ⊗_C B? There is a C^∗-seminorm, which we denote ‖ ·‖_{C-min} , which is minimal in the sense that it is dominated by any semi-norm whose kernel contains the kernel of ‖·‖_{C-min} . Moreover, if A ⊗_C B has a C^∗-norm, then ‖ ·‖_{C-min} is a C^∗-norm on A ⊗_C B. The problem is to decide when ‖ ·‖_{C-min} is a norm. It was shown by Blanchard ([7, Prop osition 3.1]) that when A and B are continuous fields and C is separable then ‖ ·‖_{C-min} is a norm. In this paper we show that ‖ ·‖_{C-min} is a norm when C is a von Neumann algebra, and then we examine some consequences.

This question of the existence of a C^∗-norm on A ⊗_C B arose in work characterizing approximately inner automorphisms of von Neumann algebras [13]. In Section 3 we shall show that when M and N are von Neumann algebras and Z is a common unital von Neumann subalgebra of their centres, then M ⊗_Z N has a minimal C^∗-norm (Corollary 3.4). In fact we show that this minimal norm has a spatial realization; if M ⊆ L(H) and N ⊆ L(K), then the norm ‖ ·‖_{Z-min} is the

†Researc h supp orted by the Natural Sciences and Engineering Researc h Council of Canada.

Intro duction �

operator norm on M ⊗_Z N when it is represented on H ⊗_Z K, the relative tensor product of Sauvageot (Theorem 3.3). In Section 4 we introduce ‖·‖_{Z-bin} , an analogue of the norm ‖ ·‖_{bin} introduced by Effros and Lance [11]; and the injectivit y of M can be characterized by the identity ‖ ·‖_{Z-bin} = ‖ ·‖_{Z-min} on M ⊗_Z N for arbitrary N (Theorem 4.6).

When A and B are continuous fields over Ω, the semi-norm ‖ ·‖_{C-min} is the supremum over Ω of the fibre-wise minimal norms. More generally the norm ‖·‖_{C-min} can be exhibited by realizing the algebras A and B as upper-semicontinuous fields over Ω, (see [8], [14, p. 232], and [25] for definitions). Let us consider an example where C = C(S^1) = {f ∈ C[0,1] | f (0) = f (1)} and A = B is the C^∗-subalgebra of L^∞ [0,1] generated by C[0,1] and χ_{[0,}1_{2 ]}. Thus A and B consist of functions on [0,1] which are continuous except possibly at^1_2, where they have left and right limits, which may not be equal. For ω ∈ Ω

A_ω = � � � C_0+ ⊕ C_0− ω = 0 C_w ω ≠ 0,1/2 C_{1/2}− ⊕ C_{1/2}+ ω = 1/2.

Thus

(A ⊗_C B)_ω = � C_{++} ⊕ C_{+ −} ⊕ C_{− +} ⊕ C_{−−} ω = 0, 1/2 C otherwise.

Elements of A⊗_C B are continuous functions complex valued functions on [0^+ ,^1_2^− ]∪ [^1_2,0^− ], with arbitrary values at the four isolated points {^1_2^{+ −} ,^1_2^{− +} ,0^{+ −} ,0^{− +} }. In this case I_C = {x ∈ A ⊗ B | x(ω ) = 0 for ω ∈ Ω }. So ‖x‖_{C-min} = sup_{ω ∈Ω} ‖x(ω )‖_{min} is a norm on A ⊗_C B. This example can be extended to an arbitrary finite number of disconnections of the circle.

§2: Preliminaries

Let us begin by recalling from [11] some notation. Let S(A ⊗ B) be the state space of A⊗_{max} B, and S(A⊗_{min} B) ⊆ S(A⊗ B) the state space of A⊗_{min} B. Suppose C = C(Ω) and A and B are C(Ω)-algebras. For ω ∈ Ω let C_ω be the maximal ideal corresponding to ω , i.e. C_ω is the ideal of functions vanishing at ω . Let ε_ω : C → C

� Section 2: Preliminaries

be evaluation at ω . Let I_ω = AC_ω = AC_ω , A_ω = A/I_ω (with the quotient map given by a → π_ω (a) = a(ω )), and S_ω (A) := S(A_ω ) = {φ ∈ S(A)| φ |_C = ε_ω } Let σ_ω : B → B/I_ω = B_ω be the quotient map corresponding to π_ω : A → A/I_ω = A_ω defined above. Now for x ∈ A ⊗ B, ‖x‖_{min} = sup_{(ω ,ω} ′_{)∈Ω} 2 ‖π_ω ⊗ σ_ω ′(x)‖_{min} . In order to get a semi-norm vanishing on I_C we restrict to the diagonal in Ω^2; the resulting semi-norm we call the C-min semi-norm: for x ∈ A ⊗ B let ‖x‖_{C-min} = sup_{ω ∈Ω} ‖π_ω ⊗ σ_ω (x)‖_{min} .

Definition 2.1

Let A ⊗_{C-min} B be the completion of A ⊗ B/I_{C-min} where I_{C-min} = {x ∈ A ⊗ B | ‖x‖_{C-min} = 0}.

Note that we have a natural inclusion of C into M(A ⊗_{C-min} B) as a unital sub-algebra of the centre, and so we may form (A ⊗_{C-min} B)_ω for ω ∈ Ω. Let S_ω (A ⊗_{C-min} B) = S((A ⊗_{C-min} B)_ω ). The states in S_ω (A ⊗_{C-min} B) are exactly those whose restrictions to C are evaluation at ω . Thus S(A_ω ⊗_{min} B_ω ) ⊆ S_ω (A⊗_{C-min} B), i.e. the natural map A ⊗_{min} B → A_ω ⊗_{min} B_ω factors through (A ⊗_{C-min} B)_ω .

That the semi-norm ‖·‖_{C-min} has a minimal property was noticed by Elliott [12, Sublemma 2.1], (this proof can also be found in [7, 2.2]).

Lemma 2.2 ([12, Sublemma 2.1])

Let ‖ ·‖_α be a semi-norm on A ⊗ B such that for x = a ⊗ b∈ A ⊗ B, ‖x‖_α = 0 implies that ‖x‖_{C-min} = 0. Then for all x ∈ A ⊗ B, ‖x‖_{C-min} ≤ ‖x‖_α ; and the seminorm ‖·‖_{C-min} is minimal among all semi-norms on A⊗ B whose kernel contains the kernel of ‖ ·‖_{C-min} .

Remark 2.3

It follows from Lemma 2.2 that if ‖ ·‖_α is a norm on A ⊗_C B, then ‖ ·‖_{C-min} is also a norm.

It is shown in Blanchard [7, Prop osition 3.1], that when A and B are continuous fields and C is separable, then ‖ ·‖_{C-min} is a norm on A ⊗_C B. Outwith this case either result is possible: when A and B are not continuous fields there are examples where ‖ ·‖_{C-min} is a norm on A ⊗_C B and cases where it is not. Letting A = B be

Section 3: Tensor Pro ducts of Hilb ert Spaces �

the C^∗-algebra of L^∞ [0,1]generated by C[0,1] and χ_{[0,}1_{2 ]}, the characteristic function of the interval [0,^1_2], and C = {f ∈ A | f (0) = f (1)} we have an example where A and B are not continuous fields but ‖ ·‖_{C-min} is a norm on A ⊗_C B. On the other hand Blanchard [7] has given an example where A and B are not continuous fields and ‖ ·‖_{C-min} is not a norm on A ⊗_C B.

§3: Tensor Products of Hilbert Spaces

Let M and N be von Neumann algebras and Z a common von Neumann subalgebra of their centres. We want to show that ‖·‖_{Z-min} is in fact a norm on M ⊗_Z N. It was observed by J. Glimm, [14, Lemma 10, p.233], that ω → ‖m(w)‖, for m ∈ M, is always continuous. For if we call this function |m|_Z, then Glimm noted that |m^∗m|_Z =inf {z ∈ Z | z ≥ m^∗m} ∈ Z and is thus continuous. Hence M and N are continuous fields. Suppose M ⊆ L(H) and N ⊆ L(K); we shall show that there is a faithful representation of M ⊗_Z N on a Hilbert space H ⊗_Z K constructed by Sauvageot [27]. Let us recall his construction: [26, 27, 28]; but taking advantage the simplifications accruing from the use of an abelian algebra, Z. Instead of the spatial derivatives of Connes used by Sauvageot we shall use the notion of self-dual Hilbert C^∗-modules of Paschke [20] (as explained in [3, §2]). Let Z be an abelian von Neumann algebra acting on a Hilbert space H via a normal representation. For the purp oses of taking tensor products we may suppose first that the representation is faithful and secondly that it is non-degenerate, i.e., the unit of Z gets sent to the identity operator on H. We shall denote by L_Z (H) the commutan t ofZ on H, and by L^2(Z) the standard form of Z, (see Haagerup [15]). Let X_H = {T : L^2(Z) → H | T intert wines the actions of Z}. If S,T,∈ X_H then S^∗T ∈ L_Z (L^2(Z)) = Z. So we can define a Z-valued inner product on X_H by (S | T) = S^∗T. X_H is thus a Hilbert Z-module; in fact it is self-dual (Paschke [20,§3 p. 449]) in that every bounded Z-linear map from X_H to Z is of the form X_H ∋ T → S^∗T ∈ Z for some S ∈ X_H . To verify that X_H is self-dual one first shows that (1) � � i S_iξ_i | S_i ∈ X_H , ξ_i ∈ L^2(Z) � is dense in H,

this is proved in the second half of the proof of [3, Théorème 2.2]. Then given a bounded Z-linear map φ : X_H → Z one defines T : H → L^2(Z) by

(2) T( � i S_iξ_i) = � i φ (S_i)ξ_i.

� Section 3: Tensor Pro ducts of Hilb ert Spaces

By (1) this defines T on a dense subspace of H. The proof that (2) defines a bounded operator is on p. 79 of [24, proof of Theorem 6.5]. Then T^∗ ∈ X_H and TS = φ (S), so X_H is self-dual.

We can now construct H ⊗_Z K using the inducing construction of Rieffel [23, Theorem 5.9]. Give X_H ⊗ K the bilinear form (S ⊗ ξ | T ⊗ η) = (T^∗Sξ | η), (regarding T^∗S as an operator in Z, and thus acting on K). Then mod out by the null-vectors and complete to obtain X_H ⊗_Z K (c.f. [4, 13.5.1]), which we shall denote by H ⊗_Z K.

Recall that L_Z (H) denotes the commutan t of Z on H. X_H is a left L_Z (H)- module; for if T ∈ L_Z (H) and S ∈ X_H then TS ∈ X_H . Thus for T ∈ L_Z (H) we have an operator T ⊗_Z 1_K ∈ L_Z (H ⊗_Z K). Moreover the map L_Z (H) ∋ T → T ⊗_Z 1_K ∈ L_Z (H ⊗_Z K) is normal. For if � i S_i ⊗ ξ_i ∈ X_H ⊗ K, then T → (T ⊗_Z 1_K ( � i S_i ⊗ ξ_i) | � i S_i ⊗ ξ_i) = � i,j (S^∗_j TS_iξ_i | ξ_j ) is normal on L_Z (H).

Moreover T → T ⊗_Z 1_K is faithful; if T ⊗_Z 1_K = 0 then (T � i S_iξ_i| � i S_iξ_i) = 0 for all � i S_iξ_i ∈ H. By (1) T is zero on a dense set; hence T = 0.

Similarly if T ∈ L_Z (K) we may define 1_H ⊗_Z T ∈ L_Z (H ⊗_Z K) by 1_H ⊗_Z T( � i S_i ⊗ ξ_i) = � i S_i ⊗ Tξ_i. The inequality

‖1_H ⊗_Z T( � i S_i ⊗ ξ_i)‖^2 = ‖ � i S_i ⊗ Tξ_i‖^2 = � i,j (S^∗_j S_iTξ_i | Tξ_i) = � i,j (T^∗TS^∗_j S_iξ_i | ξ_j )

≤ ‖T‖^2‖ � i S_i ⊗ ξ_i‖^2,

shows that 1_H ⊗_Z T is well-defined and bounded. And a computation similar to the one above shows that L_Z (K) ∋ T → 1_H ⊗_Z T ∈ L_Z (H ⊗_Z K) is a faithful normal ∗-homomorphism. So on H ⊗_Z K we have two von Neumann algebras: L_Z (H)⊗_Z 1_K and 1_H ⊗_Z L_Z (K); and now we want to verify (as in Sauvageot [27, Prop osition 3.3]) that

(3) (L_Z (H) ⊗_Z 1_K )^′ = 1_H ⊗_Z L_Z (K).

The idea is to use the amplification-reduction decomposition of H as a Z-module (see Dixmier [10, I.4.4 Theorem 3]): there is a Hilbert space ~H and a projection e ∈ L( ~H ⊗ L^2(Z)) commuting with the amplified action 1~_H ⊗ Z of Z, such that H ≃ e( ~H ⊗ L^2(Z)) via a unitary intert wining the two actions of Z.

Section 3: Tensor Pro ducts of Hilb ert Spaces �

First observe that if H = L^2(Z) then X_H = Z as a Hilbert Z-module, so H ⊗_Z K ≃ K. In this case L_Z (H) is just Z (as Z is maximal abelian on L^2(Z)). Under this identification of H ⊗_Z K with K, Z ⊗ 1_K gets sent to the algebra Z ⊆ L_Z (K). So in this case we indeed have (L_Z (H) ⊗_Z 1_K )^′ = Z^′ = L_Z (K) = 1_H ⊗_Z L_Z (K).

Next observe that if ~H is a Hilbert space and we give ~H ⊗ H the amplified Z-action z → 1~_H ⊗ z then

X~_{H ⊗ H} ≃

�_⊕

dim ~H X^H = � (T_ν) | � ν T^∗_ν T_ν < ∞ in Z � , i.e., the direct sum in the category of self-dual Hilbert W^∗-modules (see Paschke [20, pp. 457-458]).

Hence X~_{H ⊗ H} ⊗_Z K ≃

�_⊕

dim ~H (X^H ⊗^Z K), where now the direct sum means the usual direct sum of Hilbert spaces. Thus we have the isomorphism

( ~H ⊗ H) ⊗_Z K ≃ ~H ⊗ (H ⊗_Z K).

So in particular when H = L^2(Z) we have

(4) ( ~H ⊗ L^2(Z)) ⊗_Z K ≃ ~H ⊗ K.

Since L_Z ( ~H⊗ L^2(Z)) = (1~_H ⊗ Z)^′ = L( ~H) ⊗ Z, (where ⊗ denotes the von Neumann tensor product of von Neumann algebras), we have, under the isomorphism (4),

(5). L_Z ( ~H ⊗ L^2(Z)) ⊗_Z 1_K ≃ L( ~H) ⊗ Z

On the other side we have, again under (4)

(6) 1~_{H ⊗ L2(Z)} ⊗_Z L_Z (K) ≃ 1~_H ⊗ L_Z (K).

Since the right hand sides of (5) and (6) are each other commutan ts we thus have (7) � L_Z ( ~H ⊗ L^2(Z)) ⊗_Z 1_K

�_′

= 1~_{H ⊗ L2(Z)} ⊗_Z L_Z (K).

Finally we must check what happ ens when we cut by a projection e ∈ L_Z ( ~H ⊗ H). First observe that if e ∈ L_Z (H) then

X_{eH} = eX_H .

� Section 3: Tensor Pro ducts of Hilb ert Spaces

Let e^′ ∈ L( ~H) ⊗ Z be the image of e⊗_Z 1_K under the isomorphism (4). So H ⊗_Z K = e ⊗_Z 1_K (( ~H ⊗ L^2(Z)) ⊗_Z K) ≃ e^′( ~H ⊗ K). Thus

L_Z (H) ⊗_Z 1_K = e ⊗_Z 1_K · � L_Z ( ~H ⊗ L^2(Z)) ⊗_Z 1_K � ·e ⊗_Z 1_K (8) ≃ e^′[L( ~H) ⊗ Z]e^′, and

1_H ⊗_Z L_Z (K) = e ⊗_Z 1_K · � 1~_{H ⊗ L2(Z)} ⊗_Z L_Z (K) � ·e ⊗_Z 1_K (9) ≃ e^′(1~_H ⊗ L_Z (K))e^′.

So using the rule: (eMe)^′ = eM^′e for a von Neumann algebra M and a projection e ∈ M^′, we have, by applying this rule to the right hand sides of (8) and (9), that (3) holds in the general case when H = e( ~H ⊗ L^2(Z)).

Let us now recall a result of Murray and von Neumann [19, Theorem 3 p. 140] also [16, Theorem 5.5.4]. Let M be a von Neumann algebra on H with commutan t M^′. If x_1,...,x_n ∈ M and y_1,...,y_n ∈ M^′ and � i x_iy_i = 0 then there is a projection e = (e_{ij} ) ∈ M_n(Z) such that � i x_ie_{ij} = 0 for all j, and � j e_{ij} y_j = y_i for all i. Of course this says that M ⊗_Z M^′ is isomorphic to C(M,M^′), the ∗-subalgebra of L(H) generated by M and M^′, via the map � i x_i ⊗_Z y_i → � i x_iy_i.

Theorem 3.1

Let Z be an abelian von Neumann algebra and suppose, as above, that we have faithful normal unital representations of Z on Hilbert spaces H and K. If A ⊆ L_Z (H) and B ⊆ L_Z (K) with ZA = A and ZB = B, then we have an algebraic ∗-isomorphism A ⊗_Z B → C(A ⊗_Z 1_K ,1_H ⊗_Z B) ⊆ L_Z (H ⊗_Z K).

Pro of: Let M = L_Z (H) = L_Z (H)⊗_Z 1_K ⊆ L(H ⊗_Z K). Then M^′ = 1_H ⊗_Z L_Z (K) = L_Z (K).

For the purp oses of this demonstration let us adopt the following notation. If a ∈ A, let ã be the operator a ⊗_Z 1_K on H ⊗_Z K, similarly for b ∈ B, let b̃ be the operator 1_H ⊗_Z b on H ⊗_Z K. So suppose that a_1,...,a_n ∈ A, b_1,...,b_n ∈ B and � i ã_ib̃_i = 0 (as an operator on H ⊗_Z K).We must show that � i a_i ⊗ b_i ∈ I_Z , (c.f.

the first paragraph of section 1). By the lemma of Murray and von Neumann there is a projection e = (e_{ij} ) such that � i a_ie_{ij} = 0 for all j and � j e_{ij} b_j = b_i for all i.

Thus

Section 3: Tensor Pro ducts of Hilb ert Spaces � � i a_i ⊗ b_i = � i a_i ⊗ ( � j e_{ij} b_j ) = � ij a_i ⊗ e_{ij} b_j = � ij a_ie_{ij} ⊗ b_j + [1⊗ e_{ij} − e_{ij} ⊗ 1](a_i ⊗ b_j ) = � j ( � i a_ie_{ij} ) ⊗ b_j + � ij [1⊗ e_{ij} − e_{ij} ⊗ 1](a_i ⊗ b_j ) = � ij [1⊗ e_{ij} − e_{ij} ⊗ 1](a_i ⊗ b_j ) ∈ I_Z .

Remark 3.2

Thanks to to this isomorphism we may write, without ambiguity, � i a_i ⊗_Z b_i to mean either an element of A ⊗_Z B or an operator on H ⊗_Z K.

Theorem 3.3

Suppose A, B, and Z are in Theorem 3.1, and for x ∈ A⊗ B, ‖x‖_{H ⊗ ZK} denotes the norm of x as an operator on H ⊗_Z K. Then ‖x‖_{Z-min} = ‖x‖_{H ⊗ ZK} .

Pro of: By Theorem 3.1 ‖·‖_{H ⊗ ZK} is a norm on A⊗_Z B and by Elliott’s generalization of Takesaki’s theorem (Lemma 2.2), ‖x‖_{Z-min} ≤ ‖x‖_{H ⊗ ZK} for all x ∈ A ⊗_Z B. We must now prove the reverse inequality. Thus we must show that for each pair of vectors ξ and η in H ⊗_Z K the corresponding linear functional ω_{ξ,η} on A ⊗ B (ω_{ξ,η}(x) = (xξ|η)), is bounded with respect to the Z-min norm. In fact by the density of X_K ·L^2(Z) in K we may take our ξ and η to be of the special form ξ = S_1 ⊗ S_2μ and η = T_1 ⊗ T_2ν; for linear combinations of vectors of this form are dense in X_H ⊗_Z K. On A ⊗ B the form acts as follows:

a ⊗ b→ ((a ⊗ b)(S_1 ⊗ S_2μ)|T_1 ⊗ T_2ν) = φ (S^∗_2aS_1T^∗_2 bT_2),

where φ = ω_{μ,ν} . To show that a linear form such as this is ‖ ·‖_{Z-min} -bounded, it suffices to suppose that φ is positive, as each ω_{μ,ν} is a linear combination of positive φ ’s, and finally we may suppose, by the Krein-Milman theorem, that φ is a pure state on Z. But if φ is pure then our linear form is such that

a ⊗ b→ φ (S^∗_2aS_2)φ (T^∗_2 bT_1).

� Section 4: Amenable inclusions of ab elian von Neumann Algebras

Such a form is in A^∗ × B^∗ and thus is always bounded in the min-norm. Since it also vanishes on I_Z , it is bounded in the Z-min norm.

Corollary 3.4

Let M ⊆ L(H) and N ⊆ L(K) be von Neumann algebras and Z a common sub-algebra of their centres. Then ‖ ·‖_{Z-min} = ‖ ·‖_{H ⊗ ZK} on M ⊗_Z N.

Remark 3.5

We have a map M ⊗_{Z-min} N → L(H ⊗_Z K), whose kernel contains I_Z . It seems possible that this kernel is exactly the closure of I_Z in the norm ‖ ·‖_{Z-min} ; but the only case in which we know that this holds is when either M or N is injective.

§4: Amenable inclusionsof abelian subalgebras

Let M and N be von Neumann algebras and Z a common subalgebra of their centres. In section 3 we showed that there is a norm ‖ ·‖_{Z-min} on M ⊗_Z N which is spatially implemented in that if M ⊆ L(H) and N ⊆ L(K) then there is a Hilbert space H ⊗_Z K and a faithful representation π_Z of M ⊗_Z N on H ⊗_Z K such that ‖π_Z (x)‖ = ‖x‖_{Z-min} for x ∈ M ⊗_Z N. On M ⊗_Z N on can place the maximal norm ‖·‖_{Z-bin} which is the analogue ofthe norm ‖·‖_{bin} ofEffros and Lance [11,p.10]. Recall that this norm can be constructed as follows. Given π and σ normal representation of M and N respectively on a Hilbert space H, such that π(N) ⊆ σ(N)^′, then π ⊗ σ gives a representation of M ⊗ N on H via π ⊗ σ(Σ_im_i ⊗ n_i) = Σ_iπ(m_i)σ(n_i). Then ‖x‖_{bin} =sup {‖π ⊗ σ(x)‖ | (π,σ) is a commuting pair of normal representations such that π(z) = σ(z) for z in Z}.

The point ofthis section is to show that the equivalent ways ofdefining injectivit y for a von Neumann algebra have analogues in the category of tensor products over Z. Suppose M acts standardly on H i.e. there are J and P such that (M,H,J,P ) is a standard form in the sense of Haagerup [15] and C(M,M^′) is the ∗-algebra on H generated by M and M^′. Let C^∗(M,M^′) be the norm closure of C(M,M^′). In [13, Theorems 1.5 and 1.6] it was shown that if M is injective and semifinite then C^∗(M,M^′) ≃ M ⊗_{Z-min} M^′, via the extension to C^∗(M,M^′) of the natural isomorphism ρ : C(M,M^′) → M ⊗_Z M^′. In the converse direction, it follows from [11, Prop osition 4.5] that if ρ extends to a (bounded) isomorphism C^∗(M,M^′) → M ⊗_{Z-min} M^′, then

M ⊗_{min} M^{′ π}−→ M ⊗_{Z-min} M^{′ ρ− 1}−→ C^∗(M,M^′)

Section 4: Amenable inclusions of ab elian von Neumann Algebras �

is the bounded extension of the map Σ_im_i ⊗ m^′_i → Σ_im_im^′_i and hence (by [11, Prop osition 4.5]) M is semi-discrete and thus injective.

We refer the reader to section 1 of [13], section 1 of [1], and section 1 of [2] for the definitions and notations of correspondences between von Neumann algebras. Associated to an inclusion of von Neumann algebras N ⊆ M is a correspondence from M to M (denoted Y_N in [1, p.339]). If the identity M-M correspondence is weakly contained in Y_N then we say that the inclusion N ⊆ M is amenable (see [1, Definition 3.1]which was in turn based on [22, Definition 3.2.1]). If there is a normal conditional expectation E of M onto N then this correspondence Y_N , is the same as the M-M correspondence associated to the completely positive map E: M → M, (see [3, Théorème 2.14]).

In what follows Z will denote a von Neumann subalgebra of the centre of M. Given any normal state φ on M there is a condition expectation, E, of M onto Z along φ ; i.e. φ ∘ E = φ . This is a special case of a more general result of Takesaki [29,Theorem, p.309](a prooftaking advantage ofthe simplifications arising from having the subalgebra abelian can be found in [18, Lemma 1.1]). Thus the correspondence Y_Z arising from the inclusion Z ⊆ M is what was denoted H_E in [13, § 1] and H ⊗_Z H in section 3 (letting H be a space upon which M acts standardly). Hence π_E, the representation of M ⊗ M^′ on H_E associated to this correspondence, realizes the norm ‖ ·‖_{Z-min} . By the minimalit y of ‖ ·‖_{Z-min} we have that the map ρ : C(M,M^′) → M ⊗_{Z-min} M^′ is bounded and thus extends to a surjective homomorphism

ρ : C^∗(M,M^′) → M ⊗_{Z-min} M^′.

In [13, Theorem 1.5] this was proved under the hypothesis that M is semifinite, using a different technique. Since M ⊗_{Z-min} M^′ is a quotient of M ⊗_{min} M^′ it follows from [11, Prop osition 4.5] that if ρ is an isomorphism then M is injective. In [13, Theorem 1.6] it was shown that if M is injective and semi-finite then ρ is an isomorphism.

To complete this discussion let us show how an argument of S. Wassermann [32, proofofTheorem 6]makes it possible to remove the hypothesis that M is semi-finite. Wassermann’s idea is to observe that since N = M ⋊_σ R, the crossed product of M by the modular automorphism group {σ_t} of a faithful normal semi-finite weight, is semi-finite; one can use the result in the semi-finite case to prove the result in the type III case. Let us recall the notation.

We shall suppose that (H,J,P ) is a standard form for M; and that M^′ denotes

� Section 4: Amenable inclusions of ab elian von Neumann Algebras

the commutan t of M on this space. C(M,M^′) is the ∗-subalgebra of L(H) generated by M and M^′. C^∗(M,M^′) is the norm closure of C(M,M^′).

We define π_σ : M → L(L^2(R) ⊗ H) by [π_σ(x)ζ](t) = σ_{− t}(x)ζ(t) for ζ ∈ L^2(R) ⊗ H, and x ∈ M. Let [λ_tζ](s) = ζ(s − t). Then N = W^∗(π_σ(M),{λ_t}_{t∈}R) is the crossed product M ⋊_σ R. For x^′ ∈ M^′ let π^′_σ(x) = 1_L2_{(R)} ⊗ x. Then π^′_σ(M^′) ⊆ N^′. Moreover if J̃ ζ(s) = Δ^{− is}_φ (J (ζ(s))) and P̃ = {aJ̃ aJ̃ ξ | a ∈ N,ξ : R → P } then (H̃,J̃ ,P̃ ) is a standard form for N and J̃ π_σ(x)J̃ = π^′_σ(J xJ ).

Prop osition 4.1

M ⊗_{Z(M)} M^′ ∋ Σ x_i ⊗_{Z(M)} y_i → Σ π_σ(x_i) ⊗_{Z(N)} π^′_σ(y_i) ∈ N ⊗_{Z(N)} N^′ is an isometry when M ⊗_{Z(M)} M^′ has the Z(M)-min norm and N ⊗_{Z(N)} N^′ has the Z(N)-min norm.

Pro of:

Observe that π_σ(z) = π^′_σ(z) for z ∈ Z(M) = M � M^′. Hence the homomorphism, M ⊗ M^′ ∋ Σ x_i ⊗ y_i → Σ π_σ(x_i)π^′_σ(y_i) ∈ L(H̃), is zero on the ideal I_{Z(M )} ⊆ M ⊗ M^′. Thus we have a map M ⊗_{Z(M )} M^′ ∋ Σ x_i ⊗_{Z(M )} y_i −→ Σ π_σ(x_i)π^′_σ(y_i) ∈ L(H̃).

Note that for Σ x_i ⊗ y_i ∈ M ⊗ M^′, f ∈ L^2(R) and ζ ∈ H we have

(∗) ‖Σ π_σ(x_i)π^′_σ(y_i)(f ⊗ ζ)‖^2 =

�_∞ −∞ ‖Σ σ_{− t}(x_i)y_iζ‖^2|f (t)|^2dt.

If Σ x_i ⊗ y_i ∈ M ⊗ M^′ and Σ π_σ(x_i)π^′_σ(y_i) = 0 then by (∗) ‖Σ σ_{− t}(x_i) y_iζ‖ = 0 ∀ ζ,t. Hence Σ x_iy_i = 0 (as an operator on H). Since M ⊗_{Z(M)} M^′ ≃ C(M,M^′), we thus have that Σ x_i ⊗_{Z(M )} y_i = 0.

So M ⊗_{Z(M)} M^′ ∋ � x_i ⊗_{Z(M )} y_i → Σ π_σ(x_i)π^′_σ(y_i) ∈ C(N,N^′) is a one-to-one homomorphism. Since C(N,N^′) ≃ N ⊗_{Z(M )} N^′; we thus have by composition M ⊗_{Z(M )} M^′ ∋ Σ x_i ⊗_{Z(M)} y_i → � π_σ(x_i) ⊗_{Z(N )} π^′_σ(y) ∈ N ⊗_{Z(N)} N^′ is a one-to-one homomorphism.

By minimalit y of the norm Z(M)-min on M ⊗_{Z(M )} M^′ we thus have that

(∗∗) ‖ � x_i ⊗_{Z(M)} y_i‖_{Z(M)-min} ≤ ‖ � π_σ(x_i) ⊗_{Z(N)} π^′_σ(y_i)‖_{Z(N)-min} .

Section 4: Amenable inclusions of ab elian von Neumann Algebras �

On L_{Z(N )}(H̃) ⊗ L_{Z(N )}(H̃) we have two semi-norms ‖ ·‖_{Z(N)-min} and ‖ ·‖_{Z(M)-min} . Since Z(M) ⊆ Z(N) we have that for � S_i ⊗ T_i ∈ L_{Z(N )}(H̃) ⊗ L_{Z(N )}(H̃) ‖ � S_i ⊗ T_i‖_{Z(N)-min} ≤ ‖ � S_i ⊗ T_i‖_{Z(M)-min} .

Hence ‖ � π_σ(x_i) ⊗ π^′_σ(y_i)‖_{Z(N)-min} ≤ ‖ � π_σ(x_i) ⊗ π^′_σ(y_i)‖_{Z(M)-min} = ‖ � x_i ⊗_{Z(M)} y_i‖_{Z(M)-min} ; the last equality coming from Theorem 3.3. Combining this with (∗∗) we have that ‖ � x_i ⊗ y_i‖_{Z(M)-min} = ‖ � π_σ(x_i) ⊗ π^′_σ(y_i)‖_{Z(N)-min} .

Prop osition 4.2

If M is injective, then M ⊗_{Z(M)-min} M^′ ≃ C^∗(M,M^′).

Pro of:

N = M×_σ R is injective and semi-finite [30,Lemma 8.2]. So by [13,Theorem 1.6] N ⊗_{Z(N)-min} N^′ ≃ C^∗(N,N^′) ⊆ L(H̃). This combined with Prop osition 4.1 shows that for � x_i ⊗ y_i ∈ M ⊗ M^′ we have ‖ � x_i ⊗ y_i‖_{Z(M)-min} = ‖Σ π_σ(x_i) ⊗ π^′_σ(y_i)‖_{Z(N)-min} = ‖ � π_σ(x_i)π^′_σ(y_i)‖_{H̃} . So by (∗) (in the proof of Prop osition 4.1) for f ∈ L^2(R) and ζ ∈ H we have

�_∞ −∞ ‖ � σ_{− t}(x_i)y_iζ‖^2|f (t)|^2dt ≤ ‖f ‖^2 ‖ζ‖^2 ‖ � x_i ⊗ y_i‖^2_{Z(M)-min} .

Thus for all t ∈ R, ‖Σ σ_{− t}(x_i)y_iζ‖ ≤ ‖ζ‖ ‖Σ x_i ⊗ y_i‖_{Z(M)-min} . So for t = 0 we have ‖Σ x_iy_i‖ ≤ ‖Σ x_i ⊗ y_i‖_{Z(M)-min} . Since the reverse inequality holds for any M (by minimalit y of ‖ ·‖_{Z(M)-min} ) we have the equality

‖Σ x_iy_i‖_H = ‖Σ x_i ⊗ y_i‖_{Z(M)-min} .

Definition 4.3

Let M and N be von Neumann algebras and Z a common von Neumann subalgebra of their centres. Let π and σ be normal representations of M and N on a Hilbert space H, such that π(M) ⊆ σ(N)^′ and π(z) = σ(z) ∀z ∈ Z. Then π ⊗ σ defines representation of M ⊗_Z N on H. We say that π ⊗ σ is obtained from a commuting pair

� Section 4: Amenable inclusions of ab elian von Neumann Algebras

of representations which agree on Z. For x ∈ M ⊗_Z N, let ‖x‖_{Z-bin} =sup {‖π(x)‖ | π is obtained from a commuting pair of representations which agree on Z}. Let I_Z^{bin} be the norm closure of I_Z in M ⊗_{Z-bin} N.

Lemma 4.4

For x ∈ M ⊗ N, ‖x‖_{Z-bin} = ‖x + I_Z^{bin} ‖_{bin} .

Pro of:

Any representation π, obtained from a commuting pair ofnormal representations which agree on Z defines a representation of M ⊗_{bin} N which is zero on I_z; and thus π descends to a representation of the quotient, M ⊗ bin N/I_Z^{bin} . Hence

‖π(x)‖ ≤ ‖x + I_Z^{bin} ‖_{bin} and so

‖x‖_{Z-bin} ≤ ‖x + I_Z^{bin} ‖_{bin} .

To prove the inequality in the other direction note that by Takesaki [31,Theorem III. 2.7]there is a central projection e, in (M ⊗_{bin} N)^{∗∗}, such that I^⊥_Z = e (M ⊗_{bin} N)^∗. Let S_{bin} (M ⊗ N) be the states on M ⊗_{bin} N which are separately weak^∗ continuous on M ⊗ N. S_{bin} (M ⊗ N) is dense in S(M ⊗_{bin} N). Hence e S_{bin} (M ⊗ N) ⊆ I^⊥_Z . So if φ ∈ S(M ⊗_{bin} N) � I^⊥_Z then φ is a limit of states {eφ_α } ⊆ S_{bin} (M ⊗ N) � I^⊥_z . Hence every state of M ⊗ bin N/I_Z^{bin} is bounded with respect to ‖ ·‖_{Z-bin} . Therefore

‖x + I_Z^{bin} ‖_{bin} ≤ ‖x‖_{Z-bin} .

Remark 4.5

Given φ a binormal state of M ⊗ N we have (following the notation of [11, §2]) T_φ : M → N_∗ defined by T_φ (m)(n) = φ (m ⊗ n). Note that φ ∈ I^⊥_Z if and only if T_φ is Z-linear map of the Z-modules M and N_∗.

Section 4: Amenable inclusions of ab elian von Neumann Algebras �

Theorem 4.6

M is injective if and only if ‖ ·‖_{Z-bin} = ‖ ·‖_{Z-min} on M ⊗_Z N for every unital von Neumann subalgebra Z of the centre of M and every von Neumann algebra N whose centre contains Z as a unital von Neumann subalgebra.

Pro of:

Note that we always have the following commutativ e diagram

M ⊗_{Z-bin} M^′ −−−−→ M ⊗_{Z-min} M^′ ↘ ↙ C^∗(M,M^′) Suppose that M has the property that for all N, ‖·‖_{Z-min} = ‖·‖_{Z-bin} on M ⊗ N.

Letting N = M^′(with respect to a Hilbert space upon which M acts standardly) and Z = Z(M); we have ‖·‖_{Z-bin} = ‖·‖_{Z-min} on M⊗_ZM^′. Hence C^∗(M,M^′) ≃ M⊗_{Z-min} M^′, and since M ⊗_{Z-min} M^′ is a quotient of M ⊗_{min} M^′, M is injective by [11, Prop osition 4.5].

Suppose M is injective, and let E : M → Z be a normal conditional expectation of M onto Z. Let F_E be the set of maps M → M which can approximately factored through E: F_E = { � i,j b^∗_{ij} E(a^∗_{ij} ·a_{ij} )b_{ij} | a_{i,j} ,b_{i,j} ∈ M}. Then id_M , the identity map M → M, is a point-σ(M,M_∗)-limit of completely positive maps in F_E. If φ is a pure state on M ⊗_{Z-bin} N, Φ ∈ F_E, and x ⊗ y ∈ M ⊗ N then φ (Φ( x) ⊗ y) = � i,j φ (b^∗_{ij} E(a^∗_{ij} xa_{ij} )b_{ij} ⊗ y) = � i,j E(a^∗_{ij} xa_{ij} )(ω )φ (b^∗_{ij} b_{ij} ⊗ y), where φ_{|Z} is evaluation at ω . Thus φ ∘Φ ⊗ id_N is a sum ofproducts ofpositive forms in S(M^∗_{ω +} )× S(N^∗_{ω +} ) and hence is bounded in the norm ‖·‖_{Z-min} , since φ is a limit of states in S(M ⊗_{Z-min} N), φ itself is in S(M ⊗_{Z-min} N). Hence ‖ ·‖_{Z-bin} = ‖ ·‖_{Z-min} .

Theorem 4.7

Let M act standardly on H and C(M,M^′) be the^∗-algebra generated by M and M^′. For ϑ, an automorphism of M which act trivially on Z(M), let Θ : C(M,M^′) → C(M,M^′) send � i m_im^′_i to � i ϑ(m_i)m^′_i. If M is injective then Θ extends to an automorphism of C^∗(M,M^′).

Pro of: Since ϑ acts trivially on Z(M), ϑ ⊗ id_M ′ descends to an automorphism of M ⊗_Z M^′. Under the isomorphism of M ⊗_Z M^′with C(M,M^′), ϑ⊗ id_M ′ is conjugate

� References

to Θ. By minimalit y of the norm ‖·‖_{Z-min} , ϑ ⊗ id_M ′ extends to an automorphism of M ⊗_{Z-min} M^′. By Prop osition 4.2 M ⊗_{Z-min} M^′ is isomorphic to C^∗(M,M^′), and so Θ extends to an automorphism of C^∗(M,M^′)

Ackno wledgements

We are grateful to Etienne Blanchard and Simon Wassermann for communicating to us their results and to Etienne Blanchard for his remarks on a preliminary version of this paper.

References

[1] C. Anantharaman-Delaro che, On relative amenabilit y for von Neumann algebras, Comp. Math. 74 (1990) 333-352.

[2] C. Anantharaman-Delaro che and J. F. Havet, On Approximate Factorizations of Completely Positive Maps, J. Functional Analysis, 90 (1990) 411-428.

[3] M.Baillet, Y.Denizeau, J.-F.Ha vet, Indice d’une esperance conditionelle, Comp.

Math. , 66, (1988), 199-236. [4] B.Blackadar, K-theory for Operator Algebras, Springer-Verlag, New York, �. [5] E.Blanchard, Représentations des champs de C^∗-algèbres, C. R. Acad. Sci.

Paris, 314, 1992, 911-914. [6] E.Blanchard, Déformations de C^∗-algèbres de Hopf, Thèse de Doctorat, Université Paris VII, 1993.

[7] E.Blanchard, Tensor Products of C(X)-algebras over C(X), preprint, Universitët Heidelberg, February, 1994.

[8] M.J. Dupré and R.M.Gillette,Banac h Bundles, Banach Modules, and automorphisms of C^∗-algebras,Research Notes in Mathematics n^o 92, Pitman, �.

[9] J.Dixmier, C*-algebras, North-Holland, Amsterdam, �. [10] J.Dixmier, von Neumann Algebras, North-Holland, Amsterdam, �. [11] E.G.Effros and E.C.Lance, Tensor Products of Operator Algebras, Adv. in Math. 25,(1977), 1-25.

[12] G.A.Elliott, Finite Pro jections in Tensor Product von Neumann Algebras,Trans.

Amer. Math. Soc. 212, 1975, 47-60.

References �

[13] T. Giordano and J. A. Mingo, Approximately Inner Automorphisms of Semifinite von Neumann Algebras, Math. Scand. 72, (1993), 131-147.

[14] J.Glimm, A Stone Weierstrass theorem for C^∗-algebras, Ann. of Math. , 72, (1960), 216-244.

[15] U.Haagerup, The Standard Form of von Neumann Algebras, Math. Scand., 37, (1975), 271-293.

[16] R.V.Kadison and J.R.Ringrose, Fundamen tals of the Theory of Operator Algebras, vol. 1, Academic Press, New York, �.

[17] E. Kirchberg and S. Wassermann, Operations on continuous bundles of C^∗- algebras, preprint (preliminary version), University ofGlasgow, September 1993.

[18] J. A. Mingo, The Correspondence associated to an inner completely positive map, Math. Ann. 284 (1989) 421-435.

[19] F.J.Murra y and J.von Neumann, On Rings of Operators, Ann. of Math. , 37, (1936), 116-229.

[20] W.Paschke, Inner Product Modules over B^∗-algebras, Trans. Amer. Math. Soc., 182, (1973), 443-468.

[21] G.K.P edersen, C*-algebras and their Automorphism Groups, Academic Press, London, � [22] S. Popa, Correspondences, INCREST preprint no. 56, (1986). [23] M.A.Rieffel, Induced Representations of C^∗-algebras , Adv. in Math. , 13, (1974), 176-257.

[24] M.A.Rieffel, Morita Equivalence for C^∗-algebras and W^∗-algebras, J. Pure and Appl. Algebra, 5,(1974), 51-96.

[25] M.A.Rieffel, Continuous fields ofC^∗-algebras coming from Cocycles and Actions, Math. Ann., 283 (1989), 631-643.

[26] J.-L.Sauvageot, Produits tensoriels de Z-modules, preprint n^o 23, Université Pierre et Marie Curie, �.

[27] J.-L.Sauvageot, Sur le Produit Tensoriel Relatif d’Espaces de Hilbert, J. Operator Theory, 9, (1983), 237-252.

[28] J.-L.Sauvageot, Produits Tensoriels de Z-modules et Applications, pp. 468-485 in Lecture Notes in Math. n^o 1132, Springer-Verlag, Heidelberg, �.

[29] M. Takesaki, Conditional Expectations in von Neumann algebra, J. Funct. Anal-

� References

ysis, 9 (1972) 306-321. [30] M. Takesaki, Duality for crossed products and the structure of von Neumann algebras, of type III, Acta Math. 131 (1973) 243-310.

[31] M.Takesaki, Theory of Operator Algebras, Springer-Verlag, New York, �. [32] S. Wassermann, Injective W^∗-algebras, Math. Proc. Camb. Phil. Soc. 82 (1977) 39-47.

imprim é le 8 jan vier mcmxcv